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CONVERGENCE RESULTS FOR THE PRIMAL HYBRID METHOD WITH SERENDIPITY BASED
SPACES ON QUADRILATERALS

GIOVANNI TARASCHI' & MAICON R. CORREAZ?

IMECC, UNICAMP, SP, Brasil, gitaraschi@gmail.com,
2IMECC, UNICAMP, SP, Brasil, maicon@ime.unicamp.br

Abstract

In this work, we discuss some of the main results of [1], where the authors have proven sufficient, and in
some cases also necessary, conditions to obtain optimal convergence rates for the Primal Hybrid Method (PHM)
on meshes of general convex quadrilaterals. These results were obtained by combining the original analysis of
[2] for the PHM on affine meshes with approximation results for finite element spaces on general quadrilateral
meshes discussed in [3]. Numerical results are presented to illustrate the application of the theoretical findings

when Serendipity based approximation spaces are used.

1 Introduction

Let © C R? be a bounded and convex domain with a Lipschitz continuous boundary 9Q. The Darcy problem
consists of finding the pressure p € H'(Q) in the flow of an incompressible fluid in a rigid saturated porous medium
such that

—div(KVp) = f in Q (1a)
p=g on 0Q, (1b)

where f € L?(Q) is a given source/sink function and g € H'/2(9Q) describes the Dirichlet boundary conditions on
on.

The symmetric and uniformly positive definite tensor I = K(x) represents the permeability of the porous matrix
divided by the fluid viscosity [1].

Finite element methods to solve problem (1la) involve the construction of finite-dimensional spaces X}, where
the approximate pressure py is sought. To construct such spaces, we first need a mesh for €2, i.e., a subdivision
Tr of € into non-overlapping sub-domains K, called elements. Each element K € 7T, is described as the image of
an isomorphism F acting over a reference element K. The usual construction of X, begins by defining a finite-
dimensional subspace X C H 1(K ), which is then mapped to local spaces Xx C H!(K) through the isomorphisms
Fr. The spaces Xk are then tied together to construct the global approximation space Xp,.

For the case of meshes of parallelograms, K is usually the unitary square [0,1] x [0,1], and in this case, the
isomorphisms Fx are bilinear and affine transformations. If we enable general convex elements in our meshes,
the transformations Fk will remain bilinear but no longer affine. In [3], the authors analyze the approximation
properties of finite element spaces generated through non-affine bilinear transformations. Those properties are used
in [1] to expand the analysis of the PHM, developed for affine meshes in [2], to general quadrilateral meshes. Here
we use the theory of [1] to discuss the use of Serendipity based spaces in the PHM.
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2 The Primal Hybrid Method

For r > 2, let S,.(K) denote the Serendipity spaces in two dimensions as defined in [4], and S (K) the space
spanned by the polynomials of S, (k ) plus a function vy, as defined in [2]. Denote by Em(af( ) the space of all
functions defined over 9K whose restrictions to any edge are polynomials of degree less or equal m > 0.

In addition to the approximation space Xj, the PHM also needs an auxiliary space M. When Serendipity

spaces are used, those spaces are defined as
X ={vel*Q) :YKcT,,v|x € Xk}, (2)

M = {u € H Ak plor, + plok, =0 on K3 N Ky, for every pair of adjacent elements K, Ky € ’771} , (3)
KeTh
with Xx and Ag being local spaces given by

Xg={veH(K):v=00Fg', 9 SH(K)} and Agx={peL?0K):p=jpoF;', icE,0K)}. (4)

The PHM with Serendipity based spaces is then defined as: Find the pair (pp, An) € X5 x M}, such that

> /(/CVph)-Vvdx—l— Z/ v)\hds:/fvdx Yuve X (5a)
KeT;, K KEeT;, oK Q
> [ pnds= Y [ouds ey, (5b)
KeT;, V0K eCepn v €

where £9q denotes the set of all edges e on the boundary of Q. It follows from the analysis of [2] that, if » > m + 1,
the problem (5) always admit a unique solution (pp,, \p).

3 Convergence results for Serendipity based spaces
Now, we present our main result, concerning the convergence of the variable p;, on affine and non-affine quadrilateral
meshes. This result, summarized in Theorem 6, is a direct application of the analysis developed in [1].

Theorem 3.1. Consider Ty, a reqular quadrilateral mesh for Q@ according to [3]. Let X] and M]" be the spaces
constructed in Section 2 satisfying r > m + 1, and pp be the solution for the discrete problem 5. Assuming that the

ezxact solution p is reqular enough, there is a constant C' independent of the mesh parameter h such that
P — pullo.o < CR®[plri1,0, (6)
where s = min{r,m + 1} + 1 for affine meshes and s = min{|r/2|,m + 1} + 1 for non-affine ones.

Theorem 3.1 indicates that the Serendipity based PHM achieves optimal convergence orders on affine meshes,

but only sub-optimal orders on non-affine ones. These theoretical estimates are confirmed by numerical experiments.
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A SIMPLIFIED METHOD FOR THE RESPONSE ANALYSIS OF STOCHASTIC VIBRATION
SYSTEMSWITH NONLINEAR ADJUSTABLE STIFFNESS

HUGO DE LA CRUZ!

'Escola de Matematica Aplicada, FGV/EMAp, RJ, Brasil, hugo.delacruz@fgy.br

Abstract

In many practical situations, stochastic vibration systems subject to random excitations should be integrated
over very long time intervals. In this circumstance conventional methods usually show exploding behavior or
their implementation is computationally demanding. In this work we propose and analyze a simplified weak
simulation method for the integration of nonlinear vibration systems with adjustable stiffness under random
excitations. We prove that it reproduces the same statistical properties that characterize the exact solution
to the linearized equation associated to the underlying system. Computational simulations are carried out to

illustrate its practical performance.

1 Introduction

In many situations of direct engineering interest, structures are subject to random excitations with a mixture
of different intensities of external noisy forces (e.g., structures under earthquake, wind or sea wave excitations).
This randomness has an important impact on the vibratory behavior of mechanical and structural systems [2], [4],
[5], [6]. To study these systems deterministic models are not adequate. Thus, physics-based modeling through
stochastic differential equations is one of the approaches commonly used for the proper mathematical description of
the phenomena. A relevant mathematical model for studying nonlinear random vibration problems is the nonlinear

stochastic systems [3].

() + ' (1) + f(ult)) + aY (1)
Y'(t) + BY (1)

I
Q
I
—~
~+
~

(1)

I
IS
~
—~
~+~
=

where u(t) represents the displacement response, f is a nonlinear stiffness function, «, §, n are parameters, vector
c € RY™™ is the amplitude of the random forcing, and £(¢) = (£1(¢),...,£™(t))T is a vector of zero mean Gaussian
white noise excitations with E(£%(¢1)&7(t2)) = Qi;0(t1 — t2), where Q = [Q;;] is the (m x m)-matrix of excitation
intensities and §(-) is the Dira’s delta function. Several approximate techniques have been systematically developed
over the years to evaluate the stochastic responses of (1). However, there are limitations in the practical applications
of these techniques, especially for the response analysis over long time intervals. Hence, the search for alternative
efficient simulation methods is currently of great interest.

In this work we propose a numerical simulation method for (1). We devise the integrator regarding its efficiency
and capability to preserve meaningful statistical features of the system. We carry out the construction based on
the weak approximation approach which gives us much more freedom as to the generation of the necessary random
variables. With respect to its long-term behavior, it is notable that for any value of the step-size of integration, the
approximate solution obtained by the proposed method shares the same statistical properties that characterize the
exact solution to the linearized system corresponding to the underlying system (1). As revealed by our studies, the

method is valuable for evaluating late-time statistics of nonlinear vibration systems.

11
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2 The proposed simplified weak method and main results

Let Z(t) = (u(t),Y(t),u(t))T, then starting from Z; = Z(0), we construct the approximations {Z,} to Z(t,)

(n=1,...,N) as follows. For each time interval [t,, ¢,+1] we rewrite (1) in the semilinear form

dZ(t) = AZ(t)dt + g(Z(t))dt + zm: b dW7,

=1

where W} are uncorrelated standard Wiener processes and b; are those values corresponding to the excitation

intensities matrix @ of the white noise process £(t). The proposed method is

h m ) m )
1 =7, + 5 (9(Zn) + 9(eM' Zy + U) + AU) + VB b;¢h, U =g(Z)h+ VR _ b;cl,
j=1

j=1
where ¢/ is a three-point distributed random variable [1] satisfying

L
67

2

P =VE) =5 P=—VB =g PE=0=:.

We have the following results concerning the rate of weak convergence and the long time behavior of the method:

Theorem 2.1. The weak order of accuracy of the method is 2. That is,

max [E(6(Z(tn))) — E((6(Zn))| = O(h%)

1<n<N
where ¢ : R® — R € CK(R3,R)

Theorem 2.2. For any step-size h, the numerical realization given by the proposed integrator replicates the long time
properties that characterize the exact solution to the linearized equation corresponding to the underlying continuous
system (1). That is, for any step-size h there exist a unique matrix Dy, such that the numerical sample trajectory
{Z}n=0,... satisfies

nh_)rr;o]E((Zn) =0; nh_}rr;o Cov(Zy,) = Dy,
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ANALYSIS NUMERICAL OF A STABILIZED HYBRID FINITE ELEMENT METHODS FOR THE
HELMHOLTZ PROBLEM

MARTHA H. TIMOTEO SANCHEZ! & ABIMAEL F. DOURADO LOULA?

"nstitute of Investigation of the Faculty of Mathematical Sciences, UNMSM, Lima, Pert and National Laboratory for
Scientific Computing, Petrépolis, Brasil, m.timoteos@unmsm.edu.pe.,

2National Laboratory for Scientific Computing, Petrépolis, Brasil, aloc@Ince.br.

Abstract

In this work, error estimates are shown for the stabilized hybrid finite element methods studied in [6] for the
Helmholtz equation with Robin’s Boundary Condition. These methods use Lagrange multipliers associated with
the pressure trace and they are introduced to weakly enforce continuity on the finite element interfaces. The
choice of the Lagrange multiplier in this way allows the use of the static condensation technique, which consists
of solving local problems in each element, resulting in a global system that involves only the degrees of freedom
associated with the multipliers of Lagrange. Assuming that the exact value of the Lagrange multiplier is known,
we present a numerical analysis of the problems local, obtaining the sub-optimal convergence rate in the energy

norm and optimal in the L? norm. Next, we determine the estimate of the global error in the L? norm.

1 Introduction
We will study the Helmholtz equation

—Ap—r’p=f, em (1)
—Vp-n+ikp=g, em O (2)

To derive the method, we first define a Helmholtz equation (1) at each K mesh element 7, with the interface
conditions defined on the interior edges: [[p[]|, = 0 and [|[Vp|]|, =0, Ve € &}, and the Robin condition defined
on the edges of the boundary. We obtain the weak formulation of the local problem and introduce the multiplier
de Lagrange () defined as the trace of the pressure. We include a symmetrization term and a stabilization term
on 0K and formulate the following local problems about each K element:

Local Problems: For each K € Ty, find py, € S; (K) [=P; (K) or Q (K)], such that

(Vor,Van) g — 62 0n@n) ¢ — (VP -0, Gn) o — (Van - 0,00 — M) g
+BPn — Ay @) o = (fr@n) i, Yan € Si(K). (3)

To complete the system above, we add a global equation relative to the multiplier and Robin’s condition:
Global Problem: Find )\, € M3 = {/\ eM: N, =P;(e),Vec 5,?}, such that

(Vpn -, fin) or, — 16 (A, in) pg + B = Phs fin) o7, = — (8 Bn)aq,  Vin € Si (K) (4)

In the equation (4) the first term weakly imposes the continuity of the normal flow component and the third term
concerns the stabilization of the Lagrange multiplier related to the pressure trace.

13
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2 Main Results

For the numerical analysis we first use the local projection of the primal variable, defined inside each element, to
the exact multiplier A\. To formally introduce the problem associated with A, we define the operators A (Ph,qn),
B (A, qn) and the linear functional Fg (gp,) from (3) such that

Ak (P, an) (VPu,Vin)x — 5 (Pry@n) g — (VPo 1,0n) o5 — (Van -1, P) g + B (P i) o (1)
gK (qh) = fK (qh) - BK ()‘7Qh) = (fv (jh)K - <VCYh - n, )‘>8K + ﬁ <)‘a67h>8K (2)

Thus, the problem corresponding to the exact value of the multiplier is given by:
For given A, find P}, € S; (K) such that

Ar (Pn,an) = Gk (an),  Van € S; (K). (3)

Theorem 2.1. ! If P, € S, (K) is the approzimate solution of the problem (3) obtained by the LDGI1 method when
the Lagrange multiplier X is given and the exact solution p of the problem (1)-(2) belongs to H'™' (K) then we have
the errors in the energy norm and in the norm L?:

Ilp = PulllLpei < € (K, aie, aue) h! |p|Hl+1(K) and [lp = Pullx < C (K, aue; cue) KR \P|Hl+1(K) ) (4)
respectively, where C (K, aye, o) and c (K, aqe, aqe) are constants that depend of the finite element K, ay. and ..

Theorem 2.2. 2 If [py, \y] € WL x M3 is the approzimate solution of the problem (3)-(4), Pn € S, (K) is the
approximate solution of the problem (38) obtained by LDGI method when the Lagrange multiplier X is given and the
ezact solution p of the problem (1)-(2) belongs to H'™' (T) then we have the following estimate:

lp = pully, < v 2M, p*rh! T Pl i (1) + V2R M2p*6 |A = Anllo,

where WL = {peL2(7'h):p|K€Sl(K),VK€7ﬁ}, M, = max{@Q(K,alc,ale),KETh}, My, =

Ci(K
max{ 1(2 ),K € E} and p* is the number of finite elements K.

ale
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DYSON’S SPLIT ACTION FORMULA FOR TRANSPORT OPERATORS
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Abstract

Dyson’s formula is presented. Its proof stems from the Lax-Richtmyer stability of convergent discretizations,
which is the “principle of uniform boundedness” of Numerical Analysis. Among its applications is a method
for the dynamical stabilization (i.e. initial value sensitivity reduction) of a non-hydrostatic cloud-resolving

atmospheric model.

Lemma: (Dyson’s formula for matrices) Let M (k) be the set of real square matrices of order k. If A,B € M(k)
and z¢ € R¥, then et +B) gy = etAy, + fot e(t=5)(A+B)BesAp 0 ds.

proof: Let z(t) = e(A*+B)zy — ¢*Ax,. Taking the derivative of z(t), one obtains the initial value problem

2'(t) = (A + B)x(t) + Be zy, tER, (1)
z(0) =0 (2)

Eqg. 3 is a non-homogeneous linear ordinary differential equation with constant coefficient. Duhamel’s formula for
the solution of problem 3-2 is z(t) = f(f et=3)(A+B)BesAz) ds. Thus etA B gg — ethzy = fot et=5)(A+B)BesA g ds.

0
Theorem: (Dyson’s formula for transport operators) If
1. © is an bounded open set in R™ with volume V;
2. a,b: Q — R" are {C}(Q)}" vector fields with flow functions defined for all ¢ > 0;

3. S(t) : CL(Q) — CL(Q), t > 0, is the solution operator of
Ou(t,x) = a(x) - Vu(t,z) with S(0)ug = uo;

4. T(t) : CY(2) — CY(Q), t > 0, is the solution operator of
Ow(t,x) = (a(x) + b(x)) - Vw(t,z) with T(0)we = wo;

then
t
T(t)uo = S(t)uo + / T(t — 5) BS(s)uo ds,
0

for all ug € C}(Q), where C9(€2) is the space of bounded continuous functions on 2 and C}(f2) is the space of

bounded continuous functions with bounded continuous partial derivatives on Q, and B = b(x)-V : CL(2) — CI(2).

proof: Let Ay, By, : RP(*) — RP(F) be convergent discretizations of A and B with uniform mesh width Az, where
kE = V/(Az)™ is the number of grid cells and p(k) is the number of grid points. Let N/Az, N > 0, be a bound
to the infinite operator norm of By, so that ||Bg [v]|[x < (N/Az)[|[v]||x for all v € CL(R), where [f] denotes a

grid vector and ||[f]|[x = max;—i ) |[fli| for [f] € RP®) (so that ||[f]||x — ||f]| as k — +oco upon Az — 0,

15
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for any bounded f : @ — R, where || - || is the sup norm). Let also Ty(t),Sx(t) : RP() — RP(*) be convergent
discretizations of T(t) and S(¢) with uniform time step At and uniform mesh width Az associated to Ay and
By, which converge as k — 400 upon Ax — 0 and At — 0 provided At < M Az for some M > 0. Then:
ITk(t — s) Bk Sk(s)[uo] — [T(t — 5) BS(s)uo]||x

= ||Tx(t — ) B Sk (s)[uo] £ Tr(t — s) [BS(s)uo] £ Tr(t — s) B [S(s)uo] — [T(t — s) BS(s)uo]|x

= [|Tw(t — 5) (B (Sk(s)[uo] — [S(s)uo]) + (Be[S(s)uo] — [BS(s)uo])) + (Tk(t — s) [BS(s)uo] — [T(t — 5)BS(s)uo])||x

< 1Tkt = $)ll]x (I1Bk (Sk(s)[uol = [S(s)uol)llk + |Br[vo(s)] — [Buro(s)]llk) + [T (t — 5)[wo(s)] = [T(t = s)wo(s)]l]x,
where vo(s) = S(s)ug, wo(s) = BS(s)up and ||| T()|||x = sup {||Tr()[w]||x : [w] € RPF) |[[w]||p = 1}. Since,
according to Lax’s Equivalence Theorem [1], Tk(t) is Lax-Richtmyer stable provided At < M Az, i.e. the set
{IITe@®)||x : k € N*, Az = y/V/k, At < M Az} is bounded, and since ||By, vx(s)|[x < (N/Az)||vx(s)|[x — O
if ||vk(s)||x = O(Ax), which is the case for vg(s) = Sk(s)[uo] — [S(s)ug] if Sk(s) is first order accurate in space,
one concludes that Ty (t — s) Bg Sg(s)[ug] — T(t — s) BS(s)ug as k — 400 upon Az — 0 and At — 0, provided
At <M Az. Hence Ty (¢)[uo] — Sk (t) [uo] — R (t) [uo] — T(¢)uo 7S(f)U0*f0t T(t—s)BS(s)ugds as k,m — +00 upon
Az — 0 and At — 0, provided At < M Az, where Ry, [ug] = >0 o (Tk(t — si) B Se(si)[uo])At, m = t/At, s; =
si1+ Aty so = 0. But Ty (t)[uo] — Sk (t)[uo] — R () [uo] — e!Ar+Br) [g] — Ak [ug] + fot e(t=9)(AktBR) B e5Ak [yg] ds
as m — +o0o upon At — 0 with k£ and Ax fixed, and this limit value vanishes according to the above Lemma.
Therefore T(t)ug — S(t)up — fot T(t—s)BS(s)ugds =0.

Among the applications of Dyson’s formula is a method, named IBM, for the dynamical stabilization (i.e. initial
value sensitivity reduction) of a non-hydrostatic cloud-resolving atmospheric model, named CRM, both presented
in [2]. Figure (1) shows some prediction error profiles obtained with the CRM under three different prediction
schemes. The error profiles obtained with the IBM method are stable.
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Figure 1: Prediction error profiles obtained without model initialization (black), with model initialization (blue)
and with model initialization & use of the IBM method (red) for the grid vertical velocity (frame (1,1)), subgrid
vertical velocity (frame (1,2)), condensation rate (frame (2,1)) and temperature (frame (2,2)). The atmospheric
truth was generated by the CRM.
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ON LATTICE-ALMOST COPIES OF Cy(I') AND Ly(T') IN BANACH LATTICES
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Abstract

For a set I', we denote by lo(I") the Banach space of all bounded families (ay)yer endowed with the sup
norm. Let ¢o(I") be the closed subspace of I (I') such that for each € > 0 the set {y € I : |ay| > €} is finite.
Also let 11 (T") be the Banach space of all summable families (a-)~er endowed with the usual /1 —norm. When T'
is countable, we denote co(I') and 1 (") by ¢o and l; respectively. In this talk we show the results obtained in
[4] about the corresponding lattice version of James distortion theorems for ¢o(I") and I (T") : if a Banach lattice
contains lattice copy of co(I") (I1(I") respectively), then it contains lattice-almost isometric copies of ¢o(T") (I1(T")

respectively).

1 Introduction

Let X and Y be Banach spaces. We say that Y contains a copy of X if there is an isomorphism from X into Y.
We also say that X and Y are almost-isometric if for each £ > 0 there exists a linear isomorphism 7, : X — Y such
that ||T:]|[|7- || < 1+ €. Finally, we say Y contains almost-isometric copies of X, if for each ¢ > 0 there exists a
subspace Z. of Y which is almost-isometric to X.

A classical result of James establishes that if a Banach space X contains a copy of ¢ (respectively I1), then
X contains almost isometric copies of ¢y (respectively l;). This is so called James distortion theorem for ¢y and
l1 (see [3, Lemma 2.1 and 2.2]). Now, in real Banach lattices we say that Y contains a lattice copy of X if X
is Banach-lattice isomorphic to a sub-lattice of Y; we also say that Y contains lattice-almost isometric copies of
X if for each ¢ > 0 there exist a sub-lattice Z. of Y and a Banach-lattice isomorphism 7. : X — Y such that
IT T <1+

Meanwhile, Chen in [1, Theorem 2| and [2, Theorem 1] proved that if a Banach lattice contains a lattice copy
of ¢g (respectively 1), then it contains lattice-almost copies of ¢y (respectively I1). The aim of the talk is to prove
a version for ¢y(I") (respectively 1;(T)).

To give a proof, is necessary to fix some notations: If A is a set, and 7 is an ordinal, then |A| and [A]<" denote,
respectively, the cardinality of A and the family of all subsets of A with cardinality less than 7. We denote by w
the first infinite ordinal. If X is a Banach lattice, Bx, X and B;g denote respectively the closed united ball of X,
the positive cone of X and the set Bx N X .

2 Main Results

Theorem 2.1 (Main theorem). Let X be a Banach lattice. If X contains a lattice copy of co(T') (respectively
11(T)), then X contains lattice-almost isometric copies of co(T') (respectively 11(T)).

To give a proof for this result, we need some lemmas:

Lemma 2.1. Let X be a Banach lattice. Then X contains a lattice copy of co(T) iff there exists a disjoint family
(), er i X satisfying inf {||z|| : v € T} > 0 and SUP{HZWGF mA,H 1 F e [F}<w} < 0.
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Lemma 2.2. Let X be a Banach lattice containing a lattice copy of co(T"). Then for each 0 < 6 < 1, there exists a
disjoint family (u.)yer in BY such that for each F € [[]°* and any set of scalars {a, : v € F} we have

1— < Z < .
(1 —d)max|a,| < VGFWM < max [a, |

Lemma 2.3. Let X be a Banach lattice. Then X contains a lattice copy of 11(T') iff there exists a disjoint family

(@), er X T and two positive constants m, M such that

mz lay| < Za,yx,y < MZ lay|

YEF yeF ~yeF
for all F € [T]~% and every family of scalars {a, : v € F}.

Lemma 2.4. Let X be a Banach lattice containing a lattice copy of 11(T). Then for each § > 0, there exists a
disjoint family (u.)yer in BY such that for each F € [[]° and any set of scalars {a, : v € F} we have

1—9¢)ma < Z < ma .
( )gle;?daﬂ— WGF‘IWUW —glelfﬂaﬂ

Corollary 2.1 (Main theorem). Let X be a Banach space containing a copy of co(T"). Then X contains almost

isometric copies of co(T).

Proof. Let ¢ > 0 be given and choose 0 < § < 1 such that 11? < 1— 4. By Lemma 2.2, there exists (u,),cr in By
such that for each F € [[]* and any set of scalars {a. : v € F'} we have

1— < Z < .
(1 —d)max|a,| < VGFWM < max [a, |

Let T:: co(I') — X be defined as T:((zy)yer) = > cr TyUy, for (24),er € co(I'). Then T is a Banach-lattice
isomorphism from co(T") to X with ||T.[|||7-Y <1 +e. O

Corollary 2.2 (Main theorem). Let X be a Banach space containing a copy of 11(T). Then X contains almost

isometric copies of 11(T).

Proof. The proof follows the same lines of the proof of Corollary 2.1, with I (T") instead of ¢o(T). O

References

[1] CHEN, J. - The almost lattice isometric copies of ¢y in Banach lattices, Comment. Math. Univ. Carolin., 46(3),
(2005), 409-412.

[2] CHEN, J. - The lattice-almost isometric copies of l1 and l, in Banach lattices, Acta Math. Acad. Paedagog.
Nyhézi. (N.S.), 22(1), (2006), 73-76.

[3] JAMES, R. C. - Uniformly non-square Banach spaces. Ann. of Math. (2) 80, (1694), 542-550.

[4] RINCON-VILLAMIZAR, M.A., LEAL-ARCHILA, A.F. - On lattice-almost isometric copies of c¢o(I') and 11(T') in
Banach lattices, Rend. Circ. Mat. Palerm. Series 2. (71), (2022), 515-523.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
IME-USP - Instituto de Matemaéatica e Estatistica da Universidade de Sao Paulo
XV ENAMA - Novembro 2022 19-20

A COMPOSITION OPERATOR APPROACH TO THE INVARIANT SUBSPACE PROBLEM
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Abstract

Let H be a complex Hilbert space. An operator U € B(H) is called universal for H (in the sense of Rota)
if for every operator T' € B(H) there exists a scalar a € C, an invariant subspace M of U and an isomorphism
S: M — H such that aT = SoUj,, oS ~1. The concept of universal operator provides an alternative approach
to the Invariant Subspace Problem (ISP). In this work we use recent results due to Carmo and Noor [1] and
study the composition operator Cy, € B(HQ) with symbol given by ¢, = az+ 1 —a for 0 < a < 1. The main
objective is to characterize the minimal invariant subspaces of Cy, and make progress towards the ISP. Here,
we shall discuss some recent results and advances in this direction. This work is in collaboration with Waleed

Noor and Joao R. Carmo.

1 Introduction

The Invariant Subspace Problem (ISP) is one of the most important open problems in operator theory: given a
complex, infinite dimensional and separable Hilbert space H, does every bounded linear operator have a non-trivial
invariant subspace? By a non-trivial invariant subspace of T" we mean a closed subspace {0} C N C H such that
T(N)CN.

There exists a lot of approaches and remarkable results about this question; one of these approaches is based on
the notion of Universal Operators developed by Rota in [2]. Given a universal operator U, it is possible to prove
that the ISP is true if, and only if, every minimal invariant subspace of U has dimension 1. Recently, Carmo and
Noor [1] found a new class of universal composition operators on the Hardy-Hilbert space.

The Hardy-Hilbert space of the disk is denoted by H?(D) or simply H? and defined as:

H?*D) :={f € Hol(D) | f(z) = ianz" with i lan|* < 0o}
n=0 n=0

It is not difficult to see that H? becomes a separable and infinite dimensional Hilbert space when we consider the

0 _
inner product given by (f,g) = > anb,. A special class of bounded linear operators in H? are the composition
n=0

operators: given a holomorphic flznction ¢ : D — D, the composition operator with symbol ¢ is defined in H?
and given by Cy(f) = f o ¢ for every f € H?. In this direction a special type of symbols play a central role: the
hyperbolic maps. A linear fractional map ¢ : D — D is called hyperbolic if it has two distinct fixed points outside
D.

2 Main Results

Our starting point is the following theorem proved in [1]:

Theorem 2.1. If ¢ is a linear fractional self-map of D then Cy — X is universal in H*(D) for some A € C if, and
only if, ¢ is hyperbolic.
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Our approach to ISP consists in understanding the minimal invariant subspaces of Cy, where ¢, (0 < a < 1) is

the hyperbolic map given by ¢,(z) = az + 1 — a. More clearly, we have the following equivalence:

Corollary 2.1. Let 0 < a < 1 and consider ¢, as defined above. Then the ISP has a positive solution if, and only

if, every minimal invariant subspace of Cy, has dimension 1.

If M is a minimal invariant subspace of the operator Cy, we see that

M = Kf = span{f, C(;hfaczafv" }

for every f € M with f # 0, so we can study these subspaces in relation to the function-theoretic properties of f.
In [1] Carmo and Noor initiated this approach and obtained many results about these minimal invariant subspaces.
Recently, we achieved a partial solution supposing some additional properties of f. Given f € H? we consider three

cases.

1. lim f(1—a™)=L#0

n—oo

2. lim f(1—-a") =0

n—oo

3. lim f(1—a™) does not exists.
n—oo

Our main Theorem ensures that with an additional hypothesis, the cases 1. and 3. are well understood.

Theorem 2.2. Let f € H? such that f' € H?. Suppose that lim f(1 —a™) exists and isn’t 0 or lim f(1 —a")
n— oo n—0o0

doesn’t exists. If K¢ is minimal then Ky has dimension 1.
Supposing that f, f* € H?, the only open case for understand K is the case 2; in fact if we suppose that f is

analytic at 1 or if f(1 —a™) goes to 0 slowly enough then the conclusion of Theorem 2.2 also holds.
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DENSITY AND ORTHOGONALITY IN H? AND ZETA ZEROS
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Abstract

Béez-Duarte’s criterion asserts that the Riemann hypothesis (RH) is equivalent to the density of the linear
span of a particular sequence in L?([0,1]). This work deals with a unitarily equivalent version of this result
in the Hardy space H? of the unit disk. It poses density and orthogonality questions arising naturally from
this criterion, leading to weak versions of RH. Furthermore, a sufficient conditions for obtaining zero free half-
planes for the zeta function is given. This is a joint work with Waleed Noor (IMECC/Unicamp), A. Ghosh and
K. Kremnitzer (Oxford University, UK).

1 Introduction

Let ¢ be defined initially as ((s) = >~ , n~* for complex s such that Res > 1. It can be analytically extended
to the whole plane, except for a simple pole at s = 1. Consider the half-planes Q. = {s € C : Res > r}. An
old problem, still open, is to determine whether ¢ does not vanish in Q, for some 1/2 < r < 1. The case r = 1/2
corresponds to the Riemann hypothesis. Nyman [5] obtained a criterion in terms of density and approximation in
L?([0,1]), generalized later by Beurling [3] to the LP context and refined — in the L? case — by Baez-Duarte [1] (see
[2]). In [4], Bdez-Duarte criterion is brought to H? by means of a unitary isomorphism. Given p > 0, H? is the

Hardy space of exponent p in the unit disc D:

1/p

1 2m )

H? = {f :D— C : fis holomorphic and [|f|, := (Oiugl Py |f(7°e’9)|p) < oo} .
r 0

Each HP is an F-space not locally convex if p < 1, and a Banach space if p > 1. In particular, H? is a separable
Hilbert space.
Theorem 1.1 (4, Theorem 8). Let N be the linear span of {hi}32,, where

1 1 k—1
hk(z):l_zlog( +Z+k+z > 2eD, k>2.

The Riemann hypothesis is true if and only if N is dense in H?.
This work concerns with two problems directly related to the criterion above.

o The density problem: find topologies in H?2, weaker than the one generated by the norm, with respect to
which N is dense.

o The orthogonality problem: find classes of functions V' C H?, as large as possible, satisfying N'- NV = {0}.

Partial answers to these questions provide weak versions of RH, i.e., assertions implied by RH but proven

unconditionally.

2 Main results

Proposition 2.1. For any 0 <p <1, N is dense in HP.
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Proof There are two main steps in this proof: (i) The linear span of {gx};2, is dense in H" for any r > 0, where
9k (2) = (1 = 2)hg(2). (ii) Given p € (0,1), there exists r > 0 large enough such that the operator of multiplication
by 1/(1 — 2) is continuous from H” to H?. =

Given s € C, consider the linear functional defined initially in the space of analytic polynomials as

1 1
A1) =—- and AWCEF) =—-[(k+1)'" k], k>2.
S S

Proposition 2.2. Given p € (0,2] and s € Qy,,,, A®) is bounded on H? and satisfies A (hy,) = — ) (k= —k~1).

S

Corollary 2.1. If N is dense in HP then ( does not have zeros in Q1 /p-

Proof Under the hypothesis above, the constant 1 is the HP-limit of a sequence {f,} C N. If ((s) = 0 then
A®)(f,) = 0 for all n, contradicting the fact that A()(1) #0. m

Therefore, if one proves the density of AV in H? for any p > 1, a consequence we will be a previously unknown
zeta zero free half-plane, which would be a huge achievement from the arithmetical viewpoint. The proven result

for p < 1 furnishes the already known half-plane ;.
Proposition 2.3. Given o > 1/2, span{(1 — 2)®hy : k > 2} is dense in H?.
Proposition 2.4. Given o € (1/2,1], the equality N+ NV = {0} holds for
V=(1-2°%H*+C.
Proof In [6], the space V above is identified as a de Branges-Rovnyak space, which in its turn is proven in [7]

to be the domain of the adjoint of the (unbounded) multiplication operator of symbol (1 — z)~“. Finally, it is an

elementary verification that the intersection of this domain with A/t is trivial using Proposition 2.3.
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Abstract

Combinatorial spaces are Banach spaces whose norm is induced by families of finite subsets of some index
set. Inspired by the classical Banach-Stone theorem, we investigate the impact of the properties of the family
to the collection of isometries of the corresponding Banach space. We characterize the isometries as signed

permutations of the canonical basis and try to determine which permutations induce isometries.

1 Introduction

Rigid objects in mathematics are objects with few automorphisms. In the context of Banach spaces, there are
classical results on rigidity, where the automorphisms are linear isometries. Given a Banach space X, let Iso(X)
be the collection of all linear isometric bijections T : X — X.

If K is a compact space, let C(K) be the Banach space of all scalar valued continuous functions defined on K,
with the supremum norm. Given a homeomorphism ¢ : K — K and g € C(K) such that |g(z)| = 1 for every
x € K, the map T, 4 : C(K) — C(K) given by Ty, 4(f) =g - (f o ¢) is an isometry. Hence,

Iso(C(K)) 2 {T,4: ¢ : K — K homeomorphism g € C(K) such that |g(z)| = 1}.

Theorem 1.1 (Banach-Stone). Given compact Hausdorff spaces K and L, T : C(K) — C(L) is an isometry iff
there are a homeomorphism ¢ : L — K and g € C(L) such that |g(y)| =1 for everyy € L and T =T, 4. Therefore,

Iso(C(K)) ={T,4: ¢ : K = K homeomorphism g € C(K) such that |g(x)| = 1}.

Turning to the classical sequence spaces ¢y or £,’s, we have that given a bijection 7 : N — N and a sequence
6 = (6n)n such that |6, =1 for every n € N, the map T, 5 : X — X given by T, 5(€5) = Open(n) is an isometry, if

X =cp or x ={, for some 1 < p < co. Hence,
Iso(X) 2 {T, 5 :7:N— N bijection, § = (6,,), such that |0,| = 1}.

Theorem 1.2 (folklore). For X =c¢y or X =4,, 1 <p < 00, p # 2, given an isometry T : X — X, there are a
bijection m: N — N and a sequence (0,,)n, such that [0,,| =1 for every n € N and T(e,) = Oper(n) for every n € N.
Therefore,

Iso(X) ={T,5:m:N— N bijection, § = (), such that |6,| = 1}.

Similar results also exist for the Tsirelson space or for nonseparable versions of ¢y and £,. In this work, we

discuss results in the same direction for the so called combinatorial Banach spaces.
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2 Main Results

Given a family F of finite subsets of N containing all singletons, we can define a norm on coo = {(A\p)n : {n € N:
An # 0} is finite} as follows:
[(An)nllF = SUP{Z [An| 2 s € F}.

nes
The completion of ¢yg is called the combinatorial space induced by F and is denoted by X z. Notice that ¢y and
¢1 can be seen as the combinatorial spaces of the families of all singletons and that of all finite subsets of N,
respectively.

Without loss of generality, the family F can be assumed to be closed under subsets and F can be embedded
in the Cantor space, by identifying each element to its characteristic function. Combinatorial and topological
properties of F imply geometrical properties of Xx. For example, if F is compact, the Schauder basis (e,), is
shrinking.

In [1] investigate the rigidity properties of Xz and prove the following result:

Theorem 2.1. For every reqular families F and G, given an isometry T : Xy — Xg, there are a bijectionm™: N — N
and a sequence (0r,)n such that |0, =1 for every n € N and T'(e,) = Onern). Therefore,

Iso(XF) C{T, :m:N— N bijection, § = (0)n, such that |6, =1}.
Our main purpose is to present the techniques involved in the proof, as well as generalizations of this result
published in [2].
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Abstract

In this talk we present a new approach to atoms and molecules on Goldberg’s local Hardy spaces h?(R"™),
0 < p < 1, assuming an appropriate cancellation condition. As applications, we prove improved continuity
results for inhomogeneous Calderén-Zygmund operators on these spaces. Joint work with Galia Dafni and Chun

Ho Lau (Concordia University).

1 Introduction

It is well known that the homogeneous Hardy spaces HP(R™), defined for 0 < p < oo represents, in certain
aspects, a good substitute for L?(R™) when 0 < p < 1. However, this breaks down in certain aspects; for instance,
HP(R™) are not closed under multiplication by test functions, since this may destroy the global vanishing moment
conditions; they do not contain S(R™), the Schwartz space; they are not well defined in manifolds and in general
pseudodifferential operators are not bounded on HP(R™). For this reason, Goldberg in [3] introduced the local (or
inhomogeneous) version of Hardy spaces, which he called local Hardy spaces and denoted by hP(R™). These spaces
contains HP(R™), are equal to LP(R™) when p > 1, and satisfies the desired properties, in particular if ¢ € C°(R")
and f € hP(R™) then ¢f € hP(R™).

From the comparison between HP(R™) and h?(R™), a natural atomic decomposition for hP(R™) arises, which
allows to write any tempered distribution f € h?(R™) as an infinite linear combination y Aja; of atoms aj;, with
| £llne ~ inf (3" |A;[P)'/P over all such decompositions. An atom is a function supported in a ball which satisfies a
size condition relative to that ball, and vanishing moment conditions when the atom is supported in small balls,
that is

/a(x)xo‘dﬂc =0, forall || <N,:=n(l/p—1) if supp(a) C B(zg,r) with r < 1.

Several properties and applications of AP(R™) follow from this important decomposition. For instance, if
T :S(R") — S'(R") is a linear and continuous operator, then its extension and continuity on h?(R™) can be
established by just verifying that ||T'a;||g» < C uniformly. For the homogeneous case HP(R™), we can also derive
a more general decomposition in terms of molecules, usually denoted by M, in which we do not require compact
support.

In contrast to HP(R™), the molecular theory of h?(R™) for 0 < p < 1 is still not completely established. Komori

[4], defined molecules for n/(n 4+ 1) < p < 1, assuming a uniform control of the zeroth moment of the molecule,

that is
‘/M(a:)dx

This estimate holds trivially for the case p = 1 and is therefore not sufficient to characterize h!'(R™).

< C.
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2 Main Results

We established in [1] a new atomic and molecular characterization of h?(R™), for all 0 < p < 1, and apply it to
show improved continuity results for inhomogeneous Calderén-Zygmund operators, that includes pseudodifferential
operators in the class OpS{ o(R™), on h”(R™). The key is to introduce inhomogeneous cancellation conditions
on both the operators and the atoms and molecules. In particular, we extend Komori’s molecular approach to
p < n/(n+1) and p = 1, by giving different cancellation properties when p = n/(n + k) for k € Z*, compared
ton/(n+k+1) <p<n/(n+k). In fact, we call M an approximate molecule if it satisfies the standard size

conditions, relative to the ball B(zq,r) C R™, and the following cancellation condition

M(z)(x — x0)dx
RTL

<C, if ol <n(l/p—1) (1)

and

M(z)(x — xo)dx

T R T o

An atomic decomposition of h?(R"™) in terms of approximate atoms with analogous cancellation conditions (1) and
(2) were also established.
As an application of the approximate atomic and molecular decomposition developed, we showed the following

improved continuity result for inhomogeneous Calderén-Zygmund operators, extending results of [2].

Theorem 2.1. Let 0 < p <1 and T be an (0, u) inhomogeneous Calderdn-Zygmund with 6, > 0. Then T can be
extended to a bounded operator from hP(R™) to itself provided that min{u, 0} > n(1/p — 1) and there exists C > 0
such that for any ball B(xo,r) C R™ with r <1 and o € Z7} with |a| < Ny,

1/2
F=T(—a0)"] satisfies (“;' /B If(y)Pév”(f)(y)IQdy) < CUp (i), (3)

where Pg”(f) is the polynomial of degree < Ny, that has the same moments as f over B up to order Ny, and
¢n(t/p=1) if laf <n(l/p—1),

U, (1) = e
pa(t) gn(1/p—1) [10g (1 + g)] if la| =n(1/p—1) = N,.

O

One can also replace (3) by the stronger condition that f € An(l/p,l)(]R") if |a] <n(l/p—1)and f € Li}f“’ (R™),
the generalized Campanato space, if n(1/p — 1) € Z and |a] = n(1/p — 1).

References

[1] G. DAFNI, C. H. LAU, T. PICON & C. VASCONCELOS - Inhomogeneous cancellation conditions and Calderdn-
Zygmund type operators on hP, preprint, available at arXiv:2112.12570v1 [math.FA], (2021).

[2] W. DING, Y. HAN & Y. ZHU - Boundedness of singular integral operators on local Hardy spaces and dual spaces,
Potential Analysis, 55, (2020), 419-441.

[3] D. GOLDBERG - A local version of real Hardy spaces, Duke Mathematical Journal, 46, (1979), 27-42.

[4] Y. KOMORI - Calderdn-Zygmund operators on HP(R™), Scientiae Mathematicae Japonicae Online, 4, (2001),
35-44.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
IME-USP - Instituto de Matemaéatica e Estatistica da Universidade de Sao Paulo
XV ENAMA - Novembro 2022 27-28
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Abstract

We prove downward coherence and coincidence results for the ideals of generalized summing multilinear

operators by blocks introduced in [2].

1 Introduction

Coherence and coincidence results are classical topics in the study ideals of multilinear operators between Banach
spaces (multi-ideals). Coherence is the issue that conncects multi-ideals with polynomial ideals and to holomorphy
types (see, e.g., [3]). In this work we address these issues to the multi-ideals of (Bz; X1,..., X4; Y1, ..., Y;)-summing
multilinear operators, introduced in [2], which we describe next.

Henceforth, d and k are natural numbers with d > 2 and 1 < k < d, and FEy,...,E4, F are Banach
spaces. The symbol [.7.] means that the r-th coordinate has been omitted. Given a continuous d-linear operator
A: By x -+ x By —>, forr =1,...,d and 2" € E,, the map Ayr: E1 x [.7.] x BEqg — F, Agr(2",[.7.],2%) =
Az, ..., z%), is a continuous (d — 1)-linear operator and || A,-| < || Al - ||z"].

By X we mean a sequence class according to [1], that is, to each Banach space E corresponds a Banach space
X (E) of E-valued sequences such that coo(F) C X(FE) N loo(E) and |lej|| x k) = 1 for every j € N, where the e;-s
are the canonical vectors of scalar-valued sequence spaces. From now on, Xq,..., Xy, Y1,...,Ys stand for sequence
classes.

By Z = {I4,...,I+} we denote a partition of {1,...,d} formed by pairwise disjoint subsets {1,...,d} whose
union is {1,...,d}. By z xe; we mean the d-tuple (0,...,0,2,0,...,0), where = appears at the j-th coordinate,

either x belonging to a Banach space or being a natural number.

Definition 1.1. Fixed a partition Z = {11, ..., I} and d sequences of natural numbers (57)5°,, r =1,...,d, such
k
that the correspondence (n1,...,ng) € N¥ — > 3> jr xe, is injective, the block of N* associated to the partition
s=1lrelg
7 and to the sequences (j5)2 ,, r=1,...,d, is the set
k
Br = {ZZ;ZS * e, ENd:nl,...,nkEN}.
s=1relg
When the partition is the trivial one, that is, Z; = {{1,2,,...,d}}, we say that this is isotropic case. Since N is

countable, there are sequences (j7)3° ,, 7 =1,...,d such that Bz, = N%. All the other cases are called anisotropic.

At the opposite side, we have N¢ = {(ny,...,nq4) : n; € N} = Bz, where Zy, = {{r} : r = 1,...,d} is the discrete
partition and (j7)2°; = (n)%%,, r = 1,...,d. In order to get one degree of multilinearity lower, it is necessary to
obtain of block of N~1 by fixing one coordinate of the block N¢. This is why we are going to consider the block
N? associated to the partitions above, where we can assure that N¢~! is a block associated to the partitions by
omitting one coordinate. Of course, the space Y7 (Y5 (F)) if formed by all Y5(F)-valued sequences belonging to Y.

Repeating the process we can consider the space Yi(--- Y (F)---).
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Definition 1.2. A d-linear operator A: Ey X --- X By — F is partially (Bz; X1,...,Xa; Y1,. .., Yi)-summing if

L 00 oo
--~<A<ZZx§£5*e,«>> eEYi(- Yi(F)---)

s=lrels nip=1 ni=1

whenever (x;)oil e X.(BE), r = 1,...,d The space of such operators is denoted by

B
ﬁxf,...,xd;yl,...,yk (Br,s..o Egy F).
2 Main Results

A sequence class X is 0-invariant if, regardless of the Banach space E and the sequence (:cj)j‘?ozl in F/, it holds
(2;)32, € X(E) <= (29)52, € X(E) and [|(2;)52Ix(z) = [(29)52, 11 x (), where (29)32, is the zero-free version

of ()32, meaning that «9 is the j-th nonzero coordinate of (x;)32, if it exists, or zero otherwise.

Proposition 2.1. Let 1 < m < d and a™ € E,,. If Y is O-invariant and A € £§éw’xd;y(E1, ..., Eq; F), then

d—1
Agm € £§(1,[:’.”’.]-,Xd;y(E1’ [m]vEd?F) € ||Aam||Nd_1;X17[T."L],Xd;Y < HAHNd;Xl,...,Xd;Y ’ HamH

Corollary 2.1. IfY is 0-invariant and £§(dl7»--»xd;Y(E17 o Eq; F) = L(Ey,...,Eq; F), then ﬁii:[lm],Xd;Y(El’ [
|, Eq; F) = L(Ey1,[™], Eq; F) para todo m =1,...,d.

Corollary 2.2. Let Xi,...,X4,Y be sequence classes and suppose that Y is O-invariant. If L(Ey,...,Eq F) =
l:%z,...,Xd;Y(Elv .., Eq;F), then L(EF) = Lx,.y(Ey; F) for everyr=1,...,d.

Corollary 2.3. [4, Corollay 3.4] Let q,p1,...,pa > 1 be given and let E,...,Eq, F be Banach spaces such that

L(Ey,...,Eg; F) = E?T;l(.),“.e (Er,...,Eq; F). Then gy, (B F) = L(Ey; F) forallr=1,...,d.

£ ()it ()

Proposition 2.2. If Y is a linearly stable sequence class, a € Fy and A € LI;?ihand;dY

d—1
Aa S E.I?](z,...,Xd;d_lY(Eb’ e ,Ed7F) and HA(ZHNdfl;Xz,.‘.,Xd;d*IY S HAHNd;Xl,...,Xd;dY . ||G/H

(E1,...,Eq; F), then

Corollary 2.4. Let X and Y be sequence classes with Y linearly stable, a € E and m € {1,...,d}. If
Ae Egi;dy(dE;F) symmetric, then A" € L’gj;ﬁd_ly(d’lE;F) and [|A7|ya-1,a-1x,a-1y < [|Allna,axay - [al].

Proposition 2.3. Let X;,..., X3, Y be sequence classes with Y linearly stable and let E-, ..., Eq, F' be Banach

d d—1

spaces. If L(Ey,...,Eq; F) = E?(h...,xd;dy(El’ ..., Eg; F), then L(Es,...,Eq; F) = L:?(Q’V..,Xd;d,lY(EQ, o Eg F).
Corollary 2.5. Let X,Y be sequence classes with Y linearly stable and let E, F be Banach spaces. If L(YE; F) =
LY oy (PE; F) for some d € N, then L(E; F) = Lx,y (E; F).
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Abstract

In this work, we present a generalization of the concept of G—space, introduced in [1], to the case in which
G is a topological group and, then, we show how to adapt results from [1] on G—spaces to the more general

context of G—topological spaces. This research will serve as a basis for the elaboration of a PhD thesis.

1 Introduction

This work has two main goals: firstly, we present a generalization of the concept of G—space, introduced in [1], to the
case in which G is a topological group; then, we show how to adapt results from Castillo and Ferenczi on G —spaces
to the more general context of G—topological spaces. From this point onwards, we are supposing, implicitly, that
G is a topological group, that 7¢ is the topology of G, and that V is the collection of the neighborhoods of the
identity element of G.

2 (G—topological spaces

We start this section recalling two preliminary definitions. Then, we introduce the concept of G—topological space.

Definition 2.1. A bounded linear left action of a group H (with identity element er) on a normed space X
is @ map u from H into the set B(X) of the continuous linear maps from X into X such that: i) u(ey) = idx; ii)
for every (g,h) € H x H, u(g-h) =u(g) ou(h); and iii) ||u|| := sup {||u(g)||px): g € H} < +o0.

Definition 2.2. If H is a group, then a H—space (respectively, a H—Banach space) is, by definition, a triple
(H, X,u), where X is a normed space (respectively, a Banach space), and u is a bounded linear left action of H on
X.

Definition 2.3. We say that a G—space (G,X,u) is a G—topological space if the action u is, moreover,
(Tg,Tg&T))—continuous (where TS&T) is the strong operator topology on B(X)). If (G,X,u) is a G—topological

space, and if X is a Banach space, then we call (G, X,u) a G—topological Banach space.

Remark 2.1. Note that, if 7 is the discrete topology, then every G—space is also a G—topological space. Therefore,
we say that the concept of G—topological space in fact generalizes the notion of G—space.

Example 2.1. Let us consider the topological group (H, -, 1), where H := {—1,1}Y, - is the usual product, and g
is the product topology (with each copy of {—1,1} being equipped with the discrete topology). Under these conditions,
it is not difficult to show that, if p € [1,4o0[, and u: H — B(¢P) is such that, for each (¢;)nen € H and each
(Tn)nen € P, [u((sn)neN)} ((xn)neN) = (&n * Tn)nen, then (H, 0P u) is a H—topological Banach space.

Next, we recall the notion of G—equivariant map (as presented in [1]).

Definition 2.4. Given G—spaces (G, X,u) and (G,Y,v), we say that a map T: X — Y is G—equivariant if , for
every g € G and every xz € X, T([u(g)] (x)) = [v(9)](T(x)). If, in addition, T is also linear and continuous, we
say that T is a G—operator.
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The category of G—spaces is the category that has G—spaces as objects and G—operators as morphisms. The

category of G—topological spaces, in turn, is a full subcategory of the category of G—spaces.

3 Topological amenability, G—operators and G—centralizers

As mentioned in the introduction, one of the objectives of this work is to adapt results from [1] on G—spaces to the
more general context of topological G—spaces. In this section, we state, as an example, a topological version of a

particular case of Proposition 3.10 of [1]. To do so, however, we firstly recall preliminary concepts and definitions.

Definition 3.1. Given a normed space X, we say that a map f: G — X is (Ug, || - ||x)—uniformly continuous
if, for every e > 0, there exists a V €V such that, for any (g,h) € G x G,

h-g7' eV =|f(g)— f(M)llx <e. (1)

Furthermore, we say that a map o: G — B(X) is (Ugr, B(X)sor)—uniformly continuous if, for alln € N, all
(1,...,2n) € X™ and all € > 0, there exists a V € V such that, for any (g9,h) € G x G,

h-gleV=Vjie{l,... n}

|[0(9)] () = [o(W)] (z))]| x <= 2)

We will denote by UCBR(G) the set of (Ug,| - |)—uniformly continuous and bounded maps from G into K
(where, as usual, K = R or K = C). The map from G into K which takes the value 1 at all points of G, in turn,
will be denoted by 1.

Definition 3.2. We say that a G—space (respectively, a G—Banach space) is a G—topological space (respectively,
a G—topological Banach space) if u is, moreover, (T(;,TBS(OXI;)—COHtiTLUOUS (where TBS(OXI; is the strong operator

topology on B(X)).

Definition 3.3. Let x: G x UCBRr(G) — UCBRg(G) be the left action (in the usual sense) that, to every pair
(9,¢) € G x UCBR(G), associates the function @ which maps each x in G to ¢(x - g). We say that G is
topologically amenable if there exists a (G, *)—invariant mean on UCBR(G) (that is, if there exists a mean M
on UCBR(G) such that M(pg) = M(p) for any g € G and any ¢ € UCBR(G)).

We are now almost ready to state a topological version of a particular case of proposition 3.10 of [1]. Before
that, however, we advise readers who are not familiar with the concepts of quasilinear map, trivial quasilinear map,
G—centralizer and G—ultrasummand to look for these definitions in [1]. With that said, we can finally state the

promised result.

Proposition 3.1. Let (G,Y,v) be a G—Banach space, and let (G, X, u) be a G—ultrasummand. Suppose further that

G 1s topologically amenable, that v is Ur, B(Y)sor)—uniformly continuous, and that u is (1, )— continuous

Tl s
T lsx, 8 the topology induced on B(X) by || - [|5x))- Then, given a G—-centralizer : A CY — X such

that, for each y € A, the restriction of Q0 to the set {[v(g)} (y): g € G} is uniformly continuous, there ezists a

(where

G—equivariant map w: A — X such that Q — w is a quasilinear bounded map. Furthermore, if Q is also trivial,
then w can be chosen to be linear.
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LATTICEABILITY IN SPACES OF BOUNDED SEQUENCES
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Abstract

For a Banach lattice E, we prove that some subsets of the Banach lattice fo (F) formed by sequences with

distinguished properties contain a closed infinite dimensional sublattice.

1 Introduction

A subset A of a topological vector space F is spaceable (see [1]) if there exists a closed infinite dimensional subspace

of E all of whose elements but the origin belong to A. Recently, Oikhberg [7] coined the following terms:

Definition 1.1. A subset A of a Banach lattice is latticeable (completely latticeable) if there exists a (closed) infinite
dimensional sublattice of E all of whose elements but the origin belong to A (see also [8]).

A number of results on latticeability in spaces of vector-valued sequences appear in [2]. To state some of these

results we need a few definitions.

Definition 1.2. (i) A Banach lattice F has the positive Schur property if positive — or, equivalently, disjoint —
weakly null sequences in F are norm null.

(ii) A sequence (7;)52; in a Banach lattice E is regular-polynomially null if P(z;) — 0 for every scalar-valued
regular homogeneous polynomial P on E. A Banach lattice E is positively polynomially Schur if positive regular-
polynomially null F-valued sequences are norm null.

(iii) A sequence (7;)52, in a Banach space E is polynomially null if P(z;) — 0 for every scalar-valued continuous
homogeneous polynomial P on E. A Banach space E is polynomially Schur if every polynomially null E-valued
sequence is norm null.

The literature on the positive Schur property is vast. The class of Banach lattices in (ii) was introduced in [3].
The class of Banach spaces in (iii) was introduced by Carne, Cole and Gamelin [4] and have been developed by
several authors.

2 Main Results

Recall that ¢ (F), the space of bounded E-valued sequences with the sup norm, is a Banach lattice with the
coordinatewise order whenever E is a Banach lattice, and that ¢ (E), the space of weakly null E-valued sequences,
is a closed subspace of ¢, (F) whenever E is a Banach space.

The next result was inspired by Jiménez-Rodriguez [6].

Theorem 2.1. (a) Let E be a non-polynomially Schur Banach space. Then the set of E-valued non-norm null
polynomially null sequences is spaceable in ¢ (E).

(b) Let E be a Banach lattice failing the positive Schur property. Then the set of E-valued disjoint non-norm null
weakly null sequences is completely latticeable in oo (E).

(¢) Let E be a non-positively polynomially Schur Banach lattice. Then the set of E-valued disjoint non-norm null
regular-polynomially null sequences is completely latticeable in l (E).
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In general, the closed sublattices of /., (FE) obtained in the proofs of (b) and (c) above are not ideals in £ (E).

Remark 2.1. (i) We cannot use c¢ff (E) instead of {o(F) in Theorem 2.1(b) and (c) because c¢ff (E) is not always a
sublattice of £o(E). For instance, for 1 < p < 00, ¢ff(L,[0,1]) is not a Riesz space due to the fact that the lattice
operations in L,[0,1] are not weakly sequentially continuous. But the proof makes clear that the sublattices of
ls(E) created in Theorem 2.1(b) and (c) are contained in ¢y (E). Sometimes c¢fj (F) is a Banach lattice, for instante
when F is either an AM-space or an atomic Banach lattice with order continuous norm. In these cases, (- (E) can
be replaced with ¢ (E) in Theorem 2.1(b) and (c).

(ii) Castillo, Garcia and Gonzalo in [5, Theorem 5.5] proved that the sum of two polynomially null sequences is not
necessarily polynomially null. This is why we cannot pass to a space smaller than ¢y (E) in Theorem 2.1(a).

(iii) We have already explained why ¢ (E) cannot be used in general in Theorem 2.1(c). But one might wonder
if we could have gone to a smaller space, formed by regular-polynomially null sequences. In order to see that we
cannot, next we show that the counterxample given in [5, Theorem 5.5] is good enough to show that the sum of

two regular-polynomially null sequences may fail to be regular-polynomially null.

Proposition 2.1. The sum of two reqular-polynomially null sequences in a Banach lattice is not necessarily regular-

polynomially null.

Now it is easy to see that, for every Banach space F, the set PN of polynomially null F-valued sequences is
spaceable in ¢ (E): if F is not polynomially Schur, in Theorem 2.1(a) we proved that a set much smaller than PN
is spaceable; if E is polynomially Schur, it is easy to check that PN = ¢y(E), the closed subspace of ¢ (E) formed
by norm null sequences.

The lattice setting gives room to several questions that are senseless in the environment of Banach spaces. Our

last result is typical:

Proposition 2.2. For every infinite dimensional Banach lattice E, the set of E-valued disjoint norm null sequences

is completely latticeable in co(FE).
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Abstract

First we give a counterexample showing that recent results on separate order continuity of Arens extensions
of multilinear operators cannot be improved to get separate order continuity on the product of the whole of the
biduals. Then we establish conditions on the operators and/or on the underlying Riesz spaces/Banach lattices
so that the separate order continuity holds on the product of the whole biduals. We also prove that all Arens

extensions of any regular multilinear operator is order continuous in at least one variable.

1 Introduction

Bidual extensions of multilinear operators have been studied since Arens’ seminal paper [1]. By E™~ we denote the
order dual of a Riesz space E, hence E~~ = (E~)”~. For a Banach lattice E, E* denotes is topological dual, hence
E** stands for its bidual. A net (24)aecq in a Riesz space E is order convergent to « € E, denoted x,, — x, if there
are a net (Yo)acn in F and ag € € such that |z, — x| <y, | 0 for every o > . A linear operator T: E — F
and (E*)} stand for the

is order continuous if x, — x in E implies T(z,) — z in F. The symbols (E~)> -
corresponding subspaces formed by the order continuous functionals. The results that motivated our research are

the following:

e Buskes and Roberts (2019) [3, Theorem 3.4]: If A: E; X - -+ x E,,, — F'is an m-linear operator of order bounded
variation between Riesz spaces, then its Arens extension Alm+1*: ET™ x - x EX~ — F™7™ is separately order
continuous on (E7)y x -+ X (Ex)>.

e Boyd, Ryan and Snigireva (2021) [2, Theorem 1]: If A: E4y x --- x E,, — F is a regular m-linear operator
between Banach lattices, with F' Dedekind complete, then its Arens extension A+ : B ... x EX — F** is

separately order continuous on (E})f X -+ x (E*)*.
In this work we investigate the possibility (or not) to get, in the results above, separate order continuity on the

product of the whole of the biduals.

2 Main Results

By Jg: E — E~™ we denote the canonical operator (Jg(x)(z”) = 2”(z)), which happens to be a Riesz
homomorphism. Given Riesz spaces E1,..., E,,, I, the space of regular m-linear operators from F; X - -+ X E,, to
F is denoted by L,(E1,...,Eny; F). When F is the scalar field we write £, (E1, ..., Ey). Sp, stands for the set of
permutations of {1,...,m}.

Given a permutation p € S,, and a regular m-linear operator A: Fy X --- X E,, — F, the Arens extension of

A with respect to p is the operator
AR (A): ET™ x -+ x B>~ — F™™

as defined in [4]. In this fashion, ARF,(A) is a regular m-linear operator that extends A in the sense that
ARP (A)o (Jg,,..., g, ) =JroAand AR? (A) is positive for positive A (see [4, Theorem 2.2]).
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The extension A+1* from [2,3] is recovered by considering the permutation 6(m) = 1,0(m—1) =2,...,0(2) =
m —1,0(1) = m, that is, AR’ (A) = A*[™+1, In particular, AR(A) = A*** in the bilinear case m = 2.

The counterexample. Consider the positive bilinear form given by the duality ¢§ = ¢1:
o0
Aty xeo — R, A ) = 3 .
n=1

With the help of some technical claims we prove that the Aron-Berner extension A*** is order continuous in the first
variable but not in the second one, while the other Aron-Berner extension AR (A) is separately order continuous.
This shows that the two results stated in the Introduction cannot be improved, in general, to get separate order
continuity on the product of the whole of the biduals.

The results we obtained where the order continuity on the whole of the biduals is achieved are the following.

Proposition 2.1. All Arens extensions of a multilinear operator of finite type bettween Riesz spaces coincide, are

of finite type and are separately order continuous.
Theorem 2.1. Let Fy,...,Ey, F be Riesz spaces, p € S, and A € L.(Ey,...,En; F).

(a) For all j € {1,...,m}, xz(i) € EpN(iN),i =1,...,5—1, and xg(i) € (E;(i))%i = j+1,...,m, the operator

aly € BNy = AR (A) (2, ... @)y, - - @) € F™ s order continuous on E7.

(b) ARP,(A) is separately order continuous on (ET)y X -+ X (Ex)~.

(¢) ARP,(A) is order continuous in the p(m)-th variable on the whole of ES

Theorem 2.2. Let m > 2 and E,...,FE,, be Banach lattices such that:

(i) Forj=2,....m—1,andi=1,...,m— j, every regular linear operator from E; to E%.; is weakly compact;

(i) For allk=2,...,m, 21* € E{* and T € L.(E; EY), the functional T**(x7*) is order continuous on E**.
Then, for every Banach lattice F and any A € L,.(E1,..., Ey; F), the Arens extension A*™+1 is separately

order continuous on E* x --- x E**.

Recall that a Banach space E is Arens regular if every bounded linear operator from E to E* is weakly compact
(see, e.g., [5]). The Banach lattices cg, o, and C(K), where K is a compact Hausdorff space, in particular AM-spaces
with order unit, are Arens regular.

Corollary 2.1. Let E be an Arens reqular Banach lattice. Then, for every Banach lattice F', the Arens extension

A of any regular m-linear operator A: E™ —s F is separately order continuous on (E**)m.
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Abstract

In these notes, we present a characterization for complex symmetric Toeplitz operator over the Hardy space
of the disk. As a consequence, we get examples of complex symmetry of Toeplitz operators when the symbol is

a rational function.

1 Introduction

A conjugation C on a separable complex Hilbert space H is an antilinear operator C' : H — H such that:
(a) C is isometric: (Cf,Cqg) = (g, f),Vf,g € H.
(b) C is involutive: C? = 1.

A bounded linear operator T on H is said to be complex symmetric if there exists a conjugation C' on H such
that CT = T*C. We will often say that T is C-symmetric. Equivalently, T" is C-symmetric if there exists an
orthonormal basis {e,, } of H with respect to which T has a symmetric matrix representation.

The concept of complex symmetric operators on separable Hilbert spaces in a natural generalization of complex
symmetric matrices and their general study was initiated by Garcia, Putinar and Wogen [2,3,4,5]. The class of
complex symmetric operators includes other basic classes of operators such as normal, Hankel, compressed Toeplitz
and some Volterra operators.

In these notes, we assume that T is the boundary of the open unit disk D in the complex plane C. Let L?(T)
be the space of square integrable functions on T with the inner product defined by

(u,v) :/Tuﬁds.

Let H?(T) denote the classical Hardy space associated to DD which is the space of holomorphic functions on D
with L?(T)-boundary values in T. Since the set of monomials {\/%z" :n=0,1,2,.. } is an orthonormal basis for
H?(T), we have that f € H?(T) if and only if

oo 1 oo
flz)= Z an,———=2" where Z lan|* < oo.
n=0 2 n=0

Let L°°(T) be the space of essentially bounded measurable functions on T and let ¢ be in L*°(T). The Toeplitz
operator T, : H*(T) — H?*(T), with symbol ¢, is defined by
TWf = P(Qof),

for all f € H?(T), where P : L?(T) — H?(T) is the orthogonal projection.
The purpose of this lecture is to present a characterization for complex symmetric Toeplitz operators finding
an orthonormal basis for H%(T) so that the Toeplitz operator T}, has a symmetric matrix representation. As a

consequence we provide an example of complex symmetric Toeplitz operator T, with non-trigonometric symbol.
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2 Main Results
Let p € D. For each non-negative integer n, considering the rational function R,, given by

po_ izl (z=p)"
" 2 (1 —pz)ntl’

we have that 8 = {R,, : n=0,1,2,...} is an orthonormal basis for H?(T) (see [1] for more details). Thus, we get
the following;:

Lemma 2.1. Let J: H*(T) — H?*(T) be defined by

(;%a” 1-p2) n+1> Z 1 —72) n+1 (1)

Then J is a conjugation on H?(T).
Below we present our main result:
Theorem 2.1. Let o(z) => 7 p(n)z"™ € L>(T) and p € D. The following statements are equivalent:
(i) T, is J-symmetric.

(ii) For all non-negative integer k, holds

1+
(i) 0() = o(2) o

It follows from the previous theorem that there is no complex symmetric Toeplitz operator T, with conjugation

J given by (1) with finite symbol ¢.

Corollary 2.1. Let p € D nonzero. If p(z) = SN, &(n)z" where N > M > 0 with nonzero $(—M), 3(N),
then T, is not J-symmetric.

As a particular case of Theorem 2.1, we get examples of Toeplitz operators J-symmetric with non-trigonometric
symbols.
1+p
H+pﬂ

Corollary 2.2. Letp € (—1,1) a real number. If p(z) = then T, is J-symmetric.
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Abstract

We prove a Fixed Point Theorem for internal sets of finite diameter. This generalizes the Fixed Point
Theorems proved by Juriaans-Oliveira and Juriaans-Oliveira-Queiroz in two recent papers. It opens a wide
range for applications in non-linear PDE’s. In particular, it can be used to prove existence results for PDE’s in
the context of Hilbert C—modules.

1 Introduction

Schwartz’s Theory is a linear theory and hence no products are allowed. Attempts to create a non-linear theory
are due to J.F. Colombeau and E.E. Rosinger. In this paper we focus on Colombeau’s proposal of a Theory of
Generalized Functions. Colombeau’s proposal still did not have a natural domain of the new functions and a
derivations defined by variation of some variable of which these new functions depend. The remedy for this started
in the seminal paper of Kunzinger-Obberggenberger which assigned to a Colombeau generalized function a natural
domain, thus becoming a function whose values belong to a ring. Since latter is not a field, it was highly unlikely
to be a good candidate to replace R or C as the basic underlying algebraic and topologic milieu. This ring, the
ring of Colombeau generalized numbers K, had to be better understood if it were to become the basic underlying
milieu of a Generalized Calculus. This meant that its algebraic and topological properties had to be studied and
very well understood. One of the first results of algebraic nature in the Theory of Colombeau Generalized functions
can be traced back to M. Kunzinger. Aragona-Juriaans started a systematic study of this ring thus bridging
algebra, analysis and topology in the field. The Biagioni-Scarpalézos topology, the sharp topology, was revisited
by Aragona-Fernandez-Juriaans to make it algebraically more suitable. Together with the crucial idea of point
value introduced by Kuzinger-Obberguggenberger, this let to a proposal of a Generalized Differential Calculus by
Aragona-Fernandez-Juriaans being the ring of Colombeau generalized numbers, K with K € {R,C}, the basic
underlying milieu. At first, it might look odd that a calculus developed in a non-arquimedian environment can
be a perfect match with classical calculus. However, this turned out to be the case as proved in the Embedding
Theorem of Aragona-Fernandez-Juriaans (see [3,4]). As already stated, the idea of generalized points goes back
to the seminal paper of Kunzinger-Oberguggenberger. Their idea was generalized by Aragona-Fernadnes-Juriaans-
Oberguggenberger and the notion of a membranes was introduced. Subsequently, the notion of membranes was
generalized by Vernaeve-Oberguggenberger who introduced the notion of internal sets of a locally convex spaces.
One of the first compactness type results proved in Generalized Calculus, and thus in the context of Colombeau
Generalized Function, was proved by Aragona-Fernandez-Juriaans. Vernaeve-Oberguggenberger generalized this
result, proving the Saturation Principal. This Principal is an important tool to prove existence theorems for PDE’s
involving non-linearities. Topological Fixed Point Theorems where recently proved in [1,2]. Here we prove a Fixed
Point Theorem for internal sets which generalized these two results, thus becoming one more tool in the Generalized
Calculus. The Fixed Point Theorem of the present paper can also be applied in the context of Hilbert C—modules.
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2 A Fixed Point Theorem for Internal Sets of a Locally Convex Space

We refer the reader to [1,2] for the definition of an internal set of a locally convex space E. In this section, all

internal sets are defined on E.

Definition 2.1. Let M be an internal set and and F' : M — M. We say that F is an internal Lipschitz
function if F(M) is an internal set and t here exists A\ € R such that |F(x) — F(y)| < Ma —vy|, V 2,y € M. If
A € B1(0) then F is said to be an internal contraction on M. In this case, the sequence (A"),en converges to
zero in K.

Let M be a sharply bounded internal set, i.e., there exists r € R such that for z,y € M we have that
lx — yl| < ", where « is the natural gauge of this milieu. In this case we say that M has finite diameter,
denoted by p(M) < oo. The Saturation Principal guarantees that given a sequence of internal sets with the finite
intersection property such that any finite intersection of elements of this sequence has finite diameter then the
intersection of the elements of this sequence is non-empty. In the context of membranes, it suffices to use a result

of Aragona-Fernandez-Juriaans, since a membrane, by definition, is an internal set with finite diameter.

Theorem 2.1. Let M be a sharply bounded internal set and F : M — M an internal contraction. Then there
exists a unique xo € M such that F(x¢) = xo, i.e., F' has a unique fized point in M.

Corollary 2.1. Let (T.) be a net of Lipschitz functions defined on an internal set M = (M.), n = (n:) a hyper
natural number and T = (TF<). If T is a an internal contraction then it has a fized point in M.

3 Supports of Functions and Points

Let QCK, z€Q.and feG(Q). In [1] we introduced the notion of the support of a point in K. The definition

of the support, supp(f), of f is well known. As proved in [1], we may write x =) e-x. where the e’s appearing
e

in the summation form a complete set of orthogonal idempotents in the boolean algebra B(K). Using this, we have
that f(z) = Ye- f(x.).
Theorem 3.1. Let f € G(Q) and z € Q.. If supp(x) N supp(f) = 0 then f(z) = 0.

Consider the classical definition of the notion of the support of the function f defined in ﬁc and write this
support as Supp(f). If f = is the Dirac function, then Supp(§) C {x € R. : Fe € B(R) such that e-x € Ky}.
Hence, Supp(d) is contained in the set consisting of those points whose interleaving contains at least one element
of Ko.

Lemma 3.1. Let f € G(Q). Then Supp(f) C{z €R, : Jee B(R) andr >0, such that e -z ~y € supp(f)}.
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Abstract

We develop a new technique, based on the concept of sequence classes introduced in [2], to create new
examples of hyper-ideals of multilinear operators between Banach spaces, as well as of polynomial hyper-ideals

and polynomial two-sided ideals.

1 Introduction

Throughout the text n is a natural number, E, Fy, ..., E,, F,G, H are Banach spaces over K = R or C, the Banach
space of continuous n-linear operators from Fy x - -+ x E,, to F' is denoted by L(E1,...,E,; F) .

A first attempt to treat ideals of multilinear operators through the transformation os vector-valued sequence
classes was made in [2]. A more effective approach appeared in [2] using the concept of sequence classes.

A sequence class is a rule E — X (F) that assigns to each Banach space F a Banach space X (F) formed by
E-valued sequences such that coo(F) C X(E) N loo(E) and |lej x k) = 1 for every j € N.

Sequence classes that are linearly stable and multilinearly stable are defined in [2].

Definition 1.1. Given n € N, sequence classes X,Y and Banach spaces Fi,...,FE,, F, an n-linear operator
A€ L(E,...,Ey; F) is said to be (X;Y)-summing if (A(z},...,2%))32, € Y(F) whenever (z")32, € X(E,,),
m =1,...,n. In this case, the induced n-linear operator
A: X(By) % x X(Ep) — Y(F) , A(()52, -, (@])32) = (Az],...,27)) 32,
is continuous and we define ||A|x,.. x,.v = || Al.
The space of all such operator is denoted by Lx, . x,.v(E1,...,En; F). f X3 =--- = X,, = X we simply write
Lx.y.

Theorem 1.1. [2] If X1,...,X,,Y are linearly stable sequence classes and X (K) = Y(K), then (Lx,,.. . x,.v, |-

llx,....x,;v) is a Banach ideal of multilinear operators.

2 Main Results

The results we describe in this section will appear in [5].
A hyper-ideal of multilinear operators (see [3]) is an ideal of multilinear operators that is stable with respect to

the composition with multilinear operators in the left-hand side. Our first result reads as follows.

Theorem 2.1. Let X and Y be sequence classes with X multilinearly stable, Y linearly stable and X (K)" — Y (K)

for every n € N. Then (Lx.v, |- ||x;v) is a Banach hyper-ideal of multilinear operators.

Classes of polynomials defined by the transformation of vector-valued sequences were first treated in [1]. By
P("E; F) we denote the Banach space of continuous n-homogeneous polynomials from E to F. By A we mean the
n-homogeneous polynomial defined by the n-linear operator A and by P the symmetric n-linear operator associated

to the n-homogeneous polynomial P.
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Theorem 2.2. Let X and Y be sequence classes. The following are equivalent for a polynomial P € P("E; F):
(a) P Lx.y("E; F).

(b) There exists A € Lx.y("E; F) such that A=r.

(c) (P(x;))32, € Y(F) whenever (x;)52; € X(E).

(d) The induced operator P: X(E) — Y(F) , P((x;)52,) = (P(x;));, is a well defined continuous n-
homogeneous polynomial. If the conditions above hold, then

~ - . o~ nn ~
1Pl < 1Pllxy = mf{[|Allx;y - A € Lxy e A= P} < [Pl
The theorem above leads us to define the class of (X;Y)-summing n-homogeneous polynomials.

Definition 2.1. Given sequence classes X and Y, we say that a polynomial P € P("E; F) is (X;Y)-summing, in
symbols P € Px.y("E; F), if the equivalent conditions of the previous theorem hold for P. In this case we define
[Pllx:via = [[P] and [[Pllx:v:2 = [[Pllx:y-

Polynomial hyper-ideals and two-sided ideals were define in [4].

Theorem 2.3. Let X and Y be sequence classes such that X (K)" — Y(K) for every n € N. Then
(a) If X is multilinearly stable and Y linearly stable, then (Px.v,| - l|xv:1) and (Px.v,| - ||x:v:2) are ("n—T)ZO:l—

polynomial Banach hyper-ideals.
(b) If X and Y are multilinearly stable, then (Px.y, ||| x.v:2) is a (% %)Zozl—polynomial Banach two-sided ideal.

n!?
Definition 2.2. A sequence class X is polinomially stable if, regardless of the n € N, the Banach spaces E and
Fand P € P("E;F), (P(x;))52, € X(F) whenever (z;)72; € X(F) and, denoting by P: X(E) — X(F) the
induced n-homogeneous polynomial, it holds || P|| = ||P||.

Theorem 2.4. Let X and Y sequence classes such that X (K)™ — Y (K) for every n € N. Then

(a) If X is polinomially stable and Y linearly stable, then (Px.y,| - |lx;v:1) s a polynomial Banach hyper-ideal.
(b) If X is polinomially stable and Y multilinearly stable, then (Px;y, || || x;v:1) is a (1, ”n—?)zozl—polynomial Banach
two-sided ideal.

(c) If X and Y are polinomially stable, then (Px.v,| - ||x.v;1) s a Banach polynomial two-sided ideal.
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FUNCTION SPACES OF GENERALIZED SMOOTHNESS
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Abstract
The function spaces of generalized smoothness (generalized Besov/Lipschitz spaces) will be defined in terms
of majorant functions and the fractional modulus of smoothness. The well definition of these spaces, embedding

theorems between them and applications will be discussed.

1 Introduction

A majorant function is a nondecreasing measurable function ¢ : (0,00) — R, such that ¢(t) — 0 as t — 04, and
satisfying

/Ot Mdu S p(t) forall t > 0. (1)

u
The notation A(¢) < B(t) means that A(t) < ¢ B(t), for some constant ¢ > 0, not depending upon ¢. We denote by

M the collection of all majorant functions. For 8 > 0, we define the following
_ T el p(t)

Several examples of functions in Qg, including the usual power function ¢(t) =t (it belongs to 3 if and only if

0 < a < ) employed in the definition of the standard Besov/ Lipschitz spaces, can be considered in terms of the
regularly varying concept of Karamata ([2]).
For d > 1 the Fourier transform fof a function f, in the Schwartz class S(R?), is given by

fle) = Adf(x)eig'wdx, ¢ e R%

For 1 < p < oo we write LP(R?) := (LP(R?),] - ||,) for the usual Banach spaces of p-integrable functions. The

fractional moduli of smoothness, for v > 0, is given ([3]) in terms of the fractional difference as follows

2= s (AT}, >0, 1<p<oo, with ] <->:—Z<—1>J‘<})f<~+jh>, f e IP(RY.

| =0

For 0 < ¢,y < oo, the generalized Besov space is defined in terms of the following set of majorant functions,

Definition 1.1. For 0 < ¢ < co and ¢ € Qgﬁ the generalized Besov space is

B, (RY) = {f € (R s gz, = | 1 (W}? < oo}. 3)

For g =00 and ¢ € Q,,
BZOO(Rd) = {fELp(Rd)Z|fBZ’OO::SUP{W}<OO}.
' t>0

/q
As usual, if ¢ < oo we endow B with the norm || - [[g¢ = <|| g+ \B;‘J , otherwise || - [|pe =
| -l + |- g .- In particular, for ¢ = oo these spaces are the generalized Lipschitz ones, denoted by Lip(p, 3, ¢).
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2 Main Results

The main results about embedding between the spaces of generalized smoothness are the following. The first one
is about the well definition of the generalized Besov spaces, and in the sequence the natural relation of this space

with the usual Besov space.
Theorem 2.1. Let 1 < p,q < oo and ¢ € §2y. The space B;q does not depend on .

The standard Lipschitz and Besov spaces are recovered by definition above by taking ¢(t) = t* € Q,, for

0 < a < +. In this case, we write Lip(p, ) and B

g0 Lespectively.

Proposition 2.1. For any 0 < a <0, the following holds

Lip(p,a) C Lip(p,6,) and B;, C Bg’f(‘;, for all p € Q. (1)
An interesting and non-trivial embedding is given by the next theorem.

Theorem 2.2. Consider 1 <p<q<q/2<00,d>0,and1/q=1/p—35/d. For ¢ € 15, it holds

Bf 42 © Bia (2)

for any ¢ € Qy and g2 = q1q/(q1 — q)-

The application of the spaces of generalized smoothness in the study of the decay of the Fourier transform is
the content of the next (Titchmarsh type) theorem ([1]).

Theorem 2.3. Let {T;}i~0 be a B-admissible family of multipliers operators on LP(R?) and ¢ € Qap.
(A) Let 1 <p<2andp < q<p'. If f € Lip(p, B, ), then

1/q
( / o [|£|d<11/p1/q>|f<s>|}qd5> — 0 (p(t™), as t - ox. 3

(B) Let 2 < p < oo, | - |20=1/p=Y/ D) f(.) € L9 and p' < q < p. If

1/q
</t<|£<2t [|§|d(11/P1/Q)|J?(S)|}qd€> =0 ((p(tfl)) as t— oo,

then f € Lip(p, B, ).

The Titchmarsh type theorem above for the generalized Besov spaces and applications of these results can be

found in ([1]), where a Riemann-Lebesgue type inequality is obtained as consequence.
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Abstract

In this talk we study the Bishop-Phelps-Bollobds theorem for operators defined on co-sums of euclidean

spaces to uniformly convex spaces.

1 Introduction

Let X and Y be Banach spaces. The theory of norm-attaining operators is a recent field of research and started
with the classical Bishop-Phelps Theorem, in 1961. The theorem states that NA(X,K) is a dense set of X*. In
general, is not true that NA(X,Y) = L(X,Y), for all Banach spaces X and Y. In [1], the authors defined a new
property for the pair of Banach spaces (X,Y), called Bishop—Phelps—BollobAis property for operators (BPBp in
short). If (X,Y) satisfies the BPBp then NA(X,Y) = L(X,Y), but the converse is not true. Considering Y a
uniformly convex Banach space, in [1] they proved that (., Y") satisfies the BPBp for operators and left open the
question if (cg,Y") satisfies this property. In [2], they answered this question in a positive way.

We prove that (co(®52145),Y) satisfies the BPBp for operators, whenever Y is a uniformly convex Banach
space. Considering the real case, when Y is strictly convex, whe show that if (co(B52,¢5),Y") satisfies BPBp for

operators then Y is uniformly convex. These results are part of the paper [4].

2 Main Results

Definition 2.1. Let X and Y be Banach spaces. We say that the pair (X,Y) has the Bishop-Phelps-Bollobds
property for operators (BPBp for operators, in short) if given € > 0, there is n(e) > 0 such that whenever
T € Spix,y)y and xo € Sx satisfy that ||Tzol| > 1 — n(e), then there exist a point ug € Sx and an operator
S € Se(x,y) satisfying the following conditions

|Suoll =1, |up—zol| <e, and ||S—T| <e.

Theorem 2.1. Let ¢ (@;0218’5) a real Banach space and'Y a strictly convex real Banach space. If (co (@;;16’5) ,Y)

satisfies the BPBp, then'Y is an uniformly convex Banach space.

Idea of the proof Suppose that Y is not uniformly convex Banach space. Then there exist € > 0 and sequences
(yx), (2x) C Sy such that

lim ’

k—o0

Yk + 2k
2

=1 and |jyp — 2| > € Yk €N, (1)

Then it is possible to define a sequence of bounded linear operator T; : ¢o (B72,¢5) — Y such that ||T},(e1)|| >
1—n (g), for some iy € N. As the pair (co (@ZOZIEIQC) ,Y) satisfies the BPBp for operators, there exist an operator

Re SE(Co(EB;":le’;),Y) and a point u € SCO( such that

o, 45)

€
IR@)[| =1, IR = Tioll < 5 llu—exf <1.
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Therefore, ||y, — 2i,|| < €. It is a contradiction, so Y is a uniformly convex Banach space.

Proposition 2.1. IfY is an uniformly convex Banach space, then the pair (éoo (@Z:l 6’2“) 7Y) satisfies the Bishop-
Phelps-Bollobds for operators.

Theorem 2.2. If Y is an uniformly convex Banach space, then the pair (co (@i":lfé) ,Y') satisfies the Bishop-
Phelps-Bollobds for operators.

Idea of the proof Let T € Sc(co(@gglé’g),Y) and z = > 7, D okel(n) Thek € Sco(@leﬁg) such that || T(x)| >
1 — d(e) + v(e), where d(¢) > 0 is the modulus of convexity of Y, ~v(¢) > 0 and lim.,,7v(e) = 0. Let
J il (Br_1 05) = co (9721 65) be the map defined by

(3] ] A
J(w): w s%aze
0, sei € N\ A,

and Q : lo (Pj_105) — Y be the bounded linear operator defined by Q(w) = %(w). Then is easy to

check that [|Q|| = 1 and almost attain its norm in some element z = (z;) € s (B)_, ¢5). By Proposition 2.1,
@ and z can be approximated by a norm-attaining operator R and a vector @, respectively. Finally, defining
R :co (952,65) — Y be the bounded linear operator given by

R(y) = Z Z yiR(ei),

j=1l4i€l(j)

where

L) R(f),ifticeA
R(ei)_{ 0,ifi € N\ 4,

and the vector v = (v;); € ¢o (B2, ¢5) defined by
v — Uy 1 € A
"] as, i €N\ A,
then |[|[R(v)|| =1, ||[R—T|| < € and ||v — z|| < e.
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Abstract
We develop a method that generates an ideal of multipolynomials MP[z} starting with an operator ideal
7 that encompasses, as particular cases, the well studied ideals of multilinear operators and of polynomials
generated by the linearization method. We prove that Mz inherits good properties from Z. Some of the

results we prove are new even for multilinear operators and polynomials.

1 Introduction

The recent theory of multipolynomials, see [1,2,3,4,5,6,7], encompasses as particular cases the theories of multilinear
operators, homogeneous polynomials and many other nonlinear operators between Banach spaces. Ideals of
multipolynomials have already been treated in [1,2,3], but thus far the linearization method, which is a classical
method to generate ideals of multilinear operators and ideals of homogeneous polynomials, has not been developed
for multipolynomials. We developed the linearization method for multipolynomials. The main difficulty we faced
was that, while the tools to study the linearization method in the multilinear and polynomials cases have been
known for a long time, the basic results needed in the multipolynomial case are not available. In the construction
of the basic tools and in the development of the method, the arguments from the multilinear and polynomial cases
proved to be not good enough, new techniques are needed in this more general setting of multipolynomials. For the
basic theory of multipolynomials we refer to [4].

2 Main Results

Let E4,...,En, F be Banach spaces and ni,...,n,, € N. A map P: F; x --- x E,, — F is a continuous
(n1,...,nm)-homogeneous multipolynomial if, for every j € {1,...,m}, P is a continuous nj-homogeneous
polynomial in the j-th variable, that is, for fixed 1 € Eq,...,zj1 € Ej_1,2j41 € Ejt1,...,p € By, the
map

j;CEl,[‘?‘J,Im: E] — F s P]7I17[7]7xm(xj) = P(xl, . ,xm),

is a continuous n;-homogeneous polynomial. Of course, the notation z1, . [J] , T, means that the j-th term has been

omitted. We can consider its associated symmetric n;-linear operator (ij 9] W E;lj — F.
sy L1y Lm

Proposition 2.1. (a) Let P € MP(™MEy,....,"" En; F), j€{l,...,n} and x; € E; be given. Then

Tj(P)(xj): By X - X Epy — F | Tj(P)(x)(Y1s- - Ym) = (P, 1 )V(xj,y;ljf1),

3391557, Ym
is a continuous (ni,...,n; —1,...,ny,)-homogeneous multipolynomial.
(b) For j =1,...,n, the operator

Tj: MP(™MEy,...."" Ep; F) — L(Ej; MP(MEy, ... By, ' By F)),

where T;(P) is defined in (a), is an isomorphism into.
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Now we are ready to define the ideals of polynomials provided by the factorization method.

Definition 2.1. Let Z be an operator ideal. A multipolynomial P € MP(™ Ey,...,"™ E,,; F') belongs
to MP(" E1,...,"m Eo; F) if, for every j = 1,...,m,

T;(P) € Z(E;j; MP(™Ey, ..., s Y By By F)).
Theorem 2.1. For every operator ideal Z, MP\z) is an ideal of multipolynomials.

To study the injectivity of MP|z] we need the following lemma.

Lemma 2.1. Let ni,...,n, €N, je{l,... . m}, ue€ L(E;F) and ¢ € E* with ||| =1 be given. Then:
(a) The map P7*: Ki=! x Ex K™= — F given by

Pl A1y T A jts - Am) = AT A (2) (),

is an (ny, ..., Ny )-homogeneous multipolynomial.
(b) If v € L(F;G), then P7°% =y o Pi,
(¢) The linear operator Li,: F— MP(MK,... W1 KW LB+ K,... " K;F),

j ni ] n n;—
LJF‘(y)(Al,...7>\nJ71,I,)\ a)‘m) = A1 j )\nz 90(1‘) ’ 1ya

Njt1r -

18 a metric injection.
(d) There exists a finite rank linear operator W: By — MP(MK,... W1 KWL Eri+1 K, ... " K;F) such that
leTj(Pj’u) = (LJF o U) -+ W

Theorem 2.2. The following statements are equivalent for an operator ideal L:

(a) The operator ideal T is injective.

(b) The ideal of multipolinomials MP\z; is injective.

(c) There are ny,...,nym € N such that the ideal (MPig))n,,...n, of (n1,...,Mm)-homogeneous polynomials is

injective.
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FOURIER-JACOBI COEFFICIENTS
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Abstract

Positive definite functions on two-point homogeneous spaces were characterized by R. Gangolli some
forty years ago and are very useful for solving scattered data interpolation problems on the spaces. Such
characterization is related to the so called Fourier-Jacobi coefficients and can be found in [6]. This work provides

relations between these coefficients

1 Introduction

Let M¢ denote a d dimensional compact two-point homogeneous space. It is well known that spaces of this type
belong to one of the following categories ([7]): the unit spheres S¢, d = 1,2,..., the real projective spaces
PY(R), d = 2,3,..., the complex projective spaces P¢(C), d = 4,6, ..., the quaternionic projective spaces P¢(H),
d=8,12,..., and the Cayley projective plane P%(Cay), d = 16. In general this classification is decisive in analysis
of problemas involving the compact two-point homogeneous spaces, as can be seen in [2,3,5] and others mentioned
there.

A zonal kernel K on M? can be written in the form K(z,y) = KZ(cos |zy|/2), 7,y € M, for some function
K2 : [-1,1] — R, the radial or isotropic part of K. A result due to Gangolli ([6]) established that a continuous
zonal kernel K on M is positive definite if and only if

Kl =3 a0, te 11, &)
k=0

in which 72 ag’ﬁpg"ﬁ(l) < oo and az"ﬁ €[0,00), k € Zy. Here, « = (d —2)/2 and 8 = (d — 2)/2,-1/2,0,1, 3,
depending on the respective category M¢ belongs to, among the five we have mentioned in the beginning of this
section. The symbol P,gd72)/ 28 gtands for the Jacobi polynomial of degree k associated with the pair (a, ). The

coefficients az’ﬁ are given by

aB . _
a,’"” =

[P22)] @k ot B+ DN+ DTGk +a+ 5+ 1) / ORS00 1),

200801 Dk + o+ )Tk + S+ 1) 1

and they are called Fourier-Jacobi coefficients.

2 Main Results

The main results to be proved in this work are based on those presented in [4] and are described below.

Theorem 2.1 ([1). ] Let K be a continuous, isotropic and positive definite kernel on M?, and ag’ﬁ the Fourier-

Jacobi coefficients presented in (1). Then

0o J o] J
B _ B 0B atlp _ .8 0B Bt
ap” =Y\ TTewrsion | ety ” = D0 (Tl widion ) 6 aid)
=0 \i=1 =0 \i=1
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in which,

Lof (k+1D)(n+B8+1)2k+a+3+1)

B kdat+D)(k+tat+B+1)2k+a+B+3)
wp  (@+D@k+a+p+1)

T T itatl)(ktatB+1)

wp  2k+a+p+1

T kratB+1

wf (k+1)(2k+a+B+1)

b —

(k+a+B+1)2k+a+B+3)

We can obtain an application of previous result involving the positive definiteness and strictly positive

definiteness of a kernel on a two-point homogeneos space M¢.

Theorem 2.2 ([1). ] Let d,d’ > 2 be integers. If K is a positive definite kernel on a two-point homogeneous
space M2? and a strictly postive definite kernel on MZd', such that M2? and M4 belong to same category we have

mentioned in the beginning of previous section, then K is a strictly postive definite kernel on M2,
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OPERATOR EXTENSION ON TOTALLY ORDERED COMPACTA
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Abstract

In this work we investigate versions of the classical theorem of Sobczyk and we discuss the problem of
extending operators defined on unital Banach subalgebras of C'(K), when K is a compact ordered space and co

is replaced by its non-separable version, co(I). This is an article based on a joint work with Daniel V. Tausk.

1 Introduction

It follows from the Stone-Weierstrass theorem that the unital Banach subalgebras of C(K) are precisely the images
of composition operators *(f) = f o ¢, induced by continuous surjective functions ¢ : K — L between compact
Hausdorff spaces. In [3] the problem of characterizing maps ¢ : K — L such that ¢* [C(L)} has the co-EP in
C(K) was studied in the context of totally ordered spaces K and L, under the assumption that ¢ is increasing,
surjective and continuous. The case where ¢ is not an increasing function is far more complicated to analyse and

was considered in [2], only with L countable.

2 Main Results

In this article a compact ordered space is a totally ordered set (K, <) that is bounded and Dedekind-complete,
M(K) denotes the space of signed o-additive regular Borel measures in K and NBV(K) denotes the space of right-
continuous functions f : K — R of bounded variation. We assume the Riesz representation theorems for compact
ordered spaces, i.e. C(K)* = M(K) = NBV(K) and all of these spaces are endowed with the weak® topology

induced from C(K)* via isometry. For an infinite set I (frequently assumed to be uncountable) we denote:
co(l) = {(xi)iej eR: KON ()}7

where z; > 0 means: Ve > 0, {i € I:|x;| > e} is finite. In this case we say that the family (x;);c; weak*-null.
We denote by ¢ : K S5 [ a continuous increasing surjective function between ordered compact spaces and

Q(p) = {t € L : |~ (t)| > 1}. Because bounded operators T : C(L) — co(I) are associated with a weak*-null

family of («;);er in C(L)* we can analyse the problem of operator extension in terms of the coordinate functionals

«;. Because of the Riesz representation theorem and the measure push-forward ¢, : M(K) — M(L) we define:

Definition 2.1. A bounded operator T : C(L) — ¢o(I) extends through ¢* to C(K) iff there exists a weak*-null
family (F;)ier € NBV(K) such that T = (¢« (F}))icr-

In [3] the authors characterize extension of T : C'(L) — ¢, associated with a weak*-null family (F,,),>1 in
NBV(L), through ¢ : K <“*3 L in therms of the set {t € Q(y) : Fy,(t) -+ 0} being countable. Unfortunately this

characterization does not remains valid for ¢q(I)-valued operators:

c.i.8.

Proposition 2.1. There exist K and L compact ordered spaces, ¢ : K — L and a weak*-null family (F;);cr in
C(L) that extends through ¢* with {t € Q(y) : F,,(t) = 0} uncountable.
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The construction of K and L relies on the existence of compact ordered spaces Ky and Lg, ¥ : Ky LN Ly and
an operator T : C(L) — ¢ such that {t € Q(¢) : F,,(t) -/ 0} is non-empty. Then one needs to guarantee that
the lexicographic product of uncountable copies of these spaces have the desired properties. On the bright side, the
characterization given in [3] is not entirely lost: the converse is always true. If we want to characterize operator

extension in this more general context, we need to introduce different tools:
Definition 2.2. A family of real valued functions (F;)cr is of type coly over a set Q if there exists a decomposition:
Fi(t) = a;t + biy, vVt e Q,
where the families of real numbers (a;+)icrteq and (bit)icrteq satisfies the following:
e (co component) For each t € Q, lzlé’IIl a;; =0;

o (01 component) sup Y |b; ] < +o0.
i€l teQ
In the above definition the set @ try to code a piece of L where one can define an extension of T': C'(L) — ¢o(I)
that is viewed as a weak*-null family (F;);c; in NBV(L). Notice that (F;);er is always of type cofy over the set
{t € Q: F;(t) — 0}, so it is somewhat natural that we have the following characterization:

c.i.8.

Theorem 2.1. Let ¢ : K —= L and a weak*-null family (F;);c;r € NBV(L). Are equivalent:
1. (F});er extends through ¢*;
2. (Fy)ier is of type col1 over Q(¢p).
Moreover, if T extends through ©*, there exists an extension T with | T| < 2||T.

For a set I, we say that a Banach space X has the co(I)-extension property (co(I)-EP) if every operator defined
on a closed subspace T : Y — ¢o(I) admits an extension to X. It was already known that ¢o-EP and ¢y (I)-EP
were not the same. In [1] the authors present an a WCG space C(K) with non-complemented copy of ¢o(I), with
|I| > 3, and the space K in this example is an Eberlein compact. Because odered compact spaces are well behaved,
it is possible to construct an example of ¢y(I) valued operator without extension with |I| = wy, the construction of
this operator is contained in [4] and it is carefully discussed in [5].
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THE COARSE P-LIMITED SETS IN BANACH SPACES
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Abstract

A wide new class of subsets of a Banach space X named coarse p-limited sets (1 < p < 00) is introduced by
considering weak™ p-summable sequences in X’ instead of weak* null sequences. We study its basic properties
and compare it with the class of compact and weakly compact sets. Results concerning the relationship of coarse

p-limited sets with operators are obtained. This is a joint work with Pablo Galindo.

1 Introduction

Recall that a subset A of a Banach space X is said to be limited if weak*-null sequences in X’ converge uniformly
to 0 on A. Or equivalently, if for every linear operator T': X — ¢, T(A) is a relatively compact set. Notions alike
to limitedness have been considered in several contexts. For instance, the approximation properties, the p—Ilimited
(1 < p < o) sets were defined by Karn and Sinha [4] and then studied by Delgado and Pifeiro [2]. A subset A of
X is p-limited (1 < p < o0) if for every weak* p-summable sequence (x]) C X', there is a = (a,) € ¢, such that
|z] (z)|] < a, for all z € A and n € N.

It is natural to wander if the p-limited sets may be characterized by bounded operators with range in £,. In

particular, we proved the following result:
Proposition 1.1. If A is a p-limited set, 1 < p < oo, then T(A) is relatively compact in £, for all T € L(X;{p).

However, the converse of Proposition 1.1 is not true. Indeed, by Pitt’s theorem, every bounded operator
T : ¢y — £, is compact, i.e. T(Bg,) is a compact set in ¢, for all T' € L(cy; ¥¢,). Nevertheless, B, is not a p-limited
set. This fact, allows us to introduce the following definition:

Definition 1.1. Let 1 < p < co. We say that a subset A of X is a coarse p-limited set if T(A) C £, is a relatively
compact set for all T € L(X;4p).

It follows from Proposition 1.1 that every p-limited set is coarse p-limited. However, in every infinite dimensional
Banach space X there are coarse p-limited sets that are not p-limited. This remarkable difference led us to choose
the word coarse in our definition.

A bunch of examples of this new class of sets were given. In particular, we have the following scheme:
limited or p-limited = coarse p-limited #- limited nor p-limited.

As we pointed out, the classes of coarse p-limited and p-limited cannot coincide in infinite dimensional Banach

spaces. Nevertheless, in £, for 1 < p < oo, the classes of coarse p-limited and limited coincide.

2 Main Results

Bourgain and Diestel showed that every limited set is conditionally weakly compact [1]. It is natural to wonder if
every coarse p-limited set is conditionally weakly compact. In the next proposition, we give a positive answer in
the case 2 < p < o0.
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Proposition 2.1. If2 <p < oo and if A C X is a coarse p-limited set, then A is conditionally weakly compact.

The above result fails for p = 1. For example, the unit ball of C([0,1]) is a coarse 1-limited set which is not

conditionally weakly compact.

Remark 2.1. In general, one cannot establish an inclusion relationship between the class of coarse p-limited sets

and the class of coarse q-limited sets for p # q.

By comparing the class of coarse p-limited sets with the classes of compact and weakly compact sets, we defined

two new properties in the class of Banach spaces:
Definition 2.1. We say that a Banach space X has the
1. coarse p-DP* property if every relatively weakly compact set is coarse p-limited.
2. coarse p-Gelfand-Phillips property if every coarse p-limited subset of X is relatively compact.

We provided examples and compare these new properties with the already known properties DP* and Gelfand-

Phillips in Banach spaces. Besides, we proved the following results:

Theorem 2.1. A Banach space X has the coarse p-DP* property if and only if every bounded operator T : X — £,

is completely continuous.

Theorem 2.2. A Banach space X has the coarse p-DP* property if, and only if, every conditionally weakly compact

subset of X is coarse p-limited.

Theorem 2.3. If a Banach space X has the coarse p-Gelfand-Phillips property, then every weakly null coarse

p-limited sequence in X is norm null. The converse holds if 2 < p < 0.

A class of associated operators is introduced in a natural way: a bounded linear operator T': X — Y is said to
be coarse p-limited if T(Bx) is a coarse p-limited set in Y. This class of operators allowed us to prove the following

characterization:
Theorem 2.4. For a Banach space X, the following are equivalent:
1. X has the coarse p-DP* property .
2. BEvery weakly compact operator T : Z — X is coarse p-limited for any Banach space Z.

3. Every weakly compact operator T : {1 — X is coarse p-limited.
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Abstract
This paper presents the topological derivative formula for damage identification in Kirchhoff bending plate

model.

1 Introduction

Let us consider a plate represented by a two-dimensional domain D C R?. We assume that the boundary of D,
denoted by 9D, is a curvilinear polygon of class C1''. The damage is represented by a variation in the plate thickness,
which is assumed to be given by a piecewise constant function of the form h(x) = hg, if € Q and h(z) = hy, if
x € w where = D\ w and w are used to represent the healthy and damaged regions of the plate, respectively.
We want to minimize a shape functional measuring the misfit between the available data (measurement) and the
solution computed from the model problem, with respect to the support w of the damaged region. The shape
functional J (u,6) is defined as

N
J (u,0) :Z/D(IU—U*IQﬂL|\9—9*Il2)5(:ﬂ—xi), (1)

where §(z, x;) is the Dirac delta function with pole at z; € D, u: D — R and § = Vu : D — R? are the transverse
displacement and rotation vector field of the plate, respectively. The perturbed counterpart of the plate thickness

h is denoted as he = ~v-h, where v = v(x) is used to denote the contrast in the plate thickness, namely

1,ifx € D\ B(2), hy/ho, if z € Q,
Ye(z) = ) i x) = ] (2)
v, if z € B.(&). ho/h1, if x € w.

According to (2), the perturbed counterpart of the shape functional is given by

N
s = 3 [ (fue =+ 6.~ 060 — o), 3)
i=17D

for z; ¢ B.(%),i=1,---,N, where u. : D — R and . = Vu. : D — R? are the transverse displacement and
rotation vector field of the plate, respectively, associated with the perturbed counterpart of the model problem. The
transverse displacement (or deflection) of the plate in the time harmonic regime written in the frequency domain

is solution to the following variational problem:
ueU:/h3M(u)-VVn—k2/hun:/bn Vn €U, (4)
D D D

where k is the wave number defined as k? = p(27f)2, with f the working frequency and p the material density, h
is the plate thickness, b is the source-term, u : D — R is the transverse displacement and § = Vu is the rotation.
In addition, M(u) the moment tensor, namely

E

MW= =

[(1=)I4+vI®IVVu, (5)

53



54

with I and T used to denote the second and fourth order identity tensors, respectively, whereas F is the Young
modulus and v is the Poisson ratio. The set of kinematically admissible displacements U := {¢ € H*(D) : ¢y,,, = 0}.
According to (2), the perturbed counterpart of the variational problem (4) reads

ugeu;/ hg’M(ue)~VV77—k2/ hsusn:/ by VYneu. (6)
D D D

Finally, let us introduce the following fourth-order polarization tensor associated with the plate bending model

_ 19 1-9° a-p
L= 1+¢B<u+ﬁﬂ+ 1 @1 (7)

where the symbols I and I are used to denote the second and fourth order identity tensor, respectively.

2 Main Results

The existence of the topological derivative is proved in [1] and the theory of the method is presented in [2]. By

setting the constants o and S in the definition of the polarization tensor (7) as follows

1 1-—
Y and (= v

@ 1—-v 3+v

; (®)
we can present the main result, namely:

Theorem 2.1. The topological derivative of the tracking-type shape functional J(u,8) from (1), where § = Vu,
with respect to the nucleation of a small damage represented by a piecewise constant variation in the plate thickness,
s gien by

T (x) = h*P, M(u) - VVu(z) + k*(1 — y)huv(z), Vo € D\ {x1, -, N}, (9)

where u is solution to (4), k is the wave number, h is the plate thickness and v its contrast. The polarization tensor
P, is defined by (7) together with the coefficients o and B according to (8).

Proof See [1].
Corollary 2.1. For h = hg, the limit case v — 0 (hy — 0) in (9) is well defined and given by
T () = hiPoM (u) - VVu(x) + kE*houv(z), Vo € D\ {x1,--- ,xn}, (10)

where the polarization tensor Py is written as

-1 14 3v
Py = 41 I®I). 11
0 3+V< +T, ®) (11)
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Abstract

We establish converse Lyapunov theorems for backward solutions of linear generalized ODEs with weakly

right-continuous operator.

1 Introduction

The aim of this presentation is to address a new kind of stability for linear generalized ODE which are known to
encompass several types of integral and differential equations. We are going to investigate linear generalized ODEs
of the form

dx

°F = DIA@ + g(0), 1)

where A: (—o0,tg] — L(X) is an operator taking values in the well-known space of linear bounded operators from
a Banach space X to itself and g: (—o0,t9] — X is a regulated function (i.e. g admits lateral limits). When g =0,
the linear generalized ODE (1) is called homogeneous, otherwise it is non-homogeneous.

We require that A is locally of bounded variation and weakly right-continuous and, contrary to what we encounter
in the literature, this is enough to ensure that the homogeneous linear generalized ODE (1) has a global backward
solution (see [3]). It is our will to investigate a kind of stability that evaluates the distance between any two solutions
using the usual supremum norm. In order to give the reader a rough idea of the kind of stability we are dealing
with, we point out that the usual (Lyapunov) uniform stability is equivalent to the notion of regular stability.

Our main goal is to prove that regular stability implies the existence of a Lyapunov functional satisfying very
weak conditions. Some of the necessary tools to explore regular stability are described next.

Definition 1.1 (Lyapunov Functional). Let B C O C X, where Ox € O, tg € R. We say that V: (—oo,tg]x B = R

is a Lyapunov functional with respect to (1) if
LF1 For every x € B, V(-,x) is right-continuous on (—oo,tg);
LF2 There exists a strictly increasing continuous function b: RT — RT, such that

b(0) =0 and V(t,z) = b(||z|), for (t,z)€ (—o0,ts] X B;

LF3 For every backward solution x: J C (—oo,tg] — X, for a given t € J \ sup{J}, it is true that

DYV (t,x(t)) = limsup V(t+n,z(t —5—1777)) —V(t,z(t))
n—0t

= 0.

Definition 1.2 (Regular stability). Let A: (—oo,tg] — L(X) be weakly right-continuous, g: (—oo,ty] — X be a
right-continuous function and x = 0 the trivial solution of the linear generalized ODE (1). We say that x is
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e reqular stable, if for every e > 0, there exists § > 0 such that forT: [a, 8] C (—o0,t9] = X is a right-continuous
function which satisfies |Z(8)|| < 6 and
} <5

sup {
C€la,p]

(¢) - 7(8) + /C L AA)E(r)

then
[z@)|l <e te€la,Bl;

e reqular stable with respect to perturbations, if for every e > 0, there exists 6 > 0 such that if ||Z(B)| < €, and

SUP¢cpa,5)1119(¢) — 9(B)II} < 9, then
1Z@)|| <€ tela,pl,

where T : [, B] C (—o0,to] = X is a backward solution of the non-homogeneous linear generalized ODE (1).

2 Main Results

Theorem 2.1. Let A: (—oo,tg] = L(X) be weakly right-continuous, g: (—oo,tg] — X be right-continuous, and
x = 0 be the trivial solution of the linear generalized ODE (1). Then, x = 0 is reqularly stable if and only if it is

reqularly stable with respect to perturbations.

Theorem 2.2. Let A: (—oo,tg] = L(X) be weakly right-continuous and g: (—oo,tg] = X be a regulated function.
If the trivial solution x = 0 is regularly stable, then there exists a Lyapunov functional V: (—oo,tg] x X — R
satisfying

1. for allt € (—oo,tg], V(t,0) =0 and there exists an increasing continuous function a: R™ — RT satisfying

a(0)=0 and a(||z]]) 2 V(t,z), forxe X;
2. the mapping t — V (t,x(t)) is non-decreasing along global backward solutions of linear generalized ODE (1).
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Abstract

Our goal is to investigate the existence and uniqueness of a solution for a homogeneous and a nonhomogeneous
linear dynamic equations on time scales, whose integral forms contain Perron A-integrals defined in Banach
spaces. Since we work in the framework of Perron A-integrals, we can handle functions not only having
many discontinuities, but also being highly oscillating. Our results require weaker conditions than those in

the literature.

1 Introduction

Calculus on time scales, introduced in 1988 by Stefan Hilger, allows us to describe continuous, discrete and hybrid
systems which have several applications. One of the main concepts of the time scale theory is the delta derivative,
which is a generalization of the classical time derivative in the continuous time and the finite forward difference in the
discrete time. As a consequence, differential equations as well as difference equations are naturally accommodated
in this theory.

The best known results on the existence and uniqueness of a solution for a nonhomogeneous linear dynamic

equation of the form

™ = a(t)r + f(t) (1)
and for its corresponding homogeneous equation
2 =a(t)zx (2)

on a time scale T, take into account that a is a regressive and rd-continuous n X n-matrix-valued function and
f: T — R™ is rd-continuous. Moreover, the integrals appearing in the solutions of the dynamic equations (1) and
(2) are in the sense of the Riemann A-integral.

In the paper, we are interested in proving existence and uniqueness of a solution for linear homogeneous and
nonhomogeneous dynamic equations on time scales, where their integral forms contain Banach spaces-valued Perron
A-integrals.

We emphasize that Lemma 2.1 in the sequel shows that every rd-continuous functions a and f satisfy all
the hypotheses of our results. Therefore, our results on the existence and uniqueness of a solution for a linear
nonhomogeneous dynamic equation and for a linear homogeneous dynamic equation generalize the results from the
classical theory of dynamic equations. Moreover, since we are considering Perron A-integrals instead of Riemann

A-integrals, our integrands may be highly oscillating and have many discontinuities.
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2 Main Results

Let T be a time scale. Given tg € T, we define Ty = [tg, +o0) NT and we denote by Go(Ty, X) the vector space
of all regulated functions x : Tg — X such that

]|z, := sup e= 7|z (s)|| < oo.
s€To

Consider the nonhomogeneous linear dynamic equation (1) and its corresponding homogeneous equation (2),

where both functions a : T — L(X) and f: T — X satisfy the following conditions.

(A1) The Perron A-integrals
t

2f(s)As and /2a(s)y(s)As

t1 131

exist for all t1,t5 € Ty, whenever y : Ty — X is regulated.

(A2) There is a locally Perron A-integrable function L : To — R such that

for all z,y € Go(To, X) and all t1,ts € Ty.

to
<l =l [ LEo)As,

t1

[ alo)lz6s) - wls))as

t1

(A3) There is a locally Perron A-integrable function K : To — R such that

\ / F(s)As

Theorem 2.1. Assume that a : T — L(X) and f : T — X satisfy conditions (A1), (A2) and (A3). Then, the

dynamic equations (1) and (2) admit unique solutions.

ta
< / K(s)As,
t

1

for all t1,to € Ty.

Lemma 2.1. Let T be a time scale and Ty = [tg, +00) N'T, with to € T. If f : T — R™ and A : T — R™ " are
rd-continuous, then conditions (Al), (A2), (A3) are satisfied.
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Abstract

Vector-borne diseases are a big cause of concern due to its high potential to invade new areas and habitats,
which occurs mainly as a result of climate changes and human mobility. Mathematical models applied to describe
infectious diseases like dengue, must couple the dynamics of hosts and vectors, whose parameters have different
time scales, mosquitoes have a life cycle of days while the human life cycle is years. In this work, we consider
a model described by a system of Ordinary Differential Equations (ODE). We show that taking into account
the difference of time-scale between hosts and vectors, it is possible to reduce the order of the model so the
mosquitoes equations do not appear explicitly in the system. Next, we set up the network dynamic, introducing
a diffusion operator. We show a formal expansion that reflects the general ODE singular perturbation results.
Finally, we estimate the parameters considering a simplified mobility network that represents the initial spread

of dengue in Rio de Janeiro state.

1 Introduction

We consider a SIRS,, I, model, following the frequency-dependent structure of the well-known Ross-Macdonald
models. The total host population IV, is divided into susceptible S, infected I and recovered R and it is coupled
with the compartments of susceptible S, and infected I,, mosquitoes with total population given by N,,. The
interaction dynamics between the compartments is described through the ODE system:

dS/dt = ,U,h(Nh - S) — BSIm/Nm

dI/dt = BSI,n /Ny — (v + pn)I

dR/dt = ~I — upR (1)
dSp /dt = iy (Npy — Sm) — QS I/Ny,

AL, /dt = QS I/Ni — pinIm

First, this system is reduced by considering the populations remain constant. Then, to describe the time scale
separation, we add the singular term 1/¢ [1,2,3]. Defining ji,,, = Ji;, /¢ and € := Q/e, with 1, in the time scale of
tn, and setting up Ty, := pp, we obtain € = py, /. The resulting system is given by:

dS/dt = pp(Np — S) — BSLn/Nm
dI/dt = BSTon /Ny — (v + ) )
edLy Jdt = (N, — )T /No — T

So, as in [1,3], we establish a system where the vector population dynamics is much faster than hosts one as € ~ 0.
At £ =0, (convergence showed in [3]), I,,(t) can be obtained as a function of I(t) at any time ¢. This give us a new
equivalent system with a nonlinear incidence rate without the mosquitoes equation. The limit system, named S7T,

characterizes the dynamics of a disease within a population. If the purpose is to describe its transmission dynamics
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more realistically, it is necessary to consider a mobility network that includes interaction between populations. The
parameter d,.s corresponds to the mobility rate from the population r to s per unit time. The system is then given
by:

ds, B 1,y
= N r— Sr - + ders - dTSS’I“
dt ﬂh( g ) QTIT‘ +M’I’I’LTN}'L’I" 275:( ) ( )
_ 7S 3
dIr /BTQTITST‘
—_— = — Ir ders - drsIT‘
dt QT‘IT + /J/mrNhT (’y + Mh) + rzzyés( )

2 Main Results

We use power series expansion to analyse the asymptotic behavior with respect to parameter € > 0 of the perturbed
System (2) including spatial dynamics. We conclude that the solutions S and I of the system can be approximated
by the solutions of the limit System (3). Indeed, it follows from our previous work [3] (also [1,2]) that the convergence
is uniform in finite time with order O(e).

Regarding the numerical simulations, we made some considerations about the initial value of the parameters in
order to apply an algorithm to fit the model to dengue data of some pairs of cities in Rio de Janeiro state, which
were chosen due to previous evidence of human mobility acting as a virus spread factor. Our results (Fig 1) showed
that the reduced model is capable of properly reproducing the number of infected individuals for all pairs of cities.
The fit also obtained reasonable values for the parameters, including the ones simulating mobility. The model could
capture the real movement between the locations. The results give us an indication that human mobility actually
has influence on the spread of dengue and bring us perspectives for future studies combining more complex mobility

networks and asymptotic techniques.

Rio de Janeiro Niterdi
1250

15000 1000

10000 750

Incidence
Incidence

500
5000
250

0 10 20 30 0 10 20 30
Time (weeks) Time (weeks)

Figure 1: Result of fitting the infected equations to dengue incidence data from Rio de Janeiro and Niteroi.
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Abstract

We considered a modified version of a time-delay SEAIR (susceptible, exposed, asymptomatic, symptomatic,
and recuperated) model for COVID-19 spread adding the vaccination process. The modified version introduced
two main modifications in relation to the original model: we considered the vaccination and the possibility of

reinfection of the recuperated population.

1 Introduction

Over the past two years, several researchers have introduced mathematical models for the spread of the COVID-19
pandemic that considers the existence of a time delay between the exposition and the first symptoms. Basically, the
related works proposed modified versions of classical models for other diseases adding the discoveries of this new
infection as reported in [1] using delayed functional differential equation systems in your mathematical formulations.
Considering this scenario in this report we presented a modified version of the SEAIR model described in [1]

considering the vaccination process and the possibility of reinfection as related in the scientific literature.

2 Description of the Modified Model

Let be S, E, A, I, R, and V the number of susceptible, exposed, asymptomatic, symptomatic, recuperated, and
vaccinated individuals of COVID-19 in a specific population supposed constant of size N in the time ¢.
We introduced in the SEAIR model described in [1] a vaccinated compartment V', and beyond the original
assumptions, we supposed that (a) the susceptible population is vaccinated with a constant rate v and all individuals
in the recuperated compartment R can be reinfected after 7 days and, for simplicity, the effect of the vaccination
is considered as instantaneous. In addition, we supposed that the vaccine presents an efficacy rate constant and
equal to € > 0, and we did not distinguish between the different vaccines available.
The mathematical formulation of the model with these modifications is given by the System 1 where p, u, 8, «,
Yass Vs> Ya, € U, and € are the fraction of population that is eligible to vaccination, the constant rate of death, the
force of the infection, the fraction of exposed that manifests the disease, the rate of conversion of asymptomatic
to symptomatic, the rate of recuperation of the asymptomatic, the rate of recuperation of the symptomatic, and
the efficacy rate of vaccines are positive parameters, respectively. As the population is supposed constant we have
A=(u—pN —vS.

A graphical illustration of the model can be shown in the Figure (1) where the dashed line indicates the
modifications. The constant delays 7 and 7 are the time (in days) of the disease incubation and, the necessary
interval for that recuperated individuals can be reinfected.
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Figure 1: Model SEAIR with modifications indicated to dashed lines.

S =A—R(t—m)-f % S—p-S

Vi=p-N+v-S—B-(1—¢)- %

E,:ﬁ.(w)_SJFB.(l_G)'(A;I) (A(t—T)Ji;Ht—T)).S(t_T)_M_E o
A’a~ﬁ~e’”«<A(t7);I(t S(t=7) = (Vas +7a + 1) - A

r=p-(-ay e (A sy - () T A

R =4 A+7s I—p-R—R(t—m)

3 Final Remarks

A qualitative analysis of the original model is presented in [1]. For the adapted model considering the new
assumptions described this analysis is in progress. Particularly we are investigating the theoretical implications of
the modifications that were introduced and are interested in numerical simulations considering the official data of
Brazil and Sao Paulo State.
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Abstract

In this work we study the existence of a bifurcation point with respect to the trivial solution of the Volterra-

Stieltjes functional integral equations. The tool used to obtain our result is the Leray-Schauder degree theory.

1 Introduction

This presentation is based on the work [1]. In this research we are interested in the following type of integral
equations

(1)

xTo = ¢)

{ x(t) = $(0) + [ alt,s) f(xs,5)dg(s),t > 70,

where the integral in the right-hand side is understood in the sense of Henstock-Kurzweil-Stieltjes, +00 > d > 79 >
to >0,r>0,¢ € G(-r0,R"), f:G(—r,0,R") x [tg,d) — R™, zs : [-r,0] = R™ is given by z,(0) = x(s + )
for s € [tg, d), and we assume the following conditions on the functions f, a and g:

(A1) The function g : [to,d) — R is nondecreasing and left-continuous on (t¢, d).

(A2) The function a : [ty,d)? — R is nondecreasing and continuous with respect to the first variable and regulated

with respect to the second variable.

(A3) The Henstock-Kurzweil-Stieltjes integral

T2
[ att.s)(ws)dgts
T1

exists for each compact interval [r9,70 + o] C [to,d), all x € G([ro — r,70 + 0],R™), t € [to,d) and all
ToS<T1 <12 <T0+o0.

(A4) There exists a locally Henstock-Kurzweil-Stieltjes integrable function M : [tg,d) — Rt with respect to g such
that for each compact interval |1, 79 + o] C [to,d), we have

for all x € G([r0 — r,70 + 0], R™), all ¢1,¢2 € R and all 79 <7y < 715 < 79 + 0. In particular, we have that

/72 (Cla(7—27 8) + CQa(Tlv 3))f(xs7 S)dg(s)

1

< /T2 |cra(Ta, s) + coa(Ty, s)|M(s)dg(s),

T1

/ " a(r, )£ (x(s), 5)da(s)

T1

</ " ar, 5)| M (s)dg(s).

T1

and

[ @62 — a1 5) )dgls)

1

< /T2 la(72,5) — a(T1, s)|M(s)dg(s),

1

for all x € G([r0, 70 + o],R\), and all 7,71, 7 € [r9,70 + 7).

63



64

(A5) There exists a locally regulated function L : [tg, d) — R such that for each compact interval [y, T0+0] C [to, d)
we have

for all x,z € G([19, 70 + 0], R) and all [r, 2] C [10, 70 + 0]

/ " 4720 8) [ (er ) — F (e, 8)]dg ()

1

T2
< [ latra ) L) 2w,
T1

A branch point with respect to the trivial solution of problem (3) is given by the following definition.

Definition 1.1. A pair (M\p,0) € A x Q we say a bifurcation point of the equation W(\, z)(t) = 0, if every
neighborhood of (\g,0) € Ag x Q contains a solution (\,z) of the equation ¥(\,x)(t) = 0 such that x # 0.,
where the U operator is defined by ¥(\, x)(t) = x(t) —x(ro +T) — )\thO a(t, s)f(xs,s)dg(s).

2 Main Results

Our main results are the following.

Proposition 2.1. Suppose for each A € Ay. Assume [\, 2] C Aoy contains no bifurcation point for equation
U(\,z) = 0. Then, there exists § > 0 such that for each X € [\, Xa] and each x € B(0,8) N Q if we have

r=N(\x)
then x = 0, with the operator N is defined by N'(\,z)(t) = x(ro + T) + X [ a(t,s) f(zs,5)dg(s), t € [ro, 70 + T.
Theorem 2.1. Let U : Ag x Q — G and N : Ag x Q — G. If we have [\, \2] C Ay and
indrs[I —N(Xi,-),0] # indps[I — N(Ag,-),0], (2)

then there exists Ao € [A1, A2] such that (Ao, 0) is a bifurcation point of equation ¥(A,z) = 0.
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Abstract

In this work, the existence of positive solution to the critical nonlocal elliptic system

1
(=A)pu+ a(@)|ul"?u + c(z)|v[P~*v = ;Kum,v) in RY,

S

s

w,v >0 in RY,
u,v € D*P(RY), N >ps, s € (0,1),

(5) (=)0 + (@)l *u+b(@)fol? 0 = - Ko(w,v) in RY,

is established. Here (—A); denotes the fractional p—Laplacian, a,b and c are suitable functions and K is a
ps —homogeneous function, p; = Npi\;s, N > ps. One of the main tool is to apply the global compactness result

for the associated energy functional similar to that due to Struwe in [3] combined with some information on a

limit system of (S) with a = b = ¢ = 0, the concentration compactness due to P. L. Lions [3] and the Brouwer

degree theory.

1 Introduction
Let R2 := [0,00) x [0,00). We state our main hypotheses on the function K € C?(R2,R) as follows.
(Ko) K is pf—homogeneous, that is,

K(Aa, \B) = AP K (a, B) for each A > 0, (o, 3) € R%;

(K1) there exists ¢; > 0 such that
|Kala, 8)] + [Ka(a, )] < e1 (a1 + 57271 for each (a, B) € RE;

(K2) K(a,B) >0 for each a, 8 > 0;

(K3) VK(0,1) = VK(1,0) = (0,0);

(K4) Kaola,p),Kg(a, 8) >0 for each (a, ) € R%;

(K5) the 1-homogeneous function G : R2 — R given by G(a?:,3%:) := K(a, ) is concave.
The hypotheses on the functions a, b, c : RY — R* are given by:

(A1) The functions a, b, ¢ are positive in a same set of positive measure.

N(p-1)

27leN<p23
p7s—

N
(As) a,b,c € LY(RYN) for all g € [p1,pa] with 1 < p; < s < pg and py <

(A3) aBlalLn/es @y + BEID| Lasns vy + 87 Bole| pasms (mavy + o857 e| pasms (ravy < Sk,s(pP*/N —1).
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2 Main Results

Theorem 2.1. Assume that (A1) — (As) and (Ko) — (K5) hold. Then, (S) has a positive solution (ug,vy) €
DP(RN) x DSP(RN) with

DS SN/ps

S 3 s
*SN/p < I(UQ,U()) < NSK,S .

N K,s
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Abstract

It is establish existence of weak solutions for nonlocal elliptic problems driven by the fractional Laplacian
where the nonlinearity is indefinite in sign. More specifically, we shall consider the following nonlocal elliptic

problem
(=AYu+V(z)u = pa(x)|u|? 2w — NulP"2u in RY,
u € H*(RY),

where s € (0,1),s < N/2,N > 1 and p, A > 0. The potentials V,a : RY — R satisfy some extra assumptions.
The main feature is to find sharp parameters A\ > 0 and g > 0 where the Nehari method can be applied. In

order to do that we employ the nonlinear Rayleigh quotient together a fine analysis on the fibering maps.

1 Introduction

In the present work we shall consider nonlocal elliptic problems driven by the fractional Laplacian defined in the
whole space where the nonlinearity is superlinear at infinity and at the origin. Namely, we shall consider the

following nonlocal elliptic problem

{ (=A¥u+V(z)u = pa(z)u/??u— AuP~2u in RY, 1)

u € H¥(RY),

where s € (0,1),s < N/2, N > 1. Furthermore, we assume that 2 < ¢ < p < 2% = 2N/(N — 2s) and g, A > 0.
Assume also that V : RN — R is a continuous function and a : RV — R is nonnegative measurable function. It is
important to recall that the main difficult in order to consider weak solutions for Problem (3) comes from the fact
that the nonlinear term g ,(z,t) = pa(z)[t|72t — A[t|P~2t,z € RVt € R is indefinite in sign.

2 Main Results

In the present work we shall consider existence and nonexistence of nontrivial weak solutions for the Problem (3)

looking for the parameters A > 0 and p > 0. Throughout this work we assume the following assumptions:
(Q) It holds p, A >0and 2 < g < p <2 =2N/(N — 2s);

(Vo) The potential V : RY — R is continuous function and there exists a constant Vi > 0 such that
V(z) >V, for all z € RY;

(V1) For each M > 0 it holds that [{z € RN : V(z) < M}| < +oo.

(ap) It holds that a € L= (R") where a(z) > 0 a. e. in x € RY.
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It is important to mention that the working space X is a Hilbert space. It is worthwhile to emphasize that that

the energy functional F) , : X — R associated to Problem (3) is given by

1 “ A
Exp(u) = Slull® - gHqu,a + EHUHQ ue X, (1)

where ||lul|d , = / a(x)|ul?dz and |ul|h = / |u|Pdz,u € X. Recall that a function v € X is a critical point for
RN RN

the functional Ej , if and only if u is a weak solution to the elliptic Problem (3). Now, by using the same ideas

introduced in [1, 2, 3], we shall consider the Nehari method for our main Problem (3) as follows

Mo = {u € X\ {0} : [|ul)®* + )\/ |ulPdz = u/ a(a:)|u|qu} . (2)
RN RN
At this stage, using some ideas introduced in [4], we also consider

pn = nf i Ra(tu) andpe:= inf  inf Re(tu). 3)

As a product, we shall state our first main result as follows:

Theorem 2.1. Suppose (Q), (Vo) — (V1) and (ag). Then for each X > 0 we obtain that 0 < p, < p. < 00.
Furthermore, there exists A\, > 0 such that for each pn > p, Problem (3) admits at least a weak solution uy , € X
whenever A € (0, A,) which it satisfies the following statements:

i) EY(unpu)(unp,ung,) < 0, that is, ux, € Ny ;i) There exists D, > 0 such that Ej .(uxu) > Dy and
uxy — 0 in X as p — oo.

Now, we shall assume the following hypothesis:
(a1) It holds that a € L= (RN) N L"(RY) with r = (p/q) = p/(p — ¢q) and a(z) > 0 a.e. in x € RY.

Theorem 2.2. Suppose (Q), (Vo) — (V1) and (a1). Then for each X > 0 we obtain that 0 < p, < p. < 0.
Furthermore, there exits \* > 0 such that for each p > p, Problem (38) admits at least a ground state solution

v, € X taking into account one of the following conditions:
a) p € [phe,00), A > 0;b) pt € (pn, pre) and X € (0, A*).
Moreover, the weak solution vy, satisfies the following assertions:
i) It holds that EY(vx ) (Vxu, Uau) > 0, that is, vy, € N;u' Furthermore, ||vy,,|| = 0o in X as p — 0.
ii) For each p € (pn, pte) we obtain that E ,(vyx,,) > 0; (it3) For p = p. it follows that Ex(vy,,) = 0; (iv) For

each p > pe we obtain also that Ex(vy,,) < 0.
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Abstract

Given a smooth compact Riemannian n-manifold (M, g), we prove existence of extremal functions for sharp
Sobolev inequalities which are closely related to the embedding of H'(M) into L9/("~9 (M) where the L?

remainder term is replaced by upper order terms.

1 Introduction

Bll? 1 pgy < K. )1V g gpry + Bo(p.m. )l - .

The constant By(p,n,g) depends only on p and (M, g) and

[[ul] Lo (R™)

K =
(. q) := sup { Vullze )

cue LT (R™)\ {0}, |Vul € Lq(R")} .

for n > 3 and ¢* = gn/(n — q), K(n,q) is the classical Euclidean Sobolev best constant,
Special attention has also been paid to the existence problem of extremal functions to (1). A non-zero function
up € C°(M) is said to be an extremal to (1), if

HuOH(iq*(M) = K(”aQ)qugU0||qu(M) + Bo(p,ﬁ,g)HuoH%q(M) .

Our goal is to discuss the existence and compactness of extremal functions to two classes of Sobolev type inequalities
modeled on smooth compact Riemannian manifolds, precisely sharp Riemannian Sobolev-Poincaré inequalities
involving upper order remainder terms.

We here are interested in discussing the extremal problem related to the inequalities (1) regarding upper order
remainder terms, i.e. p > 2. Let now By(p,n, g) be the best possible constant in (1), i.e.

2 Main Results

Denote by E,(g) the set of the extremal functions to (1) with unit L9 -norm.

Our main results in this paper are summarized in the next theorem.

Theorem 2.1. Let (M, g) be a smooth compact Riemannian n-manifold without boundary of dimension n > 4 such
that the inequality (1) is true. Then the set E,(g) is non-empty for any 1 < g < p < ¢*.

Note that the conclusion of Theorem 2.1 does not depend on the geometry of the manifold.

The tools are based on blow-up techniques, concentration analysis and PDE estimates. What happens is that
each proof has its specific technical difficulties inherent to the problem addressed. For instance, here part them are
caused by by the range of values of p in our inequalities.
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The ideas of the proofs are mainly inspired in the works of Aubin [1]. The key points are the so-called L?
concentration estimates. The outline of the existence part is as follows. We begin by constructing minimizers for
certain functionals, related to our geometric Sobolev inequalities, which converges weakly to a nonnegative function
u € C*(M). Our aim now is to show that u is non-zero, since this conclusion easily implies ||u||;+ = 1. Assuming
then that u = 0 on M, we perform a comprehensive study of blow-up, concentration and a priori estimates on the
generated family of minimizers in order to obtain a contradiction. With a few adaptations of the proof of existence,

we easily achieve compactness.
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Abstract

The purpose of this article is to obtain weak solutions for a class nonlinear elliptic problem for the p(z)-
Laplacian-like operators under no-flux boundary conditions, where the nonlinearity has a critical growth. To
overcome the lack of compactness we use a fixed point result due to Carl and Heikkilad and the theory of the

variable exponent Sobolev spaces.

1 Introduction

The purpose of this work is to investigate the existence of weak solutions for the following nonlinear elliptic problem

for the p(x)-Laplacian-like operators originated from a capillary phenomena

V20 =2 7y

V1+ |[Vu|2r=)

~M (L(w)) | div(| Va2V + ) = [P = afu" )72 4 [ @72 4 b

in €,
u = constant on 092, (1)

2p(x)—2 o
/ (\Vu\p(“)_Q + L) Yar =o.
a0

Jir ) o™

where € is a bounded domain in RY with a smooth boundary 9%, and N > 1, p,r,t € C.(Q) = {f : f €
C(Q), f(x) > 1 for any x € Q}; a is a positive parameter; M : Rt — R is a continuous function,

- |V u|P) 4y /14 V| 20(2) 4 [ |P(2)
L(u) = fQ )

p(z

dz is a p(x)-Laplacian type operator and

1 <p :=minp(x) < p' :=maxp(z) < N for every p € C(Q).
Q Q

In recent years, Kirchhoff type equations involving the p(x)—Laplace operator with critical growth have attracted

an increasing attention.(see for example [3,4,5]). Due to the lack of compactness of the embedding VVO1 P (m)(Q) —

Lr" (@) (©2), many authors have used the concentration compactness principle for variable exponents proved by Bonder

and Silva [1]. In this research, to deal with this difficulty we will use a fixed theorem in [2].

2 Assumptions and Main Result

Throughout this paper, let
V = {ue W@)(Q) : u|sq = constant},
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where WP (Q) (p € C(Q), 2 < p(x) < +00) is the well known variable exponent Sobolev space.
The space V is a closed subspace of the separable and reflexive Banach space Wl’p(x)(Q) , so V is also separable
and reflexive Banach space with the usual norm of WP (Q).

We will assume
(A1) M :[0,4o00[— [mg, +o0o[ is a continuous and increasing function; mg > 0.

(A2) he W @)(Q), p*(z) = 3280 Yo € O and

A={zeQ:t(x)=p“(x)} is nonempty.

The main result in this work can be stated as follows.

Theorem 2.1. Suppose (A1) - (Az) hold. Then problem (1.1) has a weak solution u € V', provided that constant

a 1s sufficiently small.

Proof We use a fixed point theorem for increasing self-mappings in Banach semilattice (See [2]).
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Abstract

In this talk we present a general approach based on the fibering method and Nonlinear Rayleigh Quotient to
prove existence of critical points for a suitable family of functionals depending on a parameter. Under suitable
assumptions we show existence of infinitely many critical points at a fixed energy level and also bifurcation
results are obtained.

1 Introduction

Many problems in nonlinear pdes can be formulated as a critical point equation
@' (u) =0, (1)

where ®’ is the Fréchet derivative of a certain functional ®, the so-called energy functional. The search of critical
points is then addressed by variational methods. For physical reasons, the partial differential equation is often
coupled to some additional constraint on the variable u (e.g. a sign constraint u > 0 or a mass constraint |u|| = m)
and a huge bibliography is available on this subject.

The aim here is to investigate (1) under a different constraint, namely, the level (or energy) constraint ®(u) = c,
where ¢ € R is given a priori. Motivated by several nonlinear elliptic problems, we shall consider a class of functionals
depending on a real parameter, namely

¢, =11 — pla,

where p € R, I, I, € C1(X), and X is an infinite dimensional Banach space. Then, given ¢ € R we consider the
problem
P, (u) =0, @,(u)=c, (2)

i.e. we look for couples (p,u) € R x X \ {0} which solve the system. We shall follow the nonlinear generalized
Rayleigh quotient method introduced by Y. Ilyasov [1] and show that this method is suitable to investigate the
structure of the solution set of (2)

S :={(n,c) € R? : &, has a critical point at the level c}.

2 Main abstract results

Before stating our result let us show how the nonlinear generalized Rayleigh quotient method applies to the system
(2). Assume that Ir(u) # 0 for every u € X \ {0} (this is often the case in many elliptic problems), so that one can
solve the level constraint explicitely in u:

O,(u)=c = p=uplcu):=
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and we see that for any ¢ the functional u — p(c, u) satisfies the following relation,

%(c u) =

ou

@ (1)

oy Yee X\ {0}

Here g—g(c, u) denotes the Fréchet derivative of the functional u +— p(c,w). Then we have the equivalence:

0
W) =0, Bu(w)=c = p=pleu) hleuw) =0,

i.e. (2) can be completely solved by understanding the set of critical points (and critical values) of the functional
u — p(c,u). In conclusion (2) is solvable if and only if u is a critical value (and w an associated critical point) of
the latter functional. Thus, denoting by IC(c) the set of these critical values, we immediately find a sufficient and

necessary condition for the solvability of (2) obtaining an existence result.

Theorem 2.1. For a given ¢ € R the problem (2) has a solution (u,u) if, and only if, u € K(¢) and u is the
associated critical point. In particular, if uw — p(c,u) has a ground state (or least energy) level gs(c) then (2) has
no solution for p < gs(c).

Under some technical conditions on the family of functionals ®,, we prove also that there exist infinitely many
pairs (fin,c, Ttn,c) solving (2). This multiplicity result, which involves some technical staff to state it rigorously, is
proved via the Ljusternik-Schnirelman theory, and is established not only for a single value of ¢, but for ¢ lying in an
open interval Z C R. Consequently it makes sense to study also the behaviour of p,, . and u,, . with respect to c € 7.
In many cases the values i, . depend continuously on ¢, so that letting ¢ vary we shall obtain a family of energy
curves {(fin,c,¢); ¢ € I}nen. The properties of these energy curves give information on the bifurcation analysis of
the unconstrained problem @L(u) = 0. In particular, this procedure shall allow us to deduce several bifurcation

and multiplicity results for this problem. Applications are given to important partial differential equations.

The results are taken from a join work with Humberto R. Quoirin and Kaye Silva [2].
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Abstract

We study a reaction-diffusion problem in a thin domain with varying order of thickness. Motivated by
the applications, we assume the oscillating behavior of the boundary and prescribe the Robin-type boundary
condition simulating the reaction catalyzed by the upper wall. Using the appropriate functional setting and
the unfolding operator method, we rigorously derive lower-dimensional approximation of the governing problem.
Five different limit problems have been obtained by comparing the magnitude of the reaction mechanism with
the variation in domain’s thickness.

1 Introduction

We consider a thin two-dimensional domain whose order of thickness is not fixed, but it can vary. Inspired by
the microfluidic applications, we also allow the oscillating behaviour of the upper boundary. More precisely, let us
consider the following family of open sets

R® =int (R{ UR5 U Rg)
where
R ={(z,y) eR*:z € (0,a), 0 <y < di(e)gi(x/e)}, b&i(e) =0d3(e) =¢, dafe) =€

Notice that parameter S > 1 sets the greatest order of the compression, and the L;-periodic functions g; : R — R
with 4 = 1, 2, 3 the profile of the regions. We assume g; are strictly positive and Lipschitz. Figure 1 below illustrates
our thin channel with different orders of thickness and with the roughness modeled by the periodic functions g;.

VAWIA
s |
AVAVAVA\

Ry R Ry

Figure 1: A thin domain with different orders of compression and oscillating boundary.

We are interested in analyzing the asymptotic behaviour of the solutions of the following elliptic boundary-value
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problem

—Auf +uf = f° in R®,

ng =e*(h—uf) on TI¢,
g:;s =0 on ORe\I“,

where I'* denotes the upper rough boundary of R®, the family of forcing terms f¢ are uniformly bounded that

converges to f in an appropriate sense and A : (0,1) — R is assumed to be a one variable function in H'(0,1).

2 Main Results
Theorem 2.1. There exists a unique limit function u € H(0,1) satisfying

—qu” +riu=fi in (0,a)
—qou” +rou= fo+hy in (a,b)
—qzu” +r3u=f3 in (b,1)

—quu” +riu=fi+h in (0,a)
—qzu” +r3u=fs+hs in (b1)

> 1<a<p: "0)=4(1)=0
a>f W/ (0) = u'(1) =0 Sa<p u() u()
(@) = gz (a) PRI
" o u(b) = h(b)
qau’ (b) = gsu’, (b)
1 (1 - X)dY, 7= {(q) f—i frdy. -1 f—i fodY.
q1 I - 141 ) 1 91)(0,L1)> 1 I - 1ar, g2 <1/9>(0,L2)’ 2 Ly - 201,
1 _ 1 N
3= 7~ (1—-01X3)dY, r3=1(g3)(0,4), J[3= I- f3dY.
3 YS* 3 Y;
1 - 1 ) -
If a=p,r2=1(92)(0,L,) + 7% hy = Eh7 and if > 3,12 =(g2)(0,0,), h2=0,

where (gi)(0,,) denotes the average of g; in the interval (0,L;). Moreover, X; € H#(YZ*), j = 1,3, with
fy_* XdY =0, is the unique solution of the auziliary problem
J

/ VX,;VydY = opdY, V€ Hy(Y)),
Yy Yy
dY = dyidys and

V' ={(y1,52) €ER*: 0 <y1 < L; and 0 < ya < gi(yn)}.

Finally, ifa <1< f
1
WHUE —h|lz2(rsy =+ 0,  ase—0.
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THE METHOD OF THE ENERGY FUNCTION AND APPLICATIONS
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Abstract

In this work, we establish a new method to find critical points of differentiable functionals defined in reflexive
Banach spaces which belong to an appropriated class (J) of functionals. As a consequence, we solve some
variational elliptic problems, whose associated energy functional belongs to (J) and provide a version of the

mountain pass theorem for functionals in the class (7).

1 Introduction

This work, which is based in [3], establishes an alternative method that allows us to complement some known results
of the literature. In fact, this referred method, which we will call Method of the energy function, has proved to be
effective to treat some classes of relevant elliptic partial differential problems, for which, some progress is made in
the present article. The idea of trying to relate the energy functional to a real function was inspired in [1], where
the authors study a degenerate Kirchhoff problem of the form

{m(IIUII)AUf(U) n Q

1
u=0 on 09, )

with Q € RY (N > 1) is a smooth bounded domain and the functions m : [0,00) — R and f : R — R are continuous
satisfyng suitable ocnditions.

In fact, in [1], the authors were inspired by an argument used in [2, Proposition 9] to prove the differentiability
of a certain real function a. Another important detail is that, in [1], the function a was used to show that the
weak solution found to the problem (1) is nontrivial and no relation was established between critical points of a real
function involving « and critical points of the energy functional associated to the problem (1). In the present paper
we use a similar strategy, however in our case we introduce a function ¢ : [0,00) — R (see (2) that is differentiable
and we prove a strong connexion between the critical points of J and (.

In order to give a more clear idea about the subject we are going to treat, let us consider, throughout this notes,
the following situation:

Let E be a reflexive Banach space. We say that a functional J belongs to class (J) in E,if J: E >R, J=V-®
and ¥, ® € C1(E,R) satisfy the following hypotheses:

(W1

U is weakly lower semicontinuous and coercive;

=
N

A, ={u € E; ¥(u) <r} for all + > 0, Ay = {0} and 0 € int(A,.) for each r > 0;
v

(T3 (u)u # 0 for all u € AA,, where DA, = {u € E; U(u) =r};

)
)
) v
(W) For each u # 0 and r > 0, there exists a unique t,(r) > 0 such that t,(r)u € dA,;
(¥5) If up, = up in E and ¥(u,) = ¥(ug), then u,, = ug in E;

)

(®1) @ and u+— ®'(u)u/P'(u)u are weakly upper semicontinuous;
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(®3) If ®'(u) = 0, then ®(u) < 0;
(®3) There exists a sequence {u,} C E such that u,, — 0 and ®(u,) > 0, for all n € N.

We call energy function to the function ¢ : [0,00) — R defined by

((r) =7 —o(r), (2)

where ¢(r) := max ®(u) if » > 0 and ¢(0) = ®(0).
u€dHA,-
We point out that it is not obvious or intuitive to think that ¢ is differentiable, or even continuous regarding

to r, mainly because the maximum point of ¢ on AA, cannot be unique. For this reason, next proposition is a
nontrivial and very technical result.
We say that a function u, € G, is an energy mazimum type point if
O’ (uy )y D' (u)u

(), wedr U(u)u

Observe that an energy maximum type point u, € A, maximizes at the same time ® in A, and u — i:gzgz in G,

and, for sure, it is nontrivial when r > 0.

2 Main Results

Theorem 2.1. Let E be a reflexive Banach space and J be a functional of class (J) in E. A mazimum energy
type point u,. € G, is a critical point of the functional J, for some r > 0 if, and only if, r is a critical point of the
energy function (.

Theorem 2.2. Let E be a reflexive Banach space and J be a functional of class (J) in E. Suppose that there exist
a,p>0andw € E, with w € OAR, such that

(Hy) J(u) > a > J(0) for all u € dA,;
(Hg) J(w) < o, with R > p.
Then there holds the inequality below

. = in J(u) < inf J(y(t)) = ¢,
A T S R T =

where I' = { € C([0,1], E); v(0) = 0,v(1) = w}. Moreover, ¢, > max{J(0), J(w)} is a critical value of J.

In order to demonstrate the efficacy of the method, some applications of the previous theorems will be provided,

by considering different types of elliptic partial differential equations, resulting in some advances in the literature.
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Abstract

The purpose of this presentation is to establish sufficient conditions for closed range estimates on (0, q)-
forms, for some fized g, 1 < g < n — 1, for 8 in both L? and L?-Sobolev spaces in embedded, not necessarily
pseudoconver CR manifolds of hypersurface type. The condition, named weak Y (gq), is both more general than
previously established sufficient conditions and easier to check. Applications of our estimates include estimates
for the Szegs projection as well as an argument that the harmonic forms have the same regularity as the complex
Green operator. We use a microlocal argument and carefully construct a norm that is well suited for a microlocal
decomposition of form. We do not require that the CR manifold is the boundary of a domain. Finally, we provide

an example that demonstrates that weak Y (q) is an easier condition to verify than earlier, less general conditions.

1 Introduction

A CR manifold is essentially the generalization of a real hypersurface into a complex manifold; hence odd-
dimensional, where its tangent bundle is split into a complex subbundle, which is the sum of holomorphic and
anti holomorphic directions, and another bundle, which is the totally real part. A CR manifold is called of
hypersurface type if the totally real part of the tangent bundle is a line bundle. The CR manifold M c CV
is endowed with a subbundle T*°(M), called the CR structure, of its complexified tangent bundle CTM = TM @ C
of M which does not intersect its complex conjugate T%!(M) (so being possible to define a Hermitian metric
such that TH0(M) L T%Y(M)), and with an integrability condition, that is T*°(M) is preserved by Lie bracket
([L1, Lo] € TYO(M) for any Ly, Ls € TH%(M)). This structure on the CR manifold allow us to define the bundle of
(0, q)-forms A%9(M), and also there define the tangential Cauchy Riemann operator J, as the natural restriction of
the De Rham exterior derivative on the bundle of (0, g+ 1)-forms. The inner product on (0, ¢)-forms on C¥ induces
a pointwise inner product on (0, g)-forms on M. This product allow us to define a L? norm || - ||o on A%9(M),
and its completion produces a Hilbert space L%yq(M ). The L? closure of 0y, denoted also by J5, defines a densely

defined closed operator. In this work we explore the L2-theory of the Oy-equation,
51,'11 = f (1)

The study of existence and regularity of solutions of (1) is reduced to study of the operator O, = 9,05 + ;9
(7b is the L? adjoint of J;) called the Kohn Laplacian operator, and the operator which invert Oy, if it exists, is
called by the complex Green operator. Although [J, is a Laplace type operator, it is neither elliptic nor constant
coeflicient, so its analysis is quiet intricate. Moreover, in general [J,, is not invertible - there must be some geometric
or potential theoretic structure. A standard condition generally considered is the Pseudoconvexity, which is a
curvature condition that is measured by an object called the Levi form ~ and it is equivalent to existence of
complex Green at all (possible) form levels of the d,-complex [1,2]. However, it is not a natural condition for the

analysis of (0, ¢)-forms when ¢ > 1 is fixed.

Definition 1.1. For 1 < ¢ <n — 1 we say M satisfies Z(q)-weakly if there exists a real T € TV (M) satisfying
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1.

2.

3.

02 > (i0 A 0)(Y) >0 for all § € AVO(M)

pi A+ po 4 g — 1 < dyg, T >> 0 where i1, ..., ftn—1 are the eigenvalues of the Levi form at x in increasing

order.

w(T) # q where w s the (1,1)-form associated to the induced metric on CT(M).

We say that M satisfies weak Y (q) if M satisfies both Z(q)-weakly and Z(n—q—1)-weakly. If M is pseudoconvex,

the definition above is satisfied choosing T = 0. This definition generalizes its previous versions given on [3,4].

Theorem 1.1. Let M?"~! be an embedded C>°, compact, orientable CR-manifold of hypersurface type that satisfies
weak Y (q) for some fized q, 1 < g <n —2. Then the following hold:

1.

2.

9.

The operators Oy : L§ (M) — L . (M) and Op L3, (M) — L§ (M) have closed range;
The operators O; L3 1 (M) — L (M) and oy L§ (M) — L3, (M) have closed range;
The Kohn Laplacian [0, has closed range on Laq(M);

The complex Green operator G exists and is continuous on Laq(M);

The canonical solution operators, 9;G, : Lg (M) — L§, (M) and G,0; L§ g1 (M) — L3 (M) are

continuous;
The canonical solution operators, 9G, : L§ (M) — L ..\ (M) GO : L§ 1 (M) = L§ (M) are continuous;

The space of the harmonic forms Ho q(M), defined to be the (0,q)-forms annihilated by O, and O, is finite

dimensional;

If G =qorq+1 and o € L ;, then there exists u € L 5, so that dyu = o and |ullo < Cllallo for some

constant C' independent of a;

The Szegd projections Sq = I — 0y 0,Gq and Sq—1 = I — 0y G40, are continuous on L ,(M).

The outline of the argument to prove this result is as follows: we start by proving a basic identity that is well
suited to the geometry of M. The problem with basic identities for d, is that the Levi form appears with in a term

that

also contains the derivative in the totally real direction 7. We apply a microlocal argument to control this

term, specifically, we construct a norm based on a microlocal decomposition of our form which allows us to use a

version of the sharp Garding’s inequality and eliminate the T" from the inner product term. This allows us to prove

a basic estimate from the basic identity and the main results are due to careful applications of the basic estimate.
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Abstract

In this work we provide a complete study of the spectrum of a constant coefficients differential operator on
a scale of localized Sobolev spaces, H},.(I), which are Fréchet spaces. This is quite different from what we find
in the literature, where all the relevant results are concerned with spectrum on Banach spaces.

Our aim is to understand the behavior of all the three types of spectrum (point, residual and continuous)
and the relation between them and those of the dual operator. The main result we present shows that there is
no complex number in the resolvent set of such operators, which suggest a new way to define spectrum if we

want to reproduce the classical theorems of the Spectral Theory in Fréchet spaces.

1 Introduction

In this work we present a complete study about the spectrum of a constant coefficients differential operator of order
m € N, a(D), whose adjoint a(D)* is elliptic, seen as a pseudo-differential operator on a interval I C R, that is,
seen as a(D) : H™(I) c H (I) — Hj (I), s € R. Here, Hj .

family of seminorms (p§8)>jeN given by pg.s)(f) = ||‘ij||Hs(R) , [ € Hp,.(I), where, for each j € N, I; = (a;,b;) is

(I) is endowed with the topology generated by a

such that [a;,b;] C (ajt1,b;41), with I = ;cylay, bs], and ¢; € C2°(1;11) satisfies p; = 1 in [ay, b;].

When we indicate a(D) as above, we mean that in Hi™™(I) we consider the topology induced from Hj (I).

This study was developed inspired by what happen with the Laplace operator on L?(I). Here, we replace L?(I)
by Hp (1) and Hg(I) N H?(I) by HJ***(I), as suggested by the definitions we found in [3].

The best conclusions we obtain are when we consider the Laplace operator on an interval I as A : HZ(I) C
2.(1) — 13

ive(I). For it, we calculate its closure and compare its spectrum in three stages:

(1) When it is defined on HZ(I).
(2) When its domain is Hg(I) N H?(I), where we call it Apz; and
(3) When it is defined on H7 (I). This, as we are going to see, is the domain of the closure A.

2

In particular, we prove that o.(A) = 0,.(A*) = 0,(A) = C and o.(Ap2) = C\ {—;f}; in € N}, where [(I) is
the length of I.

2 Main Results

2.1 Spectrum of differential operators with elliptic dual

Consider a symbol a € S™(R) given by a(§) = > ,-, aré®, m € N, a;, € C, and the differential operator
a(D) = ZZ;O(QM')_’“%%, determined by it, defined on the following scales a(D) : HJ™™(I) C Hj (I) —
H} (I), s € R. Our goal is to compare its spectrum with that from its dual a(D)* : D(a(D)*) C H;*(I) — H.*(I)

where D(a(D)*) = {g€ H;*(I);goa(D): H}™(I) C Hy, (I) = C is continuous} and it satisfies the relation

loc
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i . du m N j st
(u,a(D)*y) = = (a(D)u,v) = <Z(2m) Jajdxj,w> = <u,zj:0(—2m) Taq Z;f> for u € H™(I) and
J=0
Y e Cx(I).
Theorem 2.1. Let a(D) : Ht™(I) € Hp, (I) — Hp (1) be a differential operator of order m with hypoelliptic

formal transpose a(D)'. There exists 0 < § < 1 such that H7*+t™(I) C D [a(D)* c H*To™(I).

Now we compare the sets o(a(D)) and o(a(D)*), where a(D) : H"™(I) € Hi, (1) — H} (1) is a differential
operator with constant coefficients and a(D)* : D(a(D*)) C H; *(I) — H; *(I) is its hypoelliptic dual.

Theorem 2.2. Under the hypotheses of the last theorem with a(D)’ elliptic, a(D) and its adjoint a(D)* both have
empty resolvent set and, independently of s € R, their types of spectrum are classified as follows: op(a(D)) =
op(a(D)*) =0, or(a(D)) = oc (a(D)*) =0 and oc(a(D)) = oy (a(D)*) = C.

2.2 Closure of a Differential Operator on a Fréchet Space

Here we determine the closure of a differential operator with constant coefficients a(D) of order m > 1 on H} (I).

That will allow us to obtain a more precise analysis of the spectrum.

Theorem 2.3. Ifa(D): Hi"™(I) C HE (I) — Hp (1) is an elliptic differential operator, with constant coefficients,

given by Z;n:l(—Qm‘)kaku(k) where s € N, then its closure is given by a(D) : H3N™(I) € HE (1) — Hy (I) with

loc
m

a(D)(u) = (—2mi)*apu®).

Jj=1

2.3 Spectrum of the Laplace operator on a Fréchet Space

In this section we apply the results obtained in the previous section to the Laplacian operator.

Corollary 2.1. The Laplace operator, seen as a pseudodiferencial operator A : HZ(0,7) C L? (0, m) — L% (0,7)
and its adjoint A* : H2(0,m) C L2(0,m) — L2(0, ), both have resolvent set empty and their spectra are classified

as follows: op(A) = 0,(A*) =0, 0,(A) = 0.(A%) =0, and 0.(A) = 0, (A%) =C.

Proof This corollary follows immediately from the ellipticity of A and A* and Theorem 2.2.
Denote by Ar: the Laplacian defined on the domain Az : Hj(I) N H?(I) C L} (I) — L3, ().

loc

We have 0(A) = 0(Ap2) = o(A) =C.
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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR A SUPERCRITICAL
NONLINEAR SCHRODINGER EQUATION
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Abstract

We show existence of solution for a supercritical nonlinear Schrédinger equation on the whole RY by means
of an approximation scheme. We prove a Sobolev embedding corresponding to the variable exponent of the

equation.

1 Introduction and main results

Assume for a moment that p and ¢ are constants. The nonlinear Schrodinger equation

ivr — Ap = a(@)|e|" 2o+ |p[P?p i RY xR (1)
has standing wave solutions
pla,t) = TR u(Ca) ()
where ¢ > 0,
—Au+u = Xa(x)|u|!%u+ [ufP2u  in RN (3)
and A = CQ(;:;).

We are interested in finding positive solutions u(r), r = |x|, with radial symmetry of the equation
—Au+u = a(r)ud™ P Gy RN (4)

where N > 3 and the exponents p(r) and ¢(r) are functions fulfilling

1<q(r) <2 (5)
and oN
Pr) = s +h() (6)

Here A > 0 is a parameter and a, h, p,q are positive radially symmetric continuous functions, other assumptions

will be timely presented. Clearly (2) is still standing wave for (4) if p(r) is constant and ¢(r) is a function.
e h is a function with the following properties.
h:[0,00) = [0,00) is continuous, bounded, h(0)=0 and h(r) >0 for all r > 0; (7
there is a constant [ > 2 such that h(r) < c[logr|=? for r close to 0. (8)

We denote by H}(RY), N > 3, the closed subspace of H'(R") composed by radially symmetric functions on
RV ie.,
HXRN) = {uec H'RY) : u=u(r), r = |z|},

endowed with the usual norm

2

Jullnry = ([ (V0P + Py ae) )
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2 Main Results

Theorem 2.1. Let p(r) = 2* 4+ h(r), 2* = 2N/(N — 2) and h satisfying (7)-(8). Then

sup {/ lu(z)[PMdz : we HARY), |ullg@y) = 1} < 0. (1)
RN
The continuity of the embedding reads as follows.
Corollary 2.1. Let p(r) = 2* + h(r) with h satisfying (7)-(8). Then the following embedding is continuous
H; (RY) < Ly (RY). 2)

We turn our attention to the supercritical elliptic equation which is slightly more general than (4), namely

3)

—Au+u = Xa(r)ud™=1 4 f(r,u) in RN
u>0 in RN,

Theorem 2.2. If A > 0 is a constant, q and a are radially symmetric continuous functions, r = |z|, such that
2
1<q <q(r)<qr<2,q,q91 €ER, ac L7 (RY), a(r) >0 RY, f:RY x R — R is a continuous function,

radially symmetric in the first variable and satisfying the growth condition
0< f(rt)t < by tP(") for everyr € R and t > 0, (4)

where by > 0 is a constant, p(r) = 2* + h(r), with h satisfying (7)-(8), 2* = 2N/(N —2). Then there exists \* > 0
such that for every X € (0, \*) problem (P) possesses at least a positive radial solution uy € H'(RY). Furthermore,
luallgy — 0 as A — 0.

We would like to mention that problem (P) was studied in [1] for the unit ball case.

Corollary 2.2. The solution uy decays to zero, in the sense that uy(r) — 0 as r — oo. Moreover, there is a
constant C' > 0 such that 0 < min{r¥,r¥}u,\(r) < C for every r € R.

For a particular f, the nonexistence of solution for equation (4) reads as follows.
Proposition 2.1. Assume the hypotheses of Theorem 2.2. If f(r,t) = t?") =1 and X\ > 0 is sufficiently large, then

equation (4) has no positive solution in H'(RYN). In other words \* < oo.

References

[1] DE ARAUJO,L. A. & FARIA, L. F. 0. & MELO, J. L. F. - Positive solutions of nonlinear elliptic equations
involving supercritial Sobolev exponents without Ambrosetti and Rabinowitz conditions., Calc. Var. 59, 147
(2020). https://doi.org/10.1007/s00526-020-01800-x.

[2] FARIA, L. F. 0. & MONTENEGRO, M. - Ezistence of solution for a supercritical nonlinear Schrodinger equation.,
Complex Variables and Elliptic Equations, 1-28 (2021). https://doi.org/10.1080/17476933.2021.1968383.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
IME-USP - Instituto de Matemaéatica e Estatistica da Universidade de Sao Paulo
XV ENAMA - Novembro 2022 85-86
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Abstract

We show the existence of a solution for an equation where the nonlinearity is logarithmically singular at the
origin, namely —Au = (logu + f(u))X{u>0y in Q C R? with Dirichlet boundary condition. The function f has
exponential growth, which can be subcritical or critical with respect to the Trudinger-Moser inequality. In the
critical context, we obtain an admissibility condition for problems of the form —Au = (logu + Af(u))X{u>0} in
QC R

1 Introduction
This work consists in studying the problem

—Au = (logu + f(u))X{u>0}y in Q2
w>0, uz0in Q (1)
u =0 on 0f,

where Q C R? is a smooth bounded domain, X{u>0} denotes the characteristic function corresponding to the set
{z € Q:u(x) > 0} and we tacitly assume (logu)x(y>0} = 0 if u = 0.
The function f can be allowed to have either subcritical or critical growth in the sense of Trudinger-Moser, that

is,
Definition 1.1. The function f has subcritical growth if

Ly )

s—o0 exp(as?)

=0 for all a > 0. (2)
Definition 1.2. We say that f has critical growth if there exists a > 0 such that

lim ()] =00 for all0 < Kk < a, and lim M

— =0 1l . 3
s—o0 exp(ks?) s—o0 exp(Ks?) Jor all x> a ®)

Under certain assumptions of f, we are able to obtain a nontrivial function u € H}(Q) that solves problem
(1). The main difficulties are the singularity of log at the origin and the critical behaviour of f. Indeed, in [1] the
authors obtained results only in the subcritical context. In [2], the results of [1] were extended and the critical case
was addressed. Our approach is variational, and we use an approximation scheme. We study the energy functional
I, corresponding to the perturbed equation —Au + g.(u) = f(u), where g, is well defined at 0 and approximates
—logu. We show that I, has a critical point ( which is a Mountain Pass) u,. in Hg (), which converges to a
nontrivial nonnegative solution of (1) as € — 0.
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2 Main Results

The following result was proven in [2, Chapter 5] and concerns the subcritical case.

Theorem 2.1. Problem (1) is solvable for a large variety of functions f, including
of(s) =e°;

of(s) = ske® with k > 1;

of(s) =e®— p with u > 0.

The critical case was treated in [2, Chapter 6]. The following results were obtained. They can be extended for

a larger class of functions f with critical growth.

Theorem 2.2. Let f(s) = skes® with k > 1. There exists g > 0 such that problem (1) has a nontrivial

nonnegative solution provided 0 < o < .

Theorem 2.3. Let o > 3/4 and assume that f(s) = Ase®". There exists Ao > 1 such that problem (1) has a

nontrivial nonnegative solution for A\ > Ao and |Q| < cx o, where

s e
o =—|——7>-—17-—].
& 2 \ 2 eltd/a 4 o

“This work is part of the author’s PhD Thesis and it was developed at IMECC, UNICAMP-SP with support
by CAPES. The author also thanks FAPESP for financial support.”
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EXISTENCE RESULT FOR FRACTIONAL P-LAPLACIAN PROBLEM WITH MULTIPLE
NONLINEARITIES AND HARDY POTENTIAL

RONALDO B. ASSUNCAO!, OLIMPIO H. MIYAGAKI? & JEFERSON C. SILVA3

!Departamento de Matemética, UFMG, MG, Brasil, ronaldo@mat.ufmg.br,
2 Centro de Ciéncias Exatas e de Tecnologia, Departamento de Matematica, UFSCar, SP, Brasil, olimpio@ufscar.br,

3Departamento de Matemética, UFMG, MG, Brasil, jefersoncs@ufmg.br

Abstract

In this work, we study the existence of weak solution to a quasilinear elliptic problem involving the fractional

p-Laplacian operator, a Hardy potential and multiple critical Sobolev nonlinearities with singularities,

lulP~2u [ufPs P) =2 |u|Ps (=2,

(=Ap)*u—p =
Edie ||? ||
where z € RN, w € DP(RY), 0 < s < 1,1 < p < 400, N > sp, 0 < a < sp, 0 < B < sp, B # «a,
p < pg = inf,epsp@nyqoy[wlip/llullf, > 0. To prove our result we formulate a refined version of the
concentration-compactness principle and, as an independent result, we show that the extremals for the Sobolev

inequality are attained.

1 Introduction

In this work, we consider the quasilinear elliptic problem involving the fractional p-Laplacian operator with a Hardy

potential and multiple critical nonlinearities with singularities at the origin,

|u Py (0‘)72111

ulP~u fu

(—Ap)°u — |z|Ps

(z € RY) (1)

where 0 < s <1, 1 <p <400, N> sp, 0 <a<sp, 0<f<sp, f#a, p<pp =inf,cpsrmnyqoy[ult,/lullf, >
0 and pi(a) = (p(N —a)/(N —ps); in particular, if & = 0, then p¥(0) = p% = Np/(N —p). Recall that the fractional
p-Laplacian operator is a non-linear and non-local operator defined for differentiable functions u: RY — R by

|u(z) — u(y)P~*(u(z) — u(y)) d.

|z —y|NHop

(—Ap)°u(z) :==2 lim
e—0t RN\ B, (z)

where 2 € RY, p € (1,4+00), s € (0,1) and N > sp.
Let Q C RY be an open, bounded subset with differentiable boundary. We consider tacitly that all the functions
are Lebesgue integrable and we introduce the fractional Sobolev space W;*(£2) and the fractional homogeneous

Sobolev space D*P(RY), respectively, by

WsP(Q) = {u e LL (RY): [u]s, < +o0; u =0 ae. RV\Q},
DsP(RN) = {u € P (RY): [u],, < oo} S WEP(Q).

In these definitions, the symbol [u]s , stands for the Gagliardo seminorm, defined by

e N
u+— S,p T (/]RN /RN |:17— |N+5p dwdy) (UGCO (R ))

7
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The variational structure of problem (1) is established through the Hardy-Sobolev inequality: Let 0 < s < 1,
1 <p<+ooand 0 < a<sp< N;then there exists a positive constant C' € R such that

P /”a Ju(z) — u(y)[? 1/p
dx dx d
(Q ER ) (/ / |m— |N+ps y)

for every u € WiP(Q). The parameter p*(«) is the critical fractional exponent of the Hardy-Sobolev embeddings
DP(RN) < LP(RY; |x|~*P) where the Lebesgue space LP(RY; |x|~*P) is equipped with the norm

_ . \"
H’LLHLp(RN”xrsp) = (/RN |x|§p dx .

The embeddings WP (2) < L1(£;|z|*) are continuous for 0 < a < ps and for 1 < ¢ < p*(«); and these embeddings

are compact for 1 < ¢ < p%(«). Moreover, the best constants of these embeddings are positive numbers, that is,

ul?
g = inf P[# =0
weD*P(RY) ||U||LP(RN;|E|’”’)
u#0

We say that the function u € D‘”’(RN) is a weak solution to problem (1) if

u(y))(e(z) — o(y)) PACECIN
Lo LA dody—n [ HEE
_ / T o) o / Tz (W) o
RN RN

x| ||

for every function ¢ € D*P(R™N); given 1 < m < +oo0, the function J,,: R — R is defined by J,,(t) = [t|""2%t. A
weak solution to problem (1) corresponds to a critical point to the energy functional ®: RV — R defined by

1 P 1 p.(8) 1 pz(@)
®(u) = ~[ulf, - H/ [ul dr — — / ful 5 dr— — / i dx.
N pi(B) Jen |7 pi(a) Jpn  fz|®

In other terms, u € D*P(RY) is a weak solution to problem (1) if, and only if, ®'(u) = 0.

2 Main result

Theorem 2.1. Let0<s<1,1<p<+oo, N>sp, 0<a<sp, 0<B<sp, B#a, p<pg. Then there exists
a weak solution u € DSP(RN) to problem (1).

To prove Theorem 2.1 we cannot apply the harmonic extension of the fractional Laplacian because this idea is
valid only for p = 2; moreover, since the Hardy-Sobolev embedding D*?(RY) < LP(RY; |z|~*P) is non compact, we
face several difficulties to prove that bounded Palais-Smale sequences in the reflexive Sobolev space D*?(RY) have
at least a strongly convergent subsequence. The presence of multiple critical Sobolev nonlinearities also contributes
to the difficulties in the proof of the theorem. We also mention that due to the Hardy potential, the functional
wr— ([uf , — i fon [ul?/|2|*P dz)'/P does not define a norm in D*P(RY); as a consequence, the energy functional
® is not lower semicontinuous. With the help of some carefully proved estimates, we managed to overcome these
difficulties and prove a refined version of the concentration-compactness principle.
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Abstract

It is established existence of weak solutions for a class of superlinear elliptic involving a fourth-order elliptic
problem under Navier conditions on the boundary. Here we do not apply the well known Ambrosetti-Rabinowitz
condition at infinity. Instead of we assume that the nonlinear term is a nonlinear function satisfying the well
known nonquadraticity condition at infinity. Using a Local Linking Theorem we get our main results without
any restrictions on the first eigenvalue for the linear problem. Namely, the first eigenvalue can be negative or

positive. Furthermore, we consider nonlinear terms interacting at high eigenvalues

1 Introduction

In this work we consider the fourth-order elliptic problem

alAu + BAu = f(z,u) in Q,
u=Au=0 on 01,

(1)

where A2 = A o A is the biharmonic operator, N > 4,Q c RY is a smooth bounded domain, a > 0,3 € R.

The problem (1) is named fourth-order elliptic problem under Navier boundary conditions. Throughout this work

A1 denotes the first eigenvalue for the linear eigenvalue problem associated to Laplacian operator. The nonlinear

term f is a continuous function which is superlinear at infinity and at the origin. Later on, we shall consider the

assumptions on the nonlinear term f.

The fourth-order elliptic problems are modeled in the functional space H = H}(Q) N"H?(Q2). The weak solutions

for problem (1) are precisely the critical points for the functional of C* class I : H — R given by

I(u) = f/ (aAulAv — fVuVv) dr — / F(z,u)dx,
Q Q
where the primitive for f.

In this work we shall consider that f € C(2 x R, R). Moreover, we assume the following hypotheses:

(fo) There exist a; > 0 and p € (2,2,) such that
|f(z,t)] < ai(1+[tP7Y), for any (z,t) € QxR

where 2, = N27N4 for each N > 5 and 2, = oo for N = 4.

SR

= +oo uniformly in .
[t]—o0 t

(2)

(f2) There exist k € N and fo € (pg, te+1), where pg and pgy1 are two consecutive eigenvalues for the problem

associated to (1), such that
i 4 (1)
im ——~

B e fo uniformly in €.
t|—0
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(NQ) setting H(z,t) := f(z,t)t — 2F(z,t), we have that

lim H(x,t) = 400, uniformly for = € Q.

[t] =00
2 Main Results

Using a Local Linking Theorem we get our main results without any restrictions on the first eigenvalue for the

linear problem. Namely, the first eigenvalue can be negative or positive.
Theorem 2.1. Suppose that [ satisfies (fo), (f1), (f2) and (NQ). Assume also that one of the following conditions
i) the first eigenvalue py is positive;
i1) the first eigenvalue py s negative and 0 € I;
iii) the first eigenvalue py is negative and 0 & I},.
Then problem (1) admits at least one nontrivial solution.

In order to prove the theorem, we use the Linking Geometry and prove that the functional I satisfies the Cerami
Condition at any level ¢ € R.
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Abstract

In this talk we present new results on solvability of the equation A*(D)f = u for f € LP(R"™) and positive
measure data p associated to an elliptic homogeneous differential operator A(D) of order m. Our method is
based on controlling the (m, p)—energy of u giving a natural characterization for solutions when 1 < p < co. We
also obtain sufficient conditions in the limiting case p = oo using new L' estimates on measures for elliptic and

canceling operators.

1 Introduction

N. C. Phuc and M. Torres in [6] characterized the existence of solutions in Lebesgue spaces for the divergence
equation

div f = pu, (1)

where 1 € M4 (RY), the set of positive measures on RY, and f € LP(RY ,RY). The method is based on controlling
the (1,p)—energy of p defined by |[I1u||re, for 1 < p < oo, where I; is the Riesz potential of order 1 (see [6,
Theorems 3.1 and 3.2]). The previous results do not cover the case p = oo, however, in Theorem 3.3 they show
that an L solution for (1) exists if and only if p is a (N — 1)—Ahlfors regular measure, i.e. u satisfies

w(B(z,r)) < Cr¥ T,

where the constant C' > 0 is independent of 2 € R and r > 0.
Let A(D) be a homogeneous differential operator on RV, N > 2 with constant coefficients, of order m, from a

finite dimensional complex vector space E to a finite dimensional complex vector space F' given by

AD) = Y a,0”: CX(RY,E) = C(RN,F), aq € L(E,F).

|al=m

In this work, we study the Lebesgue solvability for the equation
A*(D)f = p, (2)

where A*(D) is the (formal) adjoint operator associated to the homogeneous differential operator A(D). In what
follows, for an open subset 2 C RY and a finite dimensional complex vector space X, M (€, X) denotes the set of
all X-valued complex measures on €2 such that the real and imaginary parts of each component are positive Radon
measures. We also define the (m,p)—energy of u by ||Lnul/re, for 1 < p < oo, where I,,, is the Riesz potential of
order m.
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2 Main Results

Our first result is a slight improvement on [6, Theorems 3.1 and 3.2].

Theorem 2.1. Let A(D) be a homogeneous linear differential operator of order 1 < m < N on RN, N > 2, from
E to F and p € M4 (RN E).

(i) If 1 <p < N/(N —m) and f € LP(RN, F) is a solution for (2) then u = 0.
(ii) If N/(N —m) < p < oo and f € LP(RN, F) is a solution for (2), then u has finite (m, p)-energy. Conversely,
if i has finite (m,p)-energy and A(D) is elliptic, then there exists a function f € LP(RN | F) solving (2).
We recall that ellipticity means that the symbol A(¢) : E — F given by

A(§) = Z aa&”
|a]=m
is injective for ¢ € R\ {0}. In particular, we recover Theorems 3.1 and 3.2 from [6] taking A(D) = V with E = R
and F = RY. Our second and main result deals with the case p = oo.

Theorem 2.2. Let A(D) be a homogeneous linear differential operator of order 1 < m < N on RN from E to F
and p € M (RN, E). If A(D) is elliptic and canceling, and u satisfies both

|ul(B(0,r)) < Cur™™, (1)

and the following control of the truncated Wolff’s potential

/”4 [(B(y, 7))l
0

N—mtl dr < Csq, uniformly on y, (2)
then there exists f € L™°(RYN, F) solving (2).

The canceling property means ﬂgeRN\O A(&)[E] = {0} . The main ingredient in the proof of Theorem 2.2 is to
investigate the sufficient conditions on u in order to obtain

[, u@)du@)| < ClADNL,  Vue CERY.E)
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Abstract

In this work we will focus our attention on finding a family of solutions (in the viscosity sense) (ue)e>0 for a
singularly perturbed problem driven governed by normalized p(z)-Laplacian. Assuming suitable assumptions on
the data we will show that such solutions enjoy certain properties, such as uniform boundedness, local Lipschitz
regularity and non-degeneracy in a smooth domain Q C R". Furthermore, by using the stability of notion
of viscosity solutions, we will show, up to a subsequence, that lim wu.;, = o, which becomes a solution of a

J—0o0
one-phase free problem of Bernoulli type. Our results are natural extension to the ones in [2] and [3].

1 Introduction

In last years researches about Tug-of-war game with varying probabilities have appeared in the modern interplay of
Probability Theory and Elliptic PDEs models. Precisely, in [1] the authors studied a two player zero-sum tug-of-war
game with varying probabilities that depend on the game location x € ). Particularly, they show that the value of
the game converges to a solution of the normalized p(z)—Laplacian.

Thus, motivated by modern issues of singular PDEs in non-variational models (cf. [2]), we would like to study:

{Ai(z)“s(z) = Ce(ue)+ fe(x) in Q, 0

uc(x) = g(@) on 09,
where the Normalized p(x)—Laplacian is defined as follows:

1 -2 1 —2{(D?%u - Du, Du
AE(w)“ ) Au + pl@) —2 ANu=—Au+ p(@) ( )

px) = p@) p(x) | Du|?

Furthermore, we will assume p. € C%(), f. € C>°(f) and there exist positive constants A, B, p™,p~, p; such that
1<p™ <p:(z) <ph < oo, |Dp(x)] <p and A< f.(x) < B for every z € Q and all € > 0. Moreover, 2 C R™ is a
bounded and open domain, 0 < g € C(09) and (.(t) = 1{(%), with 0 < (. € C§°(Q).

e

Definition 1.1. A function u € C(Q) is said a viscosity sub-solution (super-solution) of
Ag(w)u = h(z,u(x)) com hecC’QxR,) (2)

if and only if for each o € Q e ¢ € C?*(Q) such that u — ¢ has a local mazimum (minimum) at xq, then
(1) A} )@ (w0) < h(wo, d(w0))  (resp. > h(zo,¢(x0)) ) if D (o) # 0.
(2) Wlo)A¢ (zo) + p(pz((;)ogz)\max (D2q§ (:Uo)) < h(zo,P(x0)) (resp. > h(zo,d(x0))) if Do (xo) =0 and p(x) > 2.

(8)5 A¢ (wo) + BE2 N i (D20 (w0)) < B (w0, @(w0)) (> D (20, 6(x0)) ) if D (w0) = 0 and p() € (1,2).
Finally, u is a solution of (2) in the viscosity sense if it is a sub and super-solution.
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In order to show the existence of solutions for (1), we choose an appropriate approximation of (1) by a
“regularized problem”: for fixed § > 0 and £ > 0, there are solutions (in the classical sense) regular enough
Ue 5 to

{ =1 abs % (Duyuy; = Co(u)+ fe(z) in Q 3)
u(z) = g(z) on o9,
. e . pe(x),0 . . .
where the uniformly elliptic operator v — a;; (+) is given by:
1 pe(x) —2 vy

aPe @5y =

? = i , Yv €R™.
7 pe(z) pe(z) |v]* + 67

By sing auxiliary results, e.g., the Aleksandrov-Bakelman-Pucci’s Maximum Principle, Harnack Inequality and the
existence of Perron-type solutions, we conclude that, up to a subsequence (ue 5)s>o converges local uniformly for a

non-negative family of solutions and uniformly bounded.

2 Main Results

Our first result establishes local Lipschitz regularity to solution of (1) (cf. [1], [2] and [3])

Theorem 2.1 (Lipschitz regularity- cf. [1]). Let (uc)eso be viscosity solutions of (1) and ) € U, then there

exist a constant C > 0 depending on universal parameters and Q' C Q such that
[uellco.r @y = lluellLoe () + [Duc[ Lo (o) < C.
Furthermore, by invoking a suitable barrier and other tools, we will prove the following result:

Theorem 2.2 (Strong No-degeneracy - cf. [1]). Let (u.)c>0 be Perron’s solutions of (1). Then, there exists a
constant L > 0 such that, for every xo € {ue > e} and e < d.(xg) := dist(zg, {us < e}) < 1 there holds

ue(zg) > L(universal)d.(zo) = sup uc(x) > Lo(universal)r.
By (o)

Finally, the family (u.)e>¢ is pre-compact in the topology CIOO’C1 (Q). Hence, we are able to conclude:

Theorem 2.3 (Limiting profile - cf. [1]). Let (u:)eso be solutions of (1). Then, up to a subsequence, (ue)e>o
converges local uniformly to a solution ug of one-phase free boundary problem:

{ Ago(x)ug (z)
wuo ()

fo(z) in {uo >0}NQ,

g(x) on  O0N. @)

where fo — fo and p. — po local uniformly in Q. Furthermore, |luc|cor oy < C(universal).
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Abstract

In this paper, we deal with a class of frictional contact problem of p(x)-Kirschhoff type with convection term.
Due to the lack of a variational structure the well-known variational methods are not applicable. By means of
the topological degree theory for (S;) type mappings (See Skrypnik, 1994) we establish the existence of weak

solutions.

1 Introduction

The purpose of this work is to investigate the existence of weak solutions for the following boundary value problem

1
M(/p(x)|Vu|p(m)d:C)div(|Vu|p(m)2Vu) = fi(z,u,Vu) in Q
Q
u = 0 on I
M(/ i|vu‘p(z)dx>|vu|p(w)f2% = fo(z,u) in I’y (1)
o p(x) v 7
1 ou
M p(z) p(x)—277 -
‘ (/Q p(x) [Vl da:>|Vu| au‘ =9
1 ou U
_ p(z) p(#)-272 _  _ i i .
M(/Qp(x)lvu‘ dx>|Vu| 3 g|u|’ if u#0 in Tj3

where Q C R? is a bounded domain with smooth enough boundary I', partitioned in three parts I'y,I's,T's such
that meas (I;) >0, (1 =1,2,3); 1: O XRXR" — R, fo:ToxR— R, g: T3 - Rand M : Rt — RT are given
functions, p € C(9Q).

Many scholars make efforts to investigate p(z)-Kirchhoff type equations with nonlinear boundary condition of
different class in recent years (See e.g. [3,5]) and indeed, important results were obtained. Motivated by the
ideas in [1] we consider problem (1.1) (which has already been treated for constant exponent, with M(s) =
1, filz,u, Vu) = fi(x), fa(z,u) = fo(x) in [2] by means of an abstract Lagrange multiplier technique) with M
a nonconstant continuous function in the setting of the variable exponent spaces. Unlike in [2], we will apply the

topological degree introduced by Skrypnik to solve our problem.

2 Assumptions and Main Result

First, we introduce the space
X={ueW"P@@Q):yu=0 on T}

herein WP (Q) (p € C(Q), 2 < p(z) < +00) is the well known variable exponent Sobolev space.
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(A1) M :[0,400[— [mo,+oo[ is a continuous and increasing function; mg > 0.

(A2) f1: 92 xR xR" — R is a Caratheodory function such that

|f1($777,f)‘ <ecs (k‘(x) + ‘77|‘I(9”)_1 + |£‘q(z)—1>

for almost all x € Q and all (n,£) € R x R™, ¢35 > 0, ¢ is a continuous function such that 1 < g(x) < p(z) and
ke LV @) (Q).

(A3) f2:T3 x R — R is a Caratheodory function satisfying the following conditions
|f2(,5)| < €1+ ol 5|7, Vo €Ty, s €R,
for some a € C4 () such that 1 < a(x) < p*(z) for # € Q and ¢y, ¢y are positive constants.
(A1) g € LP'@(T'3), g(x) > 0 a.e on T3
So, our main result can be stated as follows.

Theorem 2.1. Suppose (A1) - (A4) hold. Then problem (1.1) has a solution u € X.
Proof We apply the topological degree theory for (S) type mappings (See [4]).
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Abstract
In this work, we study the existence and stabilization of the solution of a Bresse Thermoelastic System with
nonlinear dissipation at the boundary. We will initially prove the existence through the Theory of Semigroups

of Nonlinear Operators. Later, to analyze the stabilization, we used the method of multipliers.

1 Introduction

Our objective, inspired by the works of [3] and [5] was to study the following thermoelastic Bresse system

p1ow — k(s + ¥ 4+ 1w, — kol(w, —lp) =0 em (0, L) x (0,00), (1)
p2et — 0o + k(pe + ¥ +lw) + 40, =0 em (0, L) x (0,00), (2)
prwe — ko(we — lp)s + kl(pe + ¥ +1lw) =0 em (0,L) x (0,00), 3)
0y — k10p0 + mipye =0 em (0, L) x (0,00), (4)
with initial conditions
¢(,0) = o, @i(0) =1
1/’(',0) = 1o, ¢t('70) =% (5)
w(-,0) = wo, we(-,0) =wy,
0(-,0) = bo
and with boundary conditions
©(0,t) = (0,t) = w(0,t) = 6(0,t) = 6(L,t) =0 (6)

and

k(e + 1 +lw)(L, t) = —gpe(L, 1))

bipo(L,t) = —g2(¥+(L, 1)) (7)
kol(we — @) (L, t) = —gs(wi(L, 1))

The coefficients p1, p2, k, ko, k1,b,7,1 and m are positive constants and g1, g2, € g3 represent nonlinear dissipative
terms on the boundary satisfying
Hgy: The functions g; : R — R, 7 = 1,2, 3 satisfy the following hypotheses:
(i): g is continuous, monotonous increasing.
(ii): gi(s)s >0 for s #0
(iii): There are constant m and M constants such that 0 < m < M and ms? < g;(s)s < Ms?, |s| > 1.
The energy of the system (1)-(7) is given by

1 L
BO =5 [ (prled? + polinl? + palus? + Uuf? + blgs 4+ + P + ol Lo + Z[6]) da
0

The phase space H is given by H = Vo x Vy x Vo x L?(0,L) x L?(0,L) x L*(0, L) x L?(0, L).
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2 Main Results

To show the existence of a solution to the system (1)-(7), we use the theory found in [1] and [4].

Our main result is that for the system(1)-(7), using the hypotheses forg mentioned above and some more
functions also defined by Lasiecka e Tataru in [3] and with the multipliers technique. we were able to prove the
following theorem.

Theorem 2.1. Let g; be the functions satisfying the hypotheses (i), (i1) and (ii1) of Hy, if U = (@, ¥, w, @4, ¥y, wy, 0)
is solution of system (1)-(7), then for some Ty > 0

E(t)§5<t1>, s
To

For the proof we follow the same reasoning used in [5] by Salinas.
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Abstract

The object of this work is to study the existence of weak solutions for (pi(z),p2(z))-Laplacian parabolic
Kirchhoff equation . We establish our results by using the degree theory for operators of the form T+ S + C,
where T is a maximal monotone, S is bounded pseudomonotone and C' is is compact con D(T) C D(C) and

satisfies a sublinearity condition, in the framework of variable exponent Sobolev spaces.

1 Introduction
In this research, we focus on the following nonlocal parabolic problem
w = M (L () (div([ Va2V 0) — [l 9=20) — My (L () (div([ Va2 —270) — [u]72)=2y)
+f(z,t,u, Vu) = h(z,t) in Qx (0,T) (1)
(Ml(Ll(u))|Vu|p1(“)_2 + Mg(Lg(u))|Vu\p2(z)_2) % +g(@z,u)=0  ondQx (0,T),
u(z,0) =u(z,T), x € . (2)

where @ C RY is a bounded smooth domain and p;(z) € C(Q) with p;(x) > 1 for any 2 € Q i=1,2 ,
Li(u) = Jq pim)(wu Pi(®) 4 |uPi®))dz | and M;, f are functions that satisfy conditions which will be stated
later.

In literature, considerable amount of work has been done by many researches for elliptic p(z)-Kirchhoff-Laplacian
equations, see [2-4]. As far as the parabolic type p(x)-Laplacian equations are concerned, few articles have appeared,
we refer the reader to [5-6]. In this work, unlike the previous ones we use the theory of degree for operators of type
T+ S+ C, where T is a maximal monotone, S is bounded pseudomonotone and C' is is compact con D(T) C D(C)
and satisfies a sublinearity condition.

2 Assumption and Main Result

Throughout this paper W1P(#)(Q) (p € C(Q), 2 < p(x) < 400) is the well known variable exponent Sobolev space.
We give the following hypotheses.

(A1) M; : [0, 4o00[— [mg, +oo[ is a continuous and nondecreasing function, i=1,2; mg > 0.

(A2) f:Q2x(0,T) x R x R" — R is a Caratheodory function such that
|Flat &) < erklat), ke L0, T ((Q)
f(x,t,n,&)n > [n|P@ for all (z,t) € 2 x (0,T),n € R and £ € R"

(A3) he H = (Lp(z)(O,T;WLp(””)(Q)))/ o g(z,u)| < colul"@® =1 forae. x €T and all w € Ry, rt < p~.
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3 Main Result

We are ready to state and prove the main result of the present paper.

Theorem 3.1. Suppose (A1) - (As) hold. Then (1) admits at least one weak solution.

Proof We transform (1) into an equivalent problem of type Tu + Su 4+ Cu = h. Then, we apply a result in [1].
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Abstract
In this paper we investigate the existence and uniqueness of global solutions for the variational inequality for
the beam non linear equation
wsr — Au + A%y + [ul” =0 in Q x (0, 00)
u=0, 9u _ 0 on I" x (0,00)u(z,0) = uo(z), we(z,0)=ui(z),z € Q,
where  is a bounded domain %f R™, p > 0 is a real number, v(x) is the exterior unit normal vector at = € I.
Our result is obtained using the Galerkin method with a special basis, the Tartar argument and the compactness

approach. Uniqueness is also studied.

In Medeiros et al [9] was investigated the existence and uniqueness of global solutions for the problem
uge — Au+ |ul? = f in 2 x (0, 00),
u=0onT x (0,0),u(x,0) = ug(z), v(z,0)=ui(z),z Q.
There, Galerkin method an Tartar argument [8] were applied.
In Milla et al. [1] the authors investigate the existence and uniqueness of global solutions of the initial value problem

for the nonlinear mixed problem

ugy — Au+ A%u 4+ |ul? = 0in Q x (0, 00),

8—1: =0onT x (0,00),u(z,0) = up(x), u'(r,0)=ui(x),z €.

By applying the Galerkin method with a special basis, a modification of the Tartar approach [8] and compactness

(1)

u =0,

method, they get their result. A nonlinear perturbation of problem ((1)); is given by uy — Au + A%u + |ul? > 0.
This inequality is satisfied in a certain sense. In the present work we investigated the existence of global solutions
for the unilateral problem associated with this perturbation.

Unilateral problem is very interesting too, because in general, dynamic contact problems are characterized
by nonlinear hyperbolic variational inequalities. For contact problem on elasticity and finite element method see
Kikuchi-Oden [2] and reference there in. For contact problems on viscoelastic materials see [3]. For contact problems
on Klein-Gordon operator see [4]. For contact problems on Oldroyd Model of Viscoelastic fluids see [5]. For contact
problems on Navier-stokes Operator with variable viscosity see [6]. For contact problems on viscoelastic plate
equation see [7]. We formulate the unilateral problem as follows. Let K = {v € H}(Q);v > 0 a.e. in Q} a closed
and convex subset of HJ(2), the variational problem is to find a solution u(z,t) satisfying

/(utt—Au+A2u+|u|p)(v—ut) >0,Vv e K, (2)
Q
with u;(z,t) € K a. e. on [0,T] and talking the initial and boundary data

u=0, uy =0o0on X,u=Au=0o0n%,u(.,,0) =ug, u.,0)=mwu;in Q.

Next we shall state the main results of this paper.
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1
7 (A% (note that

N < Z()\ )? implies (AN)'2 < X*), [luol gz < A* = orL " consider the space HA(Q) = {u € HY(Q)|lu = Au =

1 1 1 1
Theorem 0.2. Assume that §|ul|2 + §||u0||2 + §||u0|ﬁ[§(9) + m/ﬂ luo|P T ugdr < N <

Tk ?
0 on X} and similarly H2(Q) = {u € H3(Q)|u = Au= 0 on I}, ug € HE(Q) and uy € HZ(Q) N L*(Q). Then there
exists a function u : [0,T] — L?*(Q) in the class
u € L>®(0,T; H () N HZ(Q) N HE(Q)),ur € L>°(0,T; L*(Q) N HF () N H2(Q)), uye € L°(0,T; L*(2))
ut(t) € K a.e. in [0,T], satisfying
/ (ugr — Au+ A%u + |u)?) (v — ug) > 0,Yv € L=(0,T; H} (Q)),
v(t) € K a.e. in t,u((Q)) = ug, u(0) =1uy

The proof of Theorem 2.1 is made by the penalization method. It consists in considering a perturbation of the
problem (1) adding a singular term called penalty, depending on a parameter € > 0. We solve the mixed problem
in @ for the penalization operator and the estimates obtained for the local solution of the penalized equation, allow
to pass to limits, when € goes to zero, in order to obtain a function v which is the solution of our problem.

The Penalized Problem associated with the variational inequality (2), consists in given 0 < € < 1, find u¢ satisfying
ty — A+ A+ S(B(ug)) = [ul” in Q
u*=0on %, uf =0on X%, u(x,0) = u§(z), ui(z,0) =uf(z)in Q.
In order to prove Theorem 2.1, we first prove the Penalized Problem. The existence of solutions will be given by
using Faedo-Galerkin approximations with a special basis, the Tartar argument and the compactness approach.

Uniqueness is studied via the energy method.
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Abstract

In this talk, we study the global (in time) existence of small data solutions to the Cauchy problem for
semilinear effective damped wave models with general relaxation function in the source term. Our goal is to
generalize some known results for special nonlinear memory terms, where the convolution is given with respect

to the time variable. We first present auxiliary estimates for integrals. Then we prove results on global (in time)

existence of small data Sobolev solutions for different classes of data.

1 Introduction

Recently in [1] and [2] the authors studied the following Cauchy problem for the classical damped wave equation

with nonlinear memory:

Uty — AU + (1 + t)rut =g* |u‘p7 (t,l’) € [0,00) X Rn,

w(0,z) = uo(x), u(0,2) =ui(z), zeR",

where r € (—1,1) and the relaxation function g = g(t) = ¢~7 with v € (0,1). The convolution with respect to the

time variable is defined in the nonlinear term as follows:

(g % uf?)(t, 2) = / ot - 7)|u(r, z)Pdr.

The goal of this work is to generalize results proved previously in [2] in such a way that we can treat the set of

effective dissipation terms. Namely, we treat the Cauchy problem

sy — Au+ b(t)uy = g * |ul?, (t,x) € [0,00) x R™,
uw(0,z) = uo(z), w(0,z) =u1(x), =x€R",
where the dissipation term b(t)u; is effective in the sense of [3].

Example 1.1. Typical examples are

I

b(t) = —— b(t) =~ (log(e + 1)), b(t) =

(1+4+t)r’ (1+1) (1+t)"(log(e + t))”

for some p>0,~v>0 andr € (—1,1).

Further examples are

with > 0 and v > 0.
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On the other hand the relaxation function g = g(t) is supposed to satisfy the following properties:
(P1) g = g(t) is defined on (0, c0) and positive there,
(P2) g = g(t) is continuous and strictly decreasing on (0, c0) with lim; ,~ g(t) = 0,
(P3) g € L*((0,7)) for all T > 0.

Let us introduce the function G = G(t) by

G:te(0,00) = G(t) = /Otg(s)ds.
From (P1) to (P3) one can get immediately the following properties:
G(0) =0, G(t) >0 on (0,00), G is increasing on (0,00).

Example 1.2. Typical examples are

o g(t)=e™,

o g(t)=(1+1t)7" for v>0,

o g(t) =77 for v €(0,1),

o g(t) = (1+t)""log(e+1),

o g(t) = ((1+)logle+1)) .
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Abstract
This paper deals with initial-boundary value problems for a damped thin quasilinear plate. With restriction
on the norms of the initial data it will be established global weak and global strong solutions. It will also be
shown that the strong solution is uniformly stable and unique. Furthermore, using a weak internal damping

mechanism, an exponential decay estimate for the energy of weak solutions is established.

1 Introduction

Let © C R? be a bounded, open and connected set situated locally on the one side of its smooth boundary T.
I'=ToUl; and ToNTy = 0. 2 = (z1,22) € R?, v = (v, 1) is the exterior unit normal vector at each point z € T,
7 = (—19,v1) is the unit tangential vector defined at each point 2z € T oriented in the positive direction of T'. The
normal and tangential derivative are denoted by 0, and 9, respectively.

The mathematical deduction of vertical deflections phenomena, such as strings or plates with non-homogeneous

material, establishes models with variable coefficients, and so a thin plate problem could be of the type,

OFu+ A%u— M (-, |ul?) Au=0 in Qx (0,00),

u=0,u=0 on I'yx (0,00),

Au+ (1—p)Biu=0 on T'; x (0,00), (1)
OyAu+ (1 — p)d-Bou— M (-,-, [u[*) ,u =0 on Ty x (0,00),

u(z,0) = up(x), Ou(z,0)=wui(x) in Q,

where u = u(z,t) is the displacement of the point = of the plate at time ¢, | - | is the L? norm in the variable x,
Biu = 2011502 , u— V302 u — V302 u, Bou = vy [02u— 02 u] + (v} —13) 02 ,,u and 0 < p < 1/2is the

Poisson constant.

The two Hilbert spaces V = {ve H?*(Q);v=0,0=00nTy} and W = {veV; A%v e L?(Q)} have an
important role in this work to obtain the main results, which are:

e Problem (1) is ill-posed in the J. Hadamard sense. That is, only the existence of weak solution will be
established. Moreover, with addition of the weak internal damping, d;u, in equation (1); we show that the total
energy has an exponential decay rate.

e With addition of the strong internal damping, Adsu, in equation (1); we show that such problem is well-posed
in the J. Hadamard sense. This means: there exists a unique global strong solution and this solution is uniformly

stable, that is, small perturbations in the initial data produce small variations in the solutions.

2 Main Results

Theorem 2.1. With restriction on the norms of the initial data and some assumptions on the function M it will
be established global weak and global strong solutions for problem (1). Thus,
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1. Ifug € V, uy € L3(Q) there exists at least one function u, that is, a weak solution of problem (1) such that

u € L®(0,00;V) and Oyu € L™=(0,00; L*()),
- [ Wi [ oensma [0 @)V, ve) o
0 0 0
(VM (¢, [u(®)})Vu(t), ) 0(t)dt =0 forall ¢ € V and 6 € D(0,00),

w(z,0) = up(x) and Opu(x,0) = ui(x) in .

0

2. With addition of the weak internal damping, Opu, in equation (1); we show that there are real constants k1
and ko s.t. the energy, E(t) = %{|u’(t)|2 + [u@)]|? + o M (-t [u(t)*) IVu(t)|2 dx}, defined by the global
weak solution satisfies

E(t) < 2k1E(0) exp {—Ct} .

R1
3. With addition of the strong internal damping, Adyu, in equation (1); and if ug € W and uy € V with
Youg =0 on T'y and yiug— M (~,0, \u0|2) dyug — COyur =0 on T'q,
then there is a global strong solution, u, of this problem with strong damped in the class
u € L>(0,00;V) N L, (0,00, W), dyu € L™ (0,00; L*(Q2)) N LS, (0,00 V), 9fu € L7, (0,005 L*(Q))
and such that
Ofu—+ A*u— M (-, Jul*) Au— (Adu =0 in L}, (0,00; L*(1),
You = 0 in Ll20c(07 005 Hil/z(rl))a

yw =M (- Juf?) du = (8fu =0 in L}, (0,00 H*/*(I'1)),
u(z,0) =up(x), Owu(z,0)=wui(z) in Q.

4. Furthermore, the global strong solution is uniformly stable and, consequently, unique.

References
[1] G. F. CARRIER, On the non-linear vibration problem of the elastic string, Harvard University, (1945), 157-165.

[2] J. E. LAGNESE, Boundary stabilization of thin plates, STAM, studies in applied mathematics; 10, (1989), 1-176.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
IME-USP - Instituto de Matemaéatica e Estatistica da Universidade de Sao Paulo
XV ENAMA - Novembro 2022 107-108

ABOUT THE CAUCHY PROBLEM FOR THE SYSTEM WITH THREE SCHRODINGER
EQUATIONS WITH QUADRATIC NONLINEARITY
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Abstract

We study the Good Local Placement of the Cauchy Problem described by the coupling of three Schrodinger
equations in the continuous case in dimension 1 presented in (1).

This work is inspired by the results obtained in [1] for a coupled system of two Schrodinger equations with
quadratic nonlinearity. This work aims to study the Cauchy problem for a coupled system of equations type
Schrodinger on the real straight.

To establish the main result of this work, we obtain inequalities in Bougain spaces.

1 Introduction

This work is dedicated to studying the Cauchy problem for a system of equations that arises in nonlinear optics
problems. More precisely, let us study the following mathematical model:

Wi + Wy — W+ wv +0u =0

2ivt+vw—ﬁv—|—%w2+wu:0

3iuy + Ugy — fru+ xow =0

w(z,0) = wo(z) € H(R), v(z,0) = vo(z) € H*(R) e u(x,0) = up(x) € H*(R),

(1)

where w, v, and v are functions that take on complex values and represent the fundamental harmonic, second,
and third harmonic, respectively, and 3, 81, and x are real numbers that represent the physical parameters of the
system. For more physical information on this model, we recommend [2].

In [3], results of global local good placement are established for the system (1) in the cases r = s =k = 0 or
1, that is, in L? and H'. In addition, stability results are obtained for traveling wave solutions. Finally, our result
extends the region of local well-posed obtained in [3] concerning the Sobolev indices.

2 Main Results

Theorem 2.1. Given (wo,vg,up) € H"(R) x H*(R) x H¥(R) with (r,s,k) € R C R®. The Cauchy problem (1)
is locally well-posed in H"(R) x H*(R) x H*(R) in the following way: for each p > 0, exist T = T(p) > 0 and
b > 1/2 such that for all initial data with ||wo|| g + [[voll g + |[uoll gr < p, there is only one solution (w,v,u) for
(1) satisfying the following conditions:

Yr)w e X, gp(tyv e X3 and p(t)w e X5,
weC(0,T;H"), veC([0,T;H*) and we C([0,T);H").

In addition, the data-solution application is locally Lipschitzian.
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Proof The proof of the Theorem above simulates the proof presented in section IV of [1].
The key results for establishing this Theorem and delimiting the R region of the Main Theorem are:

1) [|[w-v|xr-a < W xrb - ||V]| xsb, With (7, s, k) satistying a condition Ry;
i <C X3 ith k isfyi dition R
1) (|- ul|xr-a < V|| ys.b * ||| yro With (7, s, k) satislying a condition Ra;
.. < Cllolly, N ‘th k Sfvi dition R
2 3
) ||w-w| ys,—a < w| xrb - ||W|| xre With (7, s, k) satisfying a condition Ras;
. x: <C ‘th i Sfvi dition R
W) W u||ys—a < Wl xrb - ||U|| e With (7, 8, k) satistying a condition R4 e
i X3 <C x* ith k isfyi dition R
V) ||lw v yk—a < Wl xrb - ||V||ysp With (7, s, k) satistying a condition Rs.
xi—a <C oo With (r,s, k) satisfyi dition R

The region presented in the theorem is R = R1 NR2NR3NR4 NR5.
The inequalities (i) and (iii) are obtained in [1].
The Bougain space, X;’b considered in this work is the completion of S(R?) with respect to the norm:

1 llxen = (@247 + 6(€)* F(r )|

)

212
: b
we consider X;"” = X @b,

The other inequalities are under review, therefore, this work is under writing for submission.

References

[1] BARBOsA, I.I. The Cauchy problem for nonlinear quadratic interactions of the Schrodinger type in one
dimensional space, Journal of Mathematical Physics, 59, 7,2018

[2] KIVSHAR, Y. S. ET AL - Multi-component optical solitary waves, Physica A: Statistical Mechanics and its
Applications 228,2000

[3] PASTOR, A. - On tree-wave interaction Schrodinger Systems with quadratic nonlinearities: Global Well-
Posedness and Stamding Waves, Communications on Pure and Applied Analysis 18, 5,2019



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
IME-USP - Instituto de Matemaéatica e Estatistica da Universidade de Sao Paulo
XV ENAMA - Novembro 2022 109-110

UNIQUE CONTINUATION OF THE CAUCHY PROBLEM OF NONLINEAR INTERACTIONS OF
THE SCHRODINGER TYPE

ISNALDO ISAAC BARBOSA!

nstituto de Matematica, UFAL, AL, Brasil, isnaldo@pos.mat.ufal.br

Abstract

In this work, we will show that if (u,v) are sufficiently smooth solutions to the Cauchy problem associated
with a system of Schrodinger equations with nonlinear quadratic interactions such that there are a, b € R with

suppu(t;) C (a, 0o) and suppv(t;) C (b, oo) for j =1 or 2 (t1 # t2 ) then u =v =0.

1 Introduction

This work is dedicated to studying the Unique Continuation problem of smooth solutions of the Cauchy problem
for a system of equations that arises in the context of nonlinear optics problems. More precisely, let’s study the

following mathematical model:

i0yu(x,t) + pdiu(z,t) — Ou(z,t) + u(x, t)v(z,t) =0, z€R, t>0,
icOy(x,t) + q02v(x, t) — av(z,t) + Su*(z,t) =0, (1)
u(z,0) =up(x), v(x,0)=uvy(x),

where u and v are functions that take on complex values and «, 6 and a := 1/0 are real numbers that represent

physical parameters of the system, where ¢ > 0 and p, ¢ = 1. The model (1) is given by a nonlinear coupling of

two Schrodinger equations with quadratic terms of the type
1
Ni(u,v) =7w-v and Nz(u,v)ziu-v. (2)

The model above was studied, in the period case, by Angulo and Linares in [2]. And in [1], we established
results of local and global well-posed for (1).
This work follows the ideas presented in [4] to establish the main result.

The key result for this work is presented in [3] which we present below:

Theorem 1.1. Given w € L'([0,7] : L*(R)) N L7,
R — oo.
Assume that uw € C([0,T] : H'(R)), dyu, 9?u € L} (R) is a solution of the equation

([0, 7] x R) and suppose ||[w|pipoe({ja|>r}) — O when

i0pu + 02u = wu, (t,z) €[0,T] x R, (3)

and there are ¢,d € R, with ¢ # 0 such that supp u(0), supp u(T) C{r € R: zc < d}, then u =0.

2 Main Results

The main result of this work is

Theorem 2.1. Given (u,v) € C([0,T] : H? x H3) N CY([0,T] : L?>(R) x L?(R)) strong solution of (1). Suppose
there are a,b € R with supp «(0), supp w(T) C (a,00) and supp v(0), supp v(T) C (b,o0), then u =v = 0. in
[0,7] x R.

109



110

Proof

The proof of the same follows from the fact of revisiting the Theorem 2.1 and obtaining as a result the equation
(3) with @ in place of u.

With a suitable change of we variables can assume 6 = o = 0 in the system (1).

Lemmas 2.1 and 2.2 of [4] allow us to conclude that if (u,v) € H x H? is a solution of (1) then w = v satisfies
the hypotheses of Theorem 2.1 and, as a hypothesis, u satisfies the hypotheses of the same theorem, it follows that
u = 0.

Finally, it follows from the Theorem 2.1 that cidyw + 020 = 0, (t,z) € [0,T] x R with supp v(0), supp
v(T) C (b, 00) implies that v = 0.

Finalizing the result.

Note: The theorem above remains valid for (u,v) € H*(R) x H*(R) with s = s > 3 and (u, v) solutions to the
Cauchy problem (1). In [1], results of good local placement are presented in regions described for the cases o < 2,
oc=2,and g > 2.
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Abstract

We analyze the long-time behavior of the semigroup S(t) generated by a heat equation with degenerate
past history and a nonlinear heat supply posed in a three dimensional bounded domain 2. Assuming that the
degeneracy occurs in a positive measure subset of 2, we prove the existence and regularity of the global attractor

associated to this semigroup.

1 Introduction

We consider the heat equation with past history posed on a bounded domain ) C R3,

0, — koNO — [*__ k(t — s)div[a(x)VO]ds + f(8) =0, (x,t) € Q x (0,00);

O(x,t) =0, 0 x R; (1)
0(z,s) = Op(z, s), x € Qx (—o00,0].
Here k represents the memory kernel, a(xz) > 0 is a smooth function such that ¢ = 0 in 4, A C Q, and

0o : 2 x (—00,0] — R is the prescribed past history of 6.
According to Dafermos [3] and following Giorgi, Marzocchi and Pata [5], let us define a new variable 7
corresponding to the relative displacement history,

s t
n'(z,s) = / 0 (z,7)dr = O(x,7)dr.
0 t—s

being
0" (z,s) = O(x,t — s).

Suppose that k(co) = 0. Then, after performing a change of variables, a formal integration by parts lead us to

/ k(t — s)div]a(z)VO]ds = /OOO K (s)div[a(z)Vn'(z, s)]ds.

— 00

Therefore, system (1) is rewritten as

O — AG — [J7 (=K' (s))div]a(z) V' (z, s)|ds) + f(0) =0, (x,t,5) € Qx (0,00) x (0,00);

ni(z, s) = 0(z,t) — ' (, 5), Q x (0,00) x (0,00);

0(x,t) =0, a0 x (0,00); @
n'(z,s) =0, 90 x (0,00) x (0,00);

0(x,0) = tp(), x €

1°(2,8) = mo(w, 5), Q x (0, 00).

Under appropriate assumptions we prove that this problem is well-posed and its solution operator S(t) is a
nonlinear Cy-semigroup. After that, following some ideas from [1,2] we establish the existence and regularity of the

global attractor associated to this semigroup, which is the main result of this work.
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2 Main Results

In order to state our results, we first need to introduce some spaces which will be useful in our analysis. Consider
HYQ) = {u e L*(Q),VaVu € L*(Q),ulpq = 0}.

Let € be the operator £ = —div[aV], whose domain is such that D(£) C M = {u € H}(2),aVu € H*(Q)} C H}(Q).
For r € R, we define the scale of compactly nested Hilbert spaces

H" = D(£2),
with inner products given by (u,v), = (u,v) + (£2u,£3v). Particularly, we have H® = L2(Q), H' = H}(Q). For
r € R, we introduce the so-called history spaces

M = L?_k/)(R+7Hr+1)
endowed with the weighted L?— inner products < 1,£ > = / (—K'(s)) < n, & >,41 ds. Finally, consider
0

1

1 o0
W=H XM and  E()= 0+ / (—K'(s)) | VaVi2ds
0

the r—phase space and the r-energy associated with the problem (P), respectively.
Now we are able to state our results.
Proposition 2.1. There exist Cy > 0 and ¢y > 0 such that the energy associated with problem (P) satisfies
E.(t) < 2E(0)e ! + Cy,
for all (0,n) € H°.

Proposition 2.2. For everyt > 0, there exists a closed and bounded set B(t) C H3 such that disty (S(t)Bo, B(t)) <
Ae=“t for constants A >0 and w > 0.

Proposition 2.3. For every t > 0, there exists a compact set K(t) C H° such that
disty(S(t)By), K(t)) < Te !
for some ' >0, and w > 0 from the previous proposition.

Theorem 2.1. The global attractor A of S(t) is bounded in H°.
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Abstract
This work is concerned with the mathematical study of the general cell-fluid Navier-Stokes model with
inclusion of chemotaxis proposed by [4] in a particular case. More precisely, we investigate the existence of
solutions in a bounded domain 2 C R™, n = 2,3, when the fluids are supposed to have divergence free velocity

vectors and constant volume fraction.

1 Introduction

The model proposed by [4] is a general cell-fluid model that consists of two mass balance equations, two momentum
balance equations for the cell and fluid phase and a convection-diffusion-reaction equation for the oxygen. The
authors include the chemotaxis stress term in the pressure difference. This general model can represent the
Chemotaxis-Navier-Stokes model in a special case, in particular, the authors recover the Chemotaxis-Navier-Stokes
equations by considering that the fluids are incompressible among others assumptions.

The purpose of this work is to investigate a particular case of the model proposed by [4] from a mathematical
point of view. We consider the non-homogeneous case when the fluids have divergence free velocity vectors and

constant volume fraction:

1 1
§(pv)f + iv “(peuc) =0, (1)
1 1
i(PW)t + §V : (pwuw) =0, (2)
1 1 1 1
§(pcu0)t +V- JPetc R ue | + §V (P.+ A(e)) = C(uy —ue) + SPed +¢e.V - (p.Due), (3)
V-u. =0, (4)
1 1 1 1
i(pwuw)t +V- <2pwuw ® uw> + §VPw = ((ue —uy) + 5Pwg + e,V - (puDuy), (5)
V- u, =0, (6)
¢t + V- (cuy,)=V-(DVe) — gc, (7)

where Du = % (Vu + (Vu)T), pe and p,, are the cell and the fluid densities; u. and u,, are the velocities of the cell
and the fluid; P, and P, represent the cell and the fluid pressures; ¢ is the oxygen concentration; g is the gravity
constants; the constants €. and ¢, are the effective viscosities cell and fluid; ¢ is a constant that represents the
cell-fluid interaction; the constant x is the consumption rate; D, is a constant related to the diffusion coefficient;
and A(c) = Ag — Ajc, where Ag and A; are constants, is the chemotaxis stress.

We supplement the system (1)-(7) with the following initial and boundary conditions

Ue = Uy =0, 2—2:0, in 0 x (0, 00), (8)

pc(xv 0) = Pc,0, pw(xa 0) = Puw,0, Uc(z70) = Uc,0, uw(xa O) = Uw,0, C(IE, O) = Co, (9)
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in 2, where  is a bounded domain of R™, n = 2,3, with smooth boundary 0.

To state the existence of weak solutions, we apply the Semi-Galerkin method and we follow the idea of [1,3],
for example. And to estate the existence and uniqueness of strong solution we follow the idea of [2]. In this case,
we start by linearizing problem (1)-(7) and prove the existence of strong solution for this linearized problem. Next,
we construct a sequence of approximate solutions in a inductively way and prove that this sequence is bounded
independently of the index. Finally, we show that the whole sequence converges to a strong solution of (1)-(7) in a
sufficiently strong sense.

References

[1] Antontsev, S. A., Kazhikov, A. V., Monakhov, V. N., Boundary Value Problems in Mechanics of
Nonhomogeneous Fluids, North Holland: Amsterdam, 1990.

[2] Y. Cho, H. Kim, Unique solvability for the density-dependent Navier-Stokes equations, Nonlinear Anal. 59
(2004) 465-489.

[3] P.L. Lions, Mathematical Topics in Fluid Mechanics, Vol. 1, Clarendon, Oxford, 1996.

[4] Y. Qrao AND S. EVJE, A general cell-fluid Navier-Stokes model with inclusion of chemotazis, Math. Models
Methods Appl. Sci. 30 (6) (2020) 1167-1215.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
IME-USP - Instituto de Matemaéatica e Estatistica da Universidade de Sao Paulo
XV ENAMA - Novembro 2022 115-116

A COMPARISON PRINCIPLE FOR P-LAPLACIAN EVOLUTION TYPE EQUATION

JULIANA S. ZIEBELL!, LINEIA SCHUTZ2? & PATRICIA LISANDRA GUIDOLIN3

nstituto de Matemética e Estatistica, UFRGS, RS, Brasil, julianaziebell@ufrgs.br,
2 Instituto de Matemética e Estatistica, UFRGS, RS, Brasil, lineia.schutz@ufrgs.br,
3Instituto de Matemética e Estatistica, UFRGS, RS, Brasil, patiguidolin@gmail.com

Abstract

In this work we provide a comparison principle for the weak solutions u(-,t), v(+,t) of two similar evolution
p-Laplacian equations, both with source terms in a divergent and non-divergent form. The initial conditions
u(-,0) and v(-,0) are supposed to belong to the space L'(R™) N L°°(R™). Once we treat with signal solutions
defined in all space R", for all ¢ in a maximal existence interval [0, %), the arguments presented here differ from
the ones used to prove the comparison principle in bounded domains. We suppose p > n, p > 2 and also consider

some additional natural assumptions.

1 Introduction

The main objective of this work is to present a comparison principle (proved in [2]), for the solutions u(-,¢) and
v(+, ), defined in a maximal existence interval [0,T) and [0, T%.) respectively, of two similar initial value problems

for evolution p-laplacian equations of the type

ug + divf(z, t,u) = div (|Vu[P =2 Vu) + g(z, t,u) + h(z, 1), (1)

u(+,0) = ug € L*(R™) N L>=(R™), (2)
and

v + divf(z, t,v) = div (|[Vo|P~2 Vo) + G(z, t,v) + H(z,t), (3)

v(-,0) = vp € L'(R™) N L>®(R"), (4)

where p > 2 is a constant, p > n, such that g(z,t,u) < G(z,t,u) and h(z,t) < H(z,t) Vo € R" 0 <t < T and
lu| € R.

We also require that f = (f1, f2,..., fn), g, G, h and H are given continous functions that satisfy the following
basic hypothesis:

|f(z,t,u)] < Ky(M,T)|u| and |[g(z,t,u)] < K (M,T)[u| Ve € R, 0<t<T |ul <M, (5)

|G(z,t,0)]| < Kg(M,T)|v] YzeR", 0<t<T, |v] <M, (6)

with constants K¢(M,T), Kq(M,T), Kg(M,T) depending upon the values of M,T and where | - | denotes the

absolute value (in case of scalars) or the Euclidean norm (in case of vectors), and h(-,t) € L}, .([0,00), L*(R™)) and

H(-,t) € L}, _(]0,00), L'(R™)). We also need this additional assumption about the functions f, g and G :

loc

|f(m7t’u)_f($7t7v)|SLf<M7T)|u_U| (7)

|g(:£,t,u)fg(x,t,v)| ng(M,T)|U7”U| (8)
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|G(;v,t,u)—G(x,t,v)| SLG(MvT”U‘_v‘v (9)

for all z € R™, t € [0,T] for any T > 0 such that both solutions are defined. Besides that, |u| < M, |v| < M, where
M = M(T) is a constant that depends on T'.

In this work we are considering a weak solution in some time interval [0,T,), any function w(-,t) € S, satisfying
the problem (1) with some initial condition w(-,0) = wy € L'(R™) N L>(R"), where S = L ([0, T%), L' (R™) N
L®(R™)) N CO([0,T.), L,.(R™) N LP._((0,T.), WLP(R™)), for p > 2 and p > n. For the local (in time) existence of
solutions, see e.g. [3,4,5,6,7]. For the global (in time) existence of solutions, see e.g. [1,3].

2 Main Results
Our purpose is to show the following comparison theorem for the solutions u(:,¢) and v(-,t) of the problems
(1a) — (1b) and (2a) — (2b) respectively.

Theorem 2.1. Let p > n, p > 2 and u(-,t),v(-,t) € S solutions of (1)-(2) and (3)-(2) respectively, such that
g(z,t,u) < G(x,t,u) and h(z,t) < H(z,t) Vo € R 0 <t < T and |u| € R. Under the assumptions (5) - (9)
above, if ug < vy, then we have

u(t) <ov(,t) V 0O<t<T

for any T > 0 such that both solutions are defined in [0,T].

Proof The idea of the proof is first to demonstrate, under the hyphotesis of the theorem, that

[ wtet) = o0y < O [ (ug(a) —o0)) s

n

and

[ wte.t) = ot 0)-de < 0O [ (ug(2) = v (0)) -

n

V 0<t<T<T,. Then, if ug < vg, the results follows.
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Abstract

This paper deals with the Stackelberg-Nash strategies for boundary control problems for linear and semilinear
wave equations. Assuming that we can act on the system through a hierarchy of controls, to each leader we
associate a Nash equilibrium (two followers) corresponding to a bi-objective optimal control problem. Then we

look for a leader that solves an exact boundary controllability problem.

1 Introduction

Let © € RY be a bounded domain with boundary of class C?, let us assume that 7" > 0 and let us inttroduce
nonempty open sets I'g,I'1,T's C 0Q. We will set Q :=Q x (0,7), ¥:=T x (0,7) and ¥; := ¥; for i = 0,1,2 and
we will denote by v = v(z) the outwards unit normal to Q at the point x € 9.

Consider the following semilinear system:

Yie — Ay +a(z,t)y=F(y) in Q,
y=flp, +o'lp, +0%1p, on 3, (1)
y(vo) :yov yt(ﬂo) :yl in Qa

where a € L®(Q), f € L*(X0), v € L*(%;) (i=1,2), F: R+ Ris a C! function, (y°, y') € L*(Q) x H71(Q2) and
14 stands for the characteristic function of A.

The main goal of this article is to give a positive answer to a question left open in [1]. More precisely, the
objective is to get hierarchical exact controllability results for (1) following a Stackelberg-Nash strategy.

Let us mention that these results extend the results of [5] in two directions: we get exact and not approximate
control and, moreover, we work with several followers.

For simplicity, we will assume in the sequel that only three controls are applied (one leader and two followers),
but very similar considerations hold for systems with a higher number of controls.

Let us define the following main cost functional

J(f) = ;// S vt

and the secondary cost functionals
Q;

Ji(f; ot 0?) = 5 //O o |y—yi7d|2 d:rdt—&—%//z |vi‘2 drrdt, i=1,2, (2)
i,d X (0, i

where the O; 4 C Q are nonempty open sets, the y; 4 € L*(0; 4 x (0,T)) are given functions, the ; and p; are

positive constants and y is the solution to (1).
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1.1 Main results

Let us present the main results of this paper.
Let 29 € R™ \ Q be given and let us introduce the set

Iy :={zel; (x— ) v(z) >0},
the function d : Q — R with d(z) = |z — x0|? for all x € Q and the quantities
Ry :=min{\/d(z); z € Q} and R, :=max{\/d(z); z € Q}.
In the sequel, we will impose the assumptions
o>y and T > 2R;. (3)

Definition 1.1. Let f € L*(Xg) be given. It will be said that the pair (v',v?) is a Nash quasi-equilibrium for the

functionals J; associated to f if
J(f; o0t -0t =0 Vote LA(%), i=1,2. (4)
The following result holds in the semilinear case:

Theorem 1.1. Assume that F is C' and globally Lipschitz-continuous and the p; >0 (i = 1, 2) are large enough,
depending on Q, O, Ty, O; 4, T, Ry and ||F|lw1.=. Let (§o,91) € L*(Q) x H~1(Q) be given and let § be an associated
trajectory. Then, for any (y°, y') € L?(Q) x HY(Q), there exist a control f € L*(Xo) and an associated Nash

quasi-equilibrium (v(f), v2(f)) such that the corresponding solution to (1) satisfies
y(vT):g(7T)v yt(vT):yt(vT) in Q.
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Abstract
Firstly, we are looking for the ground states of NLS-J; equation on the star graph. Secondly, we study

spectral/orbital instability of the critical points of an associated action functional.

1 Introduction

Let I' be a star graph identified with the disjoint union of the intervals I; = (0,00), j = 1,..., N, augmented by the
central vertex v = 0. In [3] we study the following focusing nonlinear Schrédinger equation on I' with 67 coupling:

iOu(t, ) = —Agu(t,x) — [u(t,z)[P " ut,z), (t,z)eRxT, (1)

where 3 € R\ {0}, p> 1, u: R x ' — CV, and (—Apgv) (z) = (—v//(x)), with

J
dom(Ag) = {u € HY(T) : 0}(0) = ... = vjy(0), 3N, 0;(0) = 501(0)}.

The Schrodinger operator —Ag with ¢, coupling has the precise interpretation as the self-adjoint operator

N

2. v;(0)

B j=1
on HY(T). Tt belongs to NZ2-parametric family of self-adjoint extensions of the minimal symmetric operator
N
(~Aint) () = (—0f (@),
dom (Apin) = {v € H2(T) : v1(0) = ... =wn(0) =0, v{(0)=...=v\(0)=0}.
It is a difficult problem to understand which of self-adjoint conditions are physically relevant (self-adjointness is

on L?(I') uniquely associated with the closed semibounded quadratic form Fg(v) = |[v'||3 +

just a necessary physical requirement to ensure conservation of the probability current at the vertex).

Among all matching conditions, the most popular are the Kirchhoff ones: v1(0) = ... = vn(0), Zjvzl v5(0) = 0.
Justifications of the Kirchhoff conditions on different types of metric graphs have been obtained in many physical
experiments involving wave propagation in thin waveguides and quantum nanowires. These arguments led to the
fact that the Kirchhoff conditions have been assumed the most natural, hence they become the most widely studied.

The systematic study of nonlinear evolution equations on metric graphs dates back to the nineties. The nonlinear
PDEs on graphs, mostly the nonlinear Schrédinger equation (NLS), have been studied in the past decade in the
context of existence, stability, and propagation of solitary waves (see [6] for the references). Two fields where NLS
equation appears as a preferred model are optics of nonlinear Kerr media and dynamics of Bose-Einstein condensates
involving application to graph-like structures. The extensive study of existence of ground states (as minimizers of
energy functional under fixed mass) for the NLS models on metric graphs was carried out in the presence of the
Kitchhoff conditions at the vertices of the graph (see [2] and references therein). The existence and the stability of
solitary waves for different types of graphs with the Kirchhoff conditions at the vertices were treated in numerous
papers (see [5] for the references).

Rigorous study of the NLS models on graphs in presence of impurities is related to a so-called d coupling. On

T it is defined by: v1(0) = ... = vn(0), Zjvzl v5(0) = av1(0), @ € R\ {0}. The § coupling is the most studied
non-Kirchhoff condition.
If we drop the continuity condition v1(0) = ... = vy (0), the next more general class of self-adjoint conditions

which seems natural for applications consists of those which are permutation invariant at each vertex. The §.

119



120

coupling belongs to this class. It is a natural generalization of the ¢’ coupling on the line. Its systematic investigation
appears in [1]. The authors prove the existence of the minimizer of the action functional S,, on the Nehari manifold
for attractive coupling. It appears that the ¢’ coupling gives rise to a rich structure of a family of ground states,
including a pitchfork bifurcation with symmetry breaking. Mathematically, the main advantage of studying ¢’ and

48’ coupling (on R and T respectively) is the existence of an explicit nontrivial family of soliton profiles.

2 Main Results

In [3] we extend the results from [1] for the NLS model on I". Firstly, we deal with the existence of the ground states
as minimizers of the action functional S, restricted to the Nehari manifold. We prove that for an attractive and a
sufficiently weak 4’ coupling the minimizer exists. The principal step in the proof is to compare our minimization
problem with the one for 8 = co. This problem involves the technique of symmetric rearrangements on I'.
Secondly, we are looking for the candidates to be the minimizers, i.e. critical points to S, of the form e ¢(x),

where ¢(x) is a real-valued profile. It appears that for w > % ]g—j the whole family of such critical points consists of
N profiles (one is symmetric ¢g and N —1 are asymmetric profiles ¢y ). We show that for w > z%}g—; the minimizer

is given by the asymmetric tail-profile ¢, moreover we conjecture that for w below g—ﬂg—j the symmetric profile

¢g is the minimizer.

Lastly, we study instability properties of the family of the critical points mentioned above. Namely, using the
Grillakis/Jones Instability Theorem (see [4]), we have proved spectral instability of the asymmetric critical points
¢ for B <0,k >2and 8> 0,N —k > 4. For p > 2, using C? regularity of the mapping data-solution, we have
shown orbital instability of ¢y.

We also concertize the instability results by proving strong instability (by blow up) of the symmetric profile ¢g

in the supercritical case p > 5. The proof essentially uses variational characterization of ¢g.
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Abstract

We consider the dynamical one-dimensional semilinear systems for beams and we analyze how its
controllability properties depend on the modulus of elasticity in shear k. This joint work with Fagner Araruna
(UFPB) and Diego Souza (Universidad de Sevilla).

1 Introduction

The Mindlin-Timoshenko system for thin beams and plates is a widely used model in applications because it takes
into account the vertical displacement and the transverse shear effects. The one-dimensional version reads as:
h3
g Ut ~ Uae +Ek(u+v,)=0 in Q, (1)
phvy —k(u+vz)e + f(v) =0 in Q.

Here, Q := (0,L) x (0,T), being L > 0 the length of the beam and T > 0 a given time. The angle of rotation
and the vertical displacement at time ¢ of the cross section located at z units from the origin are represented by
u=u(z,t) and v = v(x,t), respectively. The function f is a nonlinear term and the constant h > 0 represents the
thickness of beam which, for this model, is arbitrarily small compared to L. The constant p is mass density per
volume unit of the beam and the parameter k is the modulus of elasticity in shear. For more details about the
Mindlin-Timoshenko parameters and governing equations see [1,2].

Another model used to describe vertical displacement of beams is the so-called Kirchhoff equation. It is modelled
when the linear filament of beam remains perpendicular to the deformed middle surface, see [2]. The semilinear

Kirchhoff equation reads as:
h3 .
phvtt - %Urxtt + Vpgaax + f(U) =0 in Q (2)

2 Main Results

In this paper, we analyze the boundary exact controllability problem for semilinear Mindlin—Timoshenko and
Kirchhoff beam models by using only one boundary control.
Firstly, we will analyze the controllability problem for the semilinear Mindlin—Timoshenko:

pTh;Utt —Uge +E(u+v,) =0 in Q,

phvy — k(u+vz), + f(v) =0 in Q,

u(0,-) =0, u(L,)=0 in (0,7), (1)
v:(0,) = O, v (L,-)=0 in (0,7).

u(-,0) =up, u(-,0) =uy in (0,L),

v(,0) = vy, v(-,0) =1 in (0,L).
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These boundary conditions means that the angle of rotation is kept fixed at both x = 0 and = = L, a boundary
control O acts on the slope of the vertical displacement at the extreme z = 0 and no slope is considered at = = L.

Secondly, we will deal with the controllability problem for the semilinear Kirchhoff equation:

ph? :
phvtt - ﬁvwwtt + Vpzae + f(U) =0 in Qa
Uaf(oa ) = U:C(La ) =0 in (OaT)7 (2)
wa:v(oa ) = T7 Uwa:x(L7 ) =0 in (OaT)v
v(+,0) =vg, v(-,0) =1 in (0,L).

In this case, the boundary conditions means there are no slopes of the vertical displacement at the extremes x = 0
and z = L, a boundary control T enters this system through the third derivative of the displacement at x = 0,
which is interpreted as the shearing force on the beam at x = 0, and no shearing forces are exerted on the beam at
x = L. Shearing forces on the beam are unaligned vertical forces pushing one part of the beam in one direction,
and another part of the beam in the opposite direction.
On the other hand, throughout this paper, the nonlinearity f satisfies the following conditions:
feL3(R), f eL*R), lim @ = q, (3)
|s]=>+00 S

where « is a real number. The last condition above means that f behaves as as, when |s| — 400, and this kind of
nonlinearity is known as asymptotically linear nonlinearity. It is worth to mentioning that many problems which

involve asymptotically linear nonlinearities have physically significance. For example, nonlinearities of the form

[s”

f(s)= W&

v >0,

were found to describe the variation of the dielectric constant of gas vapors where a laser beam propagates, those

of the form )
f(s) = <1 - eVSIQ) s, >0,

were used in the context of laser beams in plasma.

We have our first main result:

Theorem 2.1. Let k > 1 be fized and T > 2L max{+\/ph3/12,\/ph/k}. Then, for every data (ui, ug, v1, vo) and
(w1, o, U1, Vo) in H-1(0,L) x L?(0,L) x [H' (0, L))" x L? (0, L), there exists a boundary control ©, € H=1(0,T)

such that the associated solution (u,v) to (1) satisfies
(U(', T)v ut('7T)7 ’U(',T), vt('vT)) = (ﬂ07 uy, o, Ul) in (0, L) (4)
Our second main result is the following:

Theorem 2.2. Let T' > 2L+/ph3/12. Then, for every (vg, v1) and (Vg, v1) in H'(0,L) x L?(0,L), there exists a
boundary control Y € H=1(0,T) such that the associated solution v to (2) satisfies

(U('7T)a Ut('aT)) = (607 El) in (O’L) (5)
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PREDATOR-PREY DYNAMICS WITH HUNGER STRUCTURE
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Abstract

We present, analyse and simulate a model for predator-prey interaction with hunger structure. The model
consists of a nonlocal transport equation for the predator, coupled to an ODE for the prey. We deduce a
system of 3 ODEs for some integral quantities of the transport equation, which generalises some classical Lotka-
Volterra systems. By taking an asymptotic regime of fast hunger variation, we find that this system provides
new interpretations and derivations of several variations of the classical Lotka—Volterra system, including the
Holling-type functional responses. We next establish a well-posedness result for the nonlocal transport equation
by means of a fixed-point method. Finally, we show that in the basin of attraction of the nontrivial equilibrium,
the asymptotic behaviour of the original coupled PDE-ODE system is completely described by solutions of the
ODE system. The present work is published in [1].

1 Introduction

The aim of the present work is to introduce a new model for predator-prey dynamics, which includes effects due
to predator hunger. Specifically, in the context of the classical Lotka-Volterra predator-prey dynamics with logistic

prey dynamics,

v = auw —u .
{w':,ﬁw(l—w—u) @

(where w is the predator and w is the prey), it is assumed that predator efficiency, represented by the term auw,
depends only on the values of v and w, and a nondimensional constant «. The same remark is true even in the
case of models allowing for more realistic functional responses than just cuw.

In nature, however, it is to be expected that the level of hunger of an individual (in whatever way that is defined)
will induce it to behave in distinct ways: when hunger is low, the predator feels sated and may allow itself to rest,
as is observed for instance in lions; in contrast, when hunger level is high, we may expect that a predator will try to
increase its efficiency — for instance, by hunting less desirable prey, or trying harder to capture prey — but only up
to a certain point, after which hunger will translate into an actual weakening of the individual and thus a reduction
of its fitness. Conversely, a sated individual can be expected to have a greater reproductive potential, and so it is
natural to assume that low values of hunger correlate with a greater fitness.

This leads us to propose the following system, which consists of a transport equation for the predator p(t, A),
whose population is structured by a hunger variable A € [0, 1], coupled with an ODE for the prey population w(t).
See [1] for more details.

Oep + O (o1 — agw)p) = pasB(z)

z),
u(t):/0+oop(t,)\)d)\, z(t) —(1/ p(t, \) dA,
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From eq. (2), we can deduce that the integral quantities of the system satisfy the following system,

v = azufB(z)
7 = a1 — aswz (3)

w' = w(l —w) — wuy(z)

where u is the predator, w the prey, z is the mean hunger, and in this work we explore the relationship of this

system to well-known predator-prey models from the literature.

2 Main Results
The definition of solution to the equation (2) is
Definition 2.1. A solution of problem (2) is a pair p,w satisfying for almost every t > 0, A € R,
L+ \Dplt, ) € LNR),  we CL(R,),
91 =m0 50 [ as5(:(6)) + aaui)as),
w'(t) = w(l —w) — wu(t)z(t),
po(A) >0, supppy C (0, +00), u(0) > 0, w(0) = wy > 0,

where M* denotes the action of the diffeomorphism generated by the characteristics. With this definition we

can prove the following well-posedness result:

Theorem 2.1. Suppose that w(0) > 0, po € C*(R) such that [, podX > 0, (1 + [A*)pp(A) € L'(R), and
supppo C (0,+00). Let 5(z) and v(z) verify some growth assumptions. Then, there exists a unique solution
of the system (2) in the sense of Definition 2.1.

The proof, found in [1], follows a fixed point method, and special care must be taken due to the nonlocal
character of the equations.

We further prove a result about the asymptotic behavior of the solutions, showing that they concentrate (under
some circumstances) on dirac deltas at some explicitly defined values, and provide numerica experiments to illustrate
our results.
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ON THE REGULARITY OF A SEMILINEAR HEAT EQUATION WITH DYNAMIC BOUNDARY

CONDITIONS
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Abstract

We consider the heat equation with dynamic boundary conditions. Using complex interpolation results by

Seeley and Grisvard, we characterize the typical interpolation spaces asssociated to the problem. Then we

provide sufficient conditions to define Lipschitz functions on those spaces. We apply our results to improve the

regularity of solutions and global attractors that can be found in the literature.

1 Introduction

Let Q C R™ be a bounded connected open set with C'* boundary I' = 9€2. In this talk, we will be concerned with

the following equation:

%:Au—)\lu—i—f(u), (t,x)ER+XQ7
ou du (1)
FTie Aru — o Aou+g(u), () € Ry x T,

U = Ug, tZO,Z‘Gﬁ,

where Ry = [0,00), A1, A2 > 0 and either A\; or Ag is strictly larger than 0. The operator A is the Laplacian, Ar is

the Laplace-Beltrami operator acting on I" and v is the outward unit normal vector field on the boundary. Due to

the presence of the Laplace-Beltrami, we say that the boundary condition is of reactive-diffusive type.

In our presentation:

e We first recall the typical function spaces that are used in the study of (1). We show how to define an analytic

semigroup and how to use it to write the equation as an abstract parabolic equation.

e We provide new interpolation formulas and we show how to define Lipschitz continuous functions on the

interpolation spaces.

e We provide new abstract results, based on standard arguments that, under suitable conditions on f and g,

can be used to obtain higher order regularity of the solutions and of the global attractor.

¢ Finally we show how similar problems can be treated similarly. In particular, we compare with the case where

we do not have the Laplace-Beltrami term, that is, the boundary condition is of pure reactive type. For this

case, some small, but important changes are necessary.

2 Main Result

In the presentation, our main aim is to explain the following result. In the presentation, our main aim is to explain

the following result.
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Theorem 2.1 (Main Theorem). Let s € [-1/p,1—1/p), p € (n,00) andn > 2. If f € C>Y(R) satisfies a dissipative
condition and g = f, then the solutions of (1) belong to C**(Q)NC**(T) for eacht > 0 and ug € H}(Q)N B, (T).
Moreover, a semigroup on H}(Q) N By, (L) can be defined with a global attractor contained in C**(Q) N CH*(T).

In the main theorem, C* is used to denote a function that is of class C*, whose the kth-derivative is Holder
continous.

Besides the main theorem, we show how some results found in the literature can be easily obtained, due to our
complete characterization of the interpolation spaces.

Finally, we also compare our results with the works of Gal, Meyries, Sprekels and Wu.
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DYNAMIC CONTROL ON THE BOUNDARY FOR A NONLINEAR PROBLEM
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Abstract

In this paper, we are interested in studying theoretical analysis for the stability of a vibrating beam of finite
length which is fixed at one end and free at the other end and with a dynamical boundary control. The position

u(x, t) of the point x of the beam, at the instant t, is governed by the following wave equation:

et (T, 1) — Uge(,8) + M (u(z,t)) =0, 0 <2z <1, ¢t>0
u(0,t) =0, ug(1,t) = —£(t), t >0

&)+ &) =w(L,t), t>0

u(z,0) = uo(x), ue(z,0) =ui(z), 0 <z <1, £0) =& €R

Where M : R — R, be such that s- M(s) > 0, Lipschitziana and derivable except a finite number.
The solution of problem is a pair of functions {u,(}, where u = u(x, t) depending on time t and spatial variable

x and & = £(t) is dependent only on t. The £(t) function denotes the dynamic control.

1 Introduction

In recent years, the study of mathematical models related to flexible structures subject to vibrations have been
significantly driven by an increasing number of issues of practical interest.
Among these models, those related to structural engineering stand out, which require active control mechanisms to
stabilize inherently unstable structures or have a natural damping.
When a vibrating source (deformation) disturbs the medium, one can control these vibrations by adding several
dampers, one option is dynamic damping.
The concept of dynamic control was introduced by automatists in the finite case dimensional (see Francis \cite{3}).
In the case of infinite dimension, the concept of dynamics of controls is considered as an indirect damping mechanism
proposed by Russell \cite{5} and, since then, it attracted the attention of many authors.
In \cite{6}, they theoretically studied the stabilization of one-dimensional wave equations with dynamic limit
control, and establishing, by a multiplier method, an optimal polynomial which gives an energy decay rate of the
type 1/(t + 1) . A numerical analysis for a locally damped equation was made in \cite{2}.
Introduce the energy space

HE(0,1) = {x € H(0,1), x(0) = 0}

‘We observe
H(0,1) C C[0,1]

Let us represent by G the function

G(s) = /05 M (r)dr
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The energy of system is defined by
1 ! 2 2 ! 2
O =5 ([ (usle, 0 + a0 +2 [ Glu)de + €0
0 0

2 Main Results

Theorem 2.1. Assume that yo € H5(0,1)NH?(0,1), v1 € H5(0,1)NH?(0,1), G(yo) € L*(0,1) and & = —yo(1).

Then, for each T > 0, there exist a unique solution to the problem under the following regularity
y € L™ (0,T, HE(0,1) N H?(0,1))
ye € L> (0,7, L%(0,1)) N L* (0, T, H(0,1))
yu € L (0,7, L%(0,1)) N L? (0,T, HE(0,1))
n,me € L= (0,T)NH' (0,1)

Yit — Yoo + M(y) =0, a.e.in (0,1) x (0,T)

y(0,1) =0, ya(1,2) = —n(1),

() +n(t) = y:(1,0),
y(0) = yo, ¥:(0) = w1 in (0,1)
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Abstract
We consider the wave equation with a type of logarithmic dispersion under effects of a strong damping.
This research is a part of a family of wave equations type that was initiated by Charao-Ikehata [1], Charao-
D’Abbicco-Tkehata considered in [2] depending on a parameter § € (0,1/2) and Piske-Chardo-Ikehata [4] for

small parameter.

1 Introduction

We consider in this work strongly damped wave equation under effects of a logarithmic dispersion depending on a

ter 6 as foll
baratneter v as fotows uy — Au+m?Lou — Auy =0, t>0, ze€R" (1)

u(0,2) =up(z), u(0,2) =ui(x), x€R", (2)
for 6 € (0,1] and m > 0. In this connection, § = 0 case is already studied by D’Abbicco-Tkehata [5], so one should
restrict the parameter 6 to the case § > 0. In this sense, this study is a kind of generalization of [5] to the general
6 € (0,1) through the logarithmic Laplacian type of dispersion term. Asymptotic behavior of the solution and its
optimal decay/growth property has been already discussed in [3,4] considering the operator logarithmic-Laplacian

included in the equation. Without loss of generalization we consider ug = 0.
The linear operator Ly : D(Lg) C L*(R™) — L*(R™), 60 > 0 is defined as follows

D(Lo) = {f €L*(R") | /R (log(1 + [€[**))?1 (&) Pde < +oo} =¥}

and (Lo f)() = Fb, (log(1 + ¢*)f(©)) (@), for f € D(Ly).
2 Main Results

The asymptotic profile as t — oo of the solution we consider to problem (1.1)-(1.2) is

12, sin (t/[€]2 + m2log(1 + [¢]29))
t, = P ot )
e(t,€) 1€ \/‘§|2—|—m2 log(1 + |€[?9)

The main result of this work is given by the following theorem.

3)

Theorem 2.1. Let |[uil1,0 := [|[(1+ |- |))uilli, n > 1 and 0 < @ < 1. Let ¢ the function defined in (3). Choose
up =0, and uy € LYY(R™) N L3(R™). Then there exists a positive constant C = Cy, 5, 9 such that the mild solution
u € C([0,00); HY(R™)) N C([0,00); L>(R™)) to problem (1.1)-(1.2) satisfies

n+8—66 n44—46

106 = ot P < gy (m2 PR 5 4 PR 2l gt 4 PR

+llun [ BRe a2t + [l |B2e), ¢ 20,

where a >0, B> 0 and v > 0 are constants and P, = fR" up (z)dz.
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As a result of Theorem 2.1, the following optimal L?-estimates to the solution of problem (1.1)-(1.2) hold.
Theorem 2.2. Under the same assumptions as in Theorem 2.1 the following statements are true.

(i) form =1 with 0 < 6 < 7, n=2with0 <0 <1andn >3 with 0 <0 <1, there exist positive constants
C1,C5 depending on n, 8 and m > 0 such that

Cy| Py

n—26
()1 < Ca(lhunlls + o) t7, ¢ 1,

(ii) forn=1 and % < 0 <1, there exist positive constants Cy,Co such that

4

W\Pﬂt 7 < ult, )|l <

260—1
t 20 t 1
= ﬁ(nulnl g )5, > 1,

(iii) and forn =1 and 0 = 3 orn =2 and 0 = 1, there exist positive constants C1,Cs such that

Cy
%IPllvlogt < lu(t, )| < *(HulHl + [Jua |1, 9) logt, t>1

Remark 2.1. The result of (i) in Theorem 2.2 implies decay estimates, and this comes from the stronger effect
with decay order t~% from the Gauss kernel e~t€°/2 in the low frequency zone, and the osscilation part gives a

small effect with growth order t2, while (ii) and (iii) of Theorem 1.2 reflect a stronger effect of the osscilation part

sin (£/[€]2 + m2log(1 + [¢[27))
VIEP + m?log(1 + [€]27)

of the profile, and the diffusion part is no effective. As a result one can get infinite time blow up results as t — oo

b

in (ii) and (iii). This reflects a singularity included in the solution itself. This kind of growth property has been

newly discovered to the equation (1.1).
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Abstract

In this manuscript we investigate a nonlocal transport $-1D model with supercritical dissipation in which
velocity is coupled via a composition of the Hilbert transform and Riesz potentials. We show blow-up in finite

time in part of the supercritical range based on suitable weighted estimates.

1 Introduction

In the present text we consider the initial value problem (IVP) for the -1D transport equation with nonlocal
velocity
910 — (A"PH0)0,0 + uA'0 =0 in T x (0,00) Q)
0(0,2) = Og(x) in T,

where 0 < 8 < 1,0 <y <2, u>0,and T is the 1D torus. The study of the IVP (1) is divided into three basic
cases that reflect the balance between the nonlinearity and dissipation: subcritical 1 — 3 < v < 2, critical y =1— 7
and supercritical v < 1 — f.

This IVP was initially considered by Bae, Granero-Belinchén e Lazar [1] that proved the global existence of
weak solutions in the critical and subcritical cases with nonnegative initial data 6y € L' N L>. Silvestre and Vicol
[4] obtained blow-up of solutions with 4 = 0 and 0 < 8 < 1. In addition, they analyzed some possible Holder
regularization effects and their consequences to and (1) with ¢ > 0. Li and Rodrigo [3] obtained new pointwise and
weighted estimates for the Hilbert transform as well as a number of nonlinear versions and reobtained blow-up of
solutions for (1) with y=0and 0 < 8 < 1.

In this work we focus on supercritical values of v contained in the range 0 < v < % with 0 < 8 < 1 and we

conclude blow-up of solutions in finite time via an approach inspired by [3].

2 Main Results

Here, for simplicity, we consider p = 1.

Theorem 2.1. Let 0 < <1 and 0 <y <1—p. Assume that 0 < v < % and let the initial data 6y be an even
Schwartz function. There exists a constant A(S,~) > 0 depending only on 8 and v such that if

[ Ol > a3 3) Gl + 1) W

then the corresponding solution 6 of (1) blows up in finite time.

Firstly, we recalling two weighted estimates whose proofs can be found in [3]. Let g : R — R be an even Schwartz

function. Then

_ /°° A=PHg(x) ~g’(x)e,$dx > C1(8) /Oo Mdm —CB)lglPe 0<B<1 (2)
0 0

x x2=B
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and

xty

/000 A7g(0) xmg(x)ezdx' < Cy() /0°° 1900 = 9@, <10 + ;) de 0<y<1, (3)

where C1 (), Ca(B) and Cs(7) are positive constants depending only on g or .

Proof Applying (3) and using assumption 0 < v < %, we can estimate

O AY — A7 S —
/ A0, = e(x,we_zdx‘ <o) / 00.0) — 0. <1o+1) .
0 0

xl+y

2 3
comie ([ B9 ] o))
< CO)lbollz~ + C(B,7) ( /[ <9<t,o>x; o ey, ) )

where C'(y) > 0 depending only v and C(f8,v) > 0 depending only on 8 and +.
0(0,t) — O(z,t
Consider J(t) = / %e‘rdaj. Computing J'(t) and applying (2) and (4), we conclude
0

[ee] _ T 2
7t >0) / (60 — 0@ D 1 (310612 — C)l1ol

2 x2=h
Ci(B) [*(80,1) = O(x,1))> _, LO(0) — 0(t,2)?
+ 5 /0 o e "dx — C(B,7) (/o o e dx) .

> (0(0,%) — 0(x, 1))?

By Holder inequality, we obtain C(8)[J(t)]* < / dx where C(8) > 0 depends only on 3.

0 z?=p
2
Since that the function f(z) = ClT(B)z — C(B,7)v/z reaches the minimum at zg = (%(1’6;%)) and f(zg) = —%,
we conclude that
J'(t) = CBI ) = C(B,7) 1ol +1)%, ()

where C(8) > 0 depends only on § and C(3,7) > 0 depends only on /5 and ~.

Now, choosing A(3,v) > 4/ Céf’ﬂf;) and considering J(0) > A(B,7) (||6o| = + 1) (see (1)), estimate (5) implies

J’(0) > 0 and that J blows up in finite time. Since J(t) < ||0.(t, )|/ L=, we conclude that ||6,(t, )| L~ must blow
up in finite time, as requested.
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Abstract

The goal of this note is to find a critical exponent for a class of a semilinear evolution equations with effective

scale-invariant time-dependent dissipation

Ut + (7A)O-'LL + t = ‘u|p7 'LL(O, m) = 0, Ut($,0) = Ul((l]), t 2 03 T € Rn (1)

1 i ¢
where 1 > 1, p > 1 and o > 1. A exponent p. is critical when it is possible to prove global existence (in time)
of small data energy solutions to p > p. and blow up in a finite time for 1 < p < p.. To achieve this goal we
use a fixed point argument in a special operator defined on a suitable function space. So we shall derive optimal
LP — L7 decay estimates, 1 < p <2 < ¢ < oo, for the solutions to (1).

The critical exponent p. for the global (in time) existence of small data solutions to the Cauchy problem
(1) is related to the long time behavior of solutions, which changes accordingly with u. In this presentation,
we consider effective dissipation, this means we suppose p > 1. Under the assumption of small initial data

w1 € L* N L?, we find the critical exponent pr(o,n) = 1 + 27", which is known as a Fujita type exponent.

1 Introduction

Let us consider the following Cauchy problem for the semilinear o-evolution equations with scale-invariant time-

dependent effective dissipation

Ut + (—A)UU —+

- i cup = [ul?, u(0,2) =0, w(0.2)=w@), t20, xeR" (2)
where > 1, 0 > 1 and p > 1. We discuss the global (in time) existence of small data energy solutions and blow
up results to (2).

It is well known that the size of the parameter pu is relevant to describe the asymptotic behavior of solutions.
When g > 1, this model is related to the semilinear corresponding heat type equation. This can be explain by the
diffusion phenomenon.

For 0 = 1 and constant coefficient case, in [6] the authors proved global existence of small data solutions for
the semilinear damped wave equation ug — Au + uy = |ulP, w(0,2) = ug(x), u¢(0,2) = uy(z), in the supercritical
range p > 142/n, by assuming small initial data with compact support from the energy space. The compact support
assumption on the initial data can be weakened. By only assuming initial data in Sobolev spaces, the existence result
was proved in space dimensions n = 1 and n = 2 in [4], by using energy methods, and in space dimensions n < 5
in [5], by using L" — L9 estimates, 1 < r < ¢ < co. Nonexistence of the global small data solution is proved in [6]
for 1 <p < 1+2/nand in [8] for p=1+2/n. The exponent pr(n) =1+ 2/n is well known as Fujita exponent and
it is the critical index for the semilinear parabolic problem [3]: v; — Av = vP v(0,2) = vo(z) > 0. The diffusion
phenomenon between linear heat and linear classical damped wave models, see [5], explains the parabolic nature
of classical damped wave models with power nonlinearities from the point of view of decay estimates of solutions.
In [7] the author considered a more general model uy; — Au + b(t)uy = 0, u(0,z) = uo(x), we(0,z) = uy(z), with
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a class of time dependent damping b(t)u; for which the critical exponent is still Fujita exponent 1 + 2/n for the
associate semilinear Cauchy problem with power nonlinearity |u|P (see [2] and [1]).

The main goals in this presentation are to derive LP — L4 estimates and energy estimates for solutions to the
linear Cauchy problem associated to ((2)) and to obtain the critical exponent for the global (in time) existence of

small initial data energy solutions.

2 Main Results

The following results show us that for p > 1 the critical exponent for the Cauchy problem (2) is given by a Fujita
type exponent pp(o,n) =1+ 270

Theorem 2.1. Leto > 1, n < 20 and p > max{% + nf_ga;l}, w# %” and jp # 2 +2. ]f1—|—27‘7 <p< m =
9 then there exists € > 0 such that for any initial data u; € A = L*(R™) N L*(R™), |Ju1||a < €, there exists a
unique energy solution u € C([0,00), H°(R™) N L=(R"™)) N C1([0,00), L2(R™)) to (2). Moreover, for 2 < q < qo

the solution satisfies the following estimates

no

_mn (11 — min
llu(t, Mlpe S 0+ 6730 ][, JJult, loe S (148758 |juy || 4,

utt Mgze + 195tz S @+ 07 EE g4, e 20,
For the sake of simplicity, in the next result we restrict our analysis for integer o.

Theorem 2.2. Letoc €N, p>1 and 1 <p <1+ 22 Ifu; € L*(R") such that [, wi(z)dx > 0, then there exists
no global (in time) weak solution u € LT ([0,00) x R™) to (2).
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Abstract

This work aims to present a study of the dimensional correction in fractional order diffusion equations by the
insertion of a new parameter. Fractional versions of classical integer-order equations are obtained by including
a fractional-order derivative or by replacing an integer-order derivative with a fractional one. Such procedures

generate an imbalance in the modeling that needs to be corrected.

1 Introduction

In the literature there are several well-established formulations for fractional derivatives, for example those of
Riemann-Liouville, Griinwald-Letnikov, Caputo, Riesz, among others [1]. The appropriate choice of the fractional
derivative in a given model involves a detailed analysis of the operators and their adequacy to the characteristics
of the phenomena studied. However, in order to choose the formulation, it is not enough to introduce a fractional
derivative, or substitute an integer derivative for a non-integer one, in the classical equation under examination. The
fractional approach also requires considering the necessary adjustments in order to maintain the correct dimension
of the equations. [2].

The fractional differential equation (2) is somehow proposed from the classical equation of integer-order diffusion

Ou(z,t) O%u(w,t)

= ’ <
5 K 522 + flz,t), O0<z<L, 0<t<T, 1)

where K is the thermal diffusivity, and this parameter in the international system (SI) has a dimension equal to
(K] =m?/s.
The formulation of the fractional diffusion equation (2) is done by applying the fractional derivative to the

diffusion term, as follows:

- Ox?

u(z,t) 1 0% Kagu(x,t)
ot Tt

>+f(a:,t), O<z<L, 0<t<T, (2)

where the unit of the parameter 7 is time.

The introduction of the fractional order « in (2) generates a dimensional imbalance, since the integer-order

differential operators %, %, and the arbitrary (%, in the SI have respectively the dimensions [%} = 571,

[%} = m~2 and [j%] = s~ %. Therefore, the dimensional adjustment performed in (2) was performed by
1

oo

introducing together with the fractional derivative operator, which generates dimension cancellation fraction

in the equation.
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2 Main Results

A numerical approach by the finite difference method to the problem of initial values and boundary with (2) leads
us to the study of the influence of the parameter 7 on stability, convergence and uniqueness. Here we will stick to
the Fractional Diffusion Equation (FDS) with fractional derivative according to Riemann-Liouville

R DL S0 1= s [ (=97 () 0

where m is the positive integer that satisfies m — 1 < a < m.

We apply the backward and centered differences to (2) to approximate the integer derivatives, while the
Griinwald-Letnikov operator approximates the Riemann-Liouville operator. We thus obtain a regressive Euler
method [4]. The computational mesh in the domain of (4a) is defined by z; :=iAz, i=0,1,...,M, L= MAzx,
t, :=nAt, n=0,1,...,N, T = NAt, being the discrete system of evolution determined with the

Ur—urt K & urk —ourt 4 unt
= TZw(k)<“ : S L (n=0,1,...,N; i=0,1,...,M),  (4a)

At At poe Az?
U = ¢(x;) (i=0,1,..., M), (4b)
Up =1(t,) (n=0,1,...,N), (4c)
Uy =r(ta) (n=0,1,...,N), (4d)

where U" is the approximation of u(z;,t,), w(k) = (=1)"(%) e fI'= f(zi,tn).
Theorem 2.1. The implicit regressive Euler method (4) is unconditionally stable.

The proof of this theorem was accepted for presentation at the XLI National Congress of Applied and
Computational Mathematics (CNMAC 2022). By replacing backward differences with advanced differences in

(4a) we have an explicit scheme, the progressive Euler method.
Theorem 2.2. The explicit progressive Euler-type method is stable if
At /T \@ 1
Ko (x) < 5ma
Az2 \At/) — 2lta
The proof of this theorem was submitted to the XLIII Ibero-Latin American Congress on Computational

Methods in Engineering (CILAMCE 2022).
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Abstract

In this work, we will present the self-affine fractals, introduced in [1], as a generalization of the concept of self-
similar fractals, discussed in [2], and then we will state Falconer’s theorem, which presents a method to calculate
the Hausdorff dimension of self-affine fractals (demonstrated in [1]). Finally, as a main result of this work, we
will also show a python code that facilitates the computational implementation of the method described by

Falconer and we will apply it to the example of Barnsley’s fern.

1 Introduction: self-affine fractals

A iterated function system (IFS) consists of a complete metric space (X,d) equipped with a finite collection
{51,..., Sk} of contractions S;: X — X, with j =1,..., k, and will be denoted by {(X,d); S1,...,Sk}. In general,
fractals are defined as fixed points of a IFS. Defining fractals using IF'S makes it easier to calculate the dimension,
since many fractals are made up of a collection of copies of themselves. Associated with an IFS, we will consider
the Hutchinson operator H: K(X) — K(X), where K(X) = {A C X : A is compact}, and, for each K € K£(X),
H(K) = U?:l S;(K). An elegant application of Banach’s fixed point theorem shows that there exists a unique
non-empty éompact set F C R™ such that F = Ule Si(F). The set F is called an invariant set (self-similar
fractal) by IFS. The Moran-Hutchinson theorem assures us that if Sy, ..., Sk are similarities that satisfy the open
set condition (see [1]), then the similarity dimension — which is the unique real number s such that Zle A =1
— coincides with the Hausdorff dimension of F, which we will denote by dimg F.

In order to generalize this result, instead of considering only similarities, we will consider that the applications
S; are affines, that is, that, for each € R", S;(z) = T;(x) + a;, where S;: R” — R" is a linear transformation,
and a; is a vector of R™. In this context, for each a := (a1, as,...,a;) € R™, the invariant set F(a) (which is the
self-affine fractal) is such that F'(a) = U, wi(a), where Joo := {(i1,42,43,...) : VI € N, 1 < iy < k}, and, for
each i € Juo, xi(a) = lim, oo (T3, + as,)(Tiy + a4y) - .- (T3, + @i,.)(0).

2 Falconer’s theorem: the method for calculating the Haudorff dimension of self-affine fractals

In this section, we will enunciate important definitions and results for understanding Falconer’s theorem. In what
follows, we will consider linear transformations from R"™ to R™, which we will assume to be non-singular. We
will denote the singular values of a linear transformation 7' € L(R™) by «,...,ak. Furthermore, we will adopt
the convention that 1 > a7 > ... > ai > 0 to sort the k singular values of the transformation. For r > 1, let
Jr = {(wy,...,w.) : 1 <wp < k} be the set of sequences of size r formed by the integers from 1 to k. We denote
the set of all finite sequences by J (note that J := (J — J), the member (w1, ..., w,) of J by w and the number
of terms in w € J by |w]|. Next, we will define the singular value function, which will be important to construct an

exterior measure on the set J.
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Definition 2.1. The singular value function ¢)(T): [0, +oo[— R is defined so that, for every s € [0, +oo],

1, ifs=0
O(T) =<y g ... apm_1-as ™t where m € N is such thatm —1<s<m, if0<s<n . (1)
(a1 Qg .c.-ay)n, ifs>n

From the singular value function, it is possible to construct an outer measure in J, in a similar way to the
construction of the Hausdorff measure. Let u € J,., u = (u1,us,...,u,), 7 € N. We define the cylinder N, of size
u as follows: Ny, :={j € Joo;u < j} (u € J is said to be a shortening of j € J, if there exists a j' € Jo such that
j =wu-j', in this case, we also say that u < j); furthermore, we say that a set of finite sequences A is a cover for
Joo if Joo € Uyeca Nu- Fixed s, and given U € P(J) (where P(Jy) is the set of parts of J), for each r € Z,
define ME(U) :=inf {3, ¢*(Tu) : U C Uyea Nu, [u| >}, where T, :=T,, 0Ty, 0...0T,,. We will use the outer
measure M? to define a dimension d(7T1,...,T}), called the Falconer dimension of F.

Proposition 2.1. The following numbers exist and are all the same.
1. inf{s : M5(Js) = 0} = sup{s : M:(Js) = 0},
2. The unique s > 0 such that lim, o[>, ¢ (T)] =1,
5. int{s : Yoy 6°(T) < o0} = supls : ey 6°(Th) = o0}
We denote this common value by d(Th,...,Tx).
Theorem 2.1. (Falconer). Suppose that ||Ty|| < 3 for any 1 <€ < k. Then, for almost all a € R™ (relative to
the nk—dimensional Lebesgue measure), dimpy F(a) = min{n,d(T,...,Tx)}.
3 Application to the Barnsley’s fern example

Barnsley’s fern is generated by the applications S, ..., Ss: R? — R? such that, for each (z,y) € R?,

0 0 z 0 0.85 0.04| |z 0
Si(z,y) = [0 0'161 M + M » Sa(z,y) = [_0.04 0.85] u - [1,6] ’

0.2 -0.26]| |z 0 —0,16 0,28| |« 0
+ e Sy(z,y) = + .
023 022 | |y 1,6 0,26 0,24 |y 0.44

Inserting the values into the implemented algorithm, we observe that, for values of s between 1 and 2, ranging

S3($7y) =

from 0.1, and for k=5, the Hausdorff dimension of the Barnsley’s fern converges very fastly to values between 1.7
and 1.8. Taking the values for s between 1.7 and 1.8, varying from 0.01, we conclude that the Hausdorff dimension
is between 1.74 and 1.75. Finally, using values of s between 1.74 and 1.75, ranging from 0.001, we conclude that

the Hausdorff dimension is approximately 1.742.
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Abstract

The main purpose of this work is to give a detailed proof of the fact that the space of regular multilinear
operators between Banach lattices with Dedekind complete target space is a Banach lattice with the usual
operator order and the regular norm. In [1] D. H. Fremlin showed that this result holds for spaces of bilinear
operators using the (Fremlin) positive projective tensor product. We prove the general case of multilinear
operators using a different approach by induction, in which the use of the positive projective tensor product is

not necessary.

1 Introduction

For Riesz spaces F1,...,E, and F, an n-linear operator A: Fy X --- x E,, — F is positive if A(z1,...,2,) >0
for all z1,...,2, > 0. And A is said to be regular if A is the difference of two positive n-linear operators. The
vector space of all such regular n-linear operators is denoted by L, (F1,...,E,; F). When Fy,..., F, and F are
normed Riesz spaces, we denote the space of all continuous regular n-linear operators by L£,.(E1, ..., E,; F), where
the norm of F; X -+ X E, is any of the usual equivalent norms || - ||2, ] - ||1, ]| - || co-

Fremlin developed in [2] the theory of tensor products of Riesz spaces to show that L,.(Eq, Es; F') is a Dedekind
complete Riesz space when F' is Dedekind complete. Since then this space is referred to as the Fremlin tensor
product. In [1], under the assumption that E, Eo and F are Banach lattice, he showed that the space L,.(E, Ea; F)
of regular bilinear operators is a Banach lattice with the regular norm, which is defined by

[l = A = sup{[[ |Al(z1, 22)[| : [Jil] < 1,4 = 1,2}

for any A € L,.(F1, E2; F'). He did so by considering the completion of the Fremlin tensor product endowed with
the positive projective tensor norm.

The general case of multilinear operators is also true and it is usually proved through the Fremlin tensor product
in the case of Riesz spaces and the positive projective tensor product in the case of Banach lattices. Another way
to show these results is apply induction starting with the linear case, as Loane did in [3] to provee that the space of
regular multilinear operators between Riesz spaces is a Riesz space. In this work we follow this induction approach
to prove that the space of regular multilinear operators between Banach lattices is a Banach lattice with the regular
norm. It is worth mentioning that the corresponding result for the space of homogeneous polynomials can also be

proved by induction, for details see [4].

2 Main Results

The starting point of our induction process is the following linear result. For a proof, see [1] or [4].

Theorem 2.1. If E and F are Banach lattices with F' Dedeking complete, then the space L,.(E; F) of regular linear

operators is a Banach lattice with the reqular norm.
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To pass from the linear case to the multilinear case by induction, the following canonical isomorphism between

linear spaces is essential. Let F1, ..., E, and F be linear spaces. For each fixed 1 < i < n define
®;: L(Ey,...,Ey;F) — L(E; (B4, ..., Ei_1,Eiy1,...,Ey; F)) , ®;(A) =LY,
where LY is the linear operator given by
Liy(z) (21, s i1, Tig1y .y ) = A1, .00, ).
Recall that a norm || - || on a Riesz space E is a lattice norm if the following holds:
z,y € E and || < [y| = [lz]| < [ly].

In this case, E is called normed Riesz space. If the norm || - || is complete, then we say that E is a Banach lattice.

The following classical spaces are Banach lattices with their usual orders: cg,p, L,(1t),1 < p < 00, C(K).

Proposition 2.1. Let E1,..., E, be Banach lattices and let F' be a normed Riesz space. Then
L.(E1,...,E;F)=L.(F1,...,E.; F),
that is, every reqular multilinear operator A: E1 X --- X E, — F' is continuous.

Note that if Ey,..., E, and F are ordered linear spaces, then the linear space L(E1, ..., Ey; F), equipped with
the partial order
A< B<= (B—A) Iis positive,

is an ordered linear space.

Corollary 2.1. Let Ey,...,E, be Banach lattices and let F' be a Dedekind complete normed Riesz space. Then
L.(F1,...,E.; F) is a Dedekind complete Riesz space.

Theorem 2.2. Let E4,..., E, be Banach lattices and let F' be a normed Riesz space. Then
ﬁr(El, ey En; F) e ,CT(El; ET(EQ, ey En; F))
are canonically isomorphic as linear spaces.

Theorem 2.3. Let Ey, ..., E, and F be Banach lattices with F' Dedekind complete. Then L,.(E1,...,E,; F) is a
Banach lattice with the regular norm (r-norm)

1Al == [[Alll = sup{[[|A[(z1, ..., zp)||: [lzi]l <1, 1 < <n}.
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ISOMETRIC ACTIONS ON Lp SPACES AND THE PROPERTY OF UNBOUNDED ORBITS
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'IME, USP, SP, Brasil, giulia.fantato@ime.usp.br.

Abstract

This is a summary of the main results that are being developed in a master’s thesis in the field of Functional
Analysis. The central direction of study is to detail a theorem and its corollaries from the recent paper [1] by
Marrakchi and de la Salle (2020). These authors show that for every locally compact group G, there is a critical
constant pg € [0, 00] such that G admits a continuous affine isometric action in an Ly-space (0 < p < co) with

unbounded orbits if, and only if, p > pa (or p > pg).

1 Introduction

Studies such as [2],[3],[4] and [5] led us to expect that for a given topological group G, it should be “easier” to act
isometrically on an L,-space when the value of p gets larger. This is what the main theorem in [1] states.

As shown in the paper, for every locally compact group G, there is a critical constant pg € [0, 00] such that
G admits a continuous affine isometric action in an L,-space (0 < p < oo) with unbounded orbits if, and only if,
p = pa (or p > pa).

Such result is the leading object of study of the master’s thesis.

Here, L, space means L,(X,u), for (X, u) a fixed standard measure space. Also, isometries are considered

affine, not necessarily linear.

2 Main Results

The main following theorem was proved by Marrakchi and de la Salle in [1].

Theorem 2.1. Let G be a topological group and 0 < p < q < oo. Then, for every continuous affine isometic action
o G~ Ly, there is a continuous affine isometric action 5 : G ~ Ly such that Hozg(O)HIIip = ||ﬁg(0)||qu, for all
g€ G.

Such theorem implies that if a group G has a continuous action by isometries on an L, space with unbounded

(resp. metrically proper) orbits, then it has the same action on the corresponding L, space for ¢ > p.
Corollary 2.1. Let G be a topological group. Then,

1. The set of values of p € (0,00) such that G admits a continuous action by isometries on an L, space with

unbounded orbits is an interval of the form (pg,o0) or [pa, ) for some pg € {0} U[2, 00].

2. The set of values of p € (0,00) such that G admits a proper continuous action by isometries on an L, space

is an interval of the form (p,00) or [pg,00) for some py; € {0} U [2, 00].
Theorem 2.1 also can be applied to the group of affine isometries of L, and we get the following

Corollary 2.2. Let 0 < p < ¢ < co. Then Isom(L,) is isomorphic as a topological group to a closed subgroup of
Isom(Lyg).
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For a topological group G and p > 0, KP(G) denotes the set of all continuous functions ¢ : G — R of the form
P(9) = ||ayg (O)HZZP for some continuous affine isometric action « of G on some L,, space.

If #: G ~ V is a continuous linear representation of a topological group G on a topological vector space V,
we denote by Z1(G,m, V) the set of all continous 1-cocycles, that means, all continuous maps ¢ : G — V such that
c(gh) = c(g) + m4(c(h)), for all g, h € G.

To prove Theorem 2.1, the following proposition is necessary

Proposition 2.1. Let G be a topological group, p > 0 and ¢ € KP(G). Then, there exists a continuous nonsingular
action o : G ~ (X, ) and a cocycle ¢ € Z' (G, oP*, L, (X, 1)) such that ¢(g) = ||c(g)||’£p, forallg € G.

First we prove this proposition for p = 2 and then separately for p # 2. Also, oP* is a continuous linear

isometric representation of the group G on L, which is given by

d [(Ug)*ﬂ]) ’ O_g(f)

() = (5

It

for every g € G and f € L,(X,u), where d‘:+u)*‘4 is the Rado-Nikodym derivative of the pushforward measure

(0g)«pt with respect to f.
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ABSTRACT DIFFERENTIAL EQUATIONS WITH Lg’o‘—H(")LDER AND L%IP—LIPSCHITZ
NON-LINEAR TERMS
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Abstract
We introduce a class of L**-Holder and L%’Q—Hélder functions and study the regularity of mild solutions for

abstract differential equations assuming that the non-linear term is a function cited above.

1 Introduction

We introduce the class of L%’Q—Hélder functions and study the regularity of the mild solution to abstract ordinary
differential equation described by:

u'(t) = Au(t) + f(t), t€[0,a], u(0) =€ X (1)
where X is a Banach space, A : D(A) C X — X is the generator of an analytic Cy-semigroup of bounded linear
operators (T'(t))i>0 on X and f : [0,a] — X is a LP*-Holder function.

Using the notations above, we admit, for sake of simplicity, that 0 € p(A), and for n > 0 we denote (—A)" and
X, the n-order fractional power of A and his domain with the norm defined by ||z||, = ||[(—A)"||, respectively. We
also assume that C;,C,, (i € N) are constants such that || A'T(¢)|| < & and |[(—A4)"T(t)| < Su for all t € (0, al.

tn

2 Main Results

To begin we introduce the mentioned function class, next we state the regularity of mild solution to problem (1).

2.1 L**-Hélder, Ly“-Holder and L]

Lip-Lipschitz functions.

In the next definitions (Y3, - ||lv;), ¢ = 1,2 are Banach spaces and ¢ > 1.

Definition 2.1. Let P : [¢,d] X Y1 — Y3 be a function. Assume that there is a € (0,1], a integrable function
[Py : [e,d] x [e,d] — RT and a non-decreasing function Wp : Rt — RY such that [P]. .y, [Py, and [P].q)
belongs to LP([c, t];R™Y) for all t € (c,d], and

1P(t,2) = P(s,9)ly, <Wpmax{[[z]y,; [yllvy D[Pl (1t = s|* + Iz = ylly,),

orallz,y €Y, andc<s<t<d. Ifa € (0,1), we say that P(-) is a LY*-Holder function and a L% . -function i
Lip

a=1.

Next, we use the notations L?*([c, d] x Y1;Y2) and L7, ([c,d] x Y1;Y2) for the sets formed by all the L%*-Holder

functions and by all the L7, - Holder functions defined from [0, a] x Y7 into Y5.

Definition 2.2. Let P : [¢,d] x Y, — Yabe a function and o, 0 € (0,1). We said that P(-) is a L{“-Hélder function
if there is an integrable function [P](. .y : [c,d] X [¢,d] — RY and a non-decreasing function Wp : RT — Rt such
that the function s — L2 belongs to LP([e, t];RY) and [P0y € LP([c,t];RT) for all t € (c,d], and

S

[P} t,s a
|P(t,2) = P(s,y)llva < Wemax{[lellva, Iyl ) =g (It = 5| + ] = yllva).

forallz,y € Y1 and c < s <t <d.
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Next, LE*([e,d] x Y1;Y>2) denotes the space formed by all the L “-Hélder function in C([c, d] x Y7;Y3).
Example 2.1. We now cite several examples concerning the definitions above.
o Forp>1, f:]0,a] — R given by f(t) = {/t, belongs to L7,,([0,al;R) if ¢ € (1,p).

e Let f:[0,1] — R be the function defined by f(t) = tsin( 1/) fort >0 and f(0) = 0 therefore f € L7, ([0,1];R)
foralll < g <p.

g

e Let f :[0,1] — R be the function given by f(t) = t~% and f(0) =0 withp > 1. Then f € L‘I’%([O7 1)) 4f
p > 2q.

o Assume that f € L%*([a,b]) and that G € C(X;X) is locally Lipschitz. Then H(t,xz) = f(t)G(z) €
L?%([a,b] x X; X).

o The sets L9([c,d] x X;Y), LE([c,d] x X;Y) and L, ([c,d] x X;Y') are vectorial spaces.

2.2 Regularity of mild solutions to abstract differential equations with L?“ non-linear terms

To finish we only cite on regularity result that we proved and is going to be submitted to publication soon.

Consider the abstract ordinary differential equation
u'(t) = Au(t) + f(t),t € [0,a], u(0) =z € X. (1)

If f e L2([0,a]; X) N LP(]0,a]; X ), it obvious that there exists a unique mild solution u € C([0,a] : X) of the
problem (1) defined on [0, a.

Proposition 2.1. Let f € L9([0,a]; X) and u(-) be the mild solution of (1) on [0, al.
(@) If zo € X and sup,¢(g 4 ||(t[i].(+ja||lzl([0,t}) < 00, then u(-) is a strong solution and v’ € L1([0,al; X).

If in addition to the conditions in (a), f € C([0,a]; X), [fl@s(t —5)* — 0 as s Tt for all t € [0,a] and
A = sup,eio,a) Ifl(s,) | Lao,s)) is finite, then we get:

() If u = (1 —2(1 —a)g) > 0 and AT()xo € CP([0,a]; X), then u(-) is a classical solution and u' €

gmin{8,a,1—a, 2}
min{a,B8} ([O’GLX)

(¢) fp=(1-2(1—a)¢) >0, xo € D(A) and Azo+ f(0) € Xz for some B € (0,1), then u(-) is a strict solution
on [0,a] and v’ € LT Fetm5 (0, g]; X).
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ESTIMATING THE NUMBER OF SOLUTIONS FOR A SYSTEM OF THE TYPE
SCHRODINGER-BOPP-PODOLSKY USING THE LJUSTERNIK-SCHNIRELMANN CATEGORY
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Abstract
In this work we found an estimate for the number of solutions for a Schrédinger-Bopp-Podolsky system
—2Aw + V(z)w 4+ Yw = f(w)
(P:)

—2 Ay 4+ * A% = drew?

where ¢ > 0, and V : R®* — R, f : R — R satisfying certain conditions. Using variational techniques,we
prove that the number of solutions is rated lower by the Ljusternik-Schnirelmann category of M, i.e., the set of

minima of the potential V.

1 Introduction

In this work, using the original ideas developed in [1], [2] and [3], we show the existence and multiplicity of solutions
for the following problem in R?
—Au+V(ex)u+ ou = f(u),
—A¢+ A2¢p = dmeu.

which is obtained after a change of variables.

The hypotheses of the problem about the potential V' and the non linearity f is

V1 V :R3 = R a continuous function such that

0< I%ignV =V < Voo := liminf V € (Vp, +o0],

|| —+o00

with M = {z € R®: V(2) = Vu} smooth and bounded,

fl f:R — R a C'-function and f(t) =0 for t <0,

£2 lim,o 29 =0,

3 exists go € (3,2* — 1) such that lim; 4 % = 0, where 2* = 6,

f4 exist K > 4 such that 0 < KF(t) := Kfot f(r)dr <tf(t) for all t > 0,

f5 the function ¢ +— % is strictly increasing in (0, +00).

Such hypotheses are very common for working with variational methods, the Nehari manifold and Palais-Smale
sequences.
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2 Main Results

Theorem 2.1. Under the assumptions (V1), (f1)-(f5), there exists an €* > 0 such that for every ¢ € (0,&*],
problem (Pyarepsiton) possesses at least catM solutions. Moreover, if catM > 1, then (for a suitably small €) there

exist at least catM + 1 solutions.

Proof The first step to demonstrate the Theorem 2.1 is the definition of a functional associated to the problem

(Pyarepsiton) for the search of weak solutions, namely

1 1 1 1 1
Ia i 2 - 2 - 2 - 2_ - A 2_/F
(u8) = 319l + 5 [ Viern® + 5 [ 60— 19018~ 118013 - [ Flw,

and the next step is through a usual reduction argument, treat the functional as a functional of just one ”variable”

L(u) = %nwng + % /V(sx)u2 + i /¢uu2 _ /F(u).

After that, several properties of compactness and the existence of solutions for the functionals involved are
demonstrated, where one of the most important results is the existence of a ground state solution for the problem
(P.).

An important application in the proof of the 2.1 theorem is the barycenter map

puto) = DD s

which will serve in the analysis of certain sections of the Nehari manifold and in the homotopic equivalence relation
between M and a given set containing M, denoted M ™.

Using results from the Ljusternik-Schnirelmann theory, together with the validity of the Palais-Smale sequences,
the existence of cat(M) critical points of I, restricted to the Nehari manifold of the problem, guarantees the existence
of at least cat(M) solutions of (P.).

Finally, considering cat(M) > 1, the existence of another critical point of I. comes from showing the existence
of a set that is not contractible in one sublevel of the Nehari manifold, but contractible in another level. Which

guarantees the existence of at least cat(M) + 1 solutions of (P.).

References

[1] V. BENCI, G. CERAMI & D. PASSASEO. - On the number of the positive solutions of some nonlinear elliptic
problems., Nonlinear Analysis, Pisa, 10, (1991), 93-107.

[2] V. BENCI, G. CERAMI. - The effect of the domain topology on the number of positive solutions of nonlinear
elliptic problems., Arch. Rat. Mech. Anal, 114, (1991), 79-93.

[3] V. BENCI, G. CERAMI. - Multiple positive solutions of some elliptic problems via Morse theory and the domain
topology., Calculus of Variations and Partial Differential Equations, (1994), 29-48.

[4] COSTA, R. H. & SILVA, L. A. - Ezistence and boundary stabilization of solutions, Analysis Journal, 10, (2010),
422-444.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
IME-USP - Instituto de Matemaéatica e Estatistica da Universidade de Sao Paulo
XV ENAMA - Novembro 2022 147-148

NUMERICAL BEHAVIOR OF THE SET OF EQUILIBRIA FOR A NONLINEAR PARABOLIC
PROBLEM WITH TERMS CONCENTRATED AT THE BOUNDARY

DANIEL MORALES!

nstituto de Matemética e Estatistica, USP, SP, Brasil, morales.daniel@ime.usp.br

Abstract

In this work, we analyze the behavior of the solutions of a nonlinear parabolic problem, when some reaction
terms are concentrated in a neighborhood of the domain boundary and this neighborhood shrinks to the boundary
as a parameter goes to zero. More precisely, we prove the continuity of the equilibrium set of the nonlinear
parabolic problem. The equilibrium points are the solutions of a nonlinear elliptic problem associated to the
parabolic problem. Moreover, some numerical simulations will be presented to illustrate the behavior of these

solutions.

1 Introduction

Let Q C R™, n > 2, be an open bounded smooth set with a C? boundary 9. We define the strip with width e and
base 012, as
we={z—oni(z): €00 e oel0e}

for e small enough, say 0 < € < ¢y, where 7i(z) is the outward unit normal vector at z € 9€.
The set we has Lebesgue measure |we| = O(€) with |we| < ke|0Q|, for some k > 0 independent of €. Also, for
small €, w, is a neighborhood of the boundary 99 in ©, that shrinks to 9Q when the parameter ¢ — 0, see Figure 1.

png

Figure 1: The bounded open set €2 and the e-strip we.
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In [1,2] was studied the behavior, for small €, of the solutions of the nonlinear parabolic problem with

homogeneous Neumann boundary conditions, given by

86;; — Auf 4+ Mt = f(z,u) + lxwe (z)g(z,uc), in (0,00) x Q
€
ou®
= 1
o7 0, on (0,00) x 0N (1)
u(0) = o € H'(),

where A > 0 and x,, is the characteristic function of the set w.

1
We refer to the term —x,,.(x)g(z,u) as the reaction (which is not linear) concentrated in the strip w..
€

Assuming that the nonlinearities f,g: Q x R — R satisfy critical growth, sign and dissipative conditions given
in [1,2], the authors proved that the limiting problem of the concentrated problem (1) is given by the following
parabolic problem with nonlinear Neumann boundary conditions

O’ 0 0 0 :

5 — Au” 4+ M’ = fx,u), in (0,00) x Q

ou? 0

-7 2
57 glx,u’), on (0,00) x 90 (2)
u’(0) = o € H'(Q).

The authors showed the global existence and uniqueness of solutions u€ of (1) and (2), 0 < e < €, in Sobolev space
H'(Q) with initial condition ¢o € H ().

Thus, we pretend to continue the work [1,2], proving the continuity of the family of equilibria in H(2), which we
will denote by {&}ce[o,e,], of the nonlinear parabolic problems (1) and (2). Moreover, some numerical simulations
will be presented to illustrate the behavior of the set {€c}ecjo,e,] @S € goes to zero. As far as we know, these
simulations are the first of their kind and represent one of the great contributions in this research. This work is in
partnership with Gleiciane da Silva Aragao.
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Abstract
In the present work we are concerned with the following Kirchhoff-Choquard-type equation
—M([Vull3)Au + Q@)u+ p(V(| - )+ u)u = f(u) in R,

for M : R - R given by M(t) = a+ bt, p > 0, V a sign-changing and possible unbounded potential, Q a
continuous external potential and a nonlinearity f with exponential critical growth. We prove existence and
multiplicity of solutions in the nondegenerate case and guarantee the existence of solutions in the degenerate

case.

1 Introduction

Equations of Kirchhoff type have been exaustively studied by mathematicians since its importance and applications.
In this work we combine Kirchhoff and Choquard equations and consider a general indefinite internal potential than
the logaritmic one. We will denote RT = {t € R; ¢ > 0}, V= = max{—V,0}, VT = max{V,0} and, in order to
prove the existence and multiplicity results, we ask for:
(M) M:R—=R given by M(t)=a+bt,forall teR,with a >0 and b>0ora=0 and b>0.
(V1) There are real functions aj,as : RT™ — R such that a; € L®(R"),a19 = ggg ai(t) > 0,a209 = tier];{f+ as(t) >
0 and

ar(t)In(1+t) < V() <ag(t)In(1+1),¥ ¢ > 0.

(V) There exists a real function as : Rt — R such that as(t) > 0 in a subset of R* with positive measure,

az € L*(R),
Vt>0 and or

az(t) = t=*, for some \ € [1,3) and for all ¢t > 0,
V3) There exists an open subset Z C R* such that V(t) < 0 for all ¢ € Z.
Q) Q € C(R% R), inﬂg2 Q(z) = Qo > 0 and there exists p € (1,00] such that Q € LP(R?).
€

fi) fe C(R R), f(0) = 0 and has critical exponential growth with oy = 4.

! |f ()]
) o [
)
)

o

=0, for some 7 > 1.

f3) There exists 6 >4 such that f(¢)t > 0F(¢t) >0, for all ¢t € R\ {0}.
fa) There exist ¢ >4 and C; > 0 such that F(t) > Cyt|?, for all t € R.

Then, in order to get multiple solutions for (P), we are going to apply a symmetric version of mountain pass

(
(
(
(
(
(

theorem. To do so, we need to change condition (f1) by the following.
(f1)f € C(R,R), f(0) =0, f is odd and has critical exponential growth with g = 4.

In the degenerate case we also need some changes in the hypotheses for f.

() 1 £ ()]

0 7
(f4) There exists 6 > 8 such that f(t)t > 0F(t) > 0, for all ¢ € R\ {0}.

= 0, for some 7 > 3.
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2 Main Results

In this section we present our main results, concerning the existence and multiplicity results for equation
—M([Vall3)Au+ Qa)u+ p(V(| - )+ u?)u = f(u) in B2 (1)

in the cases nondegenerate and degenerate, respectively. The full proof for these results can be found in [1].

Theorem 2.1. Suppose (V1) — (V5), (Q), (f1) — (fa), a>0,b>0, u >0, ¢ >4 and Cy > 0 sufficiently large.
Then,
(a) problem (P) has a nontrivial solution at the mountain pass level, that is, there exists u € X \ {0} such that u

is a critical point for I and I(u) = ¢y, where

@np=:;g§;§g§]fév@)% (2)

with T = {y € C([0,1], X) ; v(0) =0 and I(y(1)) < 0}.
(b) Problem (P) has a nontrivial ground state solution, in the sense that, there is uw € X \ {0} that is a critical

point to I and satisfies
I(u) = ¢y =inf{I(v) ; ve€ K}, where K={ve X\{0}; I'(v) =0}

Theorem 2.2. Suppose (Vi) — (V3), (Q), (f1), (f2) = (fa), a >0,b>0, p >0, ¢ >4 and Cy > 0 sufficiently
large. Then, problem (P) has infinitely many solutions.

Theorem 2.3. Suppose (V1) — (V3), (Q), (f1),(f5),(f5), (f1), a =10, b> 0, ¢ > 4 and C; > 0 sufficiently large.
Then,

(a) there exists a value p, > 0 such that, for all p € (0, i), problem (P) has a nontrivial solution at the mountain
pass level, i.e., there exits u € X \ {0} a critical point for I satisfying I(u) = cpp, where

= inf max I(y(t
Cmp = Inf, max I(v(t)),

with T = {y € C([0,1], X) ; v(0) =0 and I(y(1)) < 0}.
(b) There exists a value pw € (0, ] such that, for all p € (0, pis), problem (P) has a nontrivial ground state

solution, in the sense that, there is u € X \ {0} that is a critical point to I and satisfies

I(u) = ¢, =inf{I(v) ; vE K}, where K={ve X\{0}; I'(v) =0}
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Abstract

In this work we consider existence of positive solutions for the following nonlocal elliptic problem:

—m (|[Vull3) Au+ V(z)u = Aa(z)|u|? >u+ b(z)|u[’*u in RV,

u € HY(RY), M)

where N >3, A>0,1<¢<2;2(c4+1) <p<2"=2N/(N=2),a € L"'(RY), b € L">(R") where a(z), b(z) > 0
in RY and 1,72 > 1 are suitable exponents. The potential V : RY — R is bounded from below by a positive
constant and m(t) = a1 + a2t’ with a1,a2 > 0, ¢t € R* and o € (0,2/(N — 2)). Hence, by using the nonlinear
Rayleigh quotient our main objective is to apply the minimization method on the Nehari manifold finding at
least two positive solutions for our main problem whenever A € (0, \*) for some suitable A* > 0. In fact, A* is

the greatest positive number where the Nehari method can be applied for A € (0, \*).

1 Introduction

The main objective in the present work is to investigate existence of positive solutions for elliptic problems with
concave-convex nonlinearities involving Kirchhoff equations. More specifically, we consider the elliptical problem
given in (1). As a consequence, we will show that there exists at least one ground state solution, that is, a solution
with the minimal energy among any other nontrivial solutions for the Problem (1). Furthermore, we shall prove
existence of another solutions which is a bound state solution, that is, a solution with finite energy for the Problem
(1). The main idea is to introduce the concepts of the nonlinear Rayleigh Quotient and the Nehari manifold. To

this end, we shall consider the following hypotheses:

(m1) The function m(t) = a; + ast? with t € RT and aq, ag > 0;

2N
(a1) 1§q<2;2(a+1)<p<2*7wher62*:ﬁ,NZSandO<U<

N_2

9% ! 9 ’
(az) The functions a,b: RN — R are defined such that a € L™ (RY) and b € L™ (RY) where () <r < () ,
q q

9\ / 2\’
() <rg < () and a(z),b(z) > 0 a.e. in RY;
p p
(Vi) There exists a constant Vo > 0 such that V(z) >V > 0 for all z € RY.
It is important to mention that the working space is defined by

X = {u c H'(RN): V(z)uldz < —|—oo}.

RN

Throughout the work, we shall use the following inner product and the following norm in the space X defined as
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1
2

(u, p) = /RN [ VuVep + V(z)uplde  and  |jul := ( /RN [ |Vul® + V(z)u?] dx)

Through variational methods, we can define the energy functional J : H*(RY) — R associated to Problem (1) is
given by

1 « - A 1
J(u) = §Hul|2 + 2(07-11)“%"3( ) _ . /RN a(z)|u|dx — E/RN b(z)|u|Pda. (2)

It is important to emphasize that, v € X is a critical point of J if, and only if, u is a critical point for J. In view of
hypothesis (V1) it follows that the embedding X < L"(RY) is continuous for each r € [2,2*). Here we borrow some
ideas discussed in [2] and [3]. Hence we consider the nonlinear generalized Rayleigh quotients R,,, R. : X\{0} = R
associated with the parameter A > 0 in the following form:

2(c+1
ull? + e Vul 3 = ul?,

R, (u) := 7 = uwe X\{0} (3)
l[ul|g,a
and St 1)
sllull® + g2 IVl ™ = Sl
Re(u) = 2 ot~ 2 pl b e X\{0}. (4)
7lullg.a
Define S,,(u) := sup R, (tu) and S.(u) := sup R.(tu). As a consequence, we shall consider the extreme as follows:
>0 >0
A= inf S d A= inf S . 5
weX\{0} n(w) an weX\{0} e(1) 5)

2 Main Results

Theorem 2.1. Suppose that (m1), (a1)-(az) and (V1) hold. Then 0 < A, < A* < +oo and for each A € (0, \*)
the Problem (1) admits at least two distinct positive solutions u,v € X\{0} satisfying the following properties:
J"(u)(u,u) >0, J"(v)(v,v) <0, J(u) <0, u e NT and v € N~. Moreover, u is a ground state solution and v is
a bound state solution which it satisfies:

(a) For each X € (0,)\,), we deduce that J(v) > 0;
(b) For A = A, it holds that J(v) = 0;

(c) For each A € (A, \*), we obtain that J(v) < 0.
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Abstract

We are interested in the following constrained Schrédinger-Bopp-Podolsky system in R?,

—Au+ wu + ¢u = ululP72,
—A¢+ a?A%p = dmu?, (SBPa,)

lullzz = p,

where a, p > 0 are fixed parameters and our unknowns are w € R and u, ¢: R®> — R. We prove that if 2 < p < 3
(resp., 3 < p < 10/3) and p > 0 is sufficiently small (resp., sufficiently large), then (SBP, ,) admits a least
energy solution. Moreover, we show that if 2 < p < 14/5 and p > 0 is sufficiently small, then least energy
solutions are radially symmetric up to translation and as a — 0, they converge to a least energy solution of the

constrained Schrodinger—Poisson—Slater system.

1 Introduction

The wave function 1/: R? x R — C of a free quantum particle of mass m and electrical charge ¢ under electrostatic
self-interaction solves the following nonlinear Schréodinger equation:

. h? 2 2
ihp) = =5 —Dut) + qdtp — gwwv’ )

where £, p > 0 are fixed and ¢ denotes the corresponding electrostatic potential. Under convenient normalizations,
standing waves, i.e., wave functions of the form v (x,t) = u(x)e’*!, which solve this equation subject to an L2-
norm constraint and such that ¢ satisfies Maxwell’s electromagnetic theory (resp., Bopp—Podolsky theory) can be

obtained by searching for solutions to the Schrodinger-Poisson-Slater system (resp., to (SBP, ,)),

—Au+ wu + ¢u = ululP7
7A¢ = 47Tu27 (SPSP)
[ullL2 = p.

In this context, we aim to use variational methods to prove that some well known facts about (SPS,) also hold
for (SBP, ). Indeed, (SBP, ,) admits the following variational characterization: u is a weak solution to (SBP, ,)
in H'(R3) if, and only if, u is a critical point of J,: H'(R?) — R restricted to S, := {u € H'(R?) : ||ul|z2 = p},

where J, is given by
1

1 Lo 1
Tu0) = Vol + 5 [ é0® = Sl

@Y is the unique weak solution to —Av + a?A%v = 47v? in X(R3) and H!(R3), X (R3) are obtained as the
respective Hilbert space completions of C2°(R?) with respect to the inner products (u,v)s = [(Vu, Vv) + uv
and (u,v)x = [(Vu,Vv) + AuAv. We remark that it is proved in [2, Appendix A.1] that weak solutions in
HY(R3) x X(R?) x R are, in fact, classical solutions to (SBP, ,).
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2 Main Results

We say that (u,¢,w) € H'(R3) x X(R?) x R is a least energy solution to (SBP, ,) when (u,¢,w) is a solution to
(SBP,,,) and J,(u) = infs, Ju. Therefore, it suffices to obtain relatively compact minimizing sequences of J,| s,
in order to obtain such solutions. The challenge behind this procedure resides on the fact that J, is translation
invariant, so it follows from Lions’ concentration-compactness principle that if (u,)nen is a bounded minimizing
sequence for Ja|5p, then dichotomy could occur, i.e., u, — U # 0 and ||[T||L2 < p, or the sequence could vanish, i.e.,
Uy — 0.

To avoid these phenomena, we use Bellazzini and Siciliano’s abstract framework for minimization introduced in

[3] to obtain the existence of least energy solutions to (SBPF, ,):

Theorem 2.1 ([1, Theorems A, B). [/ If2 <p <3 (resp., 3 <p < 10/3), then there exists R, > 0 such that given
a >0 and p €]0, R,[ (resp., p > R, ), the system (SBP, ,) admits a least energy solution.

Slight changes to the arguments in [4] allow us to conclude that least energy solutions are radial whenever
2 <p<14/5:

Theorem 2.2 ([1, Theorem C). | Given p €]2,14/5[, there exists R, > 0 such that if a > 0, p €]0, R,[ and
(u,p,w) € S, x X(R®) x R is a least energy solution to (SBP, ,), then u is radially symmetric up to translation.

To finish, we prove that (SPS,) admits a least energy solution to which least energy solutions to (SBPF, ,)

converge as a — 0:

Theorem 2.3 ([1, Theorem D). ] If 2 < p < 14/5, then there exists R, > 0 such that given p €]0, R,[ and a set
{(ta, ba,wa) € H'(R?) x X(R?) xR :a >0 and (uq, pa,wa) is a least energy solution to (SBP,,)},

we conclude that (SPS,) admits a least energy solution, (ug, do,wo) € HL 4(R?) x DL2(R3)x]0, 00[, such that

rad
(tas Pa,wa) — (ug, o, wo) in H'(R?) x DV2(R3) xR as a — 0
up to translations and subsequences, where DV2(R3) is the Hilbert space completion of C°(R3) with respect to

(u,v)pr.2 := [(Vu, Vv).
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Abstract

Our work concerns the existence of solutions to a class of elliptic problems involving supercritical Sobolev
growth without the (AR) condition and with a mixed boundary Dirichlet-Neumann type condition. We also
study non-existence of solutions for a class of elliptic problems and present a comparison result inspired by the

case of Dirichlet boundary conditions.

1 Introduction

What we present here was taken from our submitted paper [2]. Consider the following elliptic problem

—Au= "1+ f(u), ze,
u >0, x €Q, (P)
B(u) =0, x € 09,

where 1 < ¢ <2, A >0, Q2 C R is a bounded domain, with N > 3. The boundary condition is given by the mixed
operator
ou

B(U) =Uuxs, + %X227 (BC)
where both ¥;,%5 are smooth (N-1)-dimensional submanifolds of 9Q with positive measure and such that
S1UX =09, 1Ny =0 and X1 Ny = T is a smooth (N-2)-dimensional submanifold. Furthermore, v is
the outward unitary normal vector to the boundary 99 and x 4 is the characteristic function of the set A.

We will consider here f to be a continuous function satisfying the following conditions:

(Hy) Tt has the sign property, namely:
0<f®)t , tekR;

(H3) It has a critical or supercritical growth at infinite, in the sense that

o f() N+2]
llglogf T = |, A re 1,m ;

(Hs3) We assume that there exists a number ¢ > 0 such that

. f(®) ,
limsup 55— <05
(Hy) At last, we assume that there exists a sequence (M,,) with M,, — oo and such that, for every r € (0, %f%),
f) _ f(My)
t €0, M,
[ ) ] o= (Mn)T
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The suitable choice for the space in which we look for solutions in this mixed boundary formulation is
Es, (@) :={ve H(Q);v=0o0n %},

which can also be identified as the closure of C}(2U X3) with the norm of H(Q).

2 Main Results

Our main result is this

Theorem 2.1. If f : [0,00) — R is a continuous function satisfying the growth conditions (Hy) - (Hy), then there
o

exists ¥ > 0 and A > 0 such that problem (P) has a weak solution uy € Ex, () N W*2=1(Q) whenever 0 < 6 < v
and 0 < XA < A.

Additionally, we have obtained the following

Theorem 2.2. If f is a continuous function satisfying the supercrititcal growth of (Hs) and it is above the quadratic

power function, meaning that

s° < f(s),

then the set of parameters A for which problem (P) has a solution is bounded from above.

Lastly, we would like to mention the quite interesting comparison lemma we have obtained, adapting for our

purposes the previous result found in [3].

Theorem 2.3. If u,v € Ex, () are, respectively, a weak supersolution and a weak subsolution to the problem

—Au=g(u), in Q,
u > 0, in (1)
B(u) =0, on 09,

with g satisfying g(s) > 0 for s > 0 and g(s)/s is a decreasing function, then u > v in Q.
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Abstract

It is establish existence and multiplicity of solutions to the nonlocal elliptic problem with sign changing

nonlinearities given by

(A + V(@) [ufu = M(@)[ul"?u + g(@)[u]""u, in RY,
ue WP (RY),

where A € (0, "), A" >0, N > ps with s € (0,1) fixed, 1 < g <p<r <pj; and p; = Nl\f;s. The potential V is
a continuous function. Here we consider the functions f and g that can be sign changing functions. Hence, we
prove existence and multiplicity of solutions via nonlinear Rayleigh quotient. More precisely, there exists A* > 0
such that our main problem has at least two solutions for each A € (0,\*). The A\* parameter is optimal in the

sense that we can apply the Nehari method.

1 Introduction

In this work, we consider the elliptical problem given by

{ (—A)u + V() WP u = Af(2)|[ul"%u 4+ g(@)|u) u, in RV, )

u € WP (RN),
where A € (0, \*),A* > 0, N > ps with s € (0,1) fixed, 1 < ¢ <p <71 <p!andpl= Nl\i’;s.

be sign changing functions some considerable difficulties in order to apply the Rayleigh method is verified. This

Since f and g can

fact occurs due to the fact that the Raleigh quotient may not be well defined for all functions. The main idea
here is to consider a open set where the quotients are well defined. Hence we prove that the fibering maps have
exactly two critical points in the appropriate open where A € (0, A*). Throughout this work we assume the following
assumptions:

(F) There holds f € LI(RY), with § =

rT_.
r—q’

(G) Suppose that g € L= (RY);
(A;) There exists an open Q C RY such that f and g are positive, for all x €
)

(V1) V € C(RN,R) and there exists a constant Vy > 0 such that Vy = ir]gN V(x);
re

(V) There holds u{z € RV \ V(z) < M} < oo for each M > 0.

Let X = {u € WP(RN); [on V(2)|u|Pdz < oo} be the working space. Consider the energy functional J : X — R
given by

A
Ty =l =5 [ p@hdrde =1 [ gl ds
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Under our hypotheses we observe that .J is well defined and it belongs C'(X,R). Note that X is our working space
and given u € X it follows that u is a critical point of J if and only if u is a weak solution for (1). In order to use

the Rayleigh Quotient method [1,2,3], we introduce the important set

A = {u € X\ {0} : /RN F@)|ultdz > O’/RN g(@)ul"de > o} .

In order state our main results we need to consider auxiliaries functionals, R,, R, : A — R associated with the

parameter \ as follows:

T 1 1 T
fullr = [ gtaiulds Sl =3 [ g@lalds

Rn(u) = , Re(u) = P B . (2)
|, @l G

Define A, (u) := sup R, (tu) and A.(u) = sup R.(tu). As a consequence, we have
>0 >0

A= 7iglqun(u), s :JreleL‘Ae(u).

2 Main Results

Theorem 2.1. Suppose (F), (G),(V1),(Va) and (A1). Then 0 < A\, < A* < oo. Furthermore, assume that
inf J(w)< inf  J(w). Therefore, for each X € (0, \*) the Problem (1) has at least one solutionv € N™NA

weN—NA weN~NJA

satisfying the following properties:

i) For each X\ € (0, ), we obtain that J(v) > 0;
ii) For each A = A\, we see that J(v) = 0;
iii) For each X € (A, \*), we deduce that J(v) < 0.
Theorem 2.2. Assume (F),(G),(V1),(Va) and (A1). Then 0 < A\ < X < oco. Furthermore, suppose that

inf J(w)< inf  J(w). Therefore, for each X € (0, \*) the Problem (1) has at least one solutionu € NTNA
weN+TNA weNTNOA

such that J(u) < 0.

Corollary 2.1. Assume (V1) and (Vz). Moreover, suppose f > 0,f #0,f € LY(RYN), g > 0,9 € L=(RY). Then,
for each X € (0,\*), the Problem (1) has at least two solutions. Furthermore, assuming that A € (0, A.) hods,

Problem (1) admits at least two positive solutions.
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Abstract

We study a thermoviscoelastic plate system with modificated Timoshenko equation. We prove unicity and

exponential stability of total energy as time approaches to infinity.

1 Introduction

In this paper we consider three scalar functions u(x,t), ¢(z,t) and 6(z,t) satifying the coupled system

L
Ut — Plggit + Upgae — M (/ uidz) Uy + 00, = 0,0 <z < L;t >0
0

0; + kqy — Ogar = 0,0 <2 < L;t >0
Tq +q+kO,=00<xz<L;t>0

in 2 = (0, L) with initial conditions

u(xz,0) = ug(z); ur(x,0) = uy(x); 0(x,0) = Op(x); ¢(x,0) = go(x) (2)
and boundary conditions

u(0,t) = u(L,t) = ugy(0,t) = upe (L, t) = 6(0,t) = (L, t) =0, (3)

such that p,d,k and 7 are positive constants experimentally provided and u := u(z,t) com x € R e t € [0, o0].
Furthermore, the constants we are considering in (1) are usually associated with the following: 7 is the "relaxation”
time, 0 is a coupling constant for (1) and 6 and q denotes the difference to a fixed temperature.

The total energy is associated to (1) is

L L
E(t) = (/ uj + pudy +ul, + 607 + Tq2> + M (/ uida:) (4)
0 0
A

where M = / M (s)ds for all s > 0 with M(s) > 0is a C*(Q) real function.

0
The model (1) describes thermoviscoelastic deformations of a linear plate equation under the presence of thermal
effects modeled by Cattaneo’s Law (see [1] and [3]). Our main result says that the total energy given in [4] decays

exponentially as time approaches to oo.

2 Main Results

We consider the following spaces: D = H?(0, L) x H'(0,L) x L?(0,L) x L?(0, L) if p # 0. Now, if u = 0 we have
D=MH?x L% x L? x L2

Using the semigroup theory (see for instance [2] ) techniques we prove the following theorem
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Theorem 2.1. Let us consider the Cauchy problem described in (1) given initial date Uy = {ug,vo,00,q0} € D
then there exists a unique function U(t) = {u,v,0,q} € C(]0,+o0] N D).

Using a convenient Lyapunov function we prove the following result.

Theorem 2.2. Consider the global solution of problem (1) - (3) given by theorem (2.1). Then the total energy

given in (2) satisfies:
o E(t) < C-E)e™ ", if u >0 forallt >0, where C and v are positive constants independently of initial date.

e For the case = 0 we have:

E(t) < % - E(0)

for allt >0 and C' a positive constant independent of initial date.
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Abstract

In this work, we study a critical elliptic problem in Rf with concave-convex nonlinearities on the boundary.
For solving this problem, we use weighted Sobolev spaces which has compact embeddings in weighted Lebesgue

spaces. We obtain two nonnegative and nontrivial solutions for our equation.

1 Introduction

We consider the problem

—Au — 1<x~Vu> =0, in Rf

0w (1)
ou NI, lg—2 Ny 125 —2 N-1

o pa(x)|u|?*u 4+ b(z")|ul**"*u, on R

where 1 < ¢ < 2, 2, :=2(N —1)/(N —2), u > 0 is a real parameter and a,b : RV =1 — R are potentials satisfying
mild conditions.

This type of problem arises naturally when looking for self-similar solutions to the heat equation [2]. The
boundary condition in the problem (1) portrays a concave-convex behavior, since it contains sublinear and
superlinear terms. Ambrosetti et al [1] studied the effects of these two nonlinearities in the interior of a bounded
domain and obtained a result of multiplicity of solutions. Also in the bounded domain case, Furtado et al [6]
obtained two nonnegative solutions when the nonlinearities were at the boundary. Furtado et al [5] considered the
problem in RY. For the upper-half space case we can cite the work of Furtado and Sousa [4] where they obtained

infinitely many solutions under some symmetry assumptions.

2 Main Results

The conditions for potentials a and b are similar to those used in [4,5,6], namely

(3 <= )

(a2) QF = {z € RN~ :q(z) > 0} has interior point,

(a1) a € LY (RN1), where

(bl) be LOO(RN_I),

(b2) f ={x € R¥=1:p(x) > 0} has interior point.
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(b3) there exists § > 0 such that By ~*(0) := B5;(0) NR¥~! € Qf N Q; and
[bl oo rv-1) = b(2') < Mla']7, (2)
for a.e. 2’ in BY ~1(0), with M >0 and vy > N — 1.
We shall prove the following:

Theorem 2.1. If a,b satisfy the conditions (a1) — (a2) and (by) — (bs), respectively, then problem (1) has at least

two nontrivial and nonnegative solutions if u > 0 is small.

Proof (Sketch) After a modification on the problem, we show that the nonnegative solutions of (1) are given by
critical points of class C! functional:

1
I(u) = K(z)|Vul*dz — 1 K(2',0)a(z)(u)%da’ — — K(z',0)b(z) (ut)?*da’, (3)
Rf q RN-1 * RN-1
where K (x) = exp(|x|?/4). The first solution u; is obtained by classical arguments of minimization and has negative
energy. For the second solution, we argue by contradiction as follows: if the only critical points of I are 0 and u;,
then I satisfies (PS), for every level ¢ < ¢ given by

1 1
¢:=I(u1) + - Sy—1 (4)
2(N - 1) |b|goc(2]RN71) 2

where S5, is the best constant of weighted trace embedding studied in [3]. After that, we show that the mountain
pass level of T belongs in range (—oo, ¢), which is contradiction since I(u1) < 0. O
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Abstract

In this work, we study the systems of 1—Laplacian equations. In the first part we study the subcritical
system and in the second part we deal with a system with homogeneous nonlinearities with critical growth. In

both cases the solutions are obtained as limit of solutions to p-Laplacian type problems.

1 Introduction

Problems involving the 1-Laplacian operator have been extensively studied in the last years. The interest in this
setting comes, on the one hand, from an optimal design problem in the theory of torsion and related geometrical
problems and, on the other, from the variational approach to image restoration . 1- Laplacian problems also appear
in game theory.
In the first part of this work, we shall extend the results of [1] for the following system 1-Laplacian equations
with subcritical growth.
-div Ig—Z') = Fy(z,u,v) in €,
-div |gz\> = Fy(z,u,v) in 9, (1)
u=v=0 on 0N,

where N > 2, Q C RY is an open bounded set, and F a function satisfying some hypotheses.
Problems with critical growth has received lots of attention in the last years, beginning by the pioneering work
of Brezis and Niremberg [2]. In the second part of this work, we deal with the following system of elliptic equations

with critical growth

div (B2 = Qulw,0) + 2 uul2 ) i Q,
-div @Z‘ :Qv(u,v)+a2—&|u|av|v|ﬁ*2 in 2)

u=v=0 on 0N,
u,v > 0; u,v#0 in €,
where oo + 8 = 1*, N > 2, Q C R" is a bounded domain with smooth boundary Q and Q.,, Q. are the partial

derivates of C'—function Q.

2 Main Results
Our first main result is the following.
Theorem 2.1. Suppose that F satisfies appropriate growth conditions then, system (1) has a nontrivial solution.

The proof of Theorem 2.1 follows the method employed by Alexis Molino and Sergio Segura [5].

Our second main result is the following.
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Theorem 2.2. Let Q be a C*(Ry x Ry, R) function such that

Q(A\u, \v) = AQ(u,v) for all A > 0; u,v >0 and (3)
Qu(oa 1) =0, Qv(la 0) =0. (4)
Suppose also that
p2(1) < Ac(1), (5)
Vuld
where p2(1) = max{Q(u,v) : u,v > 0,u+v =1} and A\ (1) = inf M
wew @0 Jg [ulde
Moreover,
Sy >2, (6)
where
Sy = f Jo(IVu| + |Vo|)dz

ulofolPda) e

= 1 2
(w)eWd @ x Wi @) ([, &

Then system (2) has a nontrivial solution.

Our method to prove the Theorem 2.2 is a combination of ideas found in [4] and [3].
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Abstract

This work is addressed to showing the existence of insensitizing controls for a quasilinear parabolic equation
with homogeneous Dirichlet boundary conditions. We will define a functional associated with the solution of the
equation in question and we will look for a control function which is locally insensitive to small perturbations

in the initial condition.

1 Introduction

Let N € N\ {0}, T > 0 and Q a limited domain of RY with boundary 99 of class C3. Let us denote by Q the
cylinder 2 x (0,T") with side boundary ¥ = 9€Q x (0,7T). Assume w and O to be two given nonempty open subsets
of 0 and by 1, the characteristic function of the set w. We consider the following controlled quasilinear parabolic

equation:

Yt — v'(a(xat;y)Vy) = f + U]-w in Qa
y=0 on X, (1)
y(x,0) = yo + 7o in Q.

where a : Q x [0,7] x R — R is regular enough and satisfying 0 < m < a(z,t;7) < M, for all (z,t;7) € Q x R.

The goal of this is to show the existence of insensitizing controls for the quasilinear parabolic equation. When
the function a depends only on y, that is, @ = a(y) the problem of insensitizing controls was developed in [3].
In this work we intend to generalize this result to a(x,t;y). As usual, this insensitizing problem is reduced to a
nonstandard null controllability problem of a nonlinear coupled cascade system governed by a quasilinear parabolic
equation and a linear parabolic equation. To establish the null controllability of the nonlinear cascade parabolic
system we will use fixed point techniques, nevertheless, to do this, it is first necessary to solve the null controllability
of the linearized cascade parabolic system in the framework of classical solutions.

The crucial part is to find a desired control function in a Holder space for data with certain regularities. More
specifically, let’s consider £ € o5 (Q) and yo € C?T9(Q) satisfyng certain conditions and we will assume that the
insensitizing control v dependent on £ and yo but independent of 7 and ¢y satisfies the following condition:

(H) There exists a 79 > 0 such that for any |7| < 7o and any g € CG°(Q2) with [fo| c2+s(q) = 1, the equation (1)

admits a unique solution y(., ., ,v) € C2+-1+5(Q). Moreover,

|y|c2+9,1+%(6) < C(Na Qvaﬂa T, a)(|£| ) + |U| + |y0 + T:g0|(12+9(§))'

1) 1)

Define the following functional

T
o) =3 [ [ et P, )
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where y = y(x,t;7,v) is the corresponding solution of (1) associated with 7 and v. For £ € 09’%(6) and
Yo € C2H0(0Y), we say that a control function v € C%2 (Q) with supp u C w x [0, 7] insensitizing the functional (2)

if v satisfies the condition (H), and

9p(y(., 5 7,0))
or

=0, Vi € CSO(Q) with |QO|C2+9(§) =1
7=0

2 Main Results

Proposition 2.1. Assume that £ € CQ’%(Q) satisfies

o (i) ¢

and yo = 0. If a control function v € CG’%(Q) satisfies condition (H) and the corresponding solution (y,q) €

N2
(C’Q+9’1+%(Q)) of the following nonlinear cascade system:

<4, (1)
L2(Q

7, — V.(a(z, )Vy) = £ + vl in Q,
on X,

7y(x,0) =0 in Q
and
—qt — V.(a(z,t;7)Vq) + Ora(z, t;7)VyVe = Ylo in Q,
q= 0 on Z,
satisfies q(.,0) = 0 in £, then v insensitizes the functional (2).

Theorem 2.1. Assume that wNO # 0 and yo = 0. Then, there exist two positive constants M and 6 depending only
on N,Q,00,T and a, such that for any £ € C&%(Q) satisfying (1), one can find a control functional v € C‘g’g(Q),

which insensitizes the functional (2).
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Abstract

In this work, we present a study of Nash Equilibria for quasi-linear parabolic problem 2D via Fixed-Point
technique.

1 Introduction

Let us consider T > 0, Q C R? be a nonempty bounded connected open set whose boundary T is regular enough,
w; C §, for i = 1,2. We consider the following system

ug — V- (a(u)Vu) = v1Xw, + V2Xw, in Qx]0,T7,
u(z,t) =0

on I'x]0,TY,
u(x,0) = ug(x)

in Q.

(1)

The existence and uniqueness results are proved using the same ideas of [2] and [3]. We consider the functionals J;,
with ¢ = 1,2, given by

o

T
Ji(v1,v2) = ?Z/o lu(x, T) — wig|*dx + 7;& /0 / v |2 dadt.

Definition 1.1. (v1,vs2) is a Nash equilibrium for functionals Jy, Jo if

Jl(’Ul,’UQ) < Jl(’lfl,’()g),VQfl c LQ(wl X (O,T)),
JQ(’Ul,’UQ) < JQ(U17U/\2)7V7}A2 S LQ(UJQ X (O,T))
Definition 1.2. (v1,v2) is a quasi-equilibrium for functionals Jy, Ja if

01

67’01(,01’ UQ)(UIDO) = O,V’Ull € L2(L<J1 X (OaT))v (5)
8J2 / ! 2
6—02(@1,112)(0,1)2) =0,V € L*(we x (0,7)). (6)
Since that
6Jl / 1 r /
S (o, 02)(01,0) = ar [ (e T) — )V (@) b [ [ e, (7)
1 O, 0 Jun
0J2 / 2 r /
O o) (0,08 = [ (e, T) )V by [ [ oot (®)
2 02 0 w2
where Y, with i = 1, 2, satisfies
—Y} =V (d(w)Y'Vu) — V- (a(u)VY?) = v]x., in Qx]0,T7,
Yi(z,t) =0 on I'x]0,T], 9)
Yi(z,0) = in Q,
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consider the system adjoint of (9)

We obtain the optimal system

ug — V- (a(u)Vu) = v1Xw, + Y2Xw,
u(z,t) =0

U(.Z‘,O) = UO(J:)

—t =V - (a(u)Ve?) + ' (u)VuVe' =0

Spi($7t) =0
0 (2, T) = u(T) — uiq
U1

_ a1
B 771(’0’
— a2 2
Vo = n2g0 .

2 Main Results

in
on

in

in
on
in
in
on

in

0x]0,T7,
I'x]0,T],

0x]0, T,
I'x]0,T],

x]0,T7,
I'x]o,T],

a1 4

(10)

(11)

Let U := L?*(w1 x (0,T)) x L*(wa x (0,T)), define A : U — U, A(1,02) := (——¢ ,—%902)

m

2

Lemma 2.1. Let 01, 02 and @ solution of (1) associated ¥1, U2 and let U1, T2 and @ solution of (1) associated vy,

Uy then

& — Ul oe(0,7,22) + |& = UlL2(0,1,m2) < Cl(01,02) — (01, 02)|v

(1)

Lemma 2.2. Under the hypotheses of Lemma 2.1, for ¢* solution of (10) associated ¥y, o and @' solution of (10)

associated v1, vy then

8" = @' 0,1,22) + 1@ — @'l 201,13y < CUUT) — a(T) |12 + | (01, 02) — (01, 02)|v7) (2)

Theorem 2.1. The system (1) admit quasi-equilibrium .
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Abstract

The goal of this work is to discuss an alternative proof to the estimates in [7] and [8] for the following Cauchy

problem
ue — Au = 0, reR™ t>0
u(0,2) =0 1)
ut (0, z) = ui(z),

up € LP, p>1

1 Introduction

The Cauchy problem
u + (—A)u=0, z€eR”, t>0
u(0,z) = f(x) (2)
u(0,2) = g(x)
involves a o-evolution equation in the sense of Petrovsky, since its principal symbol is —72 + |£]29, whose roots are
the distinct real 7 = £[£|7. If s > o, f € H?(R™) and g € H*~?(R"), the Cauchy problem (2) is well-posed, that
is, there exists a uniquely determined solution u € C ([0, T], H*(R™)) N C*([0, T], H*~7 (R™)).

The study of the long-time asymptotics of the solution and, more in general, the study of long-time behavior of
suitable energies, has been a topic of interest in the recent years. For example, the case o = 2 in (2) is an important
model in the literature, it is known as Germain-Lagrange operator, as well as beam operator and plate operator in
the case of space dimension n = 1 and n = 2, respectively.

If f # 0in (2), one may not expect L? — L? estimates for ¢ # 2 for solutions to the wave and Germain-Lagrange
equation, neither for solutions to the Cauchy problem for the Schrodinger equation.

The authors in [1] show that, if o > 1, f =0 and g = u; € LP, p > 1, the solution to the Cauchy problem (2)
satisfies the following L? — L9 estimates

n(1 1

futtize € #7267 il VE>0, 3)
for every 1 < p < ¢ < oo satisfying

S rmed(a5) (3}

- +nmaxs(z—-),(-— 2 <1

g\p (g 2 p q 2

Our goal is to derive estimates for the wave equation (¢ = 1) and, using the ideas of [1] and [2], give an
alternative proof to the estimates in [7] and [8] (Theorem (2.1)).

2 Main Results

Theorem 2.1. If n > 3, the solution u for the Cauchy problem (1) satisfies the LP — L% decay estimates

_ 1_ 1
lut, Ype S 7678 || o ey, (4)

~
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) belongs to the closed triangle with vertices P = (

NI
+

S

g

—

S

S

+

—

We should observe that, in the case n > 3, the closed triangle implication above can be replaced by the following

inequality with 1 <p < ¢ < o0

(- o-vm{ (32 (-
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