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ON POSITIVE SOLUTIONS OF ELLIPTIC EQUATIONS WITH OSCILLATING NOLINEARITY IN
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Abstract
In this paper, we study results of existence and multiplicity of positive solutions for the following semilinear
problem
—Au = AP(z)f(u), in RY
{ lim )00 u(x) = 0,
where P € C(RY,R) and f € C([0,0),R) is an oscillating nonlinearity satisfying a sort of area condition. The

main tools used are variational methods and sub-supersolution method.

1 Introduction

In this work, we study the existence and multiplicity positive solutions for the problem

{ —Au = \P(x)f(u)inRY

lim| |00 u(z) = 0,

where f : [0, +00) — RY is a continuous function satisfy:

(f1) f(0) =0

(f2) There exist 2m — 1 zeros of f, 0 < a3 < by <as <by < -+ <bp_1 < a, such that for k=1,--- ,m—1

f(t) >0, te (b, ars1)
f(t) <0, t € (ak,br);

(f3) f::“ f(s)ds >0, for allk € {1,2,--- ,m —1}.
Related to P we assume that it is a C7 (RN, RY) function and
(P1) Jon |2>"NP(z)dz < +o0;
(Py) P e LY(RYN) N L>=(RY)
and
(P3) [an ‘Ify(ﬁ\?,2dy < mg,z, for all z € RV \ {0}, for some C' > 0.
The existence and multiplicity of solutionts to elliptic problems like (P) in bounded domains with oscillating

nonlinearities, as in (fz), and area condition, like (f3), have been vastly studied since the appearance of the
pioneering papers by Brown and Budin [1, 2]. In [5], Hess improves the aforementioned Brown and Budin’s result,
thanks to minimization arguments and Leray-Schauder degree theory. After, in [4], De Figueiredo , using variational
techniques showed existence of multiple ordered solutions.

Based in the references aforementioned and in the pappers due to Loc and Schmitt [6], Corréa, Carvalho,
Gongalves and Silva [3], we use Variational Methods and Comparison Principles to study the existence and
multiplicity of solutions to (P) in whole RY. We would like to point out that there are some particularities
in the fact that we are working in unbounded domains, some these problems can be overcome using the Riesz
Potential Theory to solutions of (P).

11
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2 Main Results

Our main result are the following:
Firstly, we study the existence and multiplicity to problem (P)

Theorem 2.1. Assume that the function f satisfies (f1) — (fs) and P verifies (Py) — (Ps). For all A sufficiently
large, (P) has at least m — 1 non-negative weak solutions {uy, - ,upm_1} C L°(RY) such that ar_1 < |ug|eo < ag,
fork=2--- m.

In the end, we show that condition (f3) is a necessary condition to existence of solution to problem (P).

Theorem 2.2. Assume that f(0) > 0 and

{ —Au = P(z)f(u) in RN
)

lim| ;o0 u(r) = 0,

has a nonnegative weak solution u such that |u|eo € (ag,ar+1], for some k € {1,--- ,m — 1}, then for such k

/akJrl f(s)ds > 0. (1)

k
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Abstract

In this work we study the equation Lu = f, where L is a degenerate elliptic operator, with Neumann
boundary condition in a bounded open set 2. We prove the existence and uniqueness of weak solutions in
the weighted Sobolev space W'?(Q,w) for the Neumann problem. The main result establishes that a weak
solution of degenerate elliptic equations can be approximated by a sequence of solutions for non-degenerate

elliptic equations.

1 Introduction

In this paper, we prove the existence and uniqueness of (weak) solutions in the weighted Sobolev space W12(2,w)
for the Neumann problem
(P){ Lu(z) = f(x) in Q,
(A(x)Vu,7(z)) =0 on 09,

where 7j(x) = (n1(x), ..., Mu(x)) is the outward unit normal to I at x, (.,.) denotes the usual inner product in R”,

the symbol V indicates the gradient and L is a degenerate elliptic operator

Lu:—ZDj(aijDiu)—i—ZbiDiu—I—gu +0uw, (1)
i,j=1 i=1
0]
with D; = —, (j = 1,...,n), 8 is positive a constant, the coefficients a;;, b, and g are measurable, real-valued
8.’)3j

functions, the coefficient matrix A(x) = (a;;(x)) is symmetric and satisfies the degenerate ellipticity condition

MéPw(a) < (A(@)€, €) < Aléfw(x) (2)

for all £€R™ and almost every 2€Q2CR" a bounded open set with piecewise smooth boundary (i.e., 9Q € C%1), w

is a weight function (that is, locally integrable and nonnegative function on R™), A\ and A are positive constants

2 Main Results

The main purpose of this paper (see Theorem 2.2) is to establish that a weak solution u€ W12(Q,w) for the
Neumann problem (P) can be approximated by a sequence of solutions of non-degenerate elliptic equations.

Theorem 2.1. Let Q CR" be a bounded open set with boundary 0 € C%'. Suppose that

(H1) we Ay;

(H2) f/we L*(Q,w);

(H3) b;/we L>®(Q) (i=1,...,n) and g/w € L>(Q).

Then, there exists a constant C > 0 such that for all 6 > C the Neumann problem (P) has a unique solution
u € Wh2(Q,w). Moreover, we have that |u||W1,2(Q,w)§/2\H£

L2 (Q,w) .

13
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Proof See [2], Theorem 1.

Lemma 2.1. Let o, f > 1 be given and let we A, (1 < p < o0), with A,-constant C(w,p) and let a;; = a;; be

measurable, real-valued functions satisfying N€|°w(x) < (A(z)E, &) < A|¢fPw(x) (see (2)). Then there exist weights
af

wag =0 a.e. and measurable real-valued functions a;;" such that the following conditions are met.
(i) c1(1/8) Swqap(z) <coa in Q, where c1 and co depend only on w and Q.
(i1) There exist weights 01 and &y such that &1 <wapg < @2, where &; € Ay and C(@;,p) depends only on C(w, p)
(i=1,2).
(111) wap € Ay, with constant C(wag,p) depending only on C(w,p) uniformly on o and (.
(iv) There ezists a closed set Fog such that wap=w in Fop and wag~ 1~y in Fop with equivalence constants
depending on « and 8 (i.e., there are positive constants cqapg and Copg such that cqap @ <wep < Capwi, © = 1,2).
Moreover, Fo3 C Fyp if a <o/, <, and the complement of U F.p has zero measure.

aB>1

(v) wap— w a.e. in R™ as a, f— 0.
n

(vi) Awap(z) €] < Z a?jﬁ(x) &5 < Awap(2) |67, VEER™ and a.e. z€Q, and a?jﬁ(x) = a?f(a;).
ij=1

(vii) afj’g(w) = a;;j(z) in Fup.

Proof See [1], Theorem 2.1.

Theorem 2.2. Let Q CR™ be a bounded open set with boundary 0 € C%L. Suppose (H1), (H3) and

(H2*) f/we L?(Q,w)NL3(Q,w?).

Then the unique solution u€ W2(Q,w) of problem (P) is the weak limit in W12(Q,&1) of a sequence of solutions
Um € WH2(Q, w,y) of the problems

(Pm) { Lmn:tm(x) = frj(fﬂ)a_ln Q7
(A™(£) Vi, 7(x)) = 0, on 9,

n n
with Ly, = — Z Dj(a?}m Dium) + mei Dy, + Gm Um + eumwwu fm = f(wm/w)1/27 9m = gwm/w7
ij=1 i=1

bmi = bj W /w and Wy, = W (Where Wmm, o™ and &1 are as Lemma 2.1 and A™(z) = (am’”(x))).

ij ij
Proof See [2], Theorem 2.
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Abstract

We analyze the Caffarelli-Kohn-Nirenberg inequality in the Euclidean setting, in the non-sharp case. Due to
a new parameter introduced, this inequality presents two distinguishable ranges: in one of them, it is shown to
be the interpolation between weighted Hardy and weighted Sobolev inequalities; in the other range, the constant
is not necessarily bounded for all value of the parameters. In the former case, it is obtained a constant that

depends of the new parameter.

1 Introduction

In this work, we consider the general form of Caffarelli-Kohn-Nirenberg inequality in the non-sharp case, as appeared

in [2]:
1/r a/p (1-a)/q
([ ramiurae)™ < o( [ palor vl ds)™ ([ felaleas)” ", 1)
Rn ]Rn R’IL

where the real parameters p, q, 7, «, 3, v, satisfy
p,q>1, r>0 and ~r, ap, Bg> —n. (2)

From a dimensional balance of (1), it follows that

where a € [0, 1] and
y=aoc+(l—a)f (4)

for some parameter o. In particular, if @ > 0, then o0 < a. Moreover, if @ > 0 and also

1 a-1 1
=+ — -4
P n r

~
n
then 0 > o — 1. These are necessary and sufficient conditions for (1), as it was proved in [2]. Further, for any

compact set in the parameter space, such that, (P), (3) and (a — 1) < ¢ < «, the positive constant C' in (1) is
bounded.

Here the analyze of Caffarelli-Kohn-Nirenberg inequality relies in a suitable introduced parameter s defined by

5= P (5)

n—ploc—(a—1))’

and we will be focused on the sufficiency.

15
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2 Main Results

The main problem to make an analysis of the inequality (1) is the interpolation between the parameters on the

right side of the inequality. The following result simplifies the analysis of that interpolation.

Proposition 2.1. Assume conditions (P) and (4). If there exists a constant C > 0, such that

</R 1% u()® dz>1/s <C (/R ]| ||Vu(x)||pd:z:>l/p, 6)

then the Caffarelli-Kohn-Nirenberg inequality (1) holds with the same constant.
Now, the following result shows the existence of the constant C for the inequality (6).

Theorem 2.1. Letp > 1, a, and o be such that ap > —n, 0 < . Consider s as defined in (5) satisfying os > —n.
Then, there exists C > 0, such that (6) holds.

The proof of this theorem, as appeared in [1], shows that the value of constant C' depends of the values of the
parameter s.
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Abstract

In this talk, we discuss about recent results for double phase problems via variational methods. More

precisely, our problems are driven by the so-called Finsler double phase operator given by

div (F?~"(Vu)VF(Vu) + a(z) F* ' (Vu)VE(Vu))  for u € WHF(Q),
set on an appropriate Musielak-Orlicz-Sobolev space W (Q), with F' a positively homogeneous Minkowski
norm, 1 < p < q < co and a € L™= (Q) such that a(x) > 0 a.e. in Q. For the first time in literature, we deal with
critical Sobolev nonlinearities on a double phase setting. These nonlinear terms make the study of the energy
functional more intriguing, considering the lack of compactness of the critical Sobolev embedding for W (Q).

Under suitable assumptions for weight a, exponents p and ¢, we are able to provide the existence of at least one

solution for our problems.

1 Introduction

In the paper [2], C. Farkas and P. Winkert studied for the first time in literature a double phase problem involving
a critical Sobolev nonlinearity. More precisely, they considered problem

— div (FP~Y(Vu)VF(Vu) 4 a(z)F* Y (Vu)VE(Vu)) = uP T4 A (W +g(z,u)) inQ,
u=0 on 0,

where the main differential operator is the so-called Finsler double phase operator, with F : RN — [0,00) a
positively homogeneous Minkowski norm. Here, they also assumed that Q C RY is an open bounded set with
Lipschitz boundary, A > 0 is a real parameter, p* = Np/(N — p), exponent v € (0,1), ¢ is a suitable subcritical
term, while 2 < p < ¢ < N and the following assumption holds true

1 _
(A) Ty N while a : Q@ — [0,00) is Lipschitz continuous.
b

Because of the presence of an operator with non-standard growth, the natural functional space where finding
solutions of (P) is the homogeneous Musielak-Orlicz-Sobolev space W, HLE(Q), set with respect to F and to
function H(z,t) := t? + a(x)t?, with (x,t) € Q x [0,00). In order to handle the critical Sobolev nonlinearity and
the non-differentiable singular term in (P), C. Farkas and P. Winkert worked with a local analysis on a suitable
closed convex subset of WOI’H’F(Q)7 by strongly assuming that 2 <p < ¢ < N.

Following this direction, joint with C. Farkas and P. Winkert, we were able to generalize problem (P) considering
a nonlinear boundary condition and above all covering the complete situation 1 < p < ¢ < N. That is, in [1] we

dealt with problem
— div (FP" (Vu)VF(Vau) 4 a(z) F* (Vo) VF (V) +uP 7 +a(@)u? ' =u” 42 (W +gi(e,u)  inQ,
u >0 in €, (2)
(FP~Y(Vu)VF(Vu) + a(z)F*H(Vu)VE(Vu)) - v =u"""" + ga(z,u) on 89,

17
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where 0 C R¥ is still an open bounded set with Lipschitz boundary, A > 0 is a real parameter, exponent v € (0, 1),
p*=Np/(N —p) and p. = (N —1)p/(N —p), 1 <p < g < N and we have

(A) q <p*, whilea:Q — [0,00) witha € L=(Q).
In order to cover the complete situation, here F : RN — [0,00) is a positively homogeneous Minkowski norm
satisfying
F(=¢)
F(§)

Since we look for positive weak solutions of (2), here g; : @ X R — R and g5 : 9Q x R — R are Carathéodory

(F) the reversibility rp = 1?23( is finite.
functions verifying

(@) q1(z,t) = ga(x,t) = 0 for allt < 0 and for a.e. x € Q and x € 0N, respectively. Furthermore, there exist

61 € (1,p), r1 € [p,p*), m2 € (p,p«) as well as nonnegative constants ay, ay and by such that
g1 (z,t) < art" L+ 01t for a.e.x € Q and for all t > 0,

go(z,t) < apt™ ! for a.e.x € OQ and for all t > 0.

2 Main Results

In this talk, I will introduce the existence result for (2), proved in [1] and stated below.

Theorem 2.1. Let Q C RN be an open bounded set with Lipschitz boundary, and let v € (0,1). Let1 <p<q< N
and a(-) satisfy (A). Let (F) and (G) hold true. Then, there exists A, > 0 such that for any A € (0, \,) problem

(2) admits a positive weak solution.

Inspired by [2], for the proof of myth 2.1 we used a minimization argument on a suitable closed convex subset of
Musielak-Orlicz-Sobolev space W17 (Q)). However, in order to cover the situation 1 < p < ¢ < N, we exploited

also a truncation argument which forces the new assumption (F).
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Abstract

We prove the existence of a bounded positive solution for the following stationary Schrodinger equation
—Au+V(z)u= f(z,u), v €R", n>3,

where V is a vanishing potential and f has a sublinear growth at the origin (for example if f(z,u) is a concave
function near the origen). For this purpose we use a Brezis-Kamin argument included in [3]. In addition, if f
has a superlinear growth at infinity, besides the first solution, we obtain a second solution. For this we introduce
an auxiliar equation which is variational, however new difficulties appear when handling the compactness. For
instance, our approach can be applied for nonlinearities of the type p(z)f(u) where f is a concave-convex
function and p satisfies the (H) property introduced in [3]. We also note that we do not impose any integrability

assumptions on the function p, which is imposed in most works.

1 Introduction
We study existence of positive solutions for the semilinear Schrodinger equations
—Au+V(z)u= f(z,u) in R", n >3, (P)

where V is a continuous and nonnegative vanishing potential, that is, lim| ;00 V()
=0, and f(z,u) is a Carathéodory function. The main models of f(x,u) studied here are

L p(z)u? IL. Ap(z)(u+ 1)P and IIL. Ap(z)(u? 4+ u?),

where 0 < ¢ < 1 < p < Z—fg and p satisfies the property (H) introduced by Brezis and Kamin [3]: a function
p € L (R™), p >0, has the property (H) if the linear problem

—Au=pinR" (1)

has a bounded solution.

1.1 Two solutions involving nonlinearities of type II

Assuming p € L>®(R"™), p > 0, p # 0 such that

0<p(z) <

——— in R” H
= 1—|—|.’17|ﬁ mn ) ( p)

for constants k£ > 0 and 8 > 2 we will establish the existence of at least two solutions for two families of superlinear
Schrodinger equations. We observe that p is integrable only for 5 > n, but here we also consider 2 < f < n.
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The first nonlinear Schrédinger equation such that we obtain two positive solutions is the following;:
—Au+V(x)u=Ip(z)(u+1)? in R"
u>0 in  R", (Pxp)
u(z) =0 as || — oo,

where 1 < p < 2* — 1 and 2* := 2n/(n — 2), n > 3, is the critical Sobolev exponent. Our main result concerning
Problem (P, ,) is the following.

Theorem 1.1. Assume that p satisfies (H,) and V is a nonnegative and continuous potential such that

a A

— <V <

S T e forall =z eR", (HE)

for some constants a, A > 0, o € (0,2], with a + 3 > 4. Then, there exists A > 0 such that problem (P ,) has at

least two positive solutions ui x < ug x in R™, for any A € (0,A). Furthermore
uia(z) < e U(z) forall x€R",

where ¢y — 0 as A — 0.
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Abstract

Estudamos, neste trabalho, uma classe de problemas de Dirichlet que envolve a equagao do tipo Hénon com
o operador 1— Laplaciano na bola unitéria B C RY. Para isso, provamos a imersio entre os espacos BV,q4(B)
e os espagos L"(B) com peso. Através de um método de aproximagdes do problema original por problemas

envolvendo o operador p— Laplaciano, provamos a existéncia de solugoes radialmente simétricas.

1 Introducao

Na referéncia [1], Hénon propos o seguinte problema
— Au = |z|*u|"%u em RN, (1)

para estudar a estabilidade dos aglomerados globulares, que sao agrupamentos de estrelas aproximadamente
esféricos, em astrofisica. Desde entao, varios pesquisadores estudaram intmeros tipos de generalizagoes desta
equacao. Nosso objetivo aqui é estudar a existéncia de solugao radial para o seguinte problema do tipo Hénon
envolvendo o operador 1-Laplaciano:

—Ayu=|z|*f(u) em B

(2)
u=20 sobre 0B,

em que B = B(0,1) CRY, N >2 a>0e f éuma funcio localmente Holder continua onde f(s) > 0se s > 0e
que satisfaz:

(f1) existe a > 0 tal que

lim sup @ = 0, uniformemente em = € B,
s—0 ‘S‘G

(f2) existem C' >0 e g € (0,1} — 1) tais que

[f(9) <CA+]s]?), VseR,

* __
onde 17, = =5,

(f3) existe k > 1 tal que
0 < KF(s) < F(s)s,
para todo s > 0, onde F(t) = fg f(s)ds.

Por meio de um esquema de aproximagao por solugoes de problemas envolvendo o operador p—laplaciano, mostramos

a existéncia de uma solugao para o problema (1). Para isso, nos baseamos em [2] e provamos a existéncia das solugoes

P

radiais u, € VVO1 - a(B) no nivel do Passo da Montanha do seguinte problema:

—Apu=|z|*f(u) em B

(3)
u=0 sobre 0B,
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em seguida, usamos alguns argumentos de [3] e demostramos que (u,) converge para u, quando p — 17 onde
u € BV,qq(B) satisfaz (1), sendo necessario nesta ultima argumentagéo a utilizagdo das imersoes de BV,,q4(B) em
L (B).

2 Resultados Principais

Theorem 2.1. Seja a > 0, entio a imersio BV,qq(B) — LL(B) € continua para 1 < r < 17, = £ ¢ compacta
pamlﬁr<12:%.

Theorem 2.2. Supondo N > 2 e que [ satisfaz as condigoes (f1) — (f3), entdo existe uma solugdo ndo-negativa
u € BV,qa(B) de (1).
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Abstract

In this work we consider a class of critical variational systems in RY of the Hardy-Kirchhoff type involving
the fractional Laplacian operator. By imposing some conditions on the nonlinearity as well as in the potencial,
we recover the compactness combining arguments used in Alves and Souto [1] and in Brezis and Nirenberg [2].
Only monotonicity conditions are employed, without imposing any coercivity condition on the potencial, which

can tend to zero at infinity. Our result is closely related to that obtained by Fiscella, Pucci and Zhang [3].

1 Introduction

In this work we study a class of critical systems in RV of the Hardy-Kirchhoff type involving the fractional Laplacian

operator of the form

A
M(Jul?)®ve) = 2K (@)ulr~2ufol? + - [ul*2ulv)’ i RV,
q — _ .
M(|[v||))Lyv) = ———K(z)|ulP|v|? %0+ = |u|*v]?~2v in RY,
(lv[*) By v) ijq()l\ll 22|||\

where Lyw = (—A)%w — o + V(z)w, with o > 0 (to be chosen), A >0 and 0 < s < 1, N > 2s. We assume that
p,q, &, 0 >1aresuchthat 4 <p+g<a+p=2= NQiVQS and suppose that the Kirchhoff function M : RT™ — R*
is given by M(t) = a + bt,a,b > 0, K and V are positive continuous functions and (—A)*® fractional Laplacian,

which is defined, up to a normalization constant, as

¢(x) — $(y)

(_A)Sd)( ) =2 lim y|N+29

e—0t RN\{B.(z)} ‘.I‘ —

|w||? = Cn // (>2d:vdy—a/ |w2dm+/ V(x)w?dz.
|$— |N+25 N |2[?° RN

Assumptions on V and K:
(1) (sign of V and K) V, K are continuous, V, K > 0 on RY and K € L>®(RM);
(ii) (decay of K) If {A,} is a sequence of Borel sets of RY with |4,,| < R for some R > 0,

dy,z € RN ¢ € C5°(RY),

and

lim K(x)dz =0, uniformly with respect ton € N. (2)
T JA,NBe(0)

The above type of (V, K) condition, it was introduced by Alves-Souto [1].

2 Main Result

Theorem 2.1. In addition to (V,K), suppose 4 < p+q < 2%, 0 € (0, An,s) with N = 3s, s € (0,1). Then, for
every A > 0 the problem (1) possesses a positive solution.
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Abstract

We study a Hessian-dependent functional driven by a fully nonlinear operator, which associated Euler-
Lagrange equation is a fully nonlinear mean-field game with free boundaries. Our findings include the existence of
solutions to the mean-field game, together with Holder continuity of the value function and improved integrability
of the density. In addition, we derive a free boundary condition and prove that the reduced free boundary is a

set of finite perimeter.

1 Introduction

We examine Hessian-dependent functionals of the form
Faplu] == / F(D*u)Pdx + Al{u > 0} N By, (1)
B1

where F' : S(d) — R is a uniformly elliptic operator, A > 0 is a fixed constant, and p > d/2. The functional in
(1) is inspired by the usual one-phase Bernoulli problem, driven by the Dirichlet energy. To a limited extent, we
understand Fjy , as a Hessian-dependent counterpart of that problem. See [1]; see also [2].

The analysis of (1) relates closely with the system

F(D?u) = mr= in  Biyn{u>0}
(F;(D*u)m) =0 in  Byn{u>0},

TiTyj

(2)

where F; ;(M) denotes the derivative of F' with respect to the entry m; ; of M. Here, the unknown is a pair (u,m)
solving the problem in a sense we make precise further. In fact, the system in (2) amounts to the Euler-Lagrange
equation associated with (1). Furthermore we notice that (2) satisfies an adjoint structure. Due to such a distinctive
pattern, we refer to (2) as a fully nonlinear mean-field game with free boundary.

The interesting aspect in (2) concerns the appearance of a free boundary. At least heuristically, the game is
played only in the regions where the value function is strictly positive. Combined with the free boundary condition,
(2) models a game in which players optimize in the region where the value function is positive and might face

extinction according to a flux condition endogenously determined.

2 Main Results

Since one can state the Euler-Lagrange equation associated with (1) in terms of a fully nonlinear mean-field game
system with free boundaries, our analysis of the existence of solutions to (2) relies on the existence of minimizers of
(1) and their interplay with the notion of a solution of a fully nonlinear mean-field game. In the sequel we define a
solution of the mean-filed game (2).

Definition 2.1 (Solution for the MFG system). The pair (u,m) is a weak solution to (2) if the following hold:
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1. We have u € C(By) NWy? and m € L'(B1), with m > 0;
2. The function u is an LP-viscosity solution to

F(D?u) = my1  in BN {u > 0};
3. The function m is a weak solution to

(F3j(D*u)m) =0 m Byn{u>0}

TiTj

The definition of LP-viscosity solution is necessary since LP-functions might not be defined at the points where
the usual conditions must be tested. For a comprehensive account of this notion, we refer the reader to [6].
The first contribution in our recent preprint [7] is to prove the existence of solutions for the mean-field game system
(2). We report our findings in the following

Theorem 2.1 (Existence and regularity of solutions). Suppose F' is a convex, uniformly elliptic operator, satisfying
a suitable growth condition, and g € WP non-negative. Then there exists a solution (u,m) to (2). In addition, fiz
a € (0,1). We have u € C}: (B1) and there exists C > 0 such that

||U||Ca(Bl/2) < CHgHWz*P(Bl)'
The constant C' > 0 depends on the exponent «.

Once we have established the existence of solutions for (2) and produced a regularity result, we examine the
free boundary. We resort to a variation of the functional and derive a free boundary condition. We summarize our

findings in this direction in the following result.

Theorem 2.2 (Free boundary condition and finite perimeter). Let u € W2P(B;) N W}P(By) be a minimizer for

loc

(1), for p > d/2. Suppose F is a convex, uniformly elliptic operator, satisfying a suitable growth condition, and
g € W2P non-negative. Then 0*{u > 0} is a set of finite perimeter. Suppose in addition u € C?(By); then

/ (F(DQu)p_lFij(DQu)ziuij — A) & vydHi 1 =0 (1)
0{u>0} 2p

for every ¢ € O (B, RY).
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Abstract

This work concerns with the existence of positive solutions for the following class of fractional elliptic

problems,

P

(—A)’u4u= (/ %dy) [ul’"2u, in Q a
Q

u=0, RV\Q

where s € (0,1), N > 2s, a € (0,N), Q@ C RY is an exterior domain with smooth boundary 8Q # () and
p € (2,2}). The main feature from problem (1) is the lack of compactness due to the unboundedness of the
domain and the lack of the uniqueness of solution of the limit problem. To overcome the loss these difficulties

we use splitting lemma combined with careful investigation of limit profiles of ground states of limit problem.

In recent years great attention has been devoted to the study of elliptic equations involving the fractional
Laplacian operator. It appears in many models arising from concrete applications in Biology, Physics, Game
Theory and Financial Mathematics, see [5, 8].

Recently, fractional elliptic equations like
(=A)u+wu = (Ko * [u?)|ulP~?u, ue H*RY), (2)

where w > 0, € (0, N), p> 1,5 € (0,1) and K, (x) = |#|*"" was considered. When s = 1/2, Frank and Lenzmann
[7] have used problem (1) to model the dynamics of pseudo-relativistic boson stars. Indeed they considered the
existence of ground state solution of the following equation: v—Au +u = (Kg * [u|>)u, u € HY?(R3), u > 0.
Moreover, in [6] the author showed that the dynamical evolution of boson stars is described by the nonlinear
evolution equation i9;1) = \/—A + m2y — (Kq % [¢0]2)3) (m > 0) for a field ¥ : [0,T) x R® — C. In [2], d’Avenia
et. all. considered problem (1) and obtained regularity, existence, nonexistence, symmetry and decay properties of
the corresponding solutions.

When s = 1, Moroz and Schaftingen [9] considered the following equation in exterior domains
— Au+W(z)u = (Ko * |ulP)[ulP"2u, ue Hi(Q). (3)

They showed that problem (2) does not have nontrivial nonnegative super solutions. Moreover Clapp and Salazar [4],
under symmetry conditions on unbounded exterior domain €2 and W established the existence of a positive solution
and multiple sign changing solutions for (2). When Q has no symmetry, the study becomes more complicated, see
[3]. After a bibliographic review, we have observed, up to our knowledge, that there is no results in the literature,

for a version of problem (2), also for the fractional case, without any symmetry conditions.
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In the fractional case, recently Alves et. al [1] studied the problem
(=A*u+u=|ufu, in Q, «>0,in Q and u#0, u=0,RY\Q (4)

where p € (2,2%) and Q is an exterior domain with (non-empty) smooth boundary 9€2. They proved that (3)
does not have a ground state solution, which becomes a difficulty in dealing with the problem. As in [3], the
authors analyzed the behavior of Palais-Smale sequences, obtaining a precise estimate of the energy levels where
the Palais-Smale condition fails, which made possible to show that without any symmetry assumption the problem
(3) has at least one positive solution, for RY \ €2 small enough. We note that, a key point to prove the results of
existence is the uniqueness up to a translation of positive solution of the equation at infinity associated with (3)
given by (—=A)*u + u = |u|P~2u, in RY. We recall that we did not find in the literature any paper dealing with
the existence of non negative solutions for Problem (P) in exterior domains. The main feature from problem (P)
is the lack of compactness due to the unboundedness of the domain and the lack of the uniqueness of solution of
the limit problem

(—A)’u+u= (/]R %dy) lulP~2u, xRV, (5)

N |z —
To overcome the loss of uniqueness we investigate limit profiles of ground states of (5) as @ — 0. This leads to the
uniqueness of ground states when « is closed to 0.
Our main result is the following.

Theorem 0.3. There is ag > 0 small enough and p > 0 such that if R \ Q C B(0,p), problem (1) has at least

one positive solution for all o € (0, ).
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Abstract

It is established existence of ground and bound state solutions for Choquard equation considering concave-

convex nonlinearities in the following form

“Au+V(z)u = (Io*|u/P)|uP"?u+ Mu|?%u in RY,
{ u € HY(RY)

where A > 0,N > 3, € (0, N). The potential V is a continuous function and I, denotes the standard Riesz

potential. Assume also that 1 < ¢ < 2, 2, < p < 2} where 2, = (N + a)/N, 2 = (N + a)/(N —2). Our

main contribution is to consider a specific condition on the parameter A > 0 taking into account the nonlinear

Rayleigh quotient. More precisely, there exists A* > 0 such that our main problem admits at least two positive

solutions for each A € (0, \*]. In order to do that we combine Nehari method with a fine analysis on the nonlinear

Rayleigh quotient. The parameter A* > 0 is optimal in some sense which allow us to apply the Nehari method.

1 Introduction

It is well known that existence, nonexistence and multiplicity of solutions for nonlocal elliptic problems are related
with the behavior of the nonlinearity at the origin and at infinity. In this work we shall consider semilinear elliptic

problems driven by the Choquard equation described in the following form:

{ “Au+V(@u = (In* |ulP)uP~2u + Aul92u in RY, O

u € HYRY)

where A > 0, N > 3,a € (0,N). The potential V is a continuous function and I, denotes the standard Riesz
potential. Assume also that 1 < ¢ < 2, 2, < p < 2} where 2, = (N + «)/N, 2} = (N 4+ «)/(N — 2). Later on, we
shall consider hypotheses on V' and A. Recall that the Riesz potential can be described in the following form

Io(z) = éT]S,]ifz,x € RY and A,(N) =

where T" denotes the Gamma function, see [6]. The Choquard equation has many physical applications. For example
assuming that N = 3,a=2,p=2,A =0 and V = 0, Problem (1) was investigated in [8] considering the quantum
theory of a polaron at rest. It was pointed in [5] that Choquard problem is also applied in the Hartree-Fock theory
of one component plasma. It also arises in multiple particles systems [2] and quantum mechanics [7].

It is important to emphasize that nonlocal elliptic problems involving Choquard equations have been studied in
the last years taking into account several different assumptions on the potential V.

Nonlinear Rayleigh quotient have been studied in the last years, see [3, 2]. The main feature in these works is
to guarantee that there exists an extreme value A* > 0 in such way that the Nehari method can be applied for each
A€ (0,1%).
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2 Main Results

We are concerned with existence of ground and bound states for Problem (1) involving concave-convex nonlinearities.
In this case, we need to control the parameter A > 0 getting our main results. In order to overcome this difficulty,
we shall consider the nonlinear Rayleigh quotient showing that there exists A* > 0 such that the Nehari method

can be applied for each A € (0, \*]. Throughout this work we assume the following assumptions:
(Q) It holds 1 < ¢ < 2 and p € (2,,2}) with 2, = (N +«a)/N, 2} = (N + a)/(N — 2);
(V1) The function V : R — R is continuous and there exists a constant Vy > 0 such that V (z) > Vp for all x € RY;

(V) Tt holds V! € L' (RY), i.e., the function V satisfies the following integrability condition [,y V! (z)dz < +oc.

Now we consider the working Banach space for our problem defined by X = {v € H*(RY) : [y V(z)v?dx < +o0} .

It is worthwhile to mention that the energy functional associated to Problem (1) is given by

1

1 A
By = 5llull = 5 [ o sl uPde =2 [ Julrde, e .

Using the embedding X < L"(RY) for each r € [1,2*] it is well known that Ey € C1(X,R). Namely, we can
use the all machinery of variational methods in order to ensure existence and multiplicity of solutions.

In this way, we can state our main result in the following way:

Theorem 2.1. Suppose (Q) and (V1) — (Va). Then, there are 0 < A\, < A* < 0o such that for each A € (0, \*)
the Problem (1) admits at least two distinct positive solutions uy,vy € X satisfying the following statements:
El(ux)(ux,ux) > 0, E{(va)(vr,va) <0, Ex(ux) <O0. Furthermore, uy is a ground state solution and vy satisfies

the following statements:
(i) For each A € (0, \y) we obtain that Ex(vy) > 0;
(ii) For each A = A, we deduce that Ex(vy) = 0;
(iii) For each A € (A, \*) we obtain also that Ex(vy) < 0.

For more details about our main results, see [1].
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Abstract

O objetivo deste trabalho é estudar a localizagdo de camadas de tansi¢do interna para determinadas solugoes
de uma classe de problemas elipticos ndo-homogéneos, postos num intervalo da reta, e condigdes de fronteira de
Neumann. Nés generalizamos alguns resultados conhecidos usando técnicas variacionais inspiradas na teoria de
I'-convergéncia. Como aplicacao, apresentamos a localizagdo das camadas de transi¢ao interna para problemas

postos em algumas variedades Riemannianas simétricas.

1 Introducao

Quando uma equacao diferencial contém um parametro pequeno multiplicando o termo com derivadas espaciais
e este este parametro vai a zero, grosseiramente falando, dizemos que a familia de solugoes a este parametro
desenvolve uma camada de transicao interna se ela induz uma particao no dominio em duas regioes onde, exceto
por uma regiao “tubular” — a chamada interface da camada de transicao — as solugoes se aproximam de duas
fungoes pré-determinadas (uma em cada regiao). Solugoes desenvolvendo camadas de transi¢io interna possuem
um importante papel em muitas dreas da ciéncia aplicada, por exemplo: teoria da combustao, transigao de fases,
formacao de padroes, dindmica populacional, reagoes quimicas, etc.

Neste trabalho contribuimos na tarefa de fornecer a localizacdo exata da interface de determinada classe de

solugoes do seguinte problema singularmente perturbado

(1)
onde k(-) € C1(0,1) é positivo; € > 0 é um parametro positivo e f : R x [0,1] — R é de classe C'. Assumimos que
o f(-,z) tem dois zeros by (z), be(z) tais que by, by € C*(0,1) e by(z) < ba(x) para todo z € [0, 1];
o O1f(bi(x),z) <0 e d1f(ba(x),x) <0 para todo z € [0,1];
* se

Plua) =~ [ L Jsis (2)

entdo F(-,z) > 0 para todo = € [0,1] e y/k(-)F(+,-) é Lipschitz continua.
Um tipico exemplo de uma fungao f satisfazendo as condi¢oes acima é
flu,2) = =(u = bi(2))(u — a(@))(u — ba(x)), 3)

com by (+),a(+),b2(:) € C1(0,1) e bi(z) < a(x) < ba(x) (com a > (by + by)/2) para todo z € [0,1]. Esta fungio
esté relacionada ao problema de Allen-Cahn nfo-homogéneo que tem sua origem na teoria de transi¢ao de fases e

é usado como modelo para diversos processos de reacao e difusao nao-lineares.
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2 Resultado Principal

As solugoes de (P) sao pontos criticos do funcional de energia Je: H'(0,1) — R definido por

1
~ 1
J.(u) :/ k() o2+ - F(u,)d,
0 €

onde F foi definido em (2). No entanto, nosso principal resultado requer extender este funcional para L'(0,1); i.e.
consideramos J, : L1(0,1) — R U {oco} definido por penalizagio em L'(0,1) por

j u u 1
J.(u) ‘{ Rl (1)

] oo, we L'Y0,1)\H'(0,1).

Definigao 2.1. Uma familia {u.} de solucdes de (P) em C%(0,1) N C0,1] € dita desenvolver uma camada de

transicao interna, quando € — 0, com interface em T € (0,1) se
0
Ue = ug = b2X[0,z) + b1X[z,1] em LY0,1). (2)

A fim de afirmar nosso resultado principal, definimos a seguinte funcao A : (0,1) — R,

ba(x)
Az) = /b Vk(z)F (s, x)ds (3)

1(z)

ba(z)
0= {ze (0, 1);/b f(s,z)dsO}. (4)

e o conjunto
1(2)
O resultado principal é afirmado abaixo.

Teorema 2.1. Suponha que uma familia {u.} de solugées de (P) desenvolve uma camada de transi¢do interna
com interface em T € C, onde C C Q é a componente conera de Q na qual T estd. Entdo,

o se {uc} € uma familia de minimos locais em L' de J., T é um ponto de minimo local de A(x) em C;
o se {u.} é uma familia de minimos globais de J., A(T) = min{A(z); z € C}.

Este contetido estd presente no trabalho [1].
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Abstract

We prove the existence of a bounded positive solution of the following elliptic system involving Schrédinger
operators
—Au+Vi(@)u=dp1(@)(u+1)"(v+1)? in RY

—Av +Va(z)v = ppe(z)(u + 1w +1)° in RV,
u(z),v(z) =0 as  |z| = o0

where p, q,r,s > 0, V; is a nonnegative vanishing potential, and p; has the property (H) introduced by Brezis and
Kamin [3]. As in that celebrated work we will prove that for every R > 0 there is a solution (ur,vr) defined on
the ball of radius R centered at the origin. Then, we will show that this sequence of solutions tends to a bounded
solution of the previous system when R tends to infinity. Furthermore, by imposing some restrictions on the
powers p, q,r, s without additional hypotheses on the weights p;, we obtain a second solution using variational
methods for a gradient system.

1 Introducao

We first study the existence of a bounded positive solution of the system

—Au+Vi(z)u=Apy(2)(u+1)"(v+ 1) in RV
—Av+ Vao(z)v = ppe(z)(u+ 19w +1)* in RN, (Sxu)
u(z),v(z) = 0 as |z| — o0
where A\, > 0 and p, q,7,s > 0, and where V; is a vanishing potential satisfying

a; A
_ Y oy <
T+ o = Vi@

< m for all z € RY, (HY)

for some constants a > 0 and A;, a; > 0, i = 1,2. The weight p; belongs to L>(R") and satisfies

0 < pi(x) in RY, (Hp)

i
S T4
for some constants 8 > 2 and k; > 0, ¢ = 1,2. In this work, assuming the conditions (H{}), (H,) and using the
upper and lower solutions technique, we first prove the existence of a bounded positive solution of System (S ,).
As far as we know, the first work for elliptic systems using the ideas of [3], was done by Montenegro [3], where
uniqueness of solution in balls also plays an important role. Since System (S» ) in bounded domains does not have
this property, we will have to use an alternative argument that involves minimal solutions.
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2 Resultados Principais

Let us state our first result.

Theorem 2.1. Assume that p,q,7,s > 0 and in addition suppose hypotheses (H,) and (Hy{;) hold with o € (0, 2]
and o + > 4. Then, there exists A > 0 such that System (Sx,) has at least one bounded positive solution for
every 0 < A\, p < A.

When r,s > 1 we can construct a function that is the border between the region of existence and nonexistence.

Theorem 2.2. Suppose hypotheses (H,) and (Hf;) hold with o € (0,2] and o+ 3 > 4. Assume also that r,s > 1
and p,q > 0. Then, there is a positive constant \* and a nonincreasing continuous function T' : (0, A*) — [0, 00)
such that if A € (0, \*) then System (S ,.):

i) has at least one bounded positive solution if 0 < p < T'(A) ;

it) has no bounded positive solution if
pw>T(N).

On the other hand, the second positive solution will be obtained employing variational methods. Here we will
consider the following gradient system

—Au+V(@)u=Ap1(z)(u+1)"(v+1)*F  in RN
—Av+V(z)v=Ap2()(u+ 1) (v +1)* in RV, (1)
u(zx),v(z) = 0 as |z| = oo,
with r,s > 1, r4+s < 2* =2, p1(x) = (r + 1)p(z) and p2(x) = (s + 1)p(x).
Theorem 2.3. Suppose hypotheses (H,) and (H{}) hold with a € (0,2] and o+ 5 > 4,

i) If r,s > 0, then there exists \* > 0 such that the gradient System (1) possesses at least one bounded positive

solution (u1 x,v1,) for all 0 < X < \* while for r,s > 1 and A > \* there are no bounded positive solutions.

it) If r,s > 1 and r + s < 2* — 2, then there exists 0 < A** < X\* such that the gradient System (1) possesses a
second positive solution of the form (u1 x +u,v1 x +v) for all 0 < X\ < \**, where u,v € HY(RY).

We would like to point out that in Theorem 2.3, to show existence of a second solution we will use an auxiliary
problem which allow us to avoid imposing additional hypotheses of integrabilities on the weights p;. We also prove
a similar result for a class of Hamiltonian system.

This is a joint work with Juan Arratia (Universidad de Santiago de Chile) and Pedro Ubilla (Universidad de
Santiago de Chile) to apper at Discrete and Continuous Dynamical Systems.
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Abstract

In this work we study existence of weak and ground state (least energy) solutions for a class of nonlocal
linearly coupled elliptic systems. We deal with nonautonomous nonlinearities that may not satisfy any kind
of monotonicity, also the related potentials may not have any kind of smoothness. In order to obtain ground
states, instead of applying the well known methods of Nehari-Pohozaev manifold, we introduce new arguments
and techniques whose are based on a Pohozaev type identity, a concentration—compactness principle and a profile
decomposition type result.

1 Introduction

In this work we study the following class of linearly coupled fractional systems

{ (—=A)u+ Vi(2)u = fi(z,u) + Mz)v, = €RY, (9)

(A0 + Va(z)v = folz,v) + M2)u, = €RN,

where (—A)® denotes the fractional Laplacian operator for s € (0,1). Coupled elliptic systems arise in various
branches of mathematical physics and nonlinear optics.

Our main motivation to study (5) is based on the following question: is it possible to develop a general argument
to obtain ground states for the class of coupled systems (S) (in particular the scalar equation A(z) = 0), when the
involved nonlinear terms does not satisfy any conditions such as

ft)

(N) T is nondecreasing on ¢t € R\{0},
or the related potentials are not necessarily smooth? See [1, 3, 2] for further discussion.
Our purpose here in this work is to study System (S) inspired by the above question considering that the
nonlinearities are superlinear. Roughly speaking, we replace the use of Nehari-Pohozaev manifold method by the
use a technique based on concentration-compactness via profile decomposition for weak convergence in fractional
Sobolev spaces and the use of a Pohozaev type identity. In order to approach in this way, we assume the existence
of a limit system associated with (S) as |z| — oo. More precisely, we first study the following nonlocal elliptic

problem

{ (—A)*u+ Vi(oo)u = fi(co,u) + A(oo)v, x € RV, (S0)
(=A)%v + Va(co)v = fa(oo,v) + A(o0)u, x € RN, >~

which is obtained by taking || — oo in (S) and comparing its minimax level with the one of (S ). Here Vj(00),
Va2(o0) and A(oo) are constants with f(oo,u) and f2(0o,u) being autonomous functions.

Next, for each ¢ = 1,2 we assume 0 < s; < min{1, N/2} and the following general hypotheses:
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(A1) Vi(x) > 0 almost everywhere (a.e.) in RV, V; € L7 (RN), 0; > N/2s; and

loc

inf [/ \(fA)Si/2u|2dx+/ V,;(x)quz] > 0.
{ueCFRN):|lullz=1} [ JrN RN

(A2) X € L=®(RY) and there exists § € (0,1) such that (s.t.) [A(x)] < §/Vi(z)Va(z) ae. z € RV,

(A3z) Vi(00) := lim|y|00 V(2) > 0 and A(00) := limz| 00 A(2).
For a.e. x € RY we suppose that t — f;(x,t) is C! and satisfies the following assumptions:

(Hy) limy_s 4o fi(z,t)t™! = 400, uniformly a.e. x € RV,
(Hs) For every compact L C R, there exists Cp, > 0 s.t. |fi(x,t)| < O a.e. z € RY and t € L.

(Hs) Let Fi(x,t) = (fi(x,t)t)/2 — Fi(z,t), then

inf [ inf ]-'i(x,t)] >0, Vb>a>0.

zERN [a<[t|<b
(Hy4) There exists ¢; > N/(2s;), a; > 0 and R; > 0 such that

|f(x7t)|ql < ai]:i(xvt”t

% VYt| > R;.

(Hs) For any given € > 0, there exist C;, > 0 and p, € (2,2},) such that

afi
ot

(a:,t)‘ <e+ Ot 72, forae. xz € RY and Vt € R.

(Hg) fi(00,t) :=lim|; o0 f(,t), uniformly in compact sets of R. We also assume that f;(o0,t) € C*(R) holds.

We denote I and I the energy functionals related to (S) and (S ) respectively, with ¢(I) and ¢(I) being the
associated mountain pass level. We say that a weak solution (u,v) € H \ {(0,0)} is a ground state of System (.5)
when I(u,v) < I(4,0) for any other weak solution (4, 0) € H \ {(0,0)}, where H is a suitable Sobolev space.

2 Main Results

Theorem 2.1. Assume (A1)-(As) and (H1)-(Hs). If either c¢(I) < c(Iso) or I(u,v) < I (u,v) hold, then System
(S) admits at least one ground state solution (u,v). Moreover, if I(u,v) < I(u,v) then the ground state is at the

mountain pass level, that is, I(u,v) = c(I).
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Abstract

Nesta palestra iremos falar sobre regularidade interior para “viscosity solutions” de problemas de Dirichlet
néo-locais que degeneram quando o gradiente da soluc cao se anula. Apresentaremos estimativas Hélder quando
a ordem da difusdo é menor ou igual a 1 e estimativas Lipschitz quando a ordem da difusdo é maior que 1. Além

disso, no ultimo caso, discutiremos a possibilidade de obter estimativas Holder para o gradiente.

1 Introducao

Nesta apresentacao discutiremos sobre regularidade interior para “viscosity solutions” u de problemas elipticos

nao-lineares da forma.

— |Du(x)|"I(u,z) = f(z) for x € By, (1)
onde v > 0, f € L*>(B1), Du(x) é o gradiente de u em z, e I(u,z) é um operador ndo-local uniformemnte eliptico
da forma

I(u,r) = infsup I, (u, ) (2)
g
onde
I, (u,z) =P.V. - [u(y) — uw(2)|K;j(x — y)dy. (3)

Consideramos K;; : RV \ {0} — R uma familia de kernels simétricos tais que

A

CmN CU,N
e S KasApyg. @70, (4)

onde 0 € (0,2) and 0 < A < A < o0.
A principal dificuldade vém da presenga de |Du(x)|” em (1), pois quando o gradiente de u vai para zero a

equagao degenera. Ou seja, a informacao que vém da equagao se perde quando o gradiente se anula.

2 Resultados Principais
Adaptamos para o nosso caso degenerado o método de Ishii-Lions nao-local a fim de obter o seguinte resultado,

Teorema 2.1. Sejam f € L>°(By) e I um operador da forma (2). Seja u € LS, N L. uma “viscosity solution” do

problema (1). Entao,

e Se0<o<1entaoueC? e
[Wce (B,,.) < ClullLy @y + llulle(s,) + [ fllze(s1))-
e Seo =1, entao u € C*para todo « € (0,1), e

[W]ca (s, ) < CalllullLy @ny + ullLes,) + 1 fllL=(B))-
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e Sel <o <2 entiaouec CO ¢
[Wlcor(s,,,) < ColllullLy ®yy + [ullLe(my) + 1 f Lo (B)),

e a constante Cy € uniformemente limitada quando o — 27 .

Além disto, quando o estd préximo de 2 o problema (1) estd suficientemente préximo de um problema de

segunda ordem para o qual estimativas C® disponivel e podemos obter o seguinte resultado,

Teorema 2.2. Sejam f € L°°(By) eI como em (2) definido a partir da familia de kernels {K;;};, adicionalmente

satisfazendo a sequinte propriedade: existem um mddulo de continuidade w e um conjunto {k;;}i; C (A, A) tal que
[ Kij ()] ¥ — kij| < w(lal), |o] < 1. ()

Entado, existe um o € (1,2) prézimo de 2 tal que para o9 < o < 2 toda “viscosity solution” u para (1) é C1®
para algum « € (0,1), e
-1
[ulcr.o(B,s) < Colllullos + 11 fllec™)-
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Abstract

It is establish existence of weak solutions for nonlocal elliptic problems driven by the fractional Laplacian
where the nonlinearity is indefinite in sign. More specifically, we shall consider the following nonlocal elliptic
problem

(A u+V(z)u = pa(e)|u|”?u— AuP"?u in RY,
{ u € H*(RY),
where s € (0,1),s < N/2,N > 1 and p,A > 0. The potentials V,a : RY — R satisfy some extra assumptions.
The main feature is to find sharp parameters A > 0 and p > 0 where the Nehari method can be applied. In order
to do that we employ the nonlinear Rayleigh quotient together a fine analysis on the fibering maps associated

to the energy functional.

1 Introduction

In the present talk we shall consider nonlocal elliptic problems driven by the fractional Laplacian defined in the
whole space where the nonlinearity is superlinear at infinity and at the origin. Namely, we shall consider the

following nonlocal elliptic problem

(1)

(=AY u+V(zu = pa()u|??u— AulP~2u in RV,
u e H9(RN),

where s € (0,1),s < N/2,N > 1. Furthermore, we assume that 2 < ¢ < p < 2% = 2N/(N — 2s) and p, A > 0.
Assume also that V : RN — R is a continuous function and a : R — R is nonnegative measurable function. It is
important to recall that the main difficult in order to consider weak solutions for Problem (1) comes from the fact
that the nonlinear term gy ,(z,t) = pa(z)[t|972t — A[t|P~2t,2 € RV, ¢t € R is indefinite in sign. In fact, we observe
that

" 7t . N 7t
i P& oy @) @)

t—0 t—o00 t

and gy ,(x,t) > 0 for each t € (0,0),z € RY for some § > 0. Hence, we obtain that gy ,(,t) is a sign changing
nonlinearity. Semilinear elliptic problems have widely considered in the last years since the seminal work [1].

2 Main Results

As was told in the introduction we shall consider existence and nonexistence of nontrivial weak solutions for the
Problem (1) looking for the parameters A > 0 and u > 0. The main idea here is to ensure sharp conditions on the
parameters A and g such that the Nehari method together with the nonlinear Rayleigh quotient can be applied, see

[2, 3]. Throughout this work we assume the following assumptions:
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(Q) It holds p,A >0and 2 < g < p <2 =2N/(N — 2s);

(Vo) The potential V : RY — R is continuous function such that V(z) >V, > 0 for all z € RY;
(V1) For each M > 0 it holds that [{z € R¥n : V(z) < M}| < +o0.

(ap) It holds that a € L>°(RY) where a(z) >0 a. e. in x € RV .

It is important to mention that the working space for our work is defined by
X = {v € H*(RV) : /V(x)vzd:z: < +oo} .

Notice that X is a Hilbert space. It is worthwhile to emphasize that that the energy functional E), : X — R
associated to Problem (1) is given by

1 I A
Exp(u) = 5 |lull” - g 1ellda + Sllllp, we X, (1)

where

[[u

b= /a(x)|u|qd:17 and ||lul|p = / |ulPdz,u € X.

Under our hypotheses we observe that E , belongs to C?(X,R) for each A > 0 and p > 0. Moreover, a function
u € X is a critical point for the functional Ey , if and only if u is a weak solution to the elliptic Problem (1). Now,
by using the same ideas introduced we shall consider the Nehari method for our main Problem (1). As a product,
we shall state our first main result as follows:

Theorem 2.1. Suppose (Q), (Vo) — (V1) and (ap). Then for each A > 0 we obtain that 0 < pu, < pe < 00.
Furthermore, there exists A« > 0 such that for each p > p, Problem (1) admits at least a weak solution uy, € X
whenever X € (0, \,) which it satisfies the following assertions: EY(ux ,)(uxu,ux,,) < 0 and there exists D, > 0
such that E ,,(ux,) > D, and uy, — 0 in X as p — oo.

Now we assume the following hypothesis:
(a1) It holds that a € L= (RN) N L"(RY) with r = (p/q) = p/(p — q) and a(z) > 0 a.e. in x € RY.
Hence, we can written our next main result in the following form:

Theorem 2.2. Suppose (Q), (Vo) — (V1) and (a1). Then for each X > 0 we obtain that 0 < p, < p. < 00.
Furthermore, there exits \* > 0 such that for each pu > p, Problem (1) admits at least a ground state solution
v € X taking into account one of the following conditions: p € [fe,00), A > 0 and 1 € (fn, fte), X € (0,A%).
Moreover, the weak solution vy, satisfies the following assertions: It holds that EY (v ,.)(vx u,va,u) > 0. Moreover,
loaull = 00 in X as p — oo. For each p € (pin, jte) we obtain that Ey ,(vx,,) > 0. For p = pe it follows that
Ey(va,,) =0. For each pn > pte we obtain also that Ey(vx,,) < 0.
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Abstract

In this work we study the following class of fractional Choquard—type equations
(&) utu = (Lx Fw)f(w), z€R,

where (—A)'/? denotes the 1/2-Laplacian operator, I, is the Riesz potential with 0 < p < 1 and F is the
primitive function of f. We use Variational Methods and minimax estimates to study the existence of solutions

when f has critical exponential growth in the sense of Trudinger—Moser inequality.

1 Introduction

This talk is based on [4], here we are concerned with existence of solutions for a class of fractional Choquard-type
equations

(—Afu+u:<@*FmeWL v eRY, (1)

where (—A)® denotes the fractional Laplacian, 0 < s < 1, 0 < pu < N, F is the primitive function of f,
I,, : RM\{0} — R is the Riesz potential defined by

"(55)
1 2
IH(I) = AMW’ Where AN = m,
2
and T' denotes the Gamma function. We consider the “limit case” when N = 1, s = 1/2 and a Choquard—

type nonlinearity with critical exponential growth motivated by a class of Trudinger—Moser inequality. The main
difficulty is to overcome the “lack of compactness” inherent to problems defined on unbounded domains or involving
nonlinearities with critical growth. In order to apply properly the Variational Methods, we control the minimax
level with fine estimates involving Moser functions (see [7]), but here in the context of fractional Choquard—type
equation.

Nonlinear elliptic equations involving nonlocal operators have been widely studied both from a pure
mathematical point of view and their concrete applications, since they naturally arise in many different contexts,
such as, among the others, obstacle problems, flame propagation, minimal surfaces, conservation laws, financial
market, optimization, crystal dislocation, phase transition and water waves, see for instance [2, 3] and references
therein.

Inspired by [1], our goal is to establish a link between Choquard—type equations, 1/2— fractional Laplacian and

nonlinearity with critical exponential growth. We are interested in the following class of problems

pAﬂﬂu+u:(@*Fm»fmy z € R, (P)
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where F' is the primitive of f. In order to use a variational approach, the maximal growth is motivated by the
Trudinger—Moser inequality first given by T. Ozawa [6] and later extended by S. Tula, A. Maalaoui, L. Martinazzi

[5]. Precisely, it holds
< ) < )
sup /(eo‘“2 —1)dz 0o =T
uweHY?(R) JR =00, Qa>T.

[(=a)*ull2<1

In this work we suppose that f: R — R is a continuous function satisfying the following hypotheses:
(f1) f(t)=0, forallt <0and0< f(t) < Ce™ for all t > 0;

(f2) There exist tg, Cp > 0 and a € (0,1] such that 0 < t*F(t) < Cof(t), for all t > to;

(f3) There exist p > 1 — pu and C), = C(p) > 0 such that f(t) ~ CptP, as t — 0;

(f14) There exists K > 1 such that KF(t) < f(¢)t for all t > 0, where F(t) = fot f(r)dr;

.. F(t .
(fs) ltlgligf e7f(t2) =/ Bo with By > 0.

2 Main Results

We are in condition to state our main result:

Theorem 2.1. Suppose that 0 < pn < 1 and assumptions (f1) — (fs) hold. Then, Problem (P) has a nontrivial
weak solution.

Remark 2.1. Though there have been many works on the existence of solutions for problem (1), as far as we
know, this is the first work considering a fractional Choquard—type equation involving 1/2-Laplacian operator and
nonlinearity with critical exponential growth. Particularly, our Theorem 2.1 is a version of Theorem 1.3 of [1] for
1/2-Laplacian operator.
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Abstract

Given a smooth compact Riemannian n-manifold (M, g) with positive scalar curvature, we prove that any

complete critical metric of the LF-norm of the scalar curvature, has constant scalar curvature.

1 Introduction

Let (M™,g), n > 3, be a n-dimensional smooth Riemannian manifold and consider the functional

ﬁszmm (1)

on the space of Riemannian metrics on M", where k € N, R, and dV; denote the scalar curvature and the volume

for of g respectively. In the case k = 2, Giovanni Catino [4] proved the following theorem

Theorem 1.1. Let (M™,g), n > 3, be a complete critical metric of S? with positive scalar curvature. Then (M™, g)
has constant scalar curvature.

Urging for a more general result, we calculated the first variation of S*(g), using derivatives formulas (see [3])
in the direction of h (g(t) = g + th)

6W@m:/

1
(kRF'SR + = RFtr(h))adv,
M 2

= / (—kR* YA tr(h) + kR*'div?(h) — kR*™! < Ric,h >, +%Rktr(h))dvg
M
1
= /M(kangflg +kVERM! — kRY Ric + o RFg)hdV.

Remark 1.1. We take h with compact support, such that we can apply the Divergence Theorem for (2,0)-tensor.

Hence, the Euler Lagrange equation for a critical metric of S* in the direction of h is given by

1R

RFIRic — V2(RF1) + Ag(RF g = 550 (2)
By induction, we can proof that
Vo(RFID)(X,Y) = (k= D)RFPVIR(X,Y) + (k— 1)(k — 2)RF * X (R)Y (R). (3)
By (2) and (3)
Boft = (gk(ﬁlﬁi)_ 1)) = (- e @)

By above equalities; any critical metric of S* is scalar flat if n is odd, whereas it is either scalar flat or Einstein if
n = 2k.

In this paper we will focus on complete critical metrics of S¥. As for as we know, complete critical metrics of
S* were not studied yet. Our main result characterizes critical metrics with positive scalar curvature.
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Theorem 1.2. Let (M™,g), n > 3, be a complete critical metric of S* with positive scalar curvature and k > 2 € N.

Then (M™, g) has constant scalar curvature.

Theorem 1.3. Let (M™,g), n > 3, be a complete critical metric of S* with positive scalar curvature and k > 2 € N.
If n < 2k, then (M™,g) is scalar flat.

In particular, from equations (2) and (3), if n # 2k , there are no complete critical metrics of S* with positive
scalar curvature, whereas, every complete 2k-dimensional critical metric S* with positive scalar curvature is either

flat or Einstein with positive scalar curvature.
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Abstract

In this research we will study the existence of weak solutions for a class of implicit elliptic equations involving

the p-Laplace Operator. Using a Krasnoselskii-Schaefer type theorem we establish our result.

1 Introduction

In this article we focus on the following boundary problem

—Apu = fz,u, Vu,Apu) + g(z,u, Vu)|ul, in Q
(1)

u = 0 on I’

where Q is a bounded domain with smooth boundary T'in R*(n > 3) , [ : O XRXxR" xR - R, g: O xRxR"” - R,
2<p<+ocands>1,¢t>0.

Implicit elliptic equations have been intensively studied in the literature, see for example [1,3]. More recently
Precup [4] studied the case p =2 , t = 0. Motivated by the above works, we are devoted to study problem (1.1).

2 Assumptions and Main Results

We give the following hypotheses.

(A1) There exist a,b, ¢ > 0 such that
[f(2,y, 2,w) = f(2,5,20)| < aly = 7| + bz = 2"~ +cjw—w , [(-,0,0,0) € LP(Q)
(A2) There exist constants ag, by > 0, « € [1,p*/(p*)’], B € [1,p/(p*)]; and h € LP(Q) such that

lg(z,y,2)| < aoly|* +bol|z|? +h(z) , VyeR,z€R" and aex€Q

(A3) yg(x,y,2) < olylP , Yy eRze R aex €, forsome o < ophy , 0<og<1 , Apis the first
eingenvalue of (—A,, WyP(Q))

b
(A4)€5:%+W+C<1 , Go=1-1/
1 1

Our main result is the following theorem

Theorem 2.1. Let (p*)' <7 < p. Suppose (A1) - (A1) hold. Then (1.1) has at least one weak solution u € Wy (Q)
with Ayu € L7(Q).
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Proof We transform (1.1) into an equivalent problem of fixed point, where the associated operator is a sum of a

contraction with a completely continuous mapping. Then, we apply a result in [2].

References

[1] BoNaNNO G., MARANO S., - Elliptic problems in R™ with discontinuous nonlinearities, Proc. Edinbungh
Math. Soc. 43(2000) 545-558.

[2] BurTtoN T.A., KIRK C., - A fized point theorem of Krasnoselskii-Schaefer type, Math Nachr., 189(1998) 23-31.

[3] CARL S. , HOIKKILA S., - Discontinuous implicit elliptic boundary problems , Diffrential Integral Eq. 11(1999)
823-834.

[4] PRECUP R., - Implicit elliptic equations via Krasnoselskii - Schaefer type theorems , EJQDE, 87(2020) 1-9.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 4748

UM SISTEMA DE TIPO SCHRODINGER-BORN-INFELD
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Abstract

Apresentamos um sistema envolvendo a equagdo de Schrédinger ndo linear e a equagdo da electrostatica
de Born-Infeld e procuramos solucées no caso radial em R3. Dependendo do pardmetro p da néo linearidade

técnicas diferentes sdo usadas para mostrar a existéncia de solugoes.

1 Introducao e resultado principal
Consideramos o seguinte sistema nao linear de tipo Schrédinger-Born-Infeld

—Au+u+ ¢u = |[ulP~tu in R3,

(1)
—div __ Vo —u?2 inR3
V1—[Vo]? ’

com p dado e nas incégnitas u, ¢ : R3 — R.

Esse sistema aparece na busca de solugbes estaciondrias da equagdo de Schrodinger acoplada com a teoria
eletromagnética de Born-Infeld, em lugar da classica teoria de Maxwell. A vantagem dessa nova teoria é que
elimina o problema da energia infinita que a Teoria de Maxwell associa a uma carga puntual. De fato, na Teoria

de Maxwell a busca de ondas estaciondrias leva ao sistema

—Au+u+ou=|uP~lu in R3
(2)
—A¢ = u? in R3,

e é facil de ver que a solugao fundamental ® do Laplaciano satisfaz ng |[V®|? = +00, ou seja a energia asociada a
uma carica puntual é infinita.

Contudo a desvantagem da electrodindmica de Born-Infeld é que a equagao do campo eléctrico, ou seja a segunda
em (1), é ndo linear, quando na teoria de Maxwell por ser a equagao de Poisson é muito mais simples.

Em dois trabalhos distintos nds provamos existéncia de solugoes para o sistema (1) que é muito menos estudado
do sistema (2). Nés usamos Métodos Variaciones, Teoria do Ponto Critico e oportunas perturbagdes no sistema.

Em particular, em [1] com A. Azzollini (Universita della Basilicata, IT) and A. Pomponio (Politecnico di Bari,

IT) mostramos o seguinte resultado.

Teorema 1.1. Pora cada p € (5/2,5), o problem (1) possui uma solugdo radial de ground state, ou seja uma

solugao (u, @) que minimiza o funcional da agdo entre todas as outras solugoes.

No trabalho [3] com Z. Liu (China University of Geosciences) mostramos a existéncia do ground state também
por valores menores de p cobrindo o caso p € (2,5/2]. Além disso, provamos o resultado em presencia de uma nao
linearidade com crescimento critico e abordamos o problema da multiplicidade de solugoes encontrando infinitas

solugoes com niveis de energia que tende para +o0.
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Destacamos que no trabalho [1] para garantir a geometria do Paso da Montanha foi usado o “monotonicity
trick” de Jeanjean, que consiste em introduzir um parametro de controle multiplicativo A em um termo ja presente
na equagao e mostrar que quando A tende para 1 se obtém uma solucao do sistema inicial. Por outro lado essa
técnica nao funciona por valores menores de p. Para contornar essa dificuldade, em [3] usamos um diferente método
de perturbacao que consiste em adicionar dessa vez na equacao um termo contendo o parametro de controle A
e mandar o A para 0. Nesse caso as contas sao bem mais envolvidas mas mesmo assim conseguimos mostrar a

geometria do Passo da Montanha e a condigao de compacidade necessaria para obter existéncia de solugoes.

References

[1] AZZOLLINI, A., POMPONIO A. AND SICILIANO, G. - On the Schridinger-Born-Infeld System. Bull Braz Math
Soc, New Series, DOI 10.1007/300574-018-0111-y.

[2] SICILIANO, G. AND LIU, Z. - A perturbation approach for the Schrédinger-Born-Infeld system: Solutions in the
subcritical and critical case. J. Math. Anal. Appl., 503, 125326, 2021.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 49-50

EQUACOES DE SCHRODINGER QUASELINEARES COM POTENCIAIS SINGULARES E SE
ANULANDO ENVOLVENDO NAO LINEARIDADES COM CRESCIMENTO CRITICO
EXPONENCIAL

GILSON M. DE CARVALHO!, YANE L. R. ARAUJO? & RODRIGO G. CLEMENTE?

!Departamento de Matemética, UFRPE, PE, Brasil, gilson.carvalho@ufrpe.br,
2Departamento de Matematica, UFRPE, PE, Brasil, yanelaraujo@gmail.com,
3Departamento de Matematica, UFRPE, PE, Brasil, rodrigo.clemente@ufrpe.br

Abstract
Neste trabalho nés estudamos e estabelecemos resultados de existéncia de solugao fraca e de nédo existéncia
de solugao clédssica para a seguinte classe de equagoes de Schrodinger

—Anu+ V(Jal)lul " *u = Q(lz))h(u) em RY,

em que N > 2, V e () sdo potenciais continuos que podem ser ilimitados na origem ou se anularem no infinito e A
é uma nao linearidade que possui um crescimento critico exponencial com respeito a desigualdade de Trudinger-
Moser. Para atingirmos os nossos objetivos atacamos o problema usando uma abordagem variacional, bem como
fizemos uso de uma desigualdade do tipo Trudinger-Moser e de resultados do tipo principio da criticalidade

simétrica.

1 Introdugao

Aqui estamos interessados em estabelecer resultados de existéncia e de ndo existéncia de solugdo para a seguinte

classe de problemas

{ANU + V(|2 uY%u = Q(|z])h(u), se x € RY @)

u(z) — 0, quando |z| = +oo,

em que N > 2 e Ayu = div(|Vu|N~2Vu) denota o operador N-Laplaciano da funcido u. Primeiramente, para o

estudo de existéncia de solugao fraca, vamos considerar V e @ potenciais continuos satisfazendo:
(Vi) V:(0,+00) = R, V(r) > 0 para todo r > 0 e existem constantes a > —N e ag > —N tais que

0 <timinf 27 o 0 < limjnt Y.
r—0+ 770 r—+4oo 1

(Q1) Q:(0,4+00) = R, Q(r) > 0 para todo r > 0 e existem constantes by > —N e b < a tais que
Q(r) Q(r)

limsup ——= < 400 e limsup —
r—ot+ T r—+oo T

< +00.

Também pedimos que a nédo linearidade h : R — R seja continua e satisfaz:

(Hy) Existe ap > 0 tal que

] h(s) 0, Va>a
lim — e =
sotooe +oo, Va<ag.
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(Hs) Existe > N tal que

0 < pH(s):= ,u/os h(t)dt < sh(s) paratodo seR\{0};

(H4) Existem £ > 0 e k> N tais que

(Hs) h(s)/sN é ndo decrescente para s > 0.

Assumindo tais hip6teses, definindo um espaco adequado, usando um resultado de imersao, uma desigualdade do
tipo Trudinger-Moser, métodos variacionais e um resultado do tipo principio da criticalidade simétrica temos o

seguinte resultado.

Teorema 1.1. Suponha que V e QQ sdo potenciais satisfazendo (V1) e (Q1), respectivamente, e que h é uma ndo
linearidade obedecendo as condi¢oes (Hy) — (Hy), entdo (P) possui uma solu¢ao fraca ndo nula e ndo negativa.

Além disso, se h também satisfaz (Hs), temos que (P) admite uma solu¢ao ground state.
Por outro lado, se assumirmos V', @@ e h satisfazendo
(V) V : (0, +00) — R é continuo, V(r) > 0 e existe a € R tal que

v
lim sup ﬂ
r—+too  T¢

< +00;

(@) Q : (0,400) — R é continuo, Q(r) > 0 e existe b > a tal que

liminf )

r—+oo T

> 0;

o~

(h) h:R — R é continuo e existem £ >0 e p < N — 1 tais que

h(s) > &sP,  para todo s > 0;
respectivamente, fazendo uso da formulacdo em coordenadas radiais do N-Laplaciano e usando argumentos de
contradicao obtemos nosso resultado de nao existéncia de solugao.
Teorema 1.2. Assuma que as condigoes (17), (@) e (/f;) sao satisfeitas. Entdo, o problema (P) ndo possui uma

solucao cldssica radial e positiva.
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Abstract

Let Q be a smooth, bounded N-dimensional domain. For each p > N, let &, be an N-function satisfying
p®,(t) < t®,,(¢) for all t > 0, and let I, be the energy functional associated with the equation —Ag,u = f(u)
in the Orlicz-Sobolev space Wol’q)p (©2). We prove that I, admits at least one global, nonnegative minimizer u,

which, as p — oo, converges uniformly on Q to the distance function to the boundary 0.
1 Introduction

Let Q be a smooth, bounded N-dimensional domain and denote by dg the distance function to the boundary 092,
defined by

do(z) = inf |z —vy|, ze€Q.
y
For each p > N, let ¢, : [0,00) — [0, 00) be an increasing function of class C! such that
pPp(t) < t®@(t) for all t > 0,

where @, : R — [0, 00) is the N-function defined by

B, (t) = /Ot sop(lsds, tER.
Let f: R — R be a continuous function enjoying the following properties:
(f1) f(—t)+ f(t) >0 forallt >0,
(f2) F, the primitive of f given by F(t) = fot f(s)ds, is strictly increasing on [0, ||dq|| ], and

(f3) there exist constants a, b, r and tg, with a > 0, b > 0 and r, ¢y > 1, such that
0< f(t)<a+ bt"~1 forallt > t.
Let VVO1 P () be the Orlicz-Sobolev space generated by @, and consider the energy functional

I,(u) ::/glq)p(\Vu\)dxf/QF(u)dx, uwe Wyt (),

associated with the Dirichlet problem

{—div<<z>p<|w|>w>=f<u> in Q
u=20 on Of.
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Under the above hypotheses on ¢, the N-function ®, may grow at infinity faster than any polynomial (see [2]).
If this is the case, ®, does not satisfy the As-condition and, consequently, neither VVO1 P (Q) is reflexive nor its
modular functional u — [, ®,(|Vul)dz is of class C*.

Considering these facts and taking into account that the modular functional is always convex and sequentially
lower semicontinuous with respect to the weak-star topology (see [6]) we adopt in this paper the following definition,
according to [5]: a function u € Wol’q)p () is a critical point of I, if [, ®,(|Vu|)dz < oo and the variational inequality

@19 = [ @,(9uhde = [ fa = wis 1)

holds for all v € WOI’CPP(Q).
We show that I, admits at least one global, nonnegative minimizer u, and, under the additional assumptions

lim ®,(1) =0 and lim (®,(1))7 =1,

p—00 p—00
we prove that u, converges uniformly on Q to dg, as p — oo. This convergence result generalizes the corresponding

ones of [1, 2, 5].
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Abstract
We study functionals of the following type

o) = / Al ) [ Vul® — f,uu + Q(x)A(u) da

here A(z,u) = Ay (@)X {u>0y T A (¥)X{u<o}, f(@,0) = f1 (@)X {u>0} + - (2)X {u<o} and A(z, u) = Ay (T)X{u>0} +
A (T)X{u<o}- We assume 0 < A_ < Ap < oo and 0 < Q < ga. We prove the optimal regularity (C% ) of
minimizers of the functional indicated above when coefficients A+ are continuous functions with p < Ay < %,
f € LY(Q) and Q is bounded and continuous.

1 Introduction

In various applied sciences, many phenomenas are modelled by transmission problem also known as phase
transmission problems. These kind of models naturally appear when we study the diffusion of a quantity through
different media.

Let us look at example of the stationary state of the ice-water combination and studying the diffuson of heat
(related to the temperature 7' ) T : © — RY  Q being the domain under study. We can say that in ice the
diffusion is determined by an operator corresponding to solid state and in water, the diffusion is determined by
an operator corresponging to liquid state. As a combination, above mentioned phenomena can be posed in the

following variational setup,
/(A(m)Vv, V) — f(z,v)v +y(z,v) d (1)
Q

with

A(z,v) == AL (2)X o0y + A—(2)X{o<oy, [(2,0) == f1(2)X{os0) + F= (@) X{v<0y: V(@ 0) = 74 (2) X {0} + 7= (2) X {v<o0}

The matrices Ay satisfy the ellipticity condition for any &€ € RNV \¢|? < (AL&,€) < A|€)?, fr € LN (Q), v+ € C(Q).

This class of problems has attracted a lot of attention in recent years. For example, the [2] consider the PDE
with jump in leading coefficients and show Lipschitz regularity of solution when Ay € C*(Q). Furthermore, [1] and
[3] consider the variational setup as in (1). These works prove that the regularity of minimizers tend to C%!  as
the jump of the coefficients Ay and A_ tend to zero. In our work, we are successful in removing the small jump

condition and prove that minimizers are C%!  regular independent of quantity of jump |A; — A_| in any norm.

2 Main Results

2.1 Regularity of Elliptic PDE with continuous coefficients
We are concerned about the regularity of (weak) solutions to the following PDE in By
div(A(z)Vu) = f. (2)

where A € C(Q)N*N(By) and f € LV (By).
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Proposition 2.1. Suppose u € H'(By) N L>=(By) be a weak solution to (2) in By. Then for any 0 < a < 1, we
have u € C*(By/2) with the following estimates

[ulco.a (B, ) < C(N, @, pt,wa,8,,,) (lullLoe () + 12y (sy)) - (3)
Here wa,B,,, is uniform the modulus of continuity of A in Bsjs. In particular, we have
||u||C°‘(B1/2) < C(Nvanuawll,szi) (Hu||L°°(B1) + ||fHLN(B1)) . (4)

2.2 Optimal regularity of minimizers

Theorem 2.1. Suppose u € H' () be a minimizer of Ja 5.o(-,). Then u is locally bounded in Q and for every
a € (0,1) and xo € Q we have

[[ul

*C'“(Br(zo)) < C(N,p, Q, [y q2, Ay, wA;bBw(wo)) (T + ”u”L‘X’(Bm(%o)) + r”-f”LN(B%(IO))) :
Herer < % (d := dist(x0,09)), WA, By, (z0) 15 the modulus of continuity of Ay in the ball Ba,(x0). In particular,

C(Nap7 @, [, 42, )‘+a wAi,Bgr(wo))
ro

[ulco (B, (20)) < (r + llull o< (Bay (20)) + T ILN (Bay (o)) -
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Abstract

In this paper we consider the moduli space of complete, conformally flat metrics metrics on a sphere with
k punctures having constant positive Q-curvature and positive scalar curvature. Previous work has shown that
such metrics admit an asymptotic expansion near each puncture, allowing one to define an asymptotic necksize
of each singular point. We prove that any set in the moduli space such that the distances between distinct
punctures and the asymptotic necksizes all remain bounded away from zero is sequentially compact, mirroring a
theorem of D. Pollack about singular Yamabe metrics. Along the way we define a radial Pohozaev invariant at

each puncture and refine some a priori bounds of the conformal factor, which may be of independent interest.

1 Introduction

In recent years many people have pursued parts of Yamabe’s program for other notions of curvature. In the present
note, we explore a part of the singular Yamabe program as applied to the fourth order @Q-curvature, which is a

higher order analog of scalar curvature. On a Riemannian manifold (M, g) of dimension n > 5, the Q-curvature is

1
2(n—1)

n3 —4n? 4+ 16n — 16
8(n —1)%(n — 2)2

Qg =— AgRg — 2 [Ricy|? + RE’ 1)

2
(n—2)
where R, is the scalar curvature of g, Ricg is the Ricci curvature of g, and A, is the Laplace-Beltrami operator of

g. After a conformal change, the Q-curvature transforms as

2 nt4

~ 4 _
g=urig = Qg = ——u "= Pyu, (2)
where P, is the Paneitz operator
2 . 4 . (n—2)2+4 n—4
Pgu = Agu + le m Rng(vu, ) — ng <VU7 > + 9 qu. (3)

n(n?

The Q-curvature of the round metric 5 is T_él), and setting @), to be this value gives the equation

n(n — 4)(n? _4>u%.

Fyu= 16

(4)

Just as in the scalar curvature setting, one can search for constant @-curvature metrics in a conformal class by
minimizing the total Q-curvature. However, because of the conformal invariance one encounters the same lack of
compactness and presence of singular solutions.

In any event, a complete understanding of the fourth order analog of the Yamabe problem would require an
understanding of the following singular problem: let (M, g) be a compact Riemannian manifold and let A C M be
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a closed subset. A conformal metric g = uﬁg is a singular constant ()-curvature metric if Q3 is constant and g is

complete on M\A. According to (2) we can write this geometric problem as

—4)(n* —4) =
Pu = nin 1)((5” )uﬂitlL on M\A, (5)

liminfu(x) = oo for each zy € A.
T—T0

For the remainder of our work we concentrate on the case that (M, g) = (S™, E) is the round metric on the sphere
and A = {p1,...,px} is a finite set of distinct points. Thus we examine, given a singular set A with #(A) = k, the
set of functions

u:S™\A =S"\{p1,...,pr} — (0,00)

that satisfy

o —H(n%—4) .
Pu = Pou= nn = 4)(n )un%rilk (6)
9 16
liminfu(z) = ooforeachj=1,2,... k.

T—Pj

For technical reasons we will also require R4 > 0.

Following [1] we define the (unmarked) moduli space

n(n? —4)

My, = {g €lg:Q,= 3 , Ry >0, gis complete on S™\A, #(A) = k} . (7)

We equip each moduli space with the Gromov—Hausdorff topology. In the present work we explore some of the
structure of My, when k& > 3. Let A = {p1,...,pr} with k > 3 and let g = uﬁjg € M. As it happens, the
metric g is asymptotic to a Delaunay metric near each puncture p;, and so one can associate a Delaunay parameter
€;i(g) € (0, €] to each p; and g € Mj.

2 Main Results

Our main compactness theorem is the following.

Theorem 2.1. Let k > 3 and let 61 > 0,2 > 0 be positive numbers. Then the set

5,5, ={9 € My : dist;(pj,pl) > 81 for each j #1,¢;(g) > 02}

is sequentially compact in the Gromov—Hausdorff topology.
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Abstract

We establish sharp Cllo‘f geometric regularity estimates for bounded solutions of a class of nonlinear elliptic

equations with non-homogeneous degeneracy, whose model equation is given by
[|Du|? 4+ a(z)|Du|?]) Au(z) = f(z) in Q,

for a bounded and open set @ C RY, and appropriate data p,q € (0,00), a and f. Such regularity estimates
simplify and generalize, to some extent, earlier ones via a different modus operandi. In the end, we present some

connections of our findings with a variety of relevant nonlinear models in the theory of elliptic PDEs.

1 Introduction

In this work we shall derive sharp Cﬁ{cﬂ geometric regularity estimates for solutions of a class of nonlinear elliptic

equations having a non-homogeneous double degeneracy, whose mathematical model is given by
([1Dul” + a(z)|Du|?] Au(z) = f(z) n Q, (1)

for a 8 € (0,1), a bounded and open set Q@ C RY and f € C°(Q) N L>(Q).
In our studies, we enforce that the diffusion properties of the model (1) degenerate along an a priori unknown
set of singular points of solutions:

So(u, ) ={z € Q' € Q:|Du(z)| = 0}.
In turn, regarding the non-homogeneous degeneracy
Kp.aa(z, &) = €7 + a(2)|£]?, for (x,&) € Q x RY.
we shall assume that the exponents p, ¢ and the modulating function a(-) fulfil
0<p<g<o and a € C%Q,[0,00)). (2)

Mathematically, (1) consists of a new model case of a nonlinear elliptic equation enjoying a non-homogeneous
degenerate term, which constitutes a non-divergent counterpart of certain variational integrals of the calculus of
variations with non-standard growth conditions as follows

(W37(@) + 00, L7(9) 3 (w.£) > min | (ol D) = fu0) d, (DPF)

where a € C%%(Q,[0,00)), for some 0 < a < 1,1 < p < g < oo and m € (N, o0], see [2] and [5] for enlightening
works. Moreover, the Euler-Lagrange equation to (DPF) exhibits a type of non-uniform and doubly degenerate

ellipticity, which mixes up two different kinds of p—Laplacian type operators:

—div(A(z, Vu)) = f(z)  with  A(z,€) = plg["*¢ + qa()|¢]72¢.
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2 Main Results

We are in a position to state our main results.
Theorem 2.1 ([3, Theorem 1.1]). Assume that assumption (2) there hold. Let u be a bounded viscosity solution
to (1). Then, u is C’l’ﬁ, at interior points. More precisely, for any point zog € Q' € Q there holds

i 1
[u] < C(universal) - (HU”LO@(Q) +1+ f||£;1(9)> for re (O7 2) .

1,1
CPH1 (B (20))

An interpretation to Theorem 2.2 says that if u solves (1) and z( € S, ﬁ(u, '), then near zp we obtain
’p

sup |u(z)| < |u(zo)| + C-r'H5T,  where S, o (u, ) = {xo € Q' €Q:|Du(z)| < rﬁ} :
Br(xo) =
On the other hand, from a geometric viewpoint, it is a pivotal qualitative information to obtain the (counterpart)

sharp lower bound estimate for such operators with non-homogeneous degeneracy.

Theorem 2.2 ([3, Theorem 1.2]). Suppose that the assumptions of Theorem 2.2 are in force. Let u be a

bounded wviscosity solution to (1) with f(x) > m > 0 in Q. Given zy € Sr%(u,Q’), there exists a constant
’p

¢ = c(m,|[a]l L= (), N,p,q,Q) > 0, such that

1
sup wu(z) > u(xg) + c- P forall v e (O, ) .
8Br(z0) 2

Our findings extend/generalize regarding non-variational scenario, former results (Holder gradient estimates)
from [1, Theorem 3.1 and Corollary 3.2] and [1, Theorem 1], and to some extent, those from [3, Theorem 1]
by making using of different approaches and techniques adapted to the general framework of the nonlinear and

non-homogeneous degeneracy models.
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Abstract
Neste trabalho provamos a existéncia de solugoes de variagao limitada para problemas elipticos quasilineares
envolvendo o operador 1-laplaciano com peso, os quais tém a pecularidade de que tanto o peso desse operador
quanto o da néo linearidade s&o ilimitados. Assim é necessario a defini¢do de um espaco de fungdes de variagao
limitada com peso para tratar esse tipo de problemas. Além disso, utilizando uma versdo da bem conhecida
desigualdade de Caffarelli-Kohn-Nirenberg estabelece-se a compacidade das imersdes continuas e compactas desse
espaco em alguns espagos de Lebesgue com peso. Também estende-se a teoria de paridade de Anzellotti e usa-se

uma variante do Teorema do Passo da Montanha.

1 Introducao

A cléssica desigualdade de Caffarelli-Kohn-Nirenberg (ver [5]) d4 uma interpolagdo entre as normas de Lebesgue
com peso de fungoes e suas derivadas, a qual, por sua vez, estabelece a compacidade das imersoes continuas e
compactas para os espacos de Sobolev com peso. Sendo esses espacgos aplicados para o analises de varios problemas
elipticos envolvendo os operadores laplaciano e p-laplaciano com peso, esse dltimo para p > 1 (ver [1, 9, 4, 3, 6]).

No caso de problemas envolvendo o operador 1—laplaciano com peso, cujo peso seja uma fungao limitada que
esteja longe de zero, o espago natural para analizar esse tipo de problemas é o espaco das fungoes de variagao
limitada BV (ver [8, 7, 10]).

O objetivo deste trabalho é lidar com problemas envolvendo o operador 1—laplaciano com pesos ilimitados, onde
tais pesos estao relacionados com os da desigualdade de Caffarelli-Kohn-Nirenberg. Mais precisamente, estudamos

a existéncia de solugoes nao negativas para o seguinte problema

—div( ! Du) = Lf(u) em

|z|* | Dul |[®
u = 0 sobre 0f),

(1)

onde  é um conjunto aberto e limitado em RY (N > 2) contendo a origem e com fronteira Lipschitz 952, e os dois
parametros satisfazem: 0 <a < N —-1lea<b<a+1. A fungdo f : R — R satisfaz:

(f1) feC([0,+00));
(f2) f(0) =0;
(f3) Existem ¢1,co >0el<g< m, tais que

1f(s)] < e +eas?™l, s €0, +00);

(f1) Existe p>1e so > 0 tais que
0< uF(s) < f(s)s, Vs> sg,

onde F(t) = fg f(s)ds;

59



60

(fs) f é crescente em [0, +00).

2 Resultados Principais

Teorema 2.1. Suponha que f satisfaz as condigoes (f1)— (f1). Entdo existe uma solugdo nao trivial e nao negativa

para o Problema (1). Essa solugdo é uma solugdo de menor energia se assume-se também a condigdo (fs).

Prova: Duas abordagens diferentes serao usadas para provar esse resultado. En cada caso uma adequada variante

do Teorema do Passo da Montanha (ver [2]) é aplicado. No primeiro deles, consideramos solugoes aproximadas de

problemas envolvendo o operador p—laplaciano e depois, fazemos p — 1*. No segundo, aplicamos os métodos

varicionais versaties para, além de mostrar a existéncia de solugao, mostrar que a solucao possui a menor energia

entre todas as demais.
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Abstract

In this paper we are concerned with some abstract results regarding to fractional Orlicz-Sobolev spaces.
Precisely, we ensure the compactness embedding for the weighted fractional Orlicz-Sobolev space into the Orlicz

o«

spaces, provided the weight is unbounded. We also obtain a version of Lions’ “vanishing” Lemma for fractional

Orlicz-Sobolev spaces, by introducing new techniques to overcome the lack of a suitable interpolation law.
Finally, as a product of the abstract results, we use a minimization method over the Nehari manifold to prove the
existence of ground state solutions for a class of nonlinear Schrodinger equations, taking into account unbounded
or bounded potentials.

1 Introduction

This work is motivated by a very recent trend in the fractional framework, which is to consider a new nonlocal and
nonlinear operator, the so-called fractional ®-Laplacian. Throughout this work, we shall consider ® : R — R an

even function defined by
t
B(t) = [ sels) ds
0
where ¢ : R — R is a C'-function satisfying the following assumptions:

(p1) teo(t) is strictly increasing in (0, 00) such that tp(t) — 0, as t — 0 and tp(t) — oo, as t — oo;

(p3) there exist £,m € (1, N) such that £ < t;(’ig) <m < (", forall t>0.

For s € (0,1) and u smooth enough, the fractional ®-Laplacian operator is defined as

D,u u(z) — u(y)
—Ag)’u(x) = P.V./ Dgu|) ———————dy, where Dsu:= ———7=

(1)

and P.V. denotes the principal value of the integral. Note that if p(t) = t?=2,p € (1, N) then (1) reduces to the
fractional p-Laplace operator. In a similar way, if p(t) = P72 + 1972, 1 < p < ¢ < N, then we have the fractional
(p, q)-Laplacian operator.

Due to the generality of the fractional ®-Laplacian operator (1) and motivated by the very recent papers,
mainly taking into account the work of Bonder and Salort [1], our goal is to study the following class of fractional
Schrodinger equations

(—Ag)*u+V(2)pw)u = f(z,u), =ecRY, (P)

where N > 2s, 0 < s < 1. The potential satisfies the following assumptions:

(Vo) It holds that V(z) > V; for any x € RN where V; > 0;
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(V1) The set {z € RY;V(z) < M} has finite Lebesque measure for each M > 0.

The nonlinear term f is of C'! class and satisfies suitable assumptions.
Due to the presence of the potential V(z), we introduce the following suitable weighted fractional Orlicz-Sobolev

space

X = {u € Wo®(RN): /V(m)©(|u|) dr < +oo} ,

endowed with the norm

[ull = [u]s.0 + [lullv.a,

V(z)® (M) de < 1}
RN A
and the (s, ®)-Gagliardo semi-norm is defined as

[u]s.0 = inf{)\ > 0: //RNXRN ® (“gﬁ:;l(y)> |xdi”dyy|N < 1}.

where
HU||V,<I> = inf {)\ >0:

2 Main Results

Our main contribution

Theorem 2.1 (Compact embedding). Assume that (1) — (p2) and (Vo) — (Vi) hold. Then, the embedding
X < Lo (RYN) is compact.

Theorem 2.2 (Compact embedding). Assume that (v1)—(p2) and (Vo) — (V1) hold. Suppose that ® < ¥ << P,
and the following limit holds
lim su i)
p

itl—o  2([t])

Then, the space X is compactly embedded into Ly (RY).

< +o0. (1)

Theorem 2.3 (Lions’ Lemma type result). Suppose that (¢1) — (p2) hold and

v(t)

|}‘i§0 30 " 0. (2)

Let (uy,) be a bounded sequence in W*®(RY) in such way that u, — 0 in X and

lim sup/ P(u,)dx| =0, 3
nteo LGRN B (y) (1n) ] ¥

for some r > 0. Then, u, — 0 in Ly(RY), where ¥ is an N-function such that ¥ << ®*.

To prove the above results, we shall introduce new techniques to overcome the lack of a suitable interpolation
law. Finally, we shall apply these results to obtain solutions to the Problem (P).
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Abstract

We study the singularly perturbed system of elliptic equations

4
—€2Aui +u; = /14‘|uz‘|p72Ui + Z )\ijﬂij|uj'|aij ‘ui‘ﬁi-772ui,
J=1 1)
J#i (
wi € HJ (), wi #0, i=1,...,4,

in a bounded domain Q in RY, with N > 3, ¢ > 0, wi > 0, X\ij = Aji < 0, iz, Bi5 > 1, iy = By,
aij+Bi; =p € (2,2%), and 2% := ]3—]_\’2 If Q is the unit ball, we obtain solutions with a prescribed combination of
positive and nonradial sign-changing components exhibiting two different types of asymptotic behavior as € — 0:
solutions whose limit profile is a rescaling of a solution with positive and nonradial sign-changing components
of the limit system
¢
—Aui A+ ui = gl w3 N Biglug| %9 il F g,
i=1
= @
u; € HY(RY), u; #0, i=1,...,4,
and solutions whose limit profile is a solution of the uncoupled system, i.e., after rescaling and translation, the

limit profile of the i-th component is a positive or a nonradial sign-changing solution to the to the problem

—Au+u = plul’ ", we H'(RY), u#0. (3)

1 Introduction

System (1) arises as a model for various physical phenomena, in particular in the study of standing waves for
a mixture of Bose-Einstein condensates of ¢ different hyperfine states which overlap in space, see for example [1].
Here we consider the case in which the interaction between particles in the same state is attractive (p; > 0) and
the interaction between particles in any two different states is repulsive (A;; < 0). Our main objective is to study
the existence and profile of solutions to (1) some of whose components can be positive while others change sign.
It is reasonable to expect that there will be solutions with sign-changing spikes, i.e., solutions whose sign-changing
components look like rescaling of a sign-changing solution of (3). On the other hand, rescaling the components by
Ui () := u;(ex) system (1) becomes system (2) in Q := {z € RV : ex € Q} instead of RY. As € — 0 these domains
cover the whole space RY. So it is natural to ask if the system (1) has a solution that, after rescaling, approaches a
solution to the system (2). One might also expect to obtain solutions with positive and sign-changing components

for the system (1) whose limit profile is a solution of the same type for the system (2).

2 Main Results

Our main result are read as follows:
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Theorem 2.1. Let N = 4 or N > 6. Then, for any given 0 < m < {, the system (2) has a solution
w = (W1, ..., W) whose first m components wy,...,wy, are positive and whose last { —m components Wy, 41, ..., W
are nonradial and change sign. Furthermore, w satisfies

i

w; (21, 20, ) = w;i (e 21, eV 2, g) for all 9 €[0,2m), g€ O(N —4), i=1,...,¢,

(1)

wi(z1,22,7) = wi(22,21,2)if i=1,....m,  wi(21,22,7) = —w;(22,21,2)if i=m+1,....4,
for all (z1,z2,2) € CxCxRN=* =R and it has least energy among all nontrivial solutions with these properties.

To illustrate our results, let us focus on the case where ) is the open unit ball B1(0) in RY centered at the

1
origin. For € > 0 and u € H*(RY) let ||Ju|? := E—N/ [62|Vu\2 + u? and lull == [Jul|1-
RN

Theorem 2.2. Let N = 4 or N > 6, and Q = B1(0). Then, for any given 0 < m < ¢ and any sequence (e)
of positive numbers converging to zero, there exists solution Uy = (Ui, ..., Ue) to the system (3) whose first m
components are positive and whose last £ —m components are nonradial and change sign, with the following limit
profile: There exists a solution w = (W1, ..., wy) to the system (2) such that, after passing to a subsequence,

lim [T, — wi(eg' - Y, =0 forall i=1,...,L
k—o00

The first m components of w are positive, its last £ —m components are nonradial and change sign, and w satisfies
[ ¢
. ~ 2 i 2 .=
(V). Therefore, s 3 el = 3 sl =
1= 1=

Theorem 2.3. Let N > 5 and Q = B1(0). Then, for any given 0 < m < ¢ and any sequence (ex) of positive
numbers converging to zero, there exists solution ux = (Uik, ..., ) to the system (1) with € = 5, and Q = B1(0),
whose first m components are positive and whose last £ — m components are nonradial and change sign, with the
following limit profile: For each i = 1,...,¢, there exist a sequence (&) in B1(0) and a solution v; to the problem
(3) such that, after passing to a subsequence, klirrgo E;ldiSt(fik,aBl(O)) = 00, kliﬁrrolO e,;1|£ik —&p| = oo ifi #
Js klirglo i — vile, (= &k))llex = 0. The functions vi,...,v,, are positive and radial, while the functions

Um+1, - - -, Vg are sign-changing, nonradial and satisfy

vi(21, 20, 7) = vi(eV 21, eV 29, gx)  for all ¥ € [0,27), g € O(N —4), @)

Ui(21,22,9€) = —Uz’(22,217$)’

¢ ¢
for all (21, 22,7) E CxCxRN=4 =RN i =m+1,...,0. Furthermore, lim Z uill?, = Z |vil|? =: ¢, satisfies
oot i=1
¢m < Cm, with ¢, as in Theorem 2.2, if N > 6.

References

[1] Bohn, J. L.; Burke Jr., J. P.; Esry, B. D.; Greene, C. H.: Hartree-Fock theory for double condensates, Phys.
Rev. Lett., 78, 3594-3597 (1997).

[2] Clapp, M.; Srikanth, P. N.: Entire nodal solutions of a semilinear elliptic equation and their effect on
concentration phenomena, J. Math.Anal. Appl. 437, 485-497 (2016).

[3] Clapp, M.; Szulkin, Andrzej: A simple variational approach to weakly coupled competitive elliptic systems.
NoDEA Nonlinear Differential Equations Appl., 26 no. 4, Paper No. 26, (2019).



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 65-66

ON AN AMBROSETTI-PRODI TYPE PROBLEM IN R¥
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Abstract

In this work we study results of existence and non-existence of solutions for the following Ambrosetti-Prodi

type problem
—Au = P(x) (g(u) + f(x)) in RV, (P)
uw € DV?(RY), lim|y o400 u(z) =0,

where N > 3, P € C(RY,R"), f € CRY) N L®(RY) and g € C*(R). The main tools used are the sub-

supersolution method and Leray-Schauder topological degree theory.

1 Introduction

The main motivation to study the problem (P) comes from the seminal paper by Ambrosetti and Prodi [2] that

studied the existence and non-existence of solution for the problem

{ —Au=g(u) + f(z), in Q,

1
u =0, in 012, )

where Q ¢ RY with NV > 3, is a bounded domain, g is a C?2—function with
g'(5) >0, VseR and 0< lim ¢'(s) <A1 < lim ¢'(s) < Aa.
S—— 00 S5— 00

In order to prove their results, Ambrosetti and Prodi used a global result of inversion to proper functions to show
the existence of a closed manifold M dividing the space C%%(Q) in two connected components O; and Oy such
that:
(i) If f belongs to Oy, the problem (1) has no solution;
(ii) If f belongs to M, the problem (1) has exactly one solution;
(iii) If f belongs to Os, the problem (1) has exactly two solution.

In [3], Berger and Podolak proposed the decomposition of function f in the form f = t¢ + f1, where ¢ is
eigenfunction associated to first eigenvalue of 7 —A”

{ —Au = g(u) +t¢+ fi, in Q, (2)

u =0, in 092,

then using the Liapunov-Schmidt method they showed the existence of ty € R such that (2) has at least two
solutions if ¢ < tg, at least one solution if ¢ = 5 and no solutions if £ > tg.
Now, before stating our main results, we need to fix the assumptions on the functions P and g. In the sequel,
g :R — R is a C!'—function that satisfies the following inequalities
g(s)

limsup —= < A; < liminf

s——o0 S s—oo S

g(s)

(G1)
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Related to the function P : RY — R*, we consider that it is a continuous function satisfying:

|- PP(-) € L'(RY) n L®(RY) (P1)

P(y) c N

We denote by N the eigenspace associated with the first eigenvalue A;. By [1], it is well known that
dim N = 1, then we can assume that N' = Span{¢}, where ¢ is one positive eigenfunction associated with A\
with [ov P(x)|¢|?dz = 1. Hence, we can write f = t¢ + f1, where f; € C(RY) N L>®(RY) with

/ P(zx)fi¢dzr = 0 and / P(x)fodx = t. (3)
RN RN
From this, problem (P) can be rewritten as follows

{ ~Au=P(z) (g(u) +t(a) + fi (x)) in RV, )

2 Main Results

Our first result is the following;:

Theorem 2.1. Assume the conditions (G1), (P1) and (Py). Then, for each fi € N there is a number o(f1) such
that:

(i) The problem (P) has no solution whenever t > a(f1);

(i) Ift < a(f1), then (P) has at least one solution.
Our second result is the following:

Theorem 2.2. Assume the conditions (G1), (P1) and (P2). Moreover, assume that g is an increasing function
satisfying

im 48 g, (1)

s—+oo 8§79

where 0 = % Then, for each fi € N+ there is a number a(f1) such that:
(i) Ift < a(fy), then (P) has at least two solutions;

(ii) Ift = a(f1), then (P) has at least one solution.
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Abstract

In this talk we present some new existence results for a system of elliptic equations with a singular nonlinearity.
Our approach is based on a comparison principle for weak solutions and the Schauder fixed point Theorem. The
difficulties due to the presence of the singularity are tackled using suitable test functions and barriers. Despite
our strategy is not variational, as a byproduct of our results, we are able to find saddle points of the functional
associated to the system.

1 Introduction

In this talk we will focus on the following system with a singular nonlinearity

1
. r—1 _ + .
—div(A(x)u) + vu"t = = in Q,
—div(M (z)v) = u” in Q, (1)
u >0 in Q,
u=¢p=0 on 09,

where (2 is bounded open subset of RY; the two exponents satisfy v > 0 and r > max{0,1 —~} and the measurable
matrices A(x), M(z) are elliptic in the sense that

alg]? < A(z) €€ < BlE* and  ale] < M(x) €€ < BIE, (2)

for almost every z in €2, and for every ¢ in R, with 0 < a < .

We stress that when v € (0,1) even the nonlinear term in the left hand side of the first equation in (1) can be
singular. Anyway this singularity mild compared with the one on the right hand side (see assumption on 7).

The literature about singular equation is wide and well establish. Without the intention of being exhaustive we
mention the seminal papers [1], [2] and [3]. We stress that in the previously mentioned paper the singularity is of
reaction type, meaning something like

—div(A(z)u) = h(u) with h(u) = —

BE near the origin.
U

If the singularity is of the absorption type, namely something like

—div(A(z)u) + h(u) =1 with h(u) =~ near the origin,

1
|ul”
the features of the problem change dramatically. As we already pointed out, since r is always greater then 1 — ~,
in broad terms our problem is part of the first setting.
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2 Main Results

For the sake of brevity here we present the result concerning solutions in the energy space and v < 1. For the more

general case we refer to the manuscript [3].
2
Definition 2.1. A couple of functions (u,v) € (W()12(Q) N L(Q)oo) is a energy solution to system (1) if
uw,v >0 ae. in

ui; e L)' VoeW?()

and if
r— ¢ :
/QA(Q:)VUVQSJr/Qvu Lo = /Q el Ve Wol 2(Q)

(1)
M (z)VoVy = / u"Y Ve Wy(Q).
Q Q

Theorem 2.1. Let Q be a bounded open set of RN and assume (2). Given v € (0,1] and r > 1 — ~, there exists
2
(u,v) € (WOM(Q) N L(Q)Oo) energy solution to (1). Moreover such a couple is a saddle point to the functional

1 1 1 1 _
namely

J(u, z) < J(u,v) < J(w,v) forany (w,z)€ (Wol’2(ﬂ))2
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Abstract

In this work we establish the existence of at least one weak solution and one ground state solution for the

following class of fourth-order nonlocal elliptic problems
A'u—g (/ |Vul|? dx) Au = pa(z)|ul u + b(z)|ul”?u in Q,
Q
u=Au=0 on 01,

where N > 5, Q Cc RY is a smooth bounded domain, A? = A o A is the biharmonic operator, pn > 0,
1<g<2<p<2N/(N—-4)andg:[0,00) — [0,00) satisfies suitable assumptions. We deal with the case where
a,b: Q — R can be sign changing functions, which means that the problem is indefinite. Our approach is based
on variational methods jointly with a fine analysis on the Nehari manifold, by giving a complete description of
the fibering maps, which strongly depend on the sign of the weights.

1 Introduction

In this work we study the following class of fourth-order elliptic problems

A*u—g </ |Vul? dx) Au = pa(z)|u|?u + b(z) |uPu in Q,
Q
u=Au=0 on 01,

where A2 = A o A is the biharmonic operator, u > 0, N > 5 Q c RY is a smooth bounded domain and
1<g<2<p<2,, where 2, :=2N/(N —4) is the critical Sobolev exponent. The function g is a smooth function
satisfying some assumptions and a, b can be sign changing functions. Before introducing our assumptions and main

results, we give a brief survey on the related results, which motivate this work.

2 Main Results

Throughout this work we suppose that a,b : 0 — R are bounded which can be sign changing functions and b satisfies

the following condition:

(A) There exist Qg, Q1 C Q with [Qo], 21| > 0, such that a(x) > 0 for all € Qg and b(z) > 0, for all x € Qy,
where | - | denotes the Lebesgue measure.

For the function g € C?([0, +00), [0, +00)) we shall consider the following conditions:

(G1) The function g is nonnegative and nondecreasing.
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(G2) There exists > 2/(p — 2) such that

g(t) > rg'(t)t, forall t > 0.

(G3) There exist o € (2/p,1) and m € (2/p,2/q) such that

og(t)t < G(t) <mg(t)t, forallt>0,

where G(t) = fot g(s)ds,t € R.

(G4) There exists p € (2/(p — 4),00) such that

g'(t) > pg” (t)t, for all t > 0.

(G5) There exist constants ¢1,c2 > 0 and k < (p — 2)/2 such that

g(t) <ec1 + cot®, forall t > 0.

The first main result of this paper can be stated as follows:

Theorem 2.1. Suppose that1 < g <2 < p <2, =2N/(N—-4) and (A), (G1)—(G5s) are satisfied. Then there exists
ps > 0 such that Problem (P,) has at least two nontrivial solutions ui,us € H satisfying J,(u1) < 0 < J,(u2),

whenever 1 € (0, iy). Furthermore, uy s a ground state solution, that is, uy has the least energy level among all

nontrivial solutions of (P,).
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Abstract

In this article we consider a class of frictional contact problem of p(z)-Kirschhoff type. By means of an
abstract Lagrange multiplier technique and the Schauder’s fixed point theorem we establish the existence of

weak solutions.

1 Introduction

The purpose of this work is to investigate the existence of weak solutions for the following boundary value problem

1
([ VP o[V u) = e 0
u = 0 on Iy
o p(x) ov
1 ou
_ p(z) p(z)—2Y" <
}M(/Qp(x)W”' d$)|vu| 81/‘ < g,
1 ou U
R p(x) p(x)y—29%% U . )
M(/Qp(w'w' do) Va2 5 gy A uA0 T

where © C R? is a bounded domain with smooth enongh boundary I', partitioned in three parts I'y,I's,T'3 such
that meas (T;) >0, (1 =1,2,3); f1 : QxR >R, fo:Ts 2R, g: T3 - Rand M : RT — R™ are given functions,
peC(Q).

The study of the p(z)-Kirchhoff type equations with nonlinear boundary condition of different class have attracted
expensive interest in recent years (See e.g. [1,3]). Motivated by the ideas in [2] we consider problem (1.1) (which
has already been treated for constant exponent, with M (s) = 1, f1(z,u) = fi(x)) with M a nonconstant continuous

function in the setting of the variable exponent spaces.

2 Assumptions and Main Result

First, we introduce the space
X={ueW@(Q):yu=0 on I}

herein WP (Q) (p € C(Q), 2 < p(z) < +00) is the well known variable exponent Sobolev space.

(A1) M :[0,4o00[— [mg, +0o0o[ is a continuous and decreasing function; mg > 0.
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(A2) f1:9Q xR — is a Caratheodory function satisfying

iz, t)] S e+ et L V() QxR aeCy(@) , alz) <pt(z)

(43) fa € LV®)(T3),g € LP'®)(I'3),g(x) > 0 a.e on T3
Now we introduce the spaces
S={ue Wlfﬁm)’p(x)(l“) :Jve X suchthat w=~v on T},

Y =5’ (the dual of the space S) and the set of Lagrange multipliers

A:{UEY:<M,Z>§/ g(x)|z(z)|dl’ , Vze S}

T's

Next we define a Lagrange multiplier A € Y

1 Ju
— _ - p(2) ) |7 P(®)—222 v
<,u,z> /1“3 M( (m) |Vu| >| u| Vzdf s z€S.

So, our main result can be stated as follows.

Theorem 2.1. Suppose (A1) - (As) hold. Then problem (1.1) has a solution (u,\) € X x A.
Proof We apply an abstract result on [4] and the Schauder’s fixed point theorem.
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Abstract

We establish global multiplicity results of solutions for a singular nonlinear problem. We first prove a
comparison principle to prove the existence of a minimal solution by the method of sub and super solutions and

then we also obtain the second solution by critical point theory.

1 Introduction

In this paper, we are interested in the global multiplicity results and qualitative properties of the solutions for the

modified quasilinear equation with singular nonlinearities

(1)

—Au — uAu? = Aa(z)u~* + b(x)u’ in Q,
u>0in Q, v =0 on 09,

where 0 C RY is a smooth bounded domain with N > 3, 0 < a € C(Q) N L>®(Q),b € C(Q) N L>=(2) with
b= /ae L®¥(Q)0<a<1l<f<22*—1and A >0 is areal parameter.

The study of the modified quasilinear Schrédinger equation in the whole space had received a lot of attention
in the last decades. The existence of a positive ground state solution of equation (1) has been proved in [1] by
introducing parameter A in front of the nonlinear term. In [2], by changing of variables, the authors studied the
quasilinear problem was transformed to a semilinear one and the existence of a positive solution was proved by
the Mountain-Pass lemma in an Orlicz working space. Different from the changing variable methods, in [3] the
authors introduced a new perturbation techniques to study a class of subcritical quasilinear problems including the
Modified Schréodinger equation (1).

However, to the best of our knowledge, the problem of global multiplicity of solutions for the modified quasilinear
equation on bounded domain with sub critical and critical growth is still open. In the present paper we are going
to study the existence and global multiplicity of the solutions for the singular modified elliptic equation driven
by operator —Au — uAu? and the critical term. We will observe that how the parameter A and the nonconstant

functions a(x), b(x) will affect the existence and multiplicity of the solutions.

2 Main Results

Theorem 2.1 (Singular/superlinear-Global existence). Assume that a >0, bT #0, and 0 < a <1< 8 <22* — 1.
Then there exists a 0 < X\, < oo such that problem (1) admits at least one solution uy € H}(Q) for 0 < X < A,
and no H}(Q)-solution for X > \,. Besides this, we have:

(1) any solution of problem (1) belongs to L*°(2),

(2) that there exists 1o > 0 such that uy is the unique solution of the problem (1) with L>(Q)-norm smaller or
equal than T,
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(3) [Jlurll = o(\?) as A = 0, for any 0 < 0 < 1/(1 + a),

(4) wy is a minimal solution if b= =0 holds. In particular, ||ux|| < |Juull if 0 < X < p < A, holds.

Proof The first, we will apply a suitabla change of variable to transform the quasilinear equation (1) into a

semilinear equation which remains singular at zero and behaves superlinearly at infinity:

{ —Aw = [Aa(z)h(w)~ + b(x)h(w)?]W (w) in O, O

w>0in 2, w =0 on 99,

where h : R — R satisfies b/ (t) = (1 + 2|h(t)[?)~"/2, t >0 and h(—t) = —h(t) for t < 0.

The second, we will use the method of sub and super solutions and minimization to prove that there exists a
0 < A < oo such that problem (1) admits at least one solution uy = h(wy) € H}(2) for 0 < A < A, and no solution
for A > \.. Besides this, uy satisfies (1), (2), (3) and (4) listed above.

Theorem 2.2 (Singular/superlinear-Global multiplicity). Assume that a > 0, bT # 0, 0 < a < 1 and one of the
following assumptions:
(1) 1< B <22 =1, (id) b(x) =1 and B = 22" — 1.

Then the problem (1) admits a second solution vy in Hg () N L% (), with uy < vy, for any 0 < X < A, given.

Proof The second solution of (1) will be found by making the use of Ekeland’s variational Principle on the followin
set
T={we H}N), w>w\ a,e in Q}

where w)y is the first solution of (1). By the proof of Theorem 2.1, there exists 0 < ly < [|wa|| such that
I\ (w) > Ix(wy), Vw with [Jw — wy]| < lo. Then one of the following cases holds:
(P1) inf{I)(w),w € T, ||w —wx|| =1} = Ix(wr), VI € (0,lp);
(P2) There exists 1 € (0,ly) such that inf{I\(w), w € T, ||w —wxl| =11} > Ix(wy),
where I (w) is the energy functional associated to (1).

If (P1) is true, we prove that there exists a solution 1, of (1) such that ) < w, in Q and ||wy — nx|| = { for any
1 €(0,lp) and each A € (0, \y).

If (P2) is true, we prove that there exists a solution 7, of (1) such that ) < wy in Q and ||wy — na|| = 11 for
each A € (0, \y).

Finally, we take vy = h(n) and we have that vy # u) is a second solution for (1).
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Abstract

In this work, we study the initial-value problem for an equation of evolution of wave fronts in chemical
reactions. We show that the associated initial value problem is locally and globally well-posed in Sobolev spaces
H?®(R), where s > 1/2. The well-posedness in critical space HY/? (R), for small initial data is obtained. We also
show that our result is sharp, in the sense that the flow-map data-solution is not C? at origin, for s < 1/2.

Furthermore, we study the behavior of the solutions when g | 0.

1 Introduction

This work is concerned with the initial-value problem (IVP), for the evolution equation of wave fronts in chemical
reactions (WFCR)

u — 0%u—p(1—92)"V?u—1(0,u)? =0, z€R, t >0,
u(z,0) = ¢(),

where above u > 0 is a constant, u is a real-valued function and the operator (1 — 92)~/2 is defined via your

(1)

Fourier transform by
(L= 20" = (1+ )72 f(9).
The IVP (1) describe vertical propagation of chemical waves fronts in the presence instability due to density

gradients.

2 Main Results

In the following, we show our main results, see [3].

Theorem 2.1. (Local well-posedness). Let > 0 and s > 1/2, then for all ¢ € H*(R), there exists T = T(||¢| r+),
a space
Xp = C([0,T]; H*(R))

and a unique solution u of (1) in X7. In addition, the flow map data-solution
S:H’R) = X;NC([0,T]; H?), ¢ — u

is smooth and
u € C((0,T); H(R)).

Theorem 2.2. Let >0 and 0 < T < 1. If ¢ € HY2(R) is such that ||| z1/2 < (4kC,)~1, then there erists a
space

3/ < o((0,T); HY/*(R)),

(0]
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and a unique solution u of (1) in X%/Q. In addition, the flow map data-solution
S HY2(R) — x}/2nC(0,T); HY?), ¢+ u

is smooth and
u € C((0,T); H(R)).

For the next result, H* denotes the homogeneous Sobolev space. The constants k and C\., in the next results,

depend on s, T and pu.
Theorem 2.3. If the initial data is such that ||| ;12 < (4kC,,)~1, then the IVP (1) is locally well-posed in H'/?.

Theorem 2.4. (Global well-posedness). Let yn > 0 and s > 1/2, then the initial value problem (1) is globally
well-posed in H*(R).

Theorem 2.5. (Ill-posedness). Let s < 1/2, if there exists some T > 0, such that the problem (1) is locally
well-posed in H*(R), then the flow-map data solution

S:H*(R) — C([0,T]; H*(R)), ¢ — u,
is not C? at zero.

To obtain the above results, we use techniques present in [2].
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EXISTENCIA DE SOLUCOES PERIODICAS EM ESCOAMENTOS DE FERROFLUIDOS

JAUBER C. OLIVEIRA!

'Departamento de Matemética, UFSC, SC, Brasil, j.c.oliveiraQufsc.br

Abstract

Neste trabalho apresentamos resultados sobre a existéncia de solugoes fortes periddicas no tempo para um
sistema de equagoes diferenciais parciais associadas a um modelo (de Shliomis) bidimensional e tridimensional
para o escoamento de fluidos ferro-magnéticos. O regime periédico no tempo é induzido por um campo magnético
externo. No caso tridimensional, supomos que o campo magnético externo é suficientemente pequeno em

determinada norma.

1 Introducao

Escoamentos de fluidos magnéticos ([2]) aparecem em vdrias aplicagdes industriais ([1]). Este estudo foi motivado
pelo interesse em aplicagoes em que deseja-se induzir escoamentos de fluidos magnéticos em regime periddico no
tempo por meio de um campo magnético externo.

O modelo considerado é o modelo de Shliomis, representado pelo seguinte sistema de equagoes diferenciais

parciais.

V-u=0emQ x (0,00), (1)
p (ut—|—(u-V)u)—nAu—&—Vp:uo(m-V)h—I—%V><(m/\h) em Q x (0,400), (2)
p(u+(u-Vu)—nlAu+ Vp=puy(m-V)h+ %VX (m A h) em Q x (0,+00), (3)

1 1
m; + (u-V)m — cAm = irotu/\m—f(m—XOh)—ﬁm/\(m/\h) em £ x (0,400), (4)

T
V:h=-V-m+F, Vxh=0emQ x (0,400). (5)

Estas equacoes descrevem o balango de massa, de momento linear e de magnetizagao, respectivamente. u denota
a velocidade do ferro-fluido, p denota a pressao dinamica, h representa o campo magnético e m é a magnetizagao.
P51, o, T, X0, 8 sdo constantes positivas. O modelo descreve o escoamento de um fluido magnético sujeito a um
campo magnético externo He,:, com F' = —V-H.,;. Se o termo regularizante —o Am é desconsiderado (desprezando-
se o momento magnético de rotacao [3]), até mesmo a existéncia de solugdes fracas nao é conhecida. As condigdes

de contorno e de periodicidade sao as seguintes:

u=0 m-vr=0, VxmAvrv=0 ondQr, (6)

u(0) = u(7T), m(0) = m(7T), h(0) = h(T) em Q. (7)

Os seguintes trabalhos anteriores abordam questdes de existéncia de solucoes para este modelo: [3],[5],[1],[7].

(s
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2 Resultados Principais

Sejam
V(Q) = {p e D(Q) : divp =0}, Haiv(Q) := {u € L*(Q) : divu € L*(Q)}
com norma
. 1/2
[l g, = ([l + lldiv uf?) .

V() é o fecho de V(Q) em H(Q). Haiv0(Q) é o fecho de D(Q2) em Hg;y (£2).
Seja A o operador de Stokes, A : V(Q) — V(€2)* definido por (Av,u)y+y = [, Vu: Vv dz, Vu,v € V() com
dominio D(A) :={uec V(Q): Auc H(Q)} e (u|v)pea) := (u|v) + (Au|Av), Yu,v € D(A).
Temos a seguinte caracterizacio para o espago H, o(Q) = H(Q) NN (v,), onde 7, (u) = u- v é o operador trago,
continuo de Hyiy () em H~/2(99Q). Seja L() = —A() com dominio D(L£) = H?() N Haiy0(Q).
Apresentamos neste trabalho os seguintes resultados de regularidade das solugoes fracas. O existéncia de solugoes
fracas esta entre os resultados desta investigagao. Apresentamos somente resultados de regularidade destas solugoes.
Teorema 2.1. (Regularidade de solugoes fracas - caso 2d)
Seja T > 0 o periodo da funcio F € H'(0,T;L*(Q)) tal que (F|1) =0 em [0,T]. Seja Q C R? um conjunto aberto
limitado com fronteira reqular (pelo menos de classe C3). Entdo, as solugdes fracas T-periddicas (u,m,h) tém a
sequinte reqularidade adicional:

ue L0, T;V(Q)NL*0,T; D(A)), m e L*>(0,T; H,(Q)) N L*0,T; D(L)), e

h e L>(0,T; H,0(92)).

Além disso, se F € L*(0,T; H'(2)), entio h € L*(0,T; H*(2)).

Teorema 2.2. (Regularidade de solugoes fracas - caso 3d)
Seja F € HY(0,T; H(Q)) tal que (F|1) =0 em [0,T]. Q C R® é um subconjunto aberto, limitado, simplesmente
conezo com fronteira suave (pelo menos de classe C*). Existe uma constante co tal que se | F| g om0 0)) < ¢

entao as solugoes fracas T-periddicas (u, m,h) tém a sequinte reqularidade adicional:

uc L>(0,T;V(Q)) N L*0,T; D(A)), m € L>=(0,T; H, () N L*(0,T; D(L))
h € L°°(0,T; H, () N L*(0,T; H*(Q)).

References

[1] ODENBACH, s. (ED.) - Colloidal Magnetic Fluids: Basics, Development and Application of Ferrofluids, Lect.
Notes Phys. 763, Springer, Berlin Heidelberg, 2009.

[2] ROSENSWEIG, R.E. - Ferrohydrodynamics, Dover Publications, 2014.
[3] TORREY, H.C. - Bloch Equations with Diffusion Terms, Phys. Rev., 104(3) (1956): 563-265.

[4] AMIRAT, Y., HAMDACHE, K. - Global Weak Solutions to a Ferrofluid Flow Model, Math. Meth. Appl. Sci., 31
(2008): 123-151.

[5] AMIRAT, Y., HAMDACHE, K. - Strong solutions to the equations of a ferrofluid flow model, J. Math. Anal. Appl.
353 (2009): 271-294.

[6] OLIVEIRA, J.C. - Strong solutions for ferrofluid equations in exterior domains, Acta Appl. Math., 156 (2018):
1-14.

[7] XIE, C. - Global strong solutions to the Shliomis system for ferrofluids in a bounded domain, Math Meth. Appl.
Sci. (2019): 1-8.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 79-80

EXACT BOUNDARY CONTROLLABILITY FOR THE WAVE EQUATION IN MOVING
BOUNDARY DOMAINS WITHA STAR-SHAPED HOLE
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Abstract

We consider an exact boundary control problem for the wave equation in a moving bounded domain which
has a star-shaped hole. The boundary domain is composed by two disjoint parts, one is the boundary of the
hole, which is fixed, and the other one is the external boundary which is moving. The initial data has finite
energy and the control obtained is square integrable and is obtained by means of the conormal derivative. We
use the method of controllability presented by Russell in [2], and assume that the control acts only in the moving

part of the boundary.

1 Introduction

In this work we study an exact boundary control problem for the standard wave equation on a domain with moving
boundary which has a single fixed hole. The boundary of such domains is composed by two disjoint parts: one
it is the boundary on hole which is fixed, and the other one is the external boundary which is moving. We shall
consider the control acting only on the moving boundary part. A illustrative example would be a flexible body that
is crossed by a cylindrical pillar and is fixed to it. Without any variation in the temperature of the environment
the body has no dilation and thus its external boundary remains static. However, if there is a variation in the
temperature, the body would have a dilation or a contraction, causing the mobility of the its external boundary.
In this work when we deal with a domain with a hole, and we refer by external boundary as being the part of the
boundary of the domain that does not coincide with that one of the hole.

To establish these concepts in more detail, we consider B C R™, n > 2, a convex compact set with the origin in
its interior with smooth boundary I'yg. We set (0o, = R” — B. Let = C R™ be a simply connected bounded domain
with piecewise smooth boundary I'y, with no cusps, such that B C Z. We assume that dist(T'p,T'1) > ¢ > 0 and set
2 = E — B. Hence, the boundary of Q is 92 = I'o UT';. Note that €2 is a holed domain whose hole has the shape of
B. We also consider the moving boundary domain Z; C R® where 2, = {zr e R" : z = a(t)y, y € E}, t € [0,+00)
whose boundary is denoted by T'; and Zp = =. Here  : R U {0} — R is a piecewise bounded smooth function,
where

Z¢ x R C Ugez{(z,t) e RN xR : |z —7|* < 7}, (1)

Z, € B(0,r) for all ¢ € [0,+00). Defining Q@ = B(0,r) — B and Q, = Z; — B we can see that Q, C Q for all
t € [0,400). The boundary of ©; is 9Q; = T'o UT;. Now, for T' > 0, let us consider the non-cylindrical domain of
R Q1 = Up<i<78% x {t} whose the lateral boundary is $7UYg, where X1 = Up<s<7L's x {t} and $¢ = [ x [0, T7.

We denote by (v,,v;) the outward unit normal vector defined almost all on X1 U Xg. Note that Q7 is a holed
non-cylindrical domain in R”*! whose the lateral boundary is composed by two disjoint parts X and . Here,
we requires that B be star-shaped with respect the origin, that is, {v, - 2} < 0 for x € 9B. The assumption (1)
assures that the surface X7 is time-like. This is known to be sufficient to guarantee the well-posedness of the initial
and boundary value problem studied here. The purpose of this work is to study the exact boundary controllability

problem
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Theorem 1.1. Let 2 be as defined above. Given (f,g) € H1 () x L?(Q), there exist T > 0 sufficiently large and
a control function h(-,t) € L?>(Xr) such that the solution u € H'(Q1) of the problem

ug —Au=0 inQr
u(0) =/, w(,00=g, nQ
u(-,t) =0, onTox[0,T]
viug — Vu - v, = h(-,t), on Xr.

satisfy the final condition
u(-,T)=0=w(-,T) in Qr. (3)

2 Idea of the proof of the Theorem 1

The Theorem 1 is proved completely in the paper [1]. Here we show the sketch of the its proof. Firstly we the
solution u of the initial-boundary value problem

ﬂtt —Au=0 in Qoo X (O, +OO)
U(0)=f, W(,0)=7, inQu (4)

u(-,t) =0, inTy x (0,+00).

Being ]ch and g extension of f and g respectively to Q... After, for a T > 0 great sufficiently we take the state
(@(-, T), (-, T)) € HHQ) x L(Q) and we solve the exact boundary control problem

vy —Av=0 inQx[0,T]
(-, T) =u(-,T), v(T)=10(T), inQ
v(,t) =0, onTy x[0,T]
vy — Vo v, = h(-,t), on I x [0,T7,

which satisfies, at the instant ¢ = 0, the condition v(-,0) = 0 = v,(-,0) in €.

Considering €); as defined in the Section 1, note that €y C Q for all ¢ > 0, so follows that for each T' > 0 we
have Qr = UpererQ; X {t} € Q x [0, 7). Defining u = & — v we can see that the restriction of u to Qr satisfies (2)
and the condition (3). The control function h is obtained by means of a trace theorem established in [3].
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MAXIMAL ATTRACTORS FOR SEMIGROUPS
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Abstract

The theory of compact global attractors for semigroups relies on the existence of a bounded absorbing
set. Here, suppressing this condition, we present a general theory of maximal attractors for semigroups. Such
attractors are, in general, unbounded. We present sufficient conditions to ensure their existence. As an example
we present a semilinear parabolic equation.

This is a joint work with Juliana Fernandes (UFRJ), and the results presented are extracted from our

submitted paper [1].

1 Introduction and Main Results

For the last several decades, semigroups with bounded absorbing sets have been extensively studied by many
authors. However, if unbounded solutions exist, the system has no such bounded absorbing set. A simple example
is the semigroup generated by a linear map in R? with one eigenvalue outside and the other inside the unitary circle,
in which case the solutions converge to the line defined by the eigenvector associated with the eigenvalue outside
the unitary circle. Despite the fact that unbounded attractors are quite common objects in evolution equations,
they are harder to study, due to the lack of compactness, and much less is known in their regard. In this work, we
explore the asymptotic behavior of semigroups without assuming the existence of a bounded absorbing set.

We explain now our main results. In a metric space X, we consider a semigroup 7' = {T'(¢): ¢ > 0}. A maximal
attractor for 7' is a closed subset U of X that satisfies:

(i) U is invariant, that is, T(¢)Ud = U for all ¢ > 0;

t—o0

(ii) U attracts bounded subsets of X, that is, for each bounded subset B of X we have disty (T'(t)B,U) —— 0,
where distg(C, D) = sup dinlg d(c,d) denotes the Hausdorff semidistance between two nonempty subsets C, D
ceC d€

of X;
(iii) there is no proper closed subset V of U that satisfies both (i) and (ii).

The task to find a maximal attractor for a semigroup is arduous, and not possible in general. However, following
the ideas of Chepyzhov and Goritskil [2], we find conditions under which the set of bounded in the past global
solutions of a semigroup T, given by J = {£(0): £ is a bounded in the past global solution of T'}, is a maximal
attractor for T'. The main result of our work is as follows:

Theorem 1.1. Let (X,d) be a complete metric space and T be a semigroup in X with the set of bounded in the
past global solutions J monempty. Assume that:

(a) T is asymptotically compact, that is, given a bounded subset B of X there exists tg = to(B) > 0 such that
for each t > to there exist a compact subset K = K(B,t) of X and ¢ = ¢(B,t) > 0 with disty (T'(t)B, K) < ¢,
with € 225 0;

(b) T has a strongly absorbing set G, which means that:
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(Hy) G is positively invariant, that is, T()G C G for all t
(Hz) for each bounded subset B of X, there exists tg = to(B)

0;
0 such that T(t)B C G for all t > ty;

Voowv

(H3) there exists a sequence of bounded subsets (H,)nen of G with the following properties:

* H, C Hyy1 for alln € N;
* G\ H,, is positively invariant for T for each n € N;
* if B C G is bounded, then B C H,, for some n € N.

t—o0

(Hy) disty (T(1)G, T) =25 0.

Then J is the unique maximal attractor for T, and J is bounded-compact, that is, the intersection of J with

each closed bounded subset of X is compact.

To illustrate the theory we use Theorem 1.1 to obtain that J is the bounded-compact maximal attractor for

the semigroup generated by the following n-dimensional semilinear parabolic equation:

up = Au+bu+ f(u), in (0,00) x Q
u =0, in (0,00) x 09, (1)
U(O) = U, in Q,

where Q C R” is a bounded domain (open and connected) with sufficiently smooth boundary, b > 0, ug € L?(Q)
and f: R — R is a C? function satisfying

|f(r)] <c¢ and

f’(r)‘ <c foralreR, (2)

for some given constant ¢ > 0.
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Abstract

In this work, we deals with the analysis of the internal control with constraint of positive kind of a parabolic
PDE with nonlinear diffusion when the time horizon is large enough. The minimal controllability time will be
strictly positive.

We prove a global steady state constrained controllability result for a quasilinear parabolic with nonlinearity
in the diffusion term. Then, under suitable dissipative assumption in the system and local controllability results,

we conclude the result to any initial datum and any target trajectory.

1 Introduction

Let Q C RY(N > 1 is an integer) be a non-empty bounded connected open set, with regular boundary 9£2. We fix
T >0 and set Q:=Qx (0,7) and ¥ := 9Q x (0, 7).
Let w,w; C £ be non-empty open sets, such that w; CC w. We deal with the exact controllability to trajectories

for the quasilinear system

Yy — V- (a(y)Vy) =vo, in Q,
y(x,t) =0 on X, (1)
y(z,0) = yo(z) in Q,

where y is the associated state, v is the control and g, € C§°(Q), such that g, = 0 in Q\w and g, =1 in w;.

Here, it will be assumed that the real-valued function a = a(r) satisfies
a€C?*R), 0<ap<a(r) and |a'(r)|+ |a"(r)] < M, VreR. (2)

Definition 1.1. Let 7 € CY/2(Q), a function § € C**/2(Q) is said to be a steady state for (1) if it is a solution
to
-V - (a(y)Vy) =To, in Q, 7=0 in ON. (3)

The function v € CY/2(Q) is called the steady control.

Remark 1.1. The application A : T +— G shown in (3) is continuous, since a(-) satisfies (2).
We will denote by S := A(C'/%(Q)) the set of all the steady-states with steady controls in CY/%(Q).

Definition 1.2. Fized yo,y1 € S and fized v°, ' such that A(?°) = yo and A(D') = y1, we define a path-

connected steady states that drive yg to y1 as a continuous path

v (0,1 2 o) A s
s As) = (s) = A(A(s)),

where \(s) is a continuous path of steady controls that drive 7° to v' (A(0) =2° and \(1) = v').
For each s € [0,1], we denote §° := ~(s) the steady state and ©° := A\(s) the steady control of continuous path =y .
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Definition 1.3. Let us define a target trajectory y = y(x,t) for (1) as solution to

Yy — V- (a(y)Vy) =vo., in Q,
y(z,t) =0 on %, (4)
y(z,0) =Yy (x) in  Q,

with Ty € C*TY2(Q) and v € CY2V/4(Q) such that

, ao
M oo <
all VT Lo (@x0,1)) < 5 0() (5)

where C(Q2) is the Poincaré inequality constant, so ||ul|r2q) < C(Q)||Vullz2(q) and the constant M, is defined by

M, := sup |a’(r)].
reR

2 Main Results

Now, let us state the main result in this section is the following

Theorem 2.1. Let yo,y1 € S fized and let v(s) :=F° be path-connected steady states that drive yg to y1 with steady
control v°. Let us assume there exists a constant n > 0 such that

v >n, Vsel0,1]. (1)

Then there exists Ty > 0 such that, for every T' > Tgy there exists a control v € L™ (Q x (0,T)) such that, the system
(1) admits a unique solution y satisfying y(-,T) = y1(-) in Q and v >0 in Q x (0,T).

Now, we will extend Theorem 2.1 in the following Theorem:

Theorem 2.2. Suppose there exists a target trajectory y satisfying the condition (5) with initial datum Y, and
control v. Let us assume there exist a constant n > 0 such that

v>n in QxRY (2)

For any yo € CQ+1/2(§) initial datum, there exists Ty > 0 such that for every T > Ty, we can find a control
v € L®(Q x (0,T)) such that the unique solution y to (1) satisfies y(T)=7(T) in Q@ and v>0 in Qx (0,T).

Furthermore, if yo # Yo then the minimal controllability time Ty s strictly positive, where

Tonin := inf {T'>0;3 v e L>®(Q x (0,7))%, such that y(T) =7y(T) in Q}. (3)
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Abstract

In this paper we investigate the unilateral problem for a extensible beam equation with internal damping

and source terms
uee + A%u+ M(|Vul?)(=Au) +u = [u]" " u

where r > 1 is a constant, M(s) is a continuous function on [0,+00). The global solutions are constructed
by using the Faedo-Galerkin approximations, taking into account that the initial data is in appropriate set of

stability created from the Nehari manifold.

1 Introduction

In [7] the authors establish existence of global solution to the problem

g+ A%u+ M(|Vul?)(—Au) 4+ up = |u|""tu (1)

U(,O) = o, ut(‘vo) =wup in Qv (2)
ou

u(.,t) = ——(.,t)in 0Q,t >0, 3

() = Gt Q

where 2 is a bounded domain of R™ with smooth boundary 9 , r > 1 is a constant and M(s) is a continuous
ou

function on [0, +00), u = 0 is the homogeneous Dirichlet boundary condition and the normal derivative o = 0 is
n

the homogeneous Neumann boundary condition, where 7 unit outward normal on 9f).
A nonlinear perturbation of problem (1) is given by

uge + A%u + M(|Vul?)(—Au) +ug — |u|" " u > 0. (4)

In the present work we investigated the unilateral problem associated with this perturbation, that is, a variational
inequality given for (4) (see [5]). Making use of the penalty method, the potential well theory and Galerkin’s
approximations, we establish existence and uniqueness of global solutions.

Unilateral problem is very interesting too, because in general, dynamic contact problems are characterized
by nonlinear hyperbolic variational inequalities. For contact problem on elasticity and finite element method see
Kikuchi-Oden [4] and reference there in. For contact problems on viscoelastic materials see [6]. For contact problems
on Klein-Gordon operator see [8]. For contact problems on Oldroyd Model of Viscoelastic fluids see [3]. For contact
problems on Navier-stokes Operator with variable viscosity see [1]. For contact problems on viscoelastic plate
equation see [1].
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2 Main Results

Theorem 2.1. Consider the spaces

HA(Q)={ue HY(Q)u=Au=0 onT} and HZ(Q) ={ue H3(Q)|u=Au=0 onT}.

Ifug € Wi N HE(Q), J(ug) < dyus € HF(Q) N H2(),1 < r <5 and the hypothesis (H1) and (Hs) holds, then there
exists a function u : [0,T] — L*(Q) in the class

uw € L>®(0,T; (HY(Q) N H2(2)) N HE(Q)) N L>(0,T; L™(£)) (1)
u, € L>=(0,T; L3(Q)) N L2(0,T; H(Q) N H2(2)) (2)
ug € L°(0,T; L2(2)), w(t) € K a.e. in [0,T], (3)

satisfying
/Q(utt + A%+ M(|Vul?)(—Au) + us — |u]" " u) (v —u) > 0,V € L2(0,T; HE(Q)), v(t) € K a.e. int
u(0) = up, u(0) = 1wy

r4+1
|ul, 11, and

1
where J : H}(©2) 1 H2(2) = R defined by J(u) = 5|Aul® + %wuﬁ S

2
(Hh) M€ C((0,00)) with M(X) 2 mg >0, YA20, (H) (r—Dn<rn<q=- -

n> 2.
2TL

Proof The proof of Theorem 2.1 is made by the penalization method. It consists in considering a perturbation of
the problem (1) adding a singular term called penalty, depending on a parameter € > 0. We solve the mixed problem
in @) for the penalization operator and the estimates obtained for the local solution of the penalized equation, allow

to pass to limits, when e goes to zero, in order to obtain a function v which is the solution of our problem.
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Abstract

In this work we study the initial boundary value problem associated with the coupled Schrédinger equations
with quadratic nonlinearities, that appears in nonlinear optics, on the half-line. We obtain local well-posedness
for data in Sobolev spaces with low regularity, by using a forcing problem on the full line with a presence of a
forcing term in order to apply the Fourier restriction method of Bourgain. The crucial point in this work is the
new bilinear estimates on the classical Bourgain spaces X *° with b < %, jointly with bilinear estimates in adapted
Bourgain spaces that will used to treat the traces of nonlinear part of the solution. Here the understanding of
the dispersion relation is the key point in these estimates, where the set of regularity depends strongly of the
constant a measures the scaling-diffraction magnitude indices.

This work was submitted for publication and can be accessed in https://arxiv.org/abs/2104.05137 .

1 Introduction

This work is dedicated to the study the initial boundary value problem associated to system nonlinear quadratic
of the Schrodinger on the half-line, more precisely

i0pu(z,t) + 02u(z,t) + u(z, t)v(z,t) =0, x € (0,+00), t € (0,7),

(
)

i0v(x,t) + ad?v(z,t) + u?(z,t) =0, z € (0,400), t € (0,T), 1)
u(x,O) = UO(m)a U({E,O) = UO(I')v LS (07+OO)7
u(07t) = f(t)7 U(O’t) = g(t), te (O,T),

where u and v are complex valued functions, where a > 0. The model (1) is given by the nonlinear coupling of two
dispersive equations of Schrodinger type through the quadratic terms Ni(u,v) =% -v and Na(u,v) = u?.
An important point in this model is the fact that the functional mass is not conserved, since some bad terms of

boundary appear in the mass functional. More precisely, define the functional of mass for the system (1) by
M(t) = ||U(t)\|%g(m+) + ||U(t)|\%g(m+)-
Formally, by multiplying the first equation of the system (1) by @ and the second equation by T, integrating by
parts, taking the imaginary part and using Im (@%v) = —Im(u?v), we get

M(t) = M(0) + Im/0 (0, 5)0,u(0, s)ds + aIm/O (0, s)0,v(0, s)ds. (2)

This identity suggesters on the case of homogeneous boundary conditions a global result on the space
L?(R*) x L2(RT).

Physically, according to the article [4], the complex functions v and v represent amplitude packets of the first
and second harmonic of an optical wave. In the mathematical context on the paper [1] the first author obtained

local well posedness for the model posed on real line by assuming low regularity assumptions.
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2 Main Results

Our main local well-posedness result is the following statement.
Theorem 2.1. Let the Sobolev index pair (k,s) verifying s 7é and K 7é s and

(i) |k| —1/2 < s <min{s +1/2, 26+ 1/2,1} and k <1 fora > 1 (first non resonant case);
(ii)) 0 < k=s<1 fora=1% (resonant case);

(iti)) max{—3,|s| — 1} < s <min{x + 1, 26 + 1,1} and k < 1 for 0 < a < 3 (second non resonant case). For

2n+1 2.s+1

any a > 0 and (ug,vo) € H*(R') x H*(RT) and (f,g) € H 7 (R') x H (RT), verifying the additional
compatibility conditions
u(0) = £(0), for x> 3
: 3)
v(0) = g(0), fors> 3.
Then there exist a positive time T = (|U0||H~(JR+) lvoll z7= &+ Hf|| ||g||H + ,a) and a

distributional solution (u(t),v(t)) for the initial boundary value problem (1) on the classes
ue C([0,T); H*(RY)) and veC([0,T); H*(R")). (4)

Moreover, the map (uo,vo) — (u(t),v(t)) is locally Lipschitz from H®(RT) x H*(R") into
C([0,T]; H*(R*) x H*(R™)).

The approach used to prove this result is based on the arguments introduced in [3] and [2]. The main idea to

solve the IBVP (1) is the construction of an auxiliary forced IVP in the line R, analogous to (1); more precisely:

i0pu(w,t) + 02u(w,t) + u(z, t)v(z, t) = Ti(z)h1(t), (z,t) € R x (0,7)
i0pv(w,t) + adzv(z, ) + u?(x,t) = Ta(x)ha(t), (z,1) € R < (0,7) (5)
u(z,0) = uo(x), wv(x,0)=1v(z), zeR

where 77,75 are appropriate distributions supported in R™, @, 99 are nice extensions of ug and vy in R and the

boundary forcing functions hi, ho are selected to ensure that

u(0,t) = f(¢t) and ©(0,t) = g(t)
for all t € (0,T).
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Abstract

In this paper is investigated the existence of solutions of a mathematical model that describes the vibrations

of a bar by an impact in one of its ends.

1 Introduction

Consider an elastic homogeneous cylindrical bar of lenght L where the cross sections of the bar are small when
comparing with its lenght. In the rest position the bar coincides whith the interval [0.L] of the axis Ox. At the
end z = 0, the bar is clamped and the end z = L is free. At the initial time ¢t = 0, the free end is hit by a mass
M, which is moving with velocity aq in the direction of the axis of the bar. Then the mass remains glued at the
end z = L. Under the impact, the cross sections of the bar begin to vibrate longitudinally. Assume that these
vibrations are small.

The above physical problem is modeled by the following mathematical model:

0%u(x,t) B E@Qu(x,t)

= L ; 1
BT PR 0,0<z<L,t>0; (1)
0%u(L,t) ou(L,t)
= M : AFE L= ; 2
u(0,t) =0, ozt 5e — 0 t>0; (2)
u(:r,O)z0,0SxSL;w:0,0§x<L,%€;o):—ao. (3)

where u(z,t) denotes the displacement of the cross section z of the bar at time ¢. Here E is the Young’s modulus
of the material of the bar, p its constant density and A the area of the uniform cross sections.
The above mathematical model was introduced by Koslyakov et al.[1]

The objective of this paper is to investigate the existence of solutions of Problem (1.1)-(1.3).

2 Main Results

Denote by (u,v) and |u| the usual scalar product and norm of the space L?(0, L) By V is represented the Hilbert

space
V = {u € H*(0,L);u(0) = 0}

equipped with the scalar product

L
du dv
- [ Qy
((,v)) o dxdx v
and norm |[u|| = ((u,u))*/?. By 41, is denoted the fucntional

<ép,v>=wv(L), veC%0,L;R) = X
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then 67 € X'.
Let T > 0 be an arbitrary fixed real number. Consider the problem

0" (x,t) — Ope(x,t) = f(z,t) , 0<z <L, 0<t<T; (1)
0(0,t) =0, 0"(L,t) +6.(L,t) =0, 0 <t <T; 2)
O(x, T)=0, ¢ (x,T)=0 (3)

where ¢’ = 9% and 0, = 2%. For each f € L'(0,T;L?(0,L)) is determined the weak solution § of the Problem
(2,1)-(2.3). One has
1

~1p/ 2 1 2
S @OF + 56017 +

1

T
S0P < [ IOl vo<i<T

Definition 2.1. A function u € L>°(0,T; L?(0, L)) is named a solution defined by transposition of Problem (1.1)-
(1.3) if
T L
/ / w(z, 8) f (2, t)dadt = —2a0 < 51,0(,0) > , Vf € LX0,T; L2(0, L))
o Jo
where 6 is the weak solution of (2.1)-(2.3) with f(see [2] and [3])

Theorem 2.1. There exits a unique solution u defined by transposition of Problem (1.1)-(1,3). Furthermore u
satisfies

u” — upe =0 in L°°(0,T; L*(0,L));
uw(0,.) =0, u’(L,.) +uz(L,.) =0 in L>=(0,T);
uw(0) =0, v (0) = —apdr.

The theorem is obtained by applying the Galerkin method, results of the Trace Theorem and the interpolation
of Hilbert spaces.
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Abstract

In this work, we consider the porous-elastic equations mixing Kelvin-Voigt dissipation mechanisms and the
thermal effect given by Fourier’s law. We prove that the system lack the exponential decay property for a
particular equality between damping parameters. In that direction, we prove the polynomial decay and the

optimal decay rate.

1 Introduction

Based on Quintanilla and Ueda [1], we consider the one-dimensional porous elastic system with Fourier’s law is

given by
PUt — QUgy — ﬂ¢x — YUzt — €¢zt + gem = 0 in (07 l) X (0» OO)» (1)
’f@btt - 5¢zz + Bum + 77¢ + T¢t + EUyt — he = 0 in (07 l) X (07 00)7 (2)
p29t - Keam + guact + h¢t = 0 in (Oa l) X (07 OO), (3)

where p, o, v, 7, K, K, 6, &, h and 1) are constitutive coefficients, 3 # 0 satisfies an— 32 > 0. Moreover, the functions
u, ¢ and @ represent the displacement of a solid elastic material, the volume of porous fraction and the temperature,
respectively. In addition, we consider that the coefficients v > 0, 7 > 0 and ¢ # 0 satisfies the relationship

T —e® = 0. (4)
Here, we assume the Dirichlet-Neumann-Neumann boundary conditions
uw(0,t) = u(l,t) = ¢(0,t) = (1, t) = 0,(0,¢) = 0, (1,¢t) =0, ¢>0, (5)
and the initial conditions

u(z,0) = up(x), w(z,0) =ui(x), ¢(x,0) = do(x), ¢(x,0) = ¢1(x), 0(x,0) = Op(x), = € (0,1). (6)

2 Main Results

Theorem 2.1. Let us suppose that y7 —e2 = 0. Then the semigroup S(t) = et associated with the system (1)—(6)

is not exponentially stable.
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Proof To prove this result we will argue by contradiction, that is, we will show that there exists a sequence of
number ()\n)nEN C R with |A,| = oo and (U”)neN C D(A) for (Fn)nGN C H, with ||F,|l% < oo such that

(iXn — A)U,, = Fy, (1)

where F,, is bounded in H, but ||U,||% tends to infinity. To show the lack of exponential stability, we consider

(a + i/\’y)wfl — A% (B + i/\a)wn —&wp A, 0
(B+ire)wy (n+iAT) — (A% — w20) ~h B, |=1]1]. (2)
1A wn, iAR iAp+ Kw? Cn 0

Solving Eq. (2) we have

iMYKwy + [K(a — 6p/k) — 6vp/K|wi + O(n?)

B, ~
(62 — 779) E2wE — iAK~(wo — T')wi + O(n4)

3)

where I := (ny — 2¢8) /v + (¢2 — 77)dp/ K~k + (o — 6p/)7 /7. Since y7 — €2 = 0 and choosing wy := I we have
By ~ O(n). (@)

Therefore,
L L
Ul = [ 167 Pde = B [ costwna) Pz~ O(t) = lim U 2 66T = 0. (6)
0 0 n o0
Theorem 2.2 (Polynomial decay). The semigroup associated with the system (1)—(6) satisfies

c
ISOVolln < 577 I00llpeay, V>0, Uo € D(A). (6)
Moreover, this rate is optimal.
Proof To show the polynomial stability, we use Borichev and Tomilov’s Theorem [2]. Then using technical lemmas
we get
U113, < XCIUIF I3 + CIU sl Fllae + ClIF N, (7)
Consequently, we have

L. _
G = A Flla < ClIF |1, (®)

and therefore, by Borichev and Tomilov result, we prove the polynomial decay.

Now let us suppose that the rate of decay can be improved from ¢~'/2 to t=/(27¢) for some € > 0, then we will
have that

1 . _
WH(MI —A) 1FH% 9)

must be bounded. But this is not possible because of the lack of stability. The proof is now complete.
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Abstract

In this work we study the exponential decay of the energy associated to an initial value problem involving the
wave equation on the hyperbolic space BY. The main tools are Faedo-Galerkin method, multipliers techniques,

and an appropriate Hardy inequality.

1 Introduction

In this work we prove the existence of solution and the exponential decay of the energy associated to the following
problem

ug — Agvu+ f(u) + a(z)u;, = 0 in BY x (0, 00), (1)
u(z,0) = ug(z), u(z,0) = ui(z) for = € BY, (2)

where a, f, ug and u; are known functions and Ag~ is the Laplace-Beltrami operator in the disc model of the
Hyperbolic BY. The space BY is the unit disc {x € RY : |z| < 1} of RY endowed with the Riemannian metric g
given by g;; = p?d;;, where p(z) = TZP and ;35 =1, if i = j and &;; = 0, if ¢ # j. The hyperbolic gradient Vg
and the hyperbolic Laplacian Ag~ are given by

-2 ¢ 3)

Vevu = % and  Agvu=p Ndiv(pV 2 Vu) = p A +
where - is the standard scalar product in RY; and V and A are the usual gradient and Laplacian of RY.

Since the pioneer work of Zuazua [5], where the author, based on the multiplier techniques and on the unique
continuation results, showed the exponential decay for the semilinear wave equation with localized damping in an
unbounded domains, many authors have been studied this class of problems.

In this work, we extend the work of Zuazua [5] to the hyperbolic space BY which is a non-compact manifold,
with curvature —1 and without boundary. The main idea of our paper is to consider the damping acting away of
the origin, as in [5]. But, now in the context of the hyperbolic space.

The main novelty of our work is to present a new technique which combines the multipliers one with the use
of a Hardy inequality. This techniques was used in the context of elliptic equations in [1, 2, 3], but in evolution
problem it is a novelty.
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Abstract
In this work we show that the Rapid Distortion Theory (RDT) model for the spectral tensor of the

homogeneous turbulence problem in the whole three-dimensional domain preserves the symmetry, positive
semidefiniteness and integrability properties required in Cramér’s characterization of the spectral tensor of a
continuous homogeneous random process. The correlation tensor recovered from the spectral tensor model is
statistically valid and satisfies realizability conditions. The RDT spectral tensor model is a system of transport
equations plus an algebraic restriction due to incompressibility, therefore, we deal with the existence, uniqueness

and persistence of solutions in a specific set of functions by using DiPerna-Lions renormalization techniques.

1 Introduction

We consider an incompressible fluid in the whole three-dimensional domain R? with constant density p, kinematic
viscosity v and in constant-shear flow. Starting from the equation of continuity and the Navier-Stokes equations in
the continuous homogeneous random process framework known as homogeneous turbulence, it is possible to derive
the equations for the evolution of the spectral tensor ®(k,t), where k denotes the wavenumber vector and ¢ is the
temporal variable. The spectral tensor is the spatial Fourier transform of the velocity correlation tensor R which is
defined componentwise as R;;(r,t) = (u;(x,t) uj(x +r,t)), (r,t) € R¥xR, ¢ > 0, where u;(x,t) = U;(x,t)—(Ui(x,t))
denotes the fluctuations of each component of the random velocity field U;, ¢ = 1,2, 3, and (-) is the notation for
the expected value. Note that R and any statistical moment of order n > 2 are invariant under spatial translations
because of the homogeneous turbulence assumption.

The evolution equations for the spectral tensor are part of an infinite hierarchy of coupled nonlinear integro-
differential equations such that the equations for the statistical moments of order n involve the moments of order
n + 1. That is why a closure scheme is introduced, the simplest of which consists of discarding the higher-order
moments terms in the equations for the highest-order moments considered, as it is the case of the RDT model in

which third-order moments are discarded. As a result, the following first-order homogeneous linear system arises

0Pl 0Pl ok
iy ©j m R R R R 2xR
6t — Cnm km 6‘kn + ? (kzq)nj + kj(bin) - (&m‘bnj + 6jm(bin> - 2Vk (bij7 (1)

where summation convention is adopted for repeated Latin indices, the superscript R indicates that @5 is in general
different from ®;; and a constant mean velocity gradient

9 (Unm)

Crm = oz,

= 0n30m1C31, C31 # 0, (2)

is assumed, which corresponds to a constant shear rate of the mean velocity (U7) in the x3 direction. Besides, the
continuity equation expressed in the form of the incompressibility condition in the physical domain returns

@k =0, 3)

95



96

adding an algebraic equation to be satisfied by ®. The approximation for ® provided by the RDT spectral tensor
model has been validated in practice for rapidly straining turbulent flow, as described in [1]. It is then pertinent
to analyze if the model preserves the statistical properties that the spectral tensor of a continuous homogeneous

random processes must satisfy, as considered in the next section.

2 Main Results

Cramér’s theorem provides a characterization of the spectral tensor of a continuous homogeneous random process
as a k-absolutely integrable Hermitian matrix representing a positive semidefinite quadratic form. Simplifying to
the real valued case, we define an admissible initial condition as a real absolutely integrable symmetric positive
semidefinite matrix ®°(k) such that ®°(k) k = 0 almost everywhere, which serves as initial condition for system (1)—
(3). In this setting, the following theorem establishes the fulfillment of Cramér’s characterization together with the

existence and uniqueness of solutions for the model.
Theorem 2.1. If ®° is an admissible initial condition then there exists a matriz ®F such that
1. ® is symmetric and positive semidefinite,
2. ®R(k,t)k =0, for all t > 0 and almost everywhere in k,
3. the components of ®% are continuous functions with respect to t, for t > 0, with values in L*(R?),
4. ®% is the unique weak solution of the system of equations (1), with initial condition ®°, that satisfies property 3

5. If ®° is also a continuously differentiable function on R® — {0} then ®F is also continuously differentiable on
(k,t) € {R® — {0}} xR, t > 0.

A detailed proof can be found in [2]. It relies on the use of the Kelvin-Townsend system of differential
equations which solutions serve as factors for the complete solution. The structure of the system that allows
this factorization approach is intrinsic to the original equations. The results are also valid for the complex
Hermitian case. A statistically valid correlation tensor is recovered from the spectral tensor model via inverse
Fourier transform. Therefore, it satisfies physically meaningful probabilistic inequalities, including, at zero spatial

separation, realizability conditions for the Reynolds stress tensor R(0, ).
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Abstract

We establish the existence of periodic solutions for the Navier-Stokes equations, assuming that the external
force is periodic and C! in time, and small enough in the norm of the considered space. We also prove uniqueness
and stability of the solutions in various norms. The proof of existence is based on a set of estimates for the

family of finite-dimensional approximate solutions.

1 Introduction

1.1 Problem Statement

Given a periodic force in time f: QxR - R” Q CR", n=2or 3, f(z,t) = f(x,t + 7), we search for a periodic

solution in time

u: QxR—->R" wu(z,t)=u(x,t+7)
p:QAxR—=>R plx,t)=plx,t+7)

of the Navier-Stokes equations

Ju
E+(u~V)u—,uAu-i—Vp—f7 (1)
divu = 0,

subject to the following boundary condition:
u(z,t) =0 on 9Q x (0,T). (2)
Also, we consider the initial-value boundary problem associated to (1)—(2), i.e. (1)—(2) together with
u(x,0) = uo(z) in Q. (3)

1.2 Preliminaries

We use the usual function spaces for the Navier-Stokes equations, see Lions [1]. We will denote by || - || the usual
norm in L?(2) and associated product spaces.
The following results on existence and uniqueness can be found for instance in [6, 3, 5]:

Theorem 1.1. Let f € C'(7; L?(Q2)). There exists My > 0 such that, if

sup [[F (1)l < M, (4)

the corresponding system (1)—(2) has a strong T—periodic solution

w, € H*(r; H) N H*(1; D(A)) N L>®(1; D(A)) N Whee(1; V). (5)
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Moreover, if || fl|c1(r;02(q)) is small enough, the solution is unique and any solution w to (1)—~(3) defined for all
t € (0,400) with values in D(A) and such that

T
sup [Ju(?)]| +/ [Vu(t)||?dt < +oo VT >0 (6)
0<t<T 0
satisfies ||u(t) — up(t)|| = 0 exponentially as t — +oo.

2 Main Results
Theorem 2.1. If f and u are as in the second part of Theorem 2.3, one has
llu(t) — up(t)|| gz — 0 exponentially as t — +oo. (1)

The proof can be achieved by establishing appropriate estimates of ||u — u,|| in some norms.

Theorem 2.2. If f and u are as in the second part of Theorem 2.3, 9Q € C>=, DLf € L>°(0,00; H*(Q)) for all
I,k>0 and ug € D(A), we have

| Diu(t) — D uy(t)|| g — O exponentially as t — +o0. (2)

The proof can be obtained by induction, following some arguments already used in [2] and [1] together with the

arguments in the proof of Theorem 2.1.
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Abstract

In this work, we investigate an initial boundary value problem related to the nonlinear hyperbolic equation
Utt + Uzgze + Qzzzet = [(Uz)e, for f(s) = |s|” 4+ |s]7, 1 < p,o, a > 0. Under suitable conditions, we prove the

existence of global solutions and the exponential decay of energy.

1 Introduction

In this research, we consider the initial boundary value problem of a nonlinear hyperbolic equation with Kelvin-Voigt
type damping term

Ut + Uggga T VUzzzat = f(ux):m zef), t>0,
w(0,t) =u(1,t) =0, U (0,t) = uge(1,¢) =0, ¢>0, (1)

u(z,0) =uo(x), w(z,0)=ui(x),

where Q = (0,1), « is a positive constant and f(s) = |s|? 4 |s|? is the strain term.

There have been many impressive works on the well-posedness and energy decay of solutions of the nonlinear
beam equations of the type (1), with f(s) satisfying f(s)s > 0 and |f(s)| < a|s|?, a > 0, see [1] and the references
therein. The authors in these works introduced the potential well method to obtain their results.

However, to the best of our knowledge, there is little research about equation (1) with nonlinearity f(s) =

|s|” + |s]?, p, o > 1, which also implies that (1) has no positive definite energy.

2 Main Results

We define the space
H={uec HQ)NH}Q) : uzx € H3(Q)}

endowed with the norm

Hu”%{ = ||uxr||2 + ||uzm||2»
and introduce the following notations
Bie  sp Ml p o lslen
ue H2(Q)NHE(Q) [t | ueH2(Q)NHE(Q) [tz ]|
u#0 u#0
"= T Y2 = L pgn
p+17t 7 o+12
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. 1 1/(p—1) 1 1/(e-1) . .
Let Ay = mm{ [W} , [W} } and the energy associated with problem (1) by

E(t) = . lue]|* + t luaall® ~ SL /1 |ua| 1y da — _ /1 || "ty d
= u (7 U U T u U X.
2 t 2 T 1 0 T T 1 0 x T

Now, we have the following two theorems
Theorem 2.1. Assume ug € H, uy € L*(Q). Then problem (1) has a unique weak solution u for T small enough.
Proof. We prove the local existence of weak solutions by using the Faedo-Galerkin method. O

Theorem 2.2 (The main result.). Assume that the assumptions of Theorem 2.1 hold and that
0 < |luoee|l < A1 and (4E(0))"/* < Ay,

where ) ) ) .
FE(0) = - 2 = azm2_7/ zp zd _7/ zU :vd
(0) QHUlH +2||U0 l P Q|Uo oy dx ] Q|Uo |7 w0, dz

Then problem admits a global weak solution in time. This solution satisfies
E(t) < Loe " ,¥t >0, for some Lo,y > 0.

Proof. We apply an argument due to Tartar [4] (See also Milla Miranda et al.[2]) to get the global existence. The

exponential decay is obtained via an integral inequality introduced by Komornik. O
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Abstract

Estudamos o comportamento assintético das solugGes globais fracas para as equagoes dos fluidos magneto-
micropolares nos espagos de Sobolev H™(R"™), com m € NU {0} e n € {2,3}. Além disso, mostramos que a
velocidade micro-rotacional decai mais rapido do que a velocidade linear do fluido. Também discutimos alguns

resultados de decaimento para a pressdo total do fluido e para as derivadas da solugdo na regiao do espago-tempo.

1 Introducao

Consideramos o PVI

b2
up + (u-V)u — (M+X)AU+V(U+ 2') = (b-V)b+ xrotw,
wt + (u - V)w — yAw — kV(divw) + 2yw = xrotu,
b+ (u-V)b— vAb = (b-V)u, (1)
divu = divb = 0,
(uvwab)|t:0 = (UO,WO,bO),

em R" x (0,00), onde ug, wy e by sdo fungdes dadas e n = 2 ou 3.

No sistema (1), as incégnitas sdo as fungoes u(x,t) € R", II(x,t) € R, w(x,t) € R e b(x,t) € R™, as quais
representam, respectivamente, o campo velocidade incompressAvel (velocidade linear), a pressdo hidrostética, a
velocidade micro-rotacional e o campo magnético em um ponto * € R™ no tempo ¢ > 0. A funcio |[b?/2 é a
pressdo magnética. Assim, denotamos por p := IT + |b|?/2 a pressdo total do fluido. Este sistema descreve o
movimento de um fluido incompressAvel micropolar viscoso na presenca de um campo magnético (veja [1] e [2]).
As constantes positivas p, X, 7, k € v estdo associadas a propriedades especAficas do fluido; mais especificamente, I
é a viscosidade cinemadtica (usual), x é a viscosidade do vértice, v e k sdo as viscosidades de rotacdo e, por tultimo,
1/v é o nimero magnético de Reynolds. Os dados iniciais para os campos velocidade e magnético, dados por ug
e by, sdo assumidos livres de divergente, i.e., divug = divby = 0. Vale ressaltar que o sistema (1) se reduz As
equagoes de Navier-Stokes, quando w = b = 0; ao sistema MHD, quando w = 0; e ao sistema micropolar, quando
b=0.
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2 Resultados Principais

Por simplicidade, assumimos p=x=1/2evy=rx=v = 1.

Teorema 2.1. Seja (u,p,w,b) uma solugio global do sistema (1). Se wg,wo,by € H™(R™) N LY(R"), com
divug =divby =0, em € NU{0} en € {2,3}, entao

m
2

HDmu('at)HLz(R”) + Hme('7t)||L2(R”) + HDmb("t)HLZ(R”) s CE+1)” %’ (12)

para todo t suficientemente grande. Ademais, temos a sequinte taza de decaimento melhorada para a micro-rotag¢do:

m

D™ w (-, )| pa gy < C (8 + 1)"%"%72 Vi1 (1b)

Também comparamos a evolugao das solugoes z(-,t) := (u,w, b)(+,t) do sistema (1) com as solugdes Z(-,t) :=
(@, w, b)(-,t) do sistema linear associado. Em [3], M. Wiegner forneceu tal estimativa para as equacdes de Navier-
Stokes (comparando com a equagdo do calor com os mesmos dados iniciais). Embora tenhamos outro sistema linear
associado, o resultado permanece valido e, para o campo micro-rotacional, fornecemos uma taxa de decaimento

extra. Nosso segundo resultado principal é o seguinte

Teorema 2.2. Seja (u,p,w,b) uma solugdo global do sistema (1). Se ug,wo,by € L'(R™) N HY(R™), com

divug = divbg = 0, entdo existe uma constante C € R tal que

lz(-,t) = Z( t)|lL2@ny < C(t+ 1)_%_%, vit>0. (2a)
Além disso, melhoramos a taxa de decaimento para o campo micro-rotacional da sequinte forma:

Jw(-,t) = (-, 1) g2@n) <C(E+1)"%7", V>0 (2b)

Observagao 1. Note que o resultado acima mos diz que as solugdes do sistema magneto-micropolar sao

assintoticamente equivalente A s solug¢oes do problema linear associado com os mesmos dados iniciais.

Por fim, para ug,wq, by € L*(R™) N H™TY(R"), com divug = divby = 0, também obtivemos a seguinte taxa

de decaimento para a pressao total do fluido
D™ () | ooy < CUEFDTFF, Vi,

e, supondo que wug,wo, by € L'(R™) N HM(IR")7 com divug = divby = 0, também mostramos que existe uma

constante C' > 0 tal que
HDmﬁfu(-,t)HLQ(Rn) < Ct+1)"27F4,  visl,
D™ 0 w(e, )| oy < ClE+ D=5 ki Vs,
||Dmafb(~,t)||L2(Rn) < Cl+1)"F 7% Vi1,

para todo M > m + 2k, m, k e NU{0} e n € {2,3}.
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Abstract

Neste trabalho usamos uma técnica baseada em métodos de energia para analisar a existéncia global da
solugio do problema evolutivo u; + (b(z, t)u* ™), = pu(t)use com condigio inicial u(-,0) = uo € L' (R) N L™= (R).

Encontramos condigdes que garantam a existéncia global da solugao.

1 Introducao

Neste trabalho, apresentamos um estudo detalhado sobre o comportamento assintdtico de solugoes limitadas nao

negativas do problema evolutivo do tipo

up + (b(x, )u* ), = p(t)uze Yz €R, t >0,
u(+,0) = ug € L'(R) N L=(R), (1)

para campos de adveccao arbitrarios continuamente diferencidveis b satisfazendo

b(-,t) € LiS.([0,00), L (R)) Vz € R, t > 0; (2)
‘%ﬁj’ﬂ’<3(t) vz e R, t >0, (3)

onde B € CY(]0,00)), u(t) € C°([0,00)) positiva e 0 < k < 2 constante.

Aqui, por uma solugéo limitada do problema (1) em algum intervalo de tempo [0, T} ), entendemos como qualquer
fungao u € C°([0,Ty), L' (R)) N L;2.([0,T), L= (R)) satisfazendo a equagdo do problema (1). Para resultados de
existéncia local (no tempo) pode-se consultar [2] and [6], Ch. 7.

Nosso objetivo é investigar para quais valores de k podemos garantir que a solugdo do problema exista
globalmente e por este motivo é tao importante conhecer o comportamento das normas mais altas L9, em especial
da norma L°° no intervalo de existéncia da solucao, a fim de que possamos estender este intervalo a intervalos de
existéncia mais amplos.

Note que para k =1 em (1), temos a equacao de Burgers com um termo advectivo arbitrdrio b(x,t), apesar do
vasto estudo a respeito desta equacao, um dos modelos mais simples que combina os efeitos do operador nao linear
advectivo com o operador difusivo, a dependéncia explicita de = em b dificulta bastante a andlise da existéncia
global das solugoes deste problema. Para ilustrar esta dificuldade, reescrevemos a equagao geral do problema (1)

da seguinte forma

Ob(x,t)

Or ut () Uz (4)

uy + (k + 1)b(z, t)uPu, = —
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Ob(x,t)

x
magnitude. Porém, a solugdo de (1) conserva massa, entdo a medida que u cresce, o perfil da solugdo fica mais

ob(x,t
Como b depende de x, na regiao onde Mu’“‘l

< 0, o termo — estimula a solucao u a crescer em
afinado, tornando-se mais suscetivel aos efeitos do operador difusivo. Desta forma, o resultado da competigcao entre
os termos difusivo e advectivo do lado esquerdo da equagédo (4) torna-se dificil de ser previsto.

Quando b ndo depende explicitamente de x, ou mais geralmente, quando 9b(z,t)/0x > 0 for all x € R, ja se
sabe da existéncia global para as solugoes no caso k = 0 em (1), e neste caso, além das solugoes serem definidas
para todo tempo, elas também decaem a zero quando ¢ — oo, ver os seguintes trabalhos nesta direcao [4, 1, 7].
Para o caso de k = 0 e b(z, t) arbitraria, ver [3, 5]. Finalmente, no nosso trabalho, para b(x,t) arbitraria e k € [0, 2)

garantimos a existéncia global.

2 Resultados Principais

Obtemos uma estimativa para a norma do sup da solugdo do problema (1):

Teorema 2.1. Let > 1,0<ty <t <T, and 0 <k <2 in (1). Then

1 1 _2q
leuCes )l gy < @77 ma { (e o)l oo s B (fo3 1) 77 Uplto; )77 |

where Ug(to;t), Bu(to;t) is defined by

B(r
Uq(to;t) := sup{|lu(-, 7)||pamys to < 7 < t}, and By(to;t) = Sup{ (7)

w(T)

Em particular, se tomarmos tg = 0 e ¢ = 1 no Teorema 2.1, sabendo que a solu¢do do problema (1) conserva

ito <7 < t} , Tespectivamente.

massa, garantimos a sua existéncia global, isto é, T, = co.
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LONG-TIME DYNAMICS FOR A FRACTIONAL PIEZOELECTRIC SYSTEM WITH MAGNETIC

EFFECTS AND FOURIER’S LAW

MIRELSON FREITAS!, ANDERSON RAMOS?2, DILBERTO ALMEIDA JUNIOR?® & AHMET OZER#*

!Faculdade de Matemaética, UFPA, Salinépolis-PA, Brasil, mirelson@ufpa.br,
2Faculdade de Matemética, UFPA, Salinépolis—PA, Brasil, ramos@ufpa.br,
3Faculdade de Matemética, UFPA, Belém-PA, Brasil, dilbertoQufpa.br,

4 Department of Mathematics, WKU, Bowling Green, USA, ozkan.ozer@wku.edu

Abstract

In this work, we use a variational approach to model vibrations on a piezoelectric beam with fractional
damping depending on a parameter v € (0,1/2). Magnetic and thermal effects are taken into account via the
Maxwell’s equations and Fourier law, respectively. Existence and uniqueness of solutions of the system is proved
by the semigroup theory. The existence of smooth global attractors with finite fractal dimension and the existence
of exponential attractors for the associated dynamical system are proved. Finally, the upper-semicontinuity of

global attractors as v — 07 is shown.

1 Introduction

In this work, we consider the longitudinal vibrations on a piezoelectric beam system with thermal and magnetic

effects and with friction damping

PV — QU + Vﬂpmx + 50r + fl (va) = hl in (Oa L) X (Oa T)7
MUPtt — ﬁprm + 76”11: + Aupt + fZ(Uap) = h2 ilfl (07 L) X (07T)7 (1)
i — kBpy + 0V =0 in (0,L)x (0,7),

where the physical constants p,«, 3,7,0,k, 4 and ¢ are positive constants, fi, fo are nonlinear source terms

and hy, ho are external forces. Moreover, we consider the relationship o = a; + 28 with oy > 0. Moreover,
A: D(A) C L*(0,L) — L?(0, L) is the one-dimensional Laplacian operator defined by

A= —0,,, with domain D(A)={ve H*(0,L)NH}(0,L):v,(L)=0} (2)

where H!(0,L) := {u € H*(0,L); u(0) = 0} and A” : D(A”) C L*(0,L) — L*(0,L) is the fractional power
associated with operator A of order v € (0,1/2).
The system (P;) is supplemented by the clamped-free boundary and initial conditions

= av,(L,t) — vBp.(L,t) =0, t > 0,

0,1)
O,t) :pw(Lat) —’}/Ux(L,t) =0,1>0,
0,6) = 0(L,t) =0, t >0,

We assume that
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(i) The external forces hq,hs € L*(0,L);

(ii) There exists a function F' € C?(R?) such that
VF = (f1, f2); (4)
(iii) There exist ¢ > 1 and C' > 0 such that
VE@pl <C (" +pl 1), 5 =12 ()
(iv) There exist constants n > 0, mp > 0 such that
F(v.p) = = (Jo]* + [p*) =mp, VF(v,p)-(v,p) = F(v,p) = = (Jo]* + [p*) — mp. (6)

2 Main Results

First, we observe that the system (P;)-(3) defines a dynamical system (7,S(t)). To this system we study the

existence of global attractors and their properties.

Theorem 2.1. Suppose that assumptions (4)-(6) hold. Then,
(i) The dynamical system (H,S(t)) possesses a unique compact global attractor A C H;
(i) The global attractor A has finite fractal and Hausdorff dimension;

(iii) The complete trajectories (v,p, v, pt, 0) in A has further regularity

||(vap)||%H2(O,L)OH,}(O,L))2 + H9||H2(0,L)0H5(0,L) + ||('Ut7pt)||%Hi(O,L))2
(e, pec) 1220, )2 + 10113 < C, (1)
for some constant C > 0;

(iv) The dynamical system (H,S(t)) has a generalized exponential attractor Aexp, with finite fractal dimension in

the extended space
H_q = (L*(0,L))* x (H;7'(0,L))* x H (0, L), (2)

where H; (0, L) is the dual space of H}(0, L) pivoted with respect to L*(0,L). In addition, from interpolation
theorem, there exists a generalized exponential attractor whose fractal dimension is finite in a smaller extended

space H_,, where

H=HoCH_o CH_1, 0<o<1 (3)
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Abstract

We study the global well-posedness for a non-local-in-time Navier-Stokes equation. Our results recover in
particular other existing well-posedness results for the Navier-Stokes equations and their time-fractional version.
We show the appropriate manner to apply Kato’s strategy and this context, with initial conditions in the

divergence-free Lebesgue space L (R).

1 Introduction

Consider the fractional-in-time Navier-Stokes equation

ofu—Au+ (u-V)u+Vp=f, t>0,2€QCRY
V- -u=0, t>0,zeQcCR?
u(0,x) = ugp(x), reNCRY,

where 0fu denotes the fractional derivative of w in the Caputo’s sense with order o € (0,1). If the product
(k = v) denotes the convolution on the positive halfline Ry := [0, 00) with respect to time variable, then we have
07y = gi1—q * u, for an absolutely continuous function u, where g is the standard notation for the function
gp(t) = % ,t >0, 8 >0. Toward the possibility of considering more general nonlocal-in-time effects, we will
replace g, by k, and we assume as a general hypothesis that k is a kernel of type (PC), by which we mean that the

following condition is satisfied:

(PC) k € L110c(Ry) is nonnegative and nonincreasing, and there exists a kernel £ € Ly j,.(Ry) such that k¢ =1

on (0, c0).

We also write (k,£) € PC. We point out that the kernels of type (PC) are called Sonine kernels and they have been
successfully used to study integral equations of first kind in the spaces of Holder continuous, Lebesgue and Sobolev
functions, see [1].

Therefore, we consider the following problem for the following nonlocal-in-time Navier-Stoke-type equation

Ok * (u—up)) —Au+ (u-V)u+Vp=f, t>0,rcRY, (1)
V-u=0, t>0,zeR? (2)
(0, z) = ugp(z), z € RY (3)

where wu(t,z) represents the velocity field and p(t,z) is the associated pressure of the fluid. The function
uo(x) = (0, ) is the initial velocity and f(¢,z) represents an external force. The problem (1)-(3), can be written
in an abstract form as

Ok * (u—up)) + Apu = F(u,u) + Pf, t>0, (4)
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where Apyu := P(=A)u, P : L,(R?) — Ly (R?) is well-known as Helmholtz-Leray’s projection, and the nonlinear

term F(u,v) := —P(u - V)v. Equation (4) can be written as a Volterra equation of the form
u+ (€« Ayu)(t) = ug + (€ [F(u,u) + Pf])(t), t>0, (5)

by condition (k,£) € PC.

2 Main Results

We investigate the existence and uniqueness of global mild solutions for equation (5). Before we state the
main result, we introduce space where the mild solution will dwell. Let d € N. For any 2 < d < q < oo,
consider the space X, of the functions v satisfying v € Cy([0, 00); LG (R?)), (1 * 6)%_%1) € Cp((0, 00); Lg(Rd)) and
(1% £)2Vv € Cy((0,00); LG (R%)), which is a Banach space with norm

1_d 1
[vllx, := max{sup [[v(£) | g ra), sup[(1 + )(£)]2 ™24 [[0(t)[| g (ra), sup[(1 * 1) ()] 2 [[Vo(t) || g (ra) }-
t>0 t>0 t>0

The existence of the mild solutions solution for (5) will be a consequence of the following fixed point lemma (see
[2, Lemma 1.5]).

Lemma 2.1. Let X be an abstract Banach Space and L : X x X — X a bilinear operator. Assume that there exists
1 > 0 such that , given x1,x2 € X, we have |L(x1,z2)| < nllx1||||x2]]. Then for any y € X, such that 4n|ly|| < 1,

the equation x = y + L(x,x) has a solution x in X. Moreover, this solution x is the only one such that
< 1=V =4yl 1
o < LYl )
n
Theorem 2.1. Let d € N, 2 < d < q¢ < 00, n an appropriate constant and f € Cb([O,oo);L%(Rd)) be such
at
that o == {sup,o[(1 * E)(t)]l_%ﬂf(t)HL .o (R4} < 00. Forug € L5 (RY) and a > 0 sufficiently small, there exists

q+d
0< A< %, where ¥ and C are positive real constants, such that if |luo||p,wey < min{l,C~1}X, then the

problem (5) has a global mild solution u € X, that is the unique one satisfying (1). In particular,

< LoVI= IO I0) =34 and [Vt g ey < Y L IIOFID) 4y

lu(t, )L, @y < o llL,@maey < o

If, in addition, f =0, we have

(S

1_d 1

(L )()]2 20 |ult, )L, rey = 0 and [(1 = £)(@)]> [Vult, )L, re) = 0,
as t — 0T. Furthermore, let u,v € X, be two solutions given by the existence part corresponding to the initial data
ug and vy, respectively. Then,

C
U— <
H ”Xq N \/1 — 477()\ + aﬁC)

luo — voll L, (re)-
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Abstract

Neste trabalho estabelecemos condigGes para a existéncia global e ndo global de solugdes nao negativas
da seguinte equacdo do calor u; — div(w(z)Vu) = h(t)f(uw) + [(t)g(u) em RN x (0,7), com condicio inicial
0 < u(0) = ugp € Co(RY), onde w(z) é um peso adequado na classe Muckenhoupt A1+% que pode ter
uma linha de singularidades e (h, f,1,9) € (C[0,00))*. Quando h(t) ~ t" (r > —1), I(t) ~ t° (s > —1),
f(u) = (1 +uw)In(1+ w)]? e g(u) = u? obtemos o expoente de Fujita e o segundo expoente critico no sentido de

Lee e Ni [5]. Nossos resultados ampliam os obtidos por Fujishima et al. [2].

1 Introducao
Consideramos a seguinte equagao do calor

uy — div(w(z)Vu) = h(t)f(u) +1(t)g(u) em RN x (0,7),
uw(0) = up >0 em RV,

onde ug € Co(RN), h,1 € C[0,00), w(x) é tal que
(A) w(x) =|z1|* coma €[0,1) se N=1,2ea €[0,2/N) se N > 3,
(B) w(z) = |z|® com b € [0,1), (z = (21, ..., zN)),
e f,g € C[0,00) sao fungdes localmente Lipschitz ndo negativas. Para a existéncia ndo global consideramos

(F) [ d”) < 00 para todo w > 0 e f(S(t)vg) < S(t)f(vo) para todo 0 < vy € Co(RY) e t > 0.

w  f(o
(Gy) [° g“(lg) < oo para todo w > 0 e g(S(t)vy) < S(t)g(vo) para todo 0 < vy € Co(RY) e t > 0.
Onde S(t = Jon D(x,y,t)uo(y)dy para t > 0, e T'(x,y,t) é a solugao fundamental do problema homogéneo

- dlv( ( )Vu) =0. Quando w(x) = |z1|* o problema (1) estd relacionado com o laplaciano fracionério por
meio da extensao de Caffarelli-Silvestre, veja [1] e [2]. A equagdo do calor (1) aparece em modelos que descrevem

processos de propagacao do calor em meios ndo homogéneos, veja [3].

2 Resultados Principais

No presente trabalho estabelecemos condigoes para a existéncia global e nao global de solugoes nao negativas de
(1). O primeiro trabalho nesta diregdo foi obtido por Fujishima, Kawakami e Sire em [2], nesse trabalho os autores
obtém resultados do tipo Fujita para o problema (1), quando h = 1,1 =0 e f(u) = uP (p > 1). Nosso principal

resultado é o seguinte

Teorema 2.1. Assuma a condicio (A) ou (B) e suponha que (f,g) € (C[0,00))? sdo funcgdes ndao negativas

localmente lipchitz continuas tal que f(0) = g(0) = 0.

109



110

(i) Se f, g, f(s)/s, g(s)/s sdo mdo decrescentes num intervalo (0,m] e existe vg # 0, 0 < vy € Co(RYN),

[vollee < m tal que [;° h(a)%da + 157 l(a)%da < 1, entdo existe uma constante § > 0

tal que para dvg = ug a solugao de (1) € global.
(ii) Seja 0 < ug € Co(RYN), ug # 0 e suponha que alguma das sequintes condi¢oes sejam satisfeitas

(a) (Fy) ¢ verdade e f € nao decrescente tal que f(s) > 0 para todo s > 0 e existe 7 > 0 tal que
o0 do T
S5yl 700 < Jo Rlo)do.
(b) (G1) € verdade e g € ndo decrescente tal que g(s) > 0 para todo s > 0 e existe 7 > 0 tal que
o0 do T
Jisyuon 3ty < Jo Uo)do.

Entao a solugao de (1) com condigdo inicial ug nao é global.

Proof. Primeiro obtemos as solucdes u € C((0,T),Co(RY)) que satisfazem a formulacio integral u(z,t) =
Jan Tz, y, t)uo(y)dy + f; Jan T(z,y,t —0)h(o) f(u(y,o))do. Dai, a prova é obtida adaptando as ideias de [4] junto
com as estimativas obtidas em [2]. O

Agora, para p > 0 considere I* = {¢) € Co(RY), ¢ > 0 e lmsup,|_,., [#[*P(x) < oo} e I, = {¢p € Co(RY), ¢ >
0 e liminf|; o |2|?¥(x) > 0}. Do teorema (2.1) e os métodos empregados em [5] e [4] obtemos os seguintes

resultados concernentes ao expoente critico de Fujita e ao segundo expoente critico no sentido de [5].

Corolério 2.1. Assuma a condi¢ao (A) ou (B). Suponha f(t) = (1 +t)(In(l +¢))? (p > 1), g(t) =t (¢ > 1),
(h,1) € (C[0,00))? tal que h(t) ~t" (r > —1) el(t) ~t* (s > —1) para t suficientemente grande.

(i) Se 1<p<I1+4 % oul <qg<1+ %, entdo o problema (1) ndo tém solugdes globais nao
triviais.

(2

(i1) Suponhal+%<pel+%<q.

(a) Se 0 < p< % oul < p < %, entdo o problema (1) ndo tém solugies globais ndo
triviais para qualquer condicdo inicial v € I, .

(b) Se % <pe (27‘;)_# < p, entao para qualquer condi¢dao inicial v € I? existe A > 0 tal que o
problema (1) com condi¢ao inicial M) tem uma solugao global nao trivial.

Onde a = a quando a condi¢io (A) é verdade e a = b quando (B) € verdade.
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Abstract

Neste trabalho estabelecemos a existéncia de solucoes fortes T-periédicas para um sistema de equagdes
diferenciais parciais associadas a um modelo (de Rosensweig) para o escoamento de fluidos magnéticos em

dominios limitados bidimensionais e tridimensionais sob a agdo de um campo magnético externo.

1 Introducao

Investigamos a existéncia de movimentos periédicos no tempo em escoamentos de fluidos magnéticos. Tais fluidos
sao encontramos em varias aplicagoes industriais como em mancais hidrostaticos e hidrodinamicos, em sistemas
de amortecimento, em atuadores e mdquinas elétricas, dentre outros. Vérias aplicagdes estao descritas em [1]. O
sistema de equagoes diferenciais parciais do modelo é o seguinte:

p(%‘t‘—k(u-V)u)—(n—i—f)Au—kVp:uo (m-V)-h+2{V xwem (0,00) x £, (1)
V-u=0em (0,00) x Q,, (2)

om 1
ﬁ—i—(u-V)mzw/\m—;(m—Xoh) em (0,00) x 2 (3)
pk:(%%;’—!—(u-V)w)—U/Aw—(n/+)\,)VV~w=,u0m/\h (4)
+2¢ (Vxu—2w) em (0,00) x Q, (5)
V-(h+m)=F Vxh=0, em(0,00) x Q. (6)

Estas equagOes descrevem (respectivamente) o balango de momento linear, massa, magnetizagdo, momento
angular, seguido das denominadas equacoes magneto-estaticas para o campo magnético h. u denota a velocidade
do ferro-fluido, p representa a pressao dinamica, m denota a magnetizacdo, e w é a velocidade de rotagao.
0, &, o, T, Xo,k‘,a/,n/,)\/ sao constantes positivas. O campo magnético externo é denotado por He,: € F =
—V - Hezt- Se o termo regularizante —oAm é desconsiderado (desprezando-se o momento magnético de rotagao
[5]), até mesmo a existéncia de solugbes fracas ndo é conhecida. As condigoes de contorno e de periodicidade sao

as seguintes:
u=0,w=0 m-v=0, VxmAv=0sobre dQr, (7
com a condi¢ao de T-periodicidade para u,w,m e h. Os seguintes trabalhos anteriores abordam questoes de

existéncia de solugoes para este modelo: [3],[4],[6].
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2 Resultados Principais

Sejam
V(Q) = {p e D(Q) : divp =0}, Haiv(Q) := {u € L*(Q) : divu € L*(Q)}

. 1/2
com norma |[ul| g, = (||u||2 + ||div u||2) / .

V(Q) é o fecho de V() em H(Q). Haiv0(Q) é o fecho de D(Q2) em Hgiy ().
Seja A o operador de Stokes, A : V(Q) — V(€)* definido por (Av,u)y+ v = [, Vu: Vv dz, Yu,v € V(Q) com
dominio D(A) :={uec V() : Auec H(Q)} e (u[v)pea) := (u|v) + (Au|Av), Yu,v € D(A).
Temos a seguinte caracterizagdo para o espago H,(Q) = H'(Q) N N(v,), onde v,(u) = u-v é o operador
trago, continuo de Hg;y(Q2) em H~Y/2(9Q). Sejam L( ) = —A( ) com dominio D(L) = H?(Q) N Haiv0(), e
L=—-nA—(n +X\)Vdiv com dominio

D(L£) = H*(Q) N H}(Q).
Apresentamos neste trabalho os seguintes resultados de regularidade das solugbes fracas. O existéncia de solugoes

fracas estd entre os resultados desta investigagao. Apresentamos somente resultados de regularidade destas solugoes.

Teorema 2.1. (Regularidade - caso 2d)
Seja F € H*(0,T; H' () tal que (F|1) = 0 sobre [0,T]. Seja 2 C R3 um subconjunto aberto limitado, simplesmente
conexo com fronteira suave (pelo menos de classe C3). Entdo, as solugdes fracas T-periddicas do sistema de equagoes

do modelo de Rosensweig tem a sequinte reqularidade adicional:
u e L>(0,T;V(Q))NL*0,T; D(A)), w € L>=(0,T; Hy(Q)) N L*(0,T; D(L))

m € L>=(0,T; H,(Q)) N L*(0,T; D(£)), h € L>(0,T; H,(Q)) N L*(0,T; H*(Q)).

Teorema 2.2. (Regularidade - caso 3d)
Seja F € H*(0,T; H' () tal que (F|1) = 0 sobre [0,T]. Seja 2 C R3 um subconjunto aberto limitado, simplesmente
conexo com fronteira suave (pelo menos de classe C3). Eriste uma constante positiva c tal que se I Fl &1 0,781y < ¢,

entdo as solugoes fracas T-periodicas do sistema de Rosensweig tem a sequinte reqularidade adicional:

ue L®(0,T;V(Q) N L20,T; D(A)), w € L>=(0,T; H: (Q)) N L(0,T; D(L))
m € L>(0,T; H,(Q)) N L*(0,T; D(L)), h € L>=(0,T; H,()) N L*(0, T; H*()).
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Abstract

This paper is concerned with a 2-dimensional Klein-Gordon-Schréodinger system subject to two types of
locally distributed damping on a compact Riemannian manifold M without boundary. Making use of unique
continuation property, the observability inequalities, and the smoothing effect due to Aloui, we obtain exponential

stability results.

1 Introduction

In this paper, we consider the Cauchy problem of the following Klein-Gordon-Schrédinger equations through Yukawa

interaction,
iy + A 4+ ia Bj(z,9Y) = ¢y, in M x (0,00), j=1,2
bt — D¢+ a(x)dr = [P xe  in M x (0,00) (F;)
¥(0) =vo, ¢(0) = o, ¢:(0)=¢1 in M

where (M, g) is a bidimensional compact Riemannian manifold without boundary and g represents your metric,
Bj(x, ) is non-linear locally distributed damping, w is a region on M where the dissipative effect is effective, and
Xw 18 the characteristic function on w. Moreover the constant a will be characterized later. We study two types of
damping, defined by By (x,1) = b(x)(1 — A)/2b(z)y  and  Ba(z,v) = b(z)(|¢|* + 1)1

We assume that a(-), b(+) are non-negative functions satisfying

a,b € WH (M) N C=(M)
a(x) >ap>0 in w, and b(x)>by >0 in w,

where w is an open subset of M such that meas(w) > 0 satisfying geometric control condition.

An interesting result of exponential decay considering Klein-Gordon-Schrodinger system with localized damping
in both equations are due the authors in [1]. Uniform decay rates were have obtained combining multipliers
method, integral inequalities of energy, and regularizing effect due to Aloui. Recently in [2], the authors generalize
the previous results considering the weaker damped structure iab(z)(|9|2 + 1)¢ instead of iab(xz)(—A)2b(x)i
assumed in [1], making use of the observability inequality in both equations, the linear wave and the Schrédinger
equation, furthermore, combined with other tools have proven exponential decay. The purpose of the present article
is to extend substantially all previous results given by [1] and [2] in the geometric sense and exhibit an important
multiplier function. Here we study the problem (P;), j = 1,2, on a compact Riemannian manifold with arbitrary

metric.
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2 Main Results

We shall use standard Sobolev spaces on Riemannian manifolds. In the present paper, we consider some crucial
assumptions about the dissipative region w, in order to establish the geometric control condition.

Assumption 1: We assume that a,b € W5 (M) N C>°(M) are nonnegative functions such that a(x) > ag >
0 and b(xz) > bp > 0 in w. In addition, if a(z) > a9 > 0 in M, then we consider x, = 1in M If b(x) > by >
0 in M, then we consider x, =1 in M.

Definition 2.1. (Geometric Control Condition): w geometrically controls M, i.e there exists Ty > 0, such that

every geodesic of M travelling with speed 1 and issued at t = 0, enters the set w in a time t < Tj.

Assumption 2: We assume that w is an open subset of M such that meas(w) > 0 and satisfying the geometric
control condition

In what follows, we consider the energy associated with problems (P;), j = 1,2, by

1

B) = 5 [ (0(.0F +[90(.0F +16:(a.0%) M. 1)

Theorem 2.1 (Well-Posedness). Suppose Assumption 1 holds. In addition, assume that 5(2agby)~! < « in the
problem (Py). Then, given (Yo, ¢o, 1) € {V N H?(M)}2 x V problems (P1) and (P) has a unique regular solution
satisfying

¥ € L*(0,00; VN H2(M)), 9" € L®(0, 00; L*(M)),

¢ € L°(0,00; VN H2(M)), ¢ € L=(0,00;V), and ¢ € L>(0, 00; L2(M)). @

Considering the phase space H := {V N H?*(M)}? x V, in the next theorem, below, we provide a local
uniform decay of the energy. Indeed, we shall consider the initial data taken in bounded sets of H, namely,
(%0, ¢o, P1)|l < L, where L is a positive constant. This is strongly necessary due to the non linear character of
system (P;) and since the energy E(t) is not naturally a non increasing function of the parameter ¢. Thus, the
constants, C' and ~ which appear below, will depend on L > 0. We shall denote d = d(c, ||b||co, L), to be fixed,
where ¢ comes from the embedding D [(1 — A)i] = Hz(M) < L*(M). So, under the above considerations, we can
establish the main result concerning uniform stabilization from the problems (P;) and (Ps).

71b74

Theorem 2.2. Suppose that the hypotheses of Theorem 2.1 holds. In addition, o > S bo 4o s sufficiently

2
small. Then, there exist C,~ positive constants such that following decay rate holds E(t) < Ce™ " E(0), for allt > 0,

for every regular solution of problem (Py) satisfying (2), provided the initial data are taken in bounded sets of H.

Theorem 2.3. Suppose that the hypotheses of Theorem 2.1, and Assumption 2 hold. Then, there exist C,~y positive
constants such that the following decay rate holds E(t) < Ce " E(0), for all t > 0, for every regular solution of
problem (Py) satisfying (2), provided the initial data are taken in bounded sets of H.
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Abstract

In this manuscript we investigate a nonlocal transport 1D-model with supercritical dissipation v € (0,1) in
which the velocity is coupled via the Hilbert transform. We show global existence of non-negative H>/2-strong

solutions in a supercritical subrange (close to 1) that depends on the initial data norm.

1 Introduction

We consider the initial value problem for the 1D transport equation with nonlocal velocity

{ate —HO0, + A0 =0 in T x (0,00) O

0(x,0) = Og(x) in T,

where 0 < v < 2, T is the 1D torus, A = (—A)'/? and H denotes the Hilbert transform. This model arises as
a lower dimensional model for the well known 2D dissipative quasi-geostrophic equation and in connection with
vortex-sheet problems.

The IVP (1) has three basic cases: subcritical 1 < v < 2, critical v = 1 and supercritical 0 < v < 1. The global
smoothness problem in the critical and subcritical cases have already been solved (see [1, 3]).

The global regularity problem for solutions of (1) in the supercritical case remains an open problem. In the part
0<y< % of the supercritical range, Li and Rodrigo [6] proved blow-up of solutions in finite time for non-positive,
smooth, even and compactly supported initial data satisfying 65(0) = 0 and a suitable weighted integrability
condition. In [5], still in the same range, Kiselev showed blow-up of solutions in finite time for even, positive,
bounded and smooth initial data 8y satisfying max,cg 0o(z) = 6p(0) and suitable integrability conditions.

In the range % < v < 1, the formation of singularity in finite time or global smoothness is an open problem
(stated by [5, p. 251]), even for sign restriction on the initial data, i.e., 8y > 0 or 6y < 0. In [2], for 0 < v < 1, Do
obtained eventual regularization of solutions for non-negative initial data.

In this work we focus on supercritical values of v contained in the range % < v < 1 (close to 1) and prove
existence of global classical solutions for (1). More precisely, we show existence of H %—strong solution for arbitrary

non-negative initial data 8y € H % and v1 < v < 1, where v; depends on H 2-norm of 6.

2 Main Results
Theorem 2.1. Suppose that v € [1/2,1) and 6y € L>°(T) is non-negative. Let o € (1 —~,1) and define
* = f
1" = Cat=> ||90HLoc(T)v (1)
Jiie
where C = v~ Ykiky ™ > 0 with k1 and ko being independent of a,y and 0y. Let 6 be a solution of (1) in
C([0,T); H2 (T)) with existence time 0 < T < co. If T* < T, then 6 € C=(Tx (T*,T)).
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Proof. See [4].
Theorem 2.2. Let 6y € H2(T) be an arbitrary non-negative initial data. Then, there exists vy = 71(||90||H%) €
(1/2,1) such that for each y € [y1,1) the IVP (1) has a unique global (classical) H# -solution.

Proof. The Theorem 2.1 provides an explicit control on the regularization time 7%,

Cal v ||90HLoc('J1‘

Afterwards, we obtain an explicit lower bound of the local existence time with H %-initial data. More precisely,

there exists a constant C' > 0 such that H 2-solution does not blow up until

o )
— 2l 2l
7= (Il 7 ool ) @

By comparison of the local existence time T' (2) with the eventual regularization time 7* (1) we can choose
a =min{2(1 —v),1/2} such that there exists v; € (1/2,1) such that T* < T for all v € [y1,1).

The equation (1) has a scahng property: if 0 is a solution, then so is 0y (¢, ) = \Y~10(\7t, Ax), for any A\ > 0.
Thus, the quantity |- H g || | % L2(7) 18 scaling invariant. Now, for each v € (0,1), define

I,i
[

R, = sup{R > 0 such that, for any 6, € H3(T) with |6, |90||L2(T < R, the unique

H? — solution of (1) with initial data 6 does not blow up in finite time.}

By small data results for v € (0,1) we know that R, > 0, while from the global regularity results in the critical
case, we have that Ry = co. The Theorem 2.2 state shows that

R,—ocasy—1".
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Abstract
In this presentation, we derive suitable optimal L? — L? decay estimates, 1 < p < 2 < g < oo, for the solutions

to the o-evolution equation, o > 1, with scale-invariant time-dependent damping and power nonlinearity |u|P,

uge + (—A)7u +

litut: [ulP, t>0, zeR",
where p > 0, p > 1. The critical exponent p = p. for the global (in time) existence of small data solutions to
the Cauchy problem is related to the long time behavior of solutions, which changes accordingly with p. Under
the assumption of small initial data in L* N L?, we find the critical exponent
20
=1 + —_—,
b [n—o+oult

for p € (0,1). This critical exponent it is a shift of a Kato type exponent.

1 Introduction

In this presentation we study the global (in time) existence of small data solutions to the Cauchy problem for the
semilinear damped o-evolution equations with scale-invariant time-dependent damping

I
1+t

where p € (0,1), 0 > 1 and f(u) = |ulP for some p > 1.

Utt + (_A)Uu + Ut = |u‘p7 U(O,(E) = 07 ut(07x) = ’u’l(w)7 t Z 0’ UAS Rn' (1)

Naturally the size of the parameter p is relevant to describe the asymptotic behavior of solutions. When
€ (0,1), this model is related to the semilinear free o—evolution equations. For this reason let us introduce some

previous results to the Cauchy problem
ug + (—A)u = |ul’, w(0,z) =0, u(0,2) = ui(x). (2)

For ¢ = 1 this problem was considered by several authors. If 1 < p < pg(n) = ﬁ, Kato [5] proved the
nonexistence of global generalized solutions to (2), for small initial data with compact support. On the other hand,
John [4] showed that p = 1 + /2 is the critical exponent for the global existence of classical solutions with small
initial data in space dimension n = 3. A bit later some authors, for instance, Glassey ([2], [3]), Sideris [7], Lindblad
and Sogge [6], proved that the critical exponent is pg(n) for n > 2, which is the positive root of

(n—1p*—(n+1)p—-2=0.

Then, for ¢ > 1 and for space dimensions 1 < n < 20, in [1] it was obtained the critical exponent to (2),
pi(n) = ﬁ7 which is of Kato type.

The main goals in this presentation are to derive LP — L9 estimates and energy estimates for solutions to the
linear Cauchy problem associated to (1) and to obtain the critical exponent for the global (in time) existence of

small initial data solutions to (1) for u € (0,1). We show that the critical exponent is a shift of Kato type exponent

pr(n+op) = ‘[nnjalz:;i]: :
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2 Main Results

This two results shows that the critical exponent for the Cauchy problem (1), when p € (0, 1), is given by a shift

of Kato type exponent px(n+ op) = %

Let us consider py = 0o if 1 <2— 22 or py = 5= (0 —n+ V902 — 10no + n?) if p > 2 — 22,

[ea

Theorem 2.1. Leto >1,1<n <o, 1 -2 <p<min{u;1} and p # 2 — n - Jf

20 20 — o

14— = pg(n+ou) <p< 1+

Al 3
n—o+opu [2n — 20 + ou) . a (3)

then there exists € > 0 such that for any initial data
w e A=L*R")NL'R"Y),  lwlla<e

there exists a unique energy solution u € C(]0,00), H(R™)) N C1([0,00), L2(R™)) N L>([0,0) x R™) to (1).
Moreover, for 2 < q < q; the solution satisfies the following estimates
lu(t,Mlze S @+ 2D Ly fu(t e S @07 a4,
and
lut, M go + [10ru(t, )z S U+ 2 Jua]|a, V> 0.
For the sake of simplicity, in the next result we restrict our analysis for integer o.

Proposition 2.1. Letc e N, 0 < u <1 and

. nt+o+o
If uy € L*(R™) such that
/ uy(x)dx >0, (4)

then there exists no global (in time) weak solution u € LT ([0,00) x R™) to (1).

loc
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Abstract

In this work, we prove that initial value problem associated to the nonhomogeneous KdV-Kuramoto-
Sivashinsky (KdV-K-S) equation in periodic Sobolev spaces has a local solution in [0,7] with 7" > 0, and
the solution has continuous dependence with respect to the initial data and the nonhomogeneous part of the
problem. We do this in an intuitive way using Fourier theory and introducing a C, -semigroup inspired by the
work of Iorio [1] and Santiago and Rojas [3]. Also, we prove the uniqueness solution of the homogeneous and
nonhomogeneous KdV-K-S equation, using its dissipative property, inspired by the work of Iorio [1] and Santiago
and Rojas [4].

1 Introduction

First, we want to comment that from Theorem 3.1 in [2], we have that the KdV-K-S homogeneous problem is
globally well posed and, in addition to the inequality (3.2) in [2], we have the continuous dependence of the solution
of homogeneous problem.

In this work, in Theorem 2.1 we will prove the existence and uniqueness of the local solution for the non
homogeneous problem and from inequality (4) we will get the continuous dependence of the solution with respect
to the initial data and respect to the non homogeneous part.

Thus, in both homogeneous and non homogeneous cases, the estimatives are made from the explicit form of the
solution, that is, by applying the Fourier transform to the respective equation.

Another result in this work is about the dissipative property of the homogeneous problem and some estimates

of it, using differential calculus in HS_ .. This is included in Theorem 2.2 which we will develop. So, using Theorem

per*
2.2, we deduce the results of continuous dependence and uniqueness of solution for both homogeneous and non
homogeneous problems, respectively.

Finally, we give some conclusions and generalizations.

2 Main Results

We prove that the non homogeneous problem (PI) is locally well posed.

Theorem 2.1. Let ¢ € H,

class C, of contraction in Hp,,. for homogeneous case (F = 0), introduced in the Theorem 3.2 from [2], then

seR, u>0, FeC(0,T],H:,,), where T > 0, and {S(t)}i>0 the semigroup of

er’ per

1. The function:
uf'(t) .= S(t)o —|—/0 St —T7)F(r)dr,te€0,T] (1)

up ()=

belongs to C([0,T], HS.,.) N CL([0,T), H:.,*) and

per per
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2. u¥'(t) is the unique solution of

Ut + Ugza + .u(uwcx;c + Uac:c) = F(t) S H;;f;

with the derivative given by

h—0

u(t + h]i — u(t) _o. 3)

s—4

3. Let ¢; € H3

per>’

F; € C([0,T],Hp.,.), j = 1,2. The map ¢ — w is continuous in the following sense. Let u;
and us the corresponding solutions to initial data 1 and s, and with non homogeneity Fy and Fy respectively.
Then

IN

1 — talls + T F1 — Falco.s» (4)
(14 2p)[Jur — u2llco,s + [[F1 — Falloo,s—a
(T +2u) 101 = 2ls + [(1+20)T + 1| F1 — Falloo,s (5)

||U1 - uQHoo,s

[|0sur(t) — Opua(t)|s—a

IN

IN

where we have used the notation:

|-, heC(0,T],H,.,). (6)

per

[Alloor = sup |[|h()
t€[0,T]

Now, we study the dissipative property of the homogeneous problem.
Let 4 > 0, s € R and the homogeneous problem

w e C([0,00), H2,,) N C([0, 00), H3.Y)

per per
(Po) | Oww+ 3w+ p(Opw + P2w) =0 € Hi?
w(0) =¢ € Hy,, .

Theorem 2.2. Let w the solution of (P.) with initial data ¢ € H,,,, then we obtain the following results:

er’

1. Olw(t)|]?_y = —2p < O2w(t) + Otw(t), w(t) >5_4 < 0.

2. [w(@)lls—4 < 9lls—a < ll@lls, ¢ = 0.
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Abstract

In the setting of Banach lattices the weak (resp. positive) Grothendieck spaces have been defined. We localize
such notions by defining new classes of sets that we study and compare with some quite related different classes.
This allows us to introduce and compare the corresponding linear operators. This talk corresponds the results

in Sections 2 and 3 of the preprint [1].

1 Introduction

Recall that a Banach space X has the Grothendieck property if every weak* null sequence in E’ is weakly null.
In the class of Banach lattices, by considering disjoint and positive sequences, two further Grothendieck properties
have been considered. Following [2] (resp. [3]), a Banach lattice E has the weak Grothendieck property (resp.
positive Grothendieck property) if every disjoint weak* null sequence in E’ is weakly null (resp. every positive
weak* null sequence in E’ is weakly null). Of course the Grothendieck property implies both the positive and the
weak Grothendieck properties. The lattice c of all real convergent sequences has the positive Grothendieck property
but it fails to have the weak Grothendieck property [2, p. 10]. On the other hand, ¢; is a Banach lattice with the
weak Grothendieck property without the positive Grothendieck property [3, p. 6].

Recall that a subset A of a Banach space X is a Grothendieck set if T(A) is relatively weakly compact in ¢q for
each bounded linear operator T : X — ¢g. Keeping this cp-valued operators point of view, we introduce and study a
new class of sets in Banach lattices- that we name almost Grothendieck (see Definition 2.1)- and which characterizes

the weak Grothendieck property. In an analogous way, the notion of positive Grothendieck set is defined.

2 Main Results

Every bounded linear operator T' : E — ¢( is uniquely determined by a weak™ null sequence (x],) C E’ such that
T(z) = (},()) for all z € E where 2/, is the n'" component of T. When this sequence is disjoint in the dual Banach

lattice E’, we say that T is a disjoint operator.

Definition 2.1. We say that A C E is an almost Grothendieck set if T(A) is relatively weakly compact in ¢y for
every disjoint operator T : E — cq.

It is obvious that every Grothendieck set in a Banach lattice is almost Grothendieck. Obviously, each almost
Grothendieck subset of ¢( is relatively weakly compact. In particular, we can localize the weak Grothendieck

property as follows:
Proposition 2.1. For a Banach lattice E, the following are equivalent:
1. E has the weak Grothendieck property.

2. BEvery disjoint operator T : E — cq is weakly compact.
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3. Bg is an almost Grothendieck set.

By Proposition 2.1, we get that the unit ball of every L-space is an almost Grothendieck set, e.g. By, and
Br, 0,1) are almost Grothendieck sets that are not Grothendieck sets.
The question whether the solid hull of an almost Grothendieck set is still almost Grothendieck belongs to a type

of questions usual in Banach lattice theory. In particular, we have the following results:

Theorem 2.1. Let E be a Banach lattice with the property (d) and let A C E. Then |A| = {|z| : x € A} is almost
Grothendieck if and only if sol(A) is also almost Grothendieck.

It follows immediately from Theorem 2.1 that if A C E™ is an almost Grothendieck set in a Banach lattice with
the property (d), then sol(A) is also an almost Grothendieck set. By using this observation, we could establish
conditions so that the solid hull of an almost Grothendieck set is also an almost Grothendieck set.

Recall that a bounded operator T': X — Y is said to be Grothendieck if T(Bx) is a Grothendieck set in Y. Or,
equivalently, T'y!, = 0 in X’ for every weak* null sequence (y/,) C Y’. In a natural way, we introduce the class of

almost Grothendieck operators.

Definition 2.2. A bounded operator T : X — F is said to be almost Grothendieck if T'y!, % 0 in X' for every

disjoint weak™ null sequence (y,,) C F'.

It is immediate that every Grothendieck operator T': X — F' from a Banach space into a Banach lattice is
almost Grothendieck. The converse does not hold though. For example, the identity map Iy, : {1 — ¢ is almost
Grothendieck but not Grothendieck.

An characterization of almost Grothendieck operators concerning almost Grothendieck sets was proved as follows:
A bounded linear operator 7' : X — F' is almost Grothendieck if and only if T'(Bx) is an almost Grothendieck
subset of F. As a consequence, we have that a Banach lattice F' has the weak Grothendieck property if and only if
every weakly compact operator from any Banach space X into F' is almost Grothendieck.

Moreover, the following result gives necessary and suficient conditions so that every almost Grothendieck set is

relatively weakly compact.

Theorem 2.2. For a Banach lattice E, every almost Grothendieck subset of E is relatively weakly compact if and

only if every almost Grothendieck operator T : X — E is weakly compact, for all Banach spaces X .

In the class of the positive linear operators in Banach lattices, there is a dominated type problem. For instance,
let S,T: E — F be positive operators such that S < T. The question is, if T" has some property (x), does S also
have it? We present condition under the Banach lattice F' in order to get a positive answer when 7' is an almost
Grothedieck operator.

By considering positive operators T : E — ¢( instead of disjoint operators in Definition 2.1, we define the
positive Grothendieck sets. A study concerning this class of sets, the positive Grothendieck property and a class of

related operators was made in an analogous way.
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LOWER BOUNDS FOR THE CONSTANTS IN THE REAL MULTIPOLYNOMIAL
BOHNENBLUST-HILLE INEQUALITY
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Abstract

We extend to multipolynomials the method established by [3] and [1] for finding lower bounds for the constants
in the multilinear and polynomial Bohnenblust—Hille inequalities for the case of real scalars.

1 Introduction

Given positive integers m and nq,...,n,,, we say that a mapping P : E™ — R is an (ng,...,n,)-homogeneous
polynomial if, for each ¢ with 1 < i < m, the mapping

P(SCh...,Ii_l,',xi+1,...,ﬂjm,)ZE‘)R

is an n;-homogeneous polynomial for all fixed z; € F with j # 4. Continuous multipolynomials are all those
bounded over products of the unit ball Bg of E. In that case,

|P|| :=sup{|P (1,...,Zm)| : z1,...,2m € Bg}

defines a norm on the space of all continuous (n1, ..., n.;,)-homogeneous polynomials from E™ into R. As for the
basics of the theory of multipolynomials between Banach spaces, we refer to [2, 4]. Similar to the polynomial case
(see [1, p. 392]), one may show that every continuous (ni, ..., n,,)-homogeneous polynomial P: ¢y X -+ X ¢g = R
can be written as

— a1 @
P(xy,...,2m) = g CaxTt g

for all x1,...,2, € cp, where ¢, € R and where the summation is taken over all matrices o € M, x0(Ng) such
that |a;| = n;, for each ¢ with 1 < ¢ < m. The multipolynomial Bohnenblust—Hille inequality [4] for real scalars

asserts that for all positive integers m and nq,...,n,, there exists a constant Cj; > 1 such that

M+41
2M

2M
> |Ca| M5 <Cum P

|a1|:n17~~;|a7n|:n7n

for all continuous (ny, ..., nm,)-homogeneous polynomials P : ¢g X - -+ x ¢g — R. In [3, Sec. 5], the best lower bound

for the constants in the Bohnenblust—Hille inequality for m-linear forms is given by

m—1

Cpp > 2" (1)

for every m > 2. As for the constants in the Bohnenblust—Hille inequality for m-homogeneous polynomials, the
best-obtained estimate in [1, Theorem 2.2] is given by

Dy > ~——— if m is even
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and
m—+1
4 3711;1) 2m
D]R,m > pe— if m 75 1 is odd.
2-(3) °
In any case, we have
DR,m > (117)m7 (2)

which holds, therefore, for every positive integer m > 1. In this work, we adapt the techniques due to [3] and [1]

aiming to yield non-trivial lower bounds for Cjy.

2 Main Results

In order to determine proper lower bounds for Cj;, let us set a couple of notations. Let f and g denote the

real-valued functions defined by means of the equations

1 yifn; =1
f(ng) = 37 , if n; is even
4.3 ifn; £ 1is odd
and
1 yifn; =1
g(ni) = (%)% , if n; is even
2. (3)T i #1is odd

for each ¢ with 1 <7 <m.

Theorem 2.1. M
(41 f (ny) - f (nm)) "

O 2 g () g ()

Y%

for all positive integers m and ny, ..., Ny,.

We conclude this study by noting that the classical multilinear and polynomial estimates can be derived from this
result. Indeed, it reduces to the best estimate (1) for the m-linear constants C,,, whenm > landn; =... =n,, = 1.
An application of the theorem by assuming m = 1 and then n; = m, on the other hand, yields the more accurate
lower bound (2) for Dg .
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TIGHTNESS IN BANACH SPACES WITH TRANSFINITE BASIS
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Abstract

In this work we extend the definition of a tight space for Banach spaces with transfinite basis. We show some
basic properties of tight transfinite basis and we prove that a Banach space with a tight transfinite basis fails to
have minimal subspaces. Related open questions are discussed.

This research is financially supported by the FAPESP, process number 2017/18976-5.

1 Introduction

As part of the program of classification of Banach spaces up to subspaces initiated by W. T. Gowers [7], V. Ferenczi
and Ch. Rosendal [1] introduced the notion of tightness and proved several dichotomies between different notions
of tightness and minimality. Let X be a Banach space with normalized Schauder basis (x,,),. In [1] is defined a
Banach space Y to be tight in the basis (x,,), if, and only if, there is a sequence of intervals Ip < I} < ... < I < ...
such that for every infinite subset A of N, we have that Y is not isomorphically embedded in the closed span
[y :n & Ujeal;]. (2,)n is a tight basis for X if every Banach space Y is tight in (x,),. A Banach space X is tight
if it has a tight basis.
In [2] it was proved that a Banach space Y is tight in the basis (z,), if, and only if, the set

{u Cw:Y is isomorphically embedded in [z, : n € u]} (1)

is comeager in the Cantor space 2¢, after the natural identification of P(w) with 2¢.

H. Rosenthal defined a separable Banach space to be minimal if it can be isomorphically embedded into any of
its closed subspaces.

Tightness is hereditary by taking block subspaces meanwhile any subspace of a minimal space is always minimal.
In [1] was proved that any shrinking basic sequence of a tight space is a tight basis and that in a reflexive Banach

space every basic sequence is tight. Also, minimality and tightness are incompatible properties:
Proposition 1.1 ([1]). A tight Banach space with basis does not have minimal subspaces.

The classical spaces {p, ¢y, Schlumprecht space S [1] are minimal, meanwhile Tsirelson’s space T, the p-
convexification 7P of the Tsirelson’s space [5] and Gowers-Maurey unconditional space G, [3] are examples of
tight spaces (see [1] and [3]).

2 Main Results

We extend the notion of tightness from Banach spaces with Schauder basis to Banach spaces with transfinite basis

as follows.

Definition 2.1. Let a be an infinite ordinal. Let X be a Banach space with transfinite basis (2~)y<a. We say that

a Banach space Y is tight in X if, and only if,

Ey ={uCa:Y < [zy:v€u]}
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is meager in 2%, after the natural identification of P(«) with 2%. The basis (2)y<a 5 a tight transfinite basis for

X if, and only if, any Y Banach space is tight in X. X is tight if it admits a tight transfinite basis.

It can be proved that the property of tightness for Banach spaces with transfinite basis is hereditary by taking

transfinite block subspaces. Also, the following characterization is valid.
Proposition 2.1. Let « be an infinite ordinal and A C P(«). The following assertions are equivalent:
(i) A is comeager in 2%,

(i1) there are a sequence (In)n<w 0f non-empty finite pairwise disjoint subsets of «, and subsets a, C I, such
that for any v € 2%, if |{n: I, Nu = a,}| = No, then u € A.

Also, we prove that

Proposition 2.2. If (z4)y<a 5 a tight shrinking transfinite basic sequence, and (yn)n s an increasing sequence of

ordinals in o, then every basic sequence in [z, ], is tight.

In particular, the thesis of the last proposition holds if X is a reflexive Banach space with transfinite basis

(@y)y<a- For spaces with transfinite basis, tightness and minimality are also incompatible properties.

Theorem 2.1. Let X be a Banach space with a tight transfinite basis, then X does not have any separable minimal

subspace.
We discuss the existence of examples of transfinite tight Banach spaces and give some open questions.

This work is part of the doctorate thesis under the supervision of the professor Valentin Ferenczi.
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RESULTS ON THE FRECHET SPACE H(Bg)
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Abstract

For a complex Banach algebra E, in this work we study topological properties of the space Hr(Bg) of the
mappings f : Bg — E that are analytic in the sense of Lorch endowed with the topology 7, where Bgr denote

the open unit ball in E. Also, we show that Hr(Bg) is homeomorphic to some sequence space in E.

1 Introduction

For a commutative Banach algebra E let Bg be the open unit ball of E. We denote by I'(Bg) the set of the
sequences (a,), in E that satisfy limsup |la,||'/™ < 1. We consider T'(Bg) endowed with the topology 7 generated
by the family of the seminorms |lal|, = sup ||a,||r™ for all a = (a,,), € T'(Bg) and for all 0 < r < 1. It is easy to
see that (I'(Bg), 7) is a locally convex space with the usual operations.

We say that f : B — E is Lorch analytic in B if and only if there exist unique sequence (ay,), € I'(Bg) such
that f(w) = > a,w™ for all w € Bg. We denote by H1(Bg) the space of Lorch analytic mappings from B
into E. For more information about Lorch analytic mappings we refer to [2]. It is clear that H(Bg) C Hy(BEg, E)
where H;(Bg, E) denotes the space of holomorphic mappings from Bg into E which are bounded on the bounded
subsets of Br. For background on holomorphic mappings between Banach spaces see [1, 7]. Note that we can
consider in Hy,(Bg) the topology 73, of the uniform convergence on the bounded subsets of Bg.

2 Main Results

For n € Ny we denote by Pr("FE) the space of the n-homogeneous polynomials from E into E which are Lorch
analytic in Bg with the usual topology. The proofs of the propositions below can be found in [3].

Proposition 2.1. The following statements are true:
(a) {PL("E)}nen, s an 1-Schauder decomposition of (Hr(Bg), ™).
(b) {PL("E)}nen, is an S-absolute decomposition of (Hr(Bg), ).
(¢c) {PL("E)}nen, is shrinking.
(d) {PL("E)}nen, is boundedly complete.
Proposition 2.2. E has the Schur property if and only if (Hp(Bg),Ts) has the Schur property.
Proposition 2.3. E is separable if and only if (H(Bg), ) is separable.
Proposition 2.4. FE is reflexive if and only if (Hp(Bg), ) is reflexive.
Proposition 2.5. (Hr(Bg), ) is a Fréchet space.
It is clear by the definition of I'(Bg) that we have a natural linear bijection between I'(Bg) and H (Bg).

Theorem 2.1. (I'(Bg),7) ¢ (HL(Bg), ™) are isomorphics. In particular, (I'(Bg),T) is a Fréchet space.
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SOBRE UMA REFORMULACAO DA HIPOTESE DE RIEMANN NO ESPACO DE HARDY DO
CIRCULO UNITARIO
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Abstract
Este trabalho busca avancar o esforgo de pesquisa iniciado pela versao recente do critério de Nyman-Beurling-
Béez-Duarte para a hipStese de Riemann (RH, da sigla em inglds) no espago de Hardy-Hilbert do disco unitdrio,
H?. Questdes de densidade e ortogonalidade diretamente atreladas a este critério sdo abordadas, o que leva
a versoes fracas de RH. Entre as ferramentas utilizadas, se destacam varios espagos de Hilbert de fungoes

holomorfas no disco unitario. Trabalho em colaboracao com J. C. Manzur.

1 Introdugao

A hipdtese de Riemann é a afirmagao de que a fun¢ao definida por ((s) = Yo~ n~* para Res > 1 e estendida
analiticamente a C\{1} nao possui zeros com parte real maior do que 1/2. Nyman [4] obteve uma reformulacao
de RH em termos de densidade e aproximagdo em L'(0, 1), resultado generalizado para LP(0,1) por Beurling [2]
e refinado por Bdez-Duarte [1]. Detalhes podem ser encontrados no artigo expositério [2]. Em [5], é encontrada a
seguinte versao unitariamente equivalente do critério de Baez-Duarte. O contexto é uma classe de fungoes holomorfas
no disco unitario D, a saber o espago de Hardy-Hilbert

- {frD—><C 50 =3 Fe, Sl < oo} ,

. 1/2
que é um espago de Hilbert com a norma || f|| = (ZZO:O |f (n)|2> e contém o espago H>° das fundes holomorfas
limitadas em . Toda f € H? possui limites radiais em quase todo ponto do circulo unitario T, o que identifica H?

com um subespaco fechado de L?(T).
Teorema 1.1. Seja N o espaco vetorial gerado por {hy : k > 2}, onde

1 1 k—1
hk(z)l_zlog,( +Z+k+z ) 2eD, k>2.

Entdo a hipétese de Riemann é verdadeira se e somente se N é denso em H?, o que ocorre se e somente se a

constante 1 estd no fecho de N.

Este trabalho fortalece resultados de [5] dando respostas parciais aos problemas de encontrar (i) topologias em
H? com respeito as quais N é denso; (ii) subespagos vetoriais V' C H? tais que N+ NV = {0}. Tais respostas
parciais podem ser interpretadas como versoes fracas da hipotese de Riemann, ou seja, afirmagoes que sao implicadas

por RH mas demonstradas verdadeiras incondicionalmente.

2 Resultados Principais

Uma fungio f € H? é exterior se {2"f : n > 0} gera um subespaco denso em H?. Fungdes exteriores nao se anulam
no disco. A classe de Smirnov é
Nt ={g/h : g,h € H®, h é exterior} .
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Em [8] é estudada a topologia induzida em NVt pela métrica

1 2 ) )
A(7.9) = 5= [ log (1417~ gle”)) do.
T Jo
que ¢é mais fraca que a topologia da norma e mais forte que a da convergéncia uniforme em compactos.

Teorema 2.1. Com respeito ¢ métrica d, N' € denso em N1, e portanto em H?.

Dado € € T, o espago local de Dirichlet em € é
1— |2
€ — 2

onde dA ¢ a medida de drea. Temos que D coincide com {(§ — z)f + ¢ : f € H? ¢ € C} (ver [4]) e contém
todas as fungdes holomorfas em vizinhangas do fecho de D. Usando resultados de [7] relacionando operadores de

D = {f :D— C : f é holomorfa, / If'(2)]? dA(z) < oo},
D

multiplicacdo ilimitados em H? e espacos de de Branges-Rovnyak, é possivel provar o seguinte.

Teorema 2.2. Para todo £ € T, N+ NDe = {0}.
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TEOREMAS DO TIPO BANACH-STONE PARA ALGEBRAS DE GERMES HOLOMORFOS EM

ESPACOS DE BANACH
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Abstract

Neste trabalho, estudamos resultados do tipo Banach-Stone para algebras de germes holomorfos em espacos
de Banach. Mostramos que se K e L sao subconjuntos compactos, equilibrados e determinantes em espagos
de Banach separdveis com propriedade de aproximagao, entdo as &lgebras de germes holomorfos H(K) e
H(L) sao topologicamente isomorfas se, e somente se, as envoltdrias polinomialmente convexas Kp e Lp sdo

biholomorficamente equivalentes.

1 Introducgao

Se K e L sao espagos topologicos Hausdorff compactos, o Teorema de Banach-Stone classico afirma que os espagos
C(K) e C(L) sao isométricos se, e somente se, K e L sdo homeomorfos. Mais especificamente, se T': C(K) — C(L)
é uma isometria, entdo existem um homeomorfismo ¢ : L — K e uma fungdo continua « : L — K com |a(y)| =1,
para todo y € L tais que: T'(f)(y) = a(y) - (f o ¢)(y) = a(y) - f(¢(y)), para todo y € L e para toda f € C(K).

A versdo desse teorema para isomorfismos algébricos foi provada por Gelfand & Kolmogoroff em 1939 e afirma
que C(K) e C(L) sao isomorfas como dlgebras se, e somente se, K e L sdo homeomorfos. Além disso, todo isomorfismo
algébrico T': C(K) — C(L) é da forma T'(f) = f o ¢, onde ¢ : L — K é um homeomorfismo.

Neste trabalho, investigamos resultados deste tipo em algebras de germes holomorfos em espagos de Banach. A
seguir, daremos algumas definicoes.

Sejam E um espago de Banach complexo, U um subconjunto aberto de E. Denotamos por: H(U) o espago
vetorial de todas as fungoes holomorfas f : U — C e 7, a topologia de Nachbin (portada por compactos) em H(U).
Desta forma, (H(U), 7.,,) é uma dlgebra localmente m-convexa.

Se K é um subconjunto compacto de E, denotamos por h(K) = Uy H(U), onde U percorre todos os abertos
de E que contém K. Diremos que duas fungoes f1, fo € h(K) s6 equivalentes (f; ~ f2) se elas coincidirem em
alguma vizinhanga aberta de K. Denotamos por H(K) ao conjunto de todas as classes de equivaléncias de fungoes
que sdo holomorfas em alguma vizinhanga de K. Cada elemento de H(K) é chamado de germe holomorfo em
K. As aplicagdes candnicas Iy : H(U) — H(K), com U D K, induzem uma estrutura de espago vetorial em
H(K). O espago vetorial H(K) é entdo munido da topologia indutiva com respeito as aplicagoes lineares candnicas
Iy : (H(U),1,) = H(K), com U D K. Desta forma, dizemos que H(K) é o limite indutivo dos espagos (H(U), 7,),
com U D K. Tem-se que (H(K), 7,) é uma &dlgebra localmente m-convexa.

A envoltéria polinomialmente convexa de K é definida por
Kp(gy) = {z € E : |P(2)| < sup|P|, para todo P € P(E)}.
K
Um compacto K é polinomialmente convexo se IA(p( g) = K. Dizemos que um subconjunto compacto K de
um espago de Banach E é determinante se f € H(U) é tal que f|x = 0 entdo existe uma vizinhanca V O K,

K CcV cU tal que fly = 0. Um espago de Banach E possui um compacto determinante se, e somente se, E é

separavel.
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Sejam E e F' espacos de Banach, e sejam K C F e L C F subconjuntos compactos. Dizemos que K e L sao
biholomorficamente equivalentes se existem abertos U e V com K C U C Ee L CV C F, e uma aplicagao
¢ : V' — U biholomorfa com ¢(L) = K.

2 Resultados Principais

Nosso principal resultado é o seguinte teorema.

Teorema 2.1. Sejam E e F espagos de Banach, ambos separdveis e com a propriedade de aprorimacdo, e sejam
K C FE e L C F subconjuntos compactos, equilibrados e determinantes. Entao as sequintes afirmacgoes sao

equivalentes:

(1) H(K) e H(L) sao topologicamente isomorfas como dlgebras.

(2) IA(p(E) e Ep(p) sdo biholomorficamente equivalentes.

Esse teorema estd relacionado com um resultado semelhante de [3], para compactos equilibrados em espagos de
Banach do tipo Tsirelson. O Teorema 2.1 melhora o resultado de [3] para uma classe muito mais ampla de espagos
de Banach, porém a classe de compactos é reduzida aos compactos equilibrados e determinantes.

A demonstragdo do Teorema 2.1 estd baseada em resultados de [5], técnicas de [1, 2, 3|, além da seguinte

proposicao:

Proposition 2.1 (J. Mujica, D.M.V., 2017). Sejam E e F espacos de Banach, ambos com a propriedade de
aprozimagao, e sejam K C E e L C F subconjuntos compactos e polinomialmente convexos. Se H(K) e H(L) sdo

topologicamente isomorfas como dlgebras, entao K e L sao homeomorfos.
Como consequéncia do Teorema 2.1, temos o seguinte corolario:

Corollary 2.1. Sejam E e F espacos de Banach, ambos separdveis e com a propriedade de aprorimagcdo, e sejam
K C E e L C F subconjuntos compactos, equilibrados, determinantes e polinomialmente convexos. Entao H(K) e

H(L) sao topologicamente isomorfas como dlgebras se, e somente se, K e L sao biholomorficamente equivalentes.
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Abstract

Construimos neste trabalho um aparato geral que recupera como casos particulares todas as classes de
operadores absolutamente somantes definidos ou caracterizados por transformacado de sequéncias vetoriais ja

estudadas na literatura.

1 Introducao

O estudo de classes de operadores multilineares que generalizam os ideais dos operadores lineares (p; ¢)-somantes
tem se desenvolvido nas dltimas décadas seguindo vérias linhas, entre elas: (i) estudar as classes de operadores
que podem ser definidas ou caracterizadas por meio de transformacgao de sequéncias vetoriais; (i) considerar as
varias formas de se percorrer o conjunto de indices na definicao dos operadores, como por exemplo, somar apenas
na diagonal de N? (operadores absolutamente somantes) ou somar em todos os indices de N¢ (operadores miiltiplo
somantes); (iii) considerar conjuntos de fndices intermedidrios & diagonal e a N e, por fim, (iv) considerar somas
iteradas sobre conjuntos de indices de N (caso anisotrépico).

O objetivo deste trabalho é introduzir um conceito que unifica todas essas linhas que foram estudadas
separadamente. Cada um dos casos até agora ja estudados serd um caso particular do conceito aqui introduzido.

Usaremos a nogao de classe de sequéncias vetoriais, introduzido em [4]. Assim, dados uma classe de sequéncias
X e um espago de Banach F, X(F) serd um espaco de sequéncias a valores em F, de acordo com [4]. As letras

Xq,..., X4, Y1,...,Y; denotarao classe de sequéncias vetoriais, onde d e k sao niimeros naturais fixos com 1 < k < d.

2 Resultados Principais

Usaremos as letras Ey, ..., Eq, F para denotar espagos de Banach, denotaremos por Z = {I, ..., I;;} uma parti¢ao
do conjunto {1,...,d}, ou seja, uma classe de subconjuntos de {1,...,d} dois a dois disjuntos cuja uniao A@ igual
a {l,...,d}, e por z % e; entenderemos a d-upla (0,...,0,2,0,...,0) com z na coordenada j e 0 nas demais, seja

quando z pertencer a um espaco de Banach seja quando x for um nimero natural.

Definition 2.1. Fixadas uma parti¢do Z = {I,..., I} e d sequéncias de nimeros naturais (57)5,, r=1,...,d,
tais que a correspondéncia (ni,...,nx) € N¥F — Z}zzl ZTEIS Jn. * €r € injetiva, o bloco de N? associado a parti¢ao
T e as sequéncias (j))52q, r =1,...,d, é definido por Bz = {Z§:1 dover, Jn, *€r € N :nq,...,n. € N}.

A notacao Y;(Y2(F)) refere-se a todas as sequéncias em Ys(F') que pertencem a classe Y7. Assim, iteradamente,

construimos o espago Y1 (- Yi(F)--).

Definition 2.2. Um operador d-linear A: Fy x --- x Eqg — F é dito parcialmente (Bz; X1,...,Xa;Y1,...,Y%)-

o0
oo
somante se ( . (A (Zle D orer, Tir % er)) . ) € Yi(--- Yy (F)---) para quaisquer sequéncias (275)72; €
° e nep=1 ni=1
X, (Ey), r=1,...,d. Por /‘:gi---,Xd;Yl,.--,Yk (Er,...,Eq; F) denotamos a classe formada por todos esses operadores.
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Proposition 2.1. Um operador d-linear A: E; X --- X By — F € parcialmente (Bz; Xq1,...,Xa;Y1,...,Y%)-
somante se, e somente se, o operador induzido Ap,: X1(Fy) X -+ X Xq(Eq) — Y1(- - Yo (F)---), definido por

k oo o0
QBI ((x;);ﬁl,,(z?);’;l) = ... <A (Z Z x;-’;s *€r>> ’

s=1relg

np=1 ni=1
estd bem definido, é d-linear e continuo. Neste caso define-se a norma parcialmente (Br; X1,..., Xq;Y1,...,Yx)-
somante de A por
Al Bzsx, - xami v = [ A
Definition 2.3. Dizemos que uma d + k-upla de classes de sequéncias (X1,...,Xq4, Y1,...,Ys) é Bz-compativel se

o operador Ixa : K¢ — K definido por Ia ()\1, .. .,)\d) = Hle A" é parcialmente (Bz; X1,...,Xa;Y1,...,Yk)-

somante com HIKd||BI§X17~~de§Y17-",Yk =1

Teorema 2.1. Sejam Bz C N? wm bloco associado & particio T e as sequéncias (j5),, r =
1,...,d, e Xy,...,Xq,Y1,...,Yr classes de sequéncias linearmente estdveis que sao Bz-compativeis. Entao

Br , ) .
(EXl,...,Xd;Yl,...,Yk’ | | Bz:xy,.... Xa:vh,.... v ) € um ideal de Banach de operadores multilineares.

Neste ambiente recuperamos todas as classes que foram recuperadas em [5] e também outras classes que 14 nao

eram recuperadas, em particular o caso geral dos operadores estudados em [4]. Vejamos alguns exemplos concretos.

Exemplo 2.1. A diagonal D(N%) := {(j,.2.,5) : j € N} em N? é um bloco associado & particio trivial

T ={{1,...,d}} e &s sequéncias (j;)p2; = (n)72;, r = 1,...,d. Os operadores parcialmente (D(N%), £% (-), ...,

22 (-); £4(+))-somantes sao exatamente os operadores absolutamente (q;p1,...,pq)-somantes de [1].

Pd q

Exemplo 2.2. Seja Bz o bloco associado a particao Z = {11, ..., I;;} e as sequéncias de nimeros naturais (j5,)° ; =
(n)pZi.  Os operadores que sdo parcialmente (Bz;ly (+),..., 0y, (-)ilg, (+); -, g, (+))-somantes sdo exatamente
os operadores que sdo Z-parcialmente miiltipo (q;p)-somante com (q;p) := (p1,-.-,0d,q1,---,qx) € [1,00)3FF
estudados em [2].

Exemplo 2.3. Considere N¢ como o bloco associado & parti¢do Z = {I1,..., I3}, com I, = {r}, e as sequéncias
(Jree, = (n)e,, r=1,...,d. Entdo a classe dos operadores que sdo parcialmente (Nd;é;;’l(-), NGO R ZIOH .4,
,€4(-))-somantes coincide com a classe de operadores que sdo miultiplo (g; p1,. .., pq)-somantes (ver [2, 3]).
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Abstract

Definimos e demonstramos alguns resultados sobre a propriedade de Schur polinomial positiva. Essa
propriedade surge como um andlogo, no ambiente de reticulados de Banach, a propriedade de Schur polinomial
(A-espacgo) em espagos de Banach.

1 Introdugao

O estudo da propriedade de Schur polinomial teve inicio em 1989 com o célebre artigo de Carne, Cole e Gamelin [2],
trabalho no qual foi apresentado o conceito de A-espaco e foram apresentados os primeiros resultados sobre esse tipo
de espago de Banach. Posteriormente esse conceito foi abordado por outros matemaéticos (veja [3, 4, 5]) e os termos
espaco polinomialmente de Schur e espaco com a propriedade de Schur polinomial passaram a ser empregados como

sinénimos de A-espago.

Definigcao 1.1. Um espago de Banach X tem a propriedade de Schur polinomial se toda sequéncia polinomialmente

nula em X é nula em norma.

é natural ponderar sobre uma versdo andloga a propriedade de Schur polinomial em reticulados de Banach que
leve em consideracao as peculiaridades advindas da estrutura de ordem. Isso nos motiva a introduzir a seguinte

defini¢ao:

Definicao 1.2. Um reticulado de Banach F tem a propriedade de Schur polinomial positiva se toda sequéncia

positiva (z;)?2; em E tal que P(z;) — 0 para todo polinémio homogéneo regular P em FE ¢ nula em

norma. Um reticulado de Banach com a propriedade de Schur polinomial positiva serd chamado de positivamente
polinomialmente de Schur (PPS).

2 Resultados Principais

A seguir listamos alguns exemplos e resultados sobre reticulados de Banach positivamente polinomialmente de

Schur, os quais podem ser encontrados em [1].
Exemplo 2.1. (a) Todo reticulado de Banach E com a propriedade de Schur positiva é PPS.

(b) L1[0,1] é um reticulado de Banach PPS que nao tem a propriedade de Schur polinomial.

(¢) O reticulado de Banach <@ E&) é PPS, pois tem a propriedade de Schur positiva, e ndo é um AL-espago.
neN 1

Proposigao 2.1. Seja E um reticulado de Banach com a propriedade de Dunford-Pettis e sem a propriedade de
Schur positiva. Entao E ndo é PPS. Em particular, AM-espacos ndo sio PPS.

Exemplo 2.2. C(K)-espagos, em particular ¢g, ndo sao PPS.
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A propriedade de Schur polinomial positiva é herdada por subreticulados fechados e preservada por isomorfismo

de reticulados, conforme a proposigdo a seguir.

Proposicao 2.2. (a) Se F é um reticulado de Banach positivamente isomorfo a um subespago de um reticulado
de Banach PPS, entao F' é PPS.

(b) Se dois reticulados de Banach sao isomorfos como reticulados e um deles é PPS, entao o outro também serd
PPS.

(c) Subreticulados fechados de reticulados de Banach PPS sio PPS.
A seguir vemos que reticulados de Banach PPS gozam de boas propriedades.

Proposigao 2.3. Todo reticulado de Banach PPS é um KB-espago, consequentemente, tem norma ordem-continua,

€ fracamente sequencialmente completo e € Dedekind completo.
O préximo exemplo nos mostra que nao vale a reciproca da proposicao anterior.
Exemplo 2.3. O espago de Tsirelson original 7* é um KB-espago que nao é PPS.
Notamos que, na realidade, os espagos L,(u) gozam de uma propriedade mais forte do que ser PPS.

Definigao 2.1. Dado n € N, um reticulado de Banach F tem a propriedade de Schur n-polinomial positiva se toda
sequéncia (7;)52; em E fracamente nula e positiva tal que P(z;) — 0 para todo polinémio n-homogéneo regular
P em E é nula em norma. Nesse caso diremos que F é um reticulado de Banach n-PPS.

Teorema 2.1. Sejam 1 < p < co e p uma medida qualquer. O reticulado de Banach L,(u) é n-PPS para todo
n > p.

Esse teorema nos apresenta exemplos de reticulados de Banach PPS que nao possuem a propriedade de Schur

positiva.
Corolario 2.1. Todos os reticulados de Hilbert e £,, 1 < p < 0o, sio PPS.

Para finalizar, observamos que a propriedade de Schur polinomial positiva possui uma interessante relagao com

as propriedades de Schur positiva e de Dunford-Pettis fraca, conforme teorema a seguir.

Teorema 2.2. Um reticulado de Banach tem a propriedade de Schur positiva se, e somente se, ele tem as

propriedades de Dunford-Pettis fraca e de Schur polinomial positiva.

References

[1] BoTELHO, G. AND Luiz, J. L. P. - The positive polynomial Schur property in Banach lattices, Proc. Amer.
Math. Soc. 149 (2021), 2147-2160.

[2] CARNE, T. K., COLE, B. AND GAMELIN, T. W. - A uniform algebra of analytic functions on a Banach space,
Trans. Amer. Math. Soc. 314 (1989), 639-659.

[3] FARMER, J. AND JOHNSON, W. B. - Polynomial Schur and polynomial Dunford-Pettis properties, Contemp.
Math. 144 (1993), 95-105.

[4] GARRIDO, M. 1., JARAMILLO, J. A. AND LLAVONA, J. G. - Polynomial topologies on Banach spaces, Topology
Appl. 153 (2005), 854-867.

[5] JARAMILLO, J. A. AND PRIETO, A. - Weak-polynomial convergence on a Banach space, Proc. Amer. Math.
Soc. 118 (1993), 463-468.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 137-138

A SEMIGROUP RELATED TO THE RIEMANN HYPOTHESIS

JUAN C. MANZUR!

'IMECC, UNICAMP, SP, Brasil, j163505@dac.unicamp.br

Abstract

According to S. Waleed Noor, the cyclic vector of a semigroup of weighted composition operators are
intimately related to the Riemann hypothesis. In this work we focus on the analysis of this semigroup. In
particular, a new reformulation for the Riemann hypothesis says that the study of invariant subspaces of any
element of this semigroup are also related to this conjecture. We also provide a generalization for the BAjez-

Duarte criterion in H? trough cyclic vectors.

1 Introduction

The Riemann hypothesis is a famous open problem, which says that all the non-trivial zeros of the (-function lie
on the vertical line with real part 1/2. This conjecture is considered to be the most important unsolved problem in
mathematics.

In 1950, [2, 4], Nyman and Beurling gave a reformulation for this problem: they proved that the Riemann
hypothesis holds if and only if the constant 1 belongs to the closure linear span of {fy : 0 < A < 1} in L?(0,1),
where fx(z) = {\/x} — M{1/z}; here {x} denotes the fractional part of a real number z. In 2003, [1], BAjez-Duarte
showed a stronger version: the family {fy : 0 < A < 1} was replaced by the countable family {f/, : k > 1}.
Recently, S. Waleed Noor, [7], gave the H? version of the BA]ez—Duarte reformulation:

Theorem 1.1. For each k > 2, define

1 T+z+---+2F1T
hk(z)zlzlog< : )

Then the Riemann hypothesis holds if and only if the constant 1 belongs to the closure linear span of {hy : k > 2}
in H?.

S. Waleed Noor also construted a semigroup {W,, : n > 1} on H?, where W, f(z) = (1 + 2z +--- + 2" 1) f(2"),
of weighted composition operators having a closed relation with the Riemann hypothesis. He showed that the
constant 1 appearing in Theorem 1.1 may be replaced by any cyclic vector of {WW,, : n > 1}. So the generalization

of Theorem 1.1 was stated as follows.

Theorem 1.2. The following statements are equivalents:
1) Riemann hypothesis,
2) the closed linear span of {hy : k > 2} contains a cyclic vector of {W,, :n > 1},
3) the closed linear span of {hy : k > 2} is dense in H?.

This semigroup {W,, : n > 1} is also related to another important problem: To characterize all the 2-periodic
functions ¢ on (0, 00) having the property that the span of its dilates {¢(nz) : n > 1} is dense in L?(0,1). This
open problem is known as the Periodic Dilation Completeness problem (PDCP).
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N. Nikolski, [3], proved that solving this problem is equivalent to characterizing the cyclic vectors of a semigroup
{T,, :n>1} on HZ := H?©C, defined by T, f(z) = f(2"). Although the semigroup {7}, : n > 1} and {W,, : n > 1}
are not unitarily equivalent, they are semiconjugate; this is, T,,(I — S) = (I — S)W,,, where S is the shift of
multiplication by z in H?. This relation allowed S. Waleed Noor to guarantee that cyclic vectors of {W,, : n > 1}
are properly embedded into the PDCP functions.

The purpose of this work is to investigate this semigroup {W,, : n > 1}. In particular, we introduce a new
reformulation of the Riemann hypothesis in terms of the invariance of the Hilbert subspace spanned by {hy, : k > 2}
under W

., for any n > 2. This result lead us to focus on the study of invariant subspaces of {W;¥ : n > 1}. For

this reason, a series of questions will be discussed and we shall provide an answer. We also present a generalization
for the BAiez—Duarte criterion in H? trough a family of cyclic vector for {W,, : n > 1}. Recall that at this point

there is only one known cyclic vector: the constant 1 in H?(D).

2 Main Results

Theorem 2.1. Let N be the linear span of {hy : k > 2}. Then the Riemann hypothesis is true if and only if the
closure of N is W} -invariant for any k > 2.

In order to generalize the BA]eZ-Duarte criterion in H?2, we provide a family of cyclic vectors for {W,, : n > 1}.
Letpnb,)\(z) ::Z7n+"'+Z—A, m € Nand A € C.

Theorem 2.2. p,, » is a cyclic vector for {W,, : n > 1}, for every m € N and X € C such that |A+ 1| > vm + 1.
Corollary 2.1. Let m € N and A € C such that |\ + 1| > v/m + 1. Then the Riemann hypothesis is true if and

only if pm x belongs to the closure linear span of {hy : k > 2} in H>.
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Abstract

In this work we use the renormalization group method to study the long-time asymptotics of solutions to
a class of nonlinear integral equations with a generalized heat kernel. We classify the nonlinearities according
to its role in the asymptotic behavior and we prove that, if one adds nonlinearities classified as irrelevant in
the renormalization group sense, then the behavior of the solution in the limit as t goes to infinity remains
unchanged but if marginal nonlinear terms are added in the equation, then the asymptotic behaviour acquires

an extra logarithmic decay factor.

1 Introduction

Here we use the renormalization group method as proposed by Bricmont et al. [1] to study nonlinear integral
equations with a generalized heat kernel, obtaining global existence and uniqueness of the solution, as well as the
asymptotic behavior. The nonlinearities are classified according to their contribution to the asymptotic behavior.
We show that the so called irrelevant perturbations do not affect the asymptotic profile of the solution, in the sense
that the profile is the same as in the linear case, whereas, by adding marginal perturbations, an extra logarithmic
factor appears on the decay of the solution.

Our proof relies on the Renormalization Group approach which was originally introduced in quantum field
theory and statistical mechanics and it was afterwards applied to the asymptotic analysis of deterministic differential
equations, both analytically and numerically. It proved to be very useful on the asymptotic analysis in problems
involving an infinite number of scales and has been used since then in different applications and approaches. Our
results here generalize the problems presented in [2, 3], where the Renormalization Group method was applied to
study the asymptotic behavior of the solution to LV.P. u; = c(t)ug, + AF(u), t > 1, x € R, u(z,1) = f(z) with
¢(t) = tP 4 o(t?) and nonlinearities of type F(u) = /

ad
j>a aiu’.

2 Main Results

More specifically, we obtain the asymptotic behavior of solutions to equations of type

t
u(e,t) = [ Glo—ys@) )y + [ [ Glo—y50) ~ s(r)FPluly. 7)dydr, 1)

1
with 2 € R and ¢ > 1. By imposing conditions on the kernel without specifying G = G(z,t), we generalize the study

of asymptotics for initial value problems. We consider therefore the integral kernel G(z,t) satisfying the following

general conditions:
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(i) There are integers ¢ > 1 and M > 0 such that G(-,1) € C7"1(R) and

sup{(1 + 2)MH2|GU) (2,1)]} < 00, j=0,1,.0q + 1,
zE

where GU)(z,1) denotes the j-th derivative (8JG)(z, 1).
(#4) There is a positive constant d such that

Gz t) =t 4G (t*%a:,1) Lz ER, t>0;

(i) G(x,t) = [ Gz —y,t —s)G(y, s)dy, for x € R and ¢ > s > 0.

This outlook was adopted in [4, 5] where it is shown that, under similar conditions on G, with s(¢t) = ¢, the

726 (1)

where d > 0 is such that G(z,t) = t-1G (t_é:m 1). We recover and extend the above result using a renormalization

solution u(x,t) to (1) behaves for long time as

group approach showing that, if ¢(¢) is a positive function in L} .((1,+00)) of type t? + o(t?), with p > 0 and

loc

¢ -1
t = d = - t7 2
s(t) = [ erar = o &)
then, for F(u) =3 -, a;u’ with a > (p+1+d)/(p+1),
A x 1
u(z,t) ~ t(pﬂ)/dG (t(erl)/d’ p+ 1) when £ = oc.

Furthermore, if F'(u) = —pug + A3, aju’ with p small and positive and a. = (d+p+1)/(p+ 1), then

A T 1
@) ~ e (t<p+1)/d’ Iy 1) when # = cc.
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Abstract

In this job we use the infamous continuous and nowhere differentiable Weierstrass function as a prototype
to define a “Weierstrass fractal kernel’. We investigate properties of reproducing kernel Hilbert space (RKHS)
associated to this kernel by presenting an explicit characterization of this space. In particular, we show that this
space has a dense subset composed of continuous but nowhere differentiable functions. Moreover, we present

sharp estimates for the covering numbers of the unit ball of this space as a subset of the continuous functions.

1 Introduction

In 1872 K. Weierstrass presented a particular class of trigonometric series as a collection of continuous but nowhere

differentiable functions (CNDF). These functions are defined in terms of the following Fourier series expansion
Wep(T) = Z a" cos(b"wx), xR (1)
n=0

For 0 < a < 1 it is clear that it defines a continuous bounded function. Under this assumption, Weierstrass
proved that w, ;, is nowhere differentiable provided that ab > 1 + 37”, with b an odd integer ([2, 3]). G.H. Hardy
relaxed this condition in [1] by showing that for ab > 1, the Weierstrass function is nowhere differentiable.

Here, as usual, C([a,b]) stands for the normed real vector space of real-valued continuous functions on [a, b]
with the supremum norm.

Let I = [—1,1]. We consider here W : I x I — R, the ‘Weierstrass Fractal kernel’, defined for 0 < a < 1, b an

integer such that ab > 1, and given by

W(‘Tay) = wa,b(l‘ily% vaIGL (2)

where w,;, is the Weierstrass function (1). This is a continuous, nowhere differentiable, symmetric and positive
definite kernel. The theory of RKHS tell us that there exists only one RKHS Hy := Hw (I) having the Weierstrass
Fractal kernel as reproducing kernel. We present a complete characterization of the space Hy, given in terms of
Fourier series expansions. It is expected that the functions in a RKHS inherit some of the properties of the
generating kernel such as smoothness.

If A is a subset of a metric space M and € > 0, the covering number
Cle, A) :=C(e, A, M)
is the minimal number of balls in M of radius € covering the set A. Clearly, C(¢, A) < 0o, whenever A is a compact

subset of M. For X,Y Banach spaces and T : X — Y an operator the covering numbers are defined in terms of unit
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balls as follows. For € > 0, if Bx and By are the unit balls in X and Y, respectively, then the covering numbers of

T are
C(e,T) :=C(¢,T(Bx),Y),

and given by

n
Cle,T)=min<n € N: Iy, y2, .., yn €Y s.t. T(Bx) U y; + €By)

Our main goal is to investigate the covering numbers of the embedding Iy : Hw — C(I), where Hy is the
reproducing kernel Hilbert space associated to W defined in equation (2).

In this job we present upper and lower estimates for Iy : Hy — C(I) achieving tight bounds. In short, here,
the approach is mainly based on operator norm estimate of Iy and some others related finite rank operators. In
[4] this approach was employed to obtain estimates for the covering numbers of the embedding operator over the
RKHS associated to the Gaussian kernel over non-empty interior sets of R%.

Nevertheless, only for a few infinite-dimensional spaces there has been success in determining the precise

asymptotics of covering numbers.

2 Main Results

The main result of this job reads as follows.

Theorem 2.1. Let W as in (2). The covering numbers of the embedding Iw : Hw — C(I) behave asymptotically

as follows

[In (1/e(1 — a)'/2)]?
In(1/a) ’

In(C(e, Iw)) as €— 0.

X
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Abstract

We study linear and algebraic structures in sets of Dirichlet series with maximal Bohr’s strip. More precisely,
we consider a set M of Dirichlet series which are uniformly continuous on the right half plane and whose strip
of uniform but not absolute convergence has maximal width, i.e., 1/2. We show that M contains an isometric
copy of ¢1 (except zero) and is strongly No-algebrable. Also, we prove that there is a dense Gs set such that any

of its elements generates a free algebra contained in M U {0}.

1 Introduction

Mathematics is plenty of examples that seem to challenge the intuition. For instance, discontinuous additive
functions, Weierstrass’ Monsters, Peano curves, non-extendable holomorphic functions, and so on and so forth. The
counter-intuitiveness of these examples may lead us to believe they must be rare, but usually this is not the case.
Moreover, recent investigations are presenting a very interesting picture. Many of these peculiar examples/objects
are not only far away from being rare: in many situations, the set formed by these objects can even contain big
linear or algebraic structures. As a seminal example, Gurariy in [5] constructed infinite dimensional subspaces of
C(]0,1]) all whose nonzero elements are nowhere differentiable functions. Since then, a whole theory was built in
this direction, especially in the last years. Many of these advances are documented in the recent monograph [1].
Our main goal in the present work was to search for linear and algebraic structures in the set of Dirichlet series
with maximal Bohr’s strips (see below for the definition). A Dirichlet series is a series of the form » >~ | a,n™*,
where the coefficients a,, are complex numbers and s is a complex variable. The natural domains of convergence

S

of Dirichlet series are half-planes. Given a Dirichlet series D = 3" a,n~° we can consider three natural abscissas

which define the biggest half-planes on which D converges, converges uniformly and converges absolutely:

0.(D) < oy(D) < 0u(D).

It is not hard to see that

sup 04(D)—o.(D)=1.
D Dir. ser.

Harald Bohr was among the first to consider the problem of finding the maximal width of the strip on which a
Dirichlet series can converge uniformly but not absolutely (this strip is usually called Bohr’s strip). Thus, the so
called Bohr’s absolute convergence problem was to determine the number
S:= sup 04(D)—o,(D).
D Dir. ser.
Bohr first showed in 1913 that S < 1/2, and later in 1931 Bohnenblust and Hille proved that actually S = 1/2. For
a modern reference about the solution of this problem we refer to [4, Ch. 1-4].
For a € R we let C, denote the set of all complex numbers z such that Re z > a. Bohr’s fundamental theorem

(see [4, Theorem 1.13]) ensures that every bounded holomorphic function f : Cy — C which may be represented as

143



144

a Dirichlet series in some half-plane converges uniformly on Cs for each § > 0. Let H, denote the space of all such
functions. It is well-known that H., is actually a Banach algebra when equipped with the supremum norm. As a

consequence of Bohr’s results, the absolute convergence problem and its solution can be written as

1
S = sup o.(D)=—. (1)
DEH o 2
As expected, finding explicit Dirichlet series D € Ho, such that o,(D) = % is not an easy task. However, in

this work we show that we have plenty of them and that the set of such series contains large linear and algebraic
structures. Moreover, we can get all this in a much smaller subalgebra of H., which we now define.
N ann~%. Let A(Cy) denote the subalgebra of Ha

A Dirichlet polynomial is a Dirichlet series of the form ) ",
of all Dirichlet series which are uniform limits on Cy of a sequence of Dirichlet polynomials. Our goal is to study

the following set of Dirichlet series:
1
M :={D € A(Cy) : 5,(D) = 5}

Note that, by (1), the Dirichlet series belonging to M are those with maximal Bohr’s strip.

2 Main Results

Let E be a topological vector space and x be a cardinal number. A subset Z C F is said to be k-spaceable if
ZJ{0} contains a closed vector subspace of E with dimension k. Moreover, we say that a subset Z C E is mazimal

spaceable if Z is dim(FE)-spaceable. Our first main result is the following.
Theorem 2.1. The set M U {0} contains an isometric copy of £1. In particular, it is mazimal spaceable.

Let us recall the precise definition of algebrability. Let X be an arbitrary set, A be an algebra of functions
f: X — C and & be a cardinal number. A subset Z C A is said to be strongly k-algebrable if there is a sub-algebra
B of A which is generated by an algebraically independent set of generators with cardinality x and such that

B C ZU{0}. Let Ry denote the cardinality of the natural numbers. With this, we can state our second main result.

Theorem 2.2. The set M is strongly Rg-algebrable. Also, there is a dense Gs subset of A(Cy) such that any of

its elements generates a free algebra contained in M U{0}.

It is worth noting that some ideas for the proofs of our results come from [2, 3].

References

[1] ARON, R. M., BERNAL-GONZALEZ, L., PELLEGRINO, D. AND SEOANE-SEPULVEDA, J. B. - Lineability: The Search
for Linearity in Mathematics., Monographs and Research Notes in Mathematics, Chapman & Hall/CRC, Boca
Raton, FL, 2016.

[2] BAYART, F. AND QUARTA, L. - Algebras in sets of queer functions. Israel J. Math., 158, 285-296, 2007.

[3] CONEJERO, J. A., SEOANE-SEPULVEDA, J. B. AND SEVILLA-PERIS, P. - Isomorphic copies of ¢; for m-
homogeneous non-analytic Bohnenblust-Hille polynomials. Math. Nachr., 290, 218-225, 2017.

[4] DEFANT, A., GARCIA, D., MAESTRE, M. AND SEVILLA-PERIS, P. - Dirichlet Series and Holomorphic Functions
in High Dimensions., New Mathematical Monographs 37, Cambridge University Press, Cambridge, 2019.

[5] GURARIY, V. 1. - Linear spaces composed of everywhere nondifferentiable functions. (Russian) C. R. Acad.
Bulgare Sci. 44, no. 5, 13-16, 1991.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 145-146

EXTENSOES DE ARENS DE MULTIMORFISMOS EM ESPACOS DE RIESZ E RETICULADOS DE
BANACH

GERALDO BOTELHOM & LUIS A. GARCIAZ#

!Universidade Federal de Uberlandia, UFU, Brasil, 2Universidade de Sao Paulo, USP, SP, Brasil

fbotelho@ufu.br, i1uisgarcia@ime.usp.br

Abstract
Provamos que todas as extensoes de Arens de multimorfismos de Riesz de posto finito tomando valores em
espagos de Riesz Arquimedianos coincidem e sdo multimorfismo de Riesz. Consequéncias para extensdes de

Aron-Berner de multimorfismos de Riesz em reticulados de Banach sao obtidas.

1 Introducao

Para um espago de Riesz F, por E~ denotamos o espaco de todos os funcionais lineares regulares em E e por
E7 o espago de todos os funcionais lineares regulares ordem continuos. Sejam Ej,..., E,,, F' espagos de Riesz e
A: Ey X -+-x E,, — F um operador m—linear regular. Em [1] foi mostrado que se Ej, Es, F' sdo Arquimedianos
e A: By x B3 — F é um bimorfismo de Riesz, entdo a extensdo de Arens A***: (ET)~ x (E3)y — (F™)y é
também um bimorfismo de Riesz. Para reticulados de Banach tal resultado foi mostrado em [2].

Seguindo nessa linha, neste trabalho provamos que: (i) para cada permutagéo o € S,,, se A é positivo/regular,
entao todas as extensoes de Arens AR?, (A): ET™ x -+ x E~~ — F™~™ sao positivas/regulares; (i¢) quando F
é Arquimediano, todas as extensoes de Arens ARZ (A) coincidem e sdo multimorfismos de Riesz sempre que A
é multimorfismo de Riesz de posto finito; (i7i) para o caso vetorial mostramos que para todo A multimorfismo
de Riesz, |ARZ, (A)(zY,...,z2)|(y") = ARZ (A)(|=Y],...,|z!])(y') para todos = € ET™,...,zl/ € E~~ e todo
y' € F~ homomorfismo de Riesz. Consequéncias desses resultados para extensoes de Aron-Berner em reticulados
de Banach sao provadas.

2 Resultados Principais

Por L,(E1,...,Eny; F) denotamos o espago vetorial de todos os operadores m—lineares regulares. Considere a
seguinte notacgao: dados espagos de Riesz i, ..., Ep,, uma permutagdo o € Sy, e k € {1,...,m}, denotamos
Ey,....E, se k=1,
Ei,ooocoy By isoe-y By By = Ey,...,Ey  nessa mesma ordem onde E, (), ...,
E;(x—1) sao retirados para k = 2,...,m.

Por exemplo, (E1,2E,FE3) = (Ei,E3). O mesmo define-se para (o1,...,6(1)%; . s0(k—1)Z;---,Tm). E para
k =1,...,m — 1, denotamos (E1,...,o)E,..., o)E,..., Emn) = (E1,..., Ey) nessa mesma ordem, onde os
espagos de Riesz E,(1),..., Ey) s@o retirados. O mesmo define-se para (21,...,5(1) T, s0(k) Ts- -+, Tm). Se
k =m, denotamos L, (E1,...,c)E,....a) E,..., Em;R) =R.

Fixe k € {1,...,m} e sejam o € S, uma permutacdo e A € L.(E1,...,o) E,. . ,oe-1) E,..., Ey). Para cada
v, € Epyre{l,...,n}\{o(1),...,0(k)} defina, A(x1,...,0(1) T, s0(k) T; 9 -+ Tm): Egy — R,

A(:Eh o) Ty o (k) L 05 >x’m)(xa(k)) = A(xh o) Ty o (k=1) Ty e 7.’L'm)7

onde o ponto e esta na o(k)-ésima coordenada. Cada funcional definido acima ¢ linear e regular.
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Definigao 2.1. Sejam Ei,..., E,,, F espacos de Riesz. Um operador m-linear A: F1 X ... x E,, — F € dito:
(i) Positivo (em notagio A >0 ou A <0) se A(z1,...,7m) € FY, para todos x1 € EYf,... 2, € Ef.
(ii) Regular se A pode ser escrito como a diferenga de dois operadores positivos.

(#5i) Um multimorfismo de Riesz se |A(x1,...,2m)| = A(|z1], ..., |zm|) para todos x1 € Ey, ..., xm € Ep,.

Proposicao 2.1. Parac € S,,, k€ {1,...,m} e x;’(k) € EZG) considere 0s operadores
xg(k) : ,CT(El, o (1) E‘7 o (k—1) E, ey Em) — ET(El, o (1) E7 <o (k) E, e, Em),

x;’(k) (AN @15 (1) Ty (k) Ty e v v Tn) = xg(k)(A(xl, o (1) Ty (k) T35y T )

Entao xg(k)g € linear e reqular. Além disso, se 0 < mg(k) € E;(;), entao os operadores xg(k)a 840 Positivos.
Teorema 2.1. Para 0 € Sy, e A€ L, (Ey,...,Ey; F), considere ARZ (A): ET™ X -+ x E~ — F™~™ dado por

ARZ(A) (. am)(y) = (@2 ool ) ") (¥ o A) para todo y' € F™.

m o(m)

(a) Cada operador ARZ,(A) € regular e estende A no sentido que ARZ (A)o (Jg,,...,Jg,, ) = Jro A.
(b) Se A€ L.(Ey,...,En; F) é positivo, entdo cada ARG, (A) € positivo.

Teorema 2.2. Se F' € um espago de Riesz Arquimediano e A: Ey x «-- X E,, — F é um multimorfismo de Riesz
de posto finito, entdo todas as extensoes de Arens de A, AR% (A): ET™ X --- X Ex~ — F~~ o0 € Sy, coincidem

e sdo multimorfismos de Riesz.

Proposicao 2.2. Se A € L.(E1,...,En; F) é um multimorfismo de Riesz e 0 € Sp,. FEntdo para cada
homomorfismo de Rieszy' € F~, Jp~(y') o AR (A) é um multimorfismo de Riesz e |ARS, (A)(xY,..., i )|(W) =

m

ARZ (A) (|71, |2 DY), para todo x| € ET™, ...,z € E>™.

Proposicao 2.3. Se A€ L.(Ey,...,En; F) € um multimorfismo de Riesz e o € S,,. Entdo:
(a) y*™** o ABZ (A) é um multimorfismo de Riesz para cada homomorfismo de Riesz w*-continuo y*** € F***.
(b) |ABZ,(A)(z7*, ..., x:)|(y*) = ABZ,(A)(|x7*],. .., |xi ) (y*), para todo x7* € Ef*,...,ak* € E** e qualquer

y* € span{p € F* : ¢ é um homomorfismo de Riesz}.

Corolario 2.1. Seja F um reticulado de Banach tal que F* tem uma base de Schauder formada por homomorfismos
de Riesz. Entdo todas as extensoes de Aron-Berner de qualquer multimorfismo de Riesz tomando valores em F sdo

multimorfismo de Riesz.

Exemplo 2.1. O coroldrio anterior se aplica para os seguintes espagos: cg, £y, 1 < p < 0o, F' um espaco de Banach
com base de Schauder 1-incondicional que nao contem uma copia de €1, F' um espago de Banach reflexivo com base
de Schauder 1-incondicional, o espaco original de Tsirelson’s T* e seu dual T, o espago de Schreier’s S, o predual
d«(w,1) do espago de sequéncias de Lorenz d(w,1), cada reticulado de Banach F que é uma faiza projetada em

qualquer dos reticulados de Banach listados acima.
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Abstract

The Invariant Subspace Problem (ISP) for Hilbert spaces asks if every bounded linear operator has a non-
trivial closed invariant subspace. Due to the existence of universal operators (in the sense Rota), the ISP may
be solved by describing the invariant subspaces of theses operators alone. We characterize all analytic Toeplitz
operators Ty on the Hardy space H?(D™) over the polydisk D™ for n > 1 whose adjoints satisfy the Caradus
criterion for universality, that is, when T} is surjective and has infinite dimensional kernel. In particular, if ¢
is a non-constant inner function on D", or a polynomial in the ring C[z1,- - , 2,] that has zeros in D™ but is

zero-free on T", then T is universal for H*(D™). The analogs of theses results for n = 1 are not true.

1 Introduction

One of the most important open problems in operator theory is the ISP, which asks: Given a complex separable
Hilbert space ‘H and a bounded linear operator 7" on H, does T have a non-trivial invariant subspace? An invariant
subspace of T is a closed subspace E C H such that TE C E. The recent monograph by Chalendar and Partington
[2] is a reference for some modern approaches to the ISP. In 1960, Rota [7] demonstrated the existence of operators

that have an invariant subspace structure so rich that they could model every Hilbert space operator.

Definition 1.1. Let B be a Banach space and U a bounded linear operator on B. Then U is said to be universal
for B, if for any bounded linear operator T' on B there exists a constant o # 0 and an invariant subspace M for U

such that the restriction U |p is similar to oT.

If U is universal for a separable, infinite dimensional Hilbert space H, then the ISP is equivalent to the assertion
that every minimal invariant subspace for U is one dimensional. The main tool thus far for identifying universal

operators has been the following criterion of Caradus [1].

Theorem 1.1. Let H be a separable infinite dimensional Hilbert space and U a bounded linear operator on H. If

ker(U) is infinite dimensional and U is surjective, then U is universal for H.

Let D be the unit disk in the complex plane C and T be the boundary of . The polydisk D™ and torus T" are
the cartesian products of n copies of D and T, respectively. We let LP(T™) = LP(T™, o) denote the usual Lebesgue
space on T™, where o0 = 0, is the normalized Haar measure on T", and L (T™) the essentially bounded functions

with respect to 0. The Hardy space H?(D") is the Hilbert space of holomorphic functions f on D" satisfying

1712 = sup /
o<r<1 J1n

Denote by H>(D") the space of bounded analytic functions on D". Tt is well-known that both H?(D") and
H>(D") can be viewed as subspaces of L?(T") and L>°(T") respectively by identifying f with its boundary function

FrQ)Pdo(C) < .

f(¢) :=lim, 1 f(r¢) for almost every ¢ € T™. If | f| = 1 almost everywhere on T™, then f is called inner function.
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Let P denote the orthogonal projection of L?(T") onto H?(D"). The Toeplitz operator T with symbol ¢ in

L>°(T™) is defined by

Tyf = P(of)
for f € H?(D"). Just like on the disk, we have that Ty is a bounded linear operator on H?(D") and T; =Ty
Moreover, if ¢ € H>(D"), then T, f = ¢ f for all ¢ € H?(D") and Ty is called an analytic Toeplitz operator.

The best known examples of universal operators are all adjoints of analytic Toeplitz operators on H?(D), or
are equivalent to one of them. For example T when ¢ is a singular inner function or infinite Blaschke product.
In the last few years, Cowen and Gallardo-Gutiérrez [3, 4, 5, 6] have undertaken a thorough analysis of adjoints of
analytic Toeplitz operators that are universal for H2(ID). The objective of this presentation is to consider analytic

Toeplitz operators Ty, whose adjoints are universal on H 2(D") for n > 1.

2 Main Results

Theorem 2.1. Let ¢ € H>*(D"™) for n > 1. Then T satisfies the Caradus criterion for universality if and only if

¢ 1is invertible in L>°(T™) but non-invertible in H>(D").
Corollary 2.1. Let Ty be a left-invertible analytic Toeplitz operator on H?(D") for some n > 1. Then either Ty

is invertible or T; is universal.
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Abstract

Seja Cy := {z € C: Re(z) > 0} o semi-plano direito. Neste trabalho, estudamos os operadores de composi¢ao
Csf = fo® induzidos no espago de Hardy do semi-plano direito H?(C) por funges holomorfas ® : Cy — Cy.
Aqui caracterizamos completamente os operadores de composicio ciclicos e hiperciclicos em H? (C4+) que sao

induzidos por funcées da forma ®(z) = az + b, onde a > 0 e Re(b) > 0.

1 Introducao

Seja C; := {z € C : Re(z) > 0} o semi-plano direito. O espaco de Hardy do semi-plano direito, denotado por
H?(C,), é o espaco de Hilbert de todas as fungdes holomorfas f : C;, — C para o qual

0o 1/2
I£1:= (sup 5 [ 1fte+in)Pay) )

— 00
é finito. A quantidade (1) descreve a norma de Hilbert de H?(C,.).
Se @ : C; — C, é uma funcao holomorfa, entao o operador de composicio Cy com simbolo ® é definido por

Cof =fo®, [feHCy).

A énfase na teoria de operadores de composicao estd na comparagio das propriedades de C'g com as do simbolo ®.
Por exemplo, Elliott e Jury mostraram que Cg ¢ limitado em H?(C,) se, e somente se, ® tem derivada angular
finita em oo (veja [1, Theorem 3.1]). Relembre que uma transformagéo fraciondria linear de C; é uma fungéo
®:Cy — C4 da forma

az+b

®(z) = cz+d’

Devido ao critério de limitacao para Cg segue que as transformacoes fracionarias lineares de C; que induzem

Z€C+.

operadores de composic¢ao limitados em H?(C,) tem a forma
O(z)=az+b, ze€Cy (2)

onde a > 0 e Re(b) > 0.

Sejam X um espago normado e £(X) o espago de todos os operadores lineares limitados 7' : X — X. Um
operador T' € L(X) é ciclico se existe um vetor € X tal que o espaco gerador por {T"z},en é denso em X. Se
{T"x}nen é denso em X, entdao T é dito ser hiperciclico. Nestes casos, © é chamado de vetor ciclico e hiperciclico,
respectivamente. Aqui caracterizamos quais dos sfmbolos em (2) induzem operadores de composicao ciclicos ou

hiperciclicos.

2 Resultados Principais

Os principais resultados deste trabalho podem ser sumarizados na seguinte tabela:
As demonstragoes dos resultados apresentados na tabela podem ser encontrados em [2].
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Simbolo ®(z) = az + b | Ciclicidade de Cg | Hiperciclicidade de Cg
Re(b) =0 Nao Nao
a =1 and Re(b) >0 Sim Nao
a < 1 and Re(b) >0 Nao Nao
a > 1 and Re(b) >0 Sim Nao
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ANEIS LINEARMENTE TOPOLOGIZADOS ESTRITAMENTE MINIMAIS
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Abstract

Nesta nota introduzimos a nocao de anel linearmente topologizado estritamente minimal, provamos que todo
anel de valorizagdo discreta é estritamente minimal e fornecemos condigdes necessérias e suficientes para que um

anel linearmente topologizado de Hausdorff seja estritamente minimal.

1 Introdugao

Nesta nota anel significard anel comutativo com elemento unidade diferente de 0 e mddulo significara mddulo

unitdrio.

Defini¢ao 1.1. Um anel linearmente topologizado [1] (§7) de Hausdorff (R, Tr) (munido de sua estrutura candnica
de R-mddulo) € dito estritamente minimal se toda topologia de Hausdorff em R que o torne um (R, Tr)-mddulo

linearmente topologizado coincidir com TR.
O resultado a seguir fornece exemplos importantes de anéis linearmente topologizados estritamente minimais.

Proposicao 1.1. Sejam R um anel de valorizagdo discreta e Tr sua topologia [4] (Capitulo I). Entdao (R,Tr) €
estritamente minimal.

Prova: Com efeito, se 7 é uma topologia de Hausdorff em R tal que (R,7) é um (R, 7g)-médulo linearmente

topologizado, da continuidade da aplicagao
(Mp)e(RXR, TR XT)— A € (R, T) (1)

segue a continuidade da aplicacao

A€ (R, TR) — XA € (R, T); (2)

logo, 7 é menos fina do que 7g.

Reciprocamente, mostremos que 7z é menos fina do que 7. De fato, sejam wR o ideal maximal de R e m
um inteiro > 1 arbitrario. Como 7" # 0 e 7 é uma topologia de Hausdorff, existe uma 7-vizinhanga U de 0 em
R que é um ideal de R tal que 7™ ¢ U. Afirmamos que U C ™R, o que assegurard que 7g ¢ menos fina do
que 7. Realmente, seja v uma valorizacdo discreta no corpo de fragées K de R tal que R = {\ € K;v(\) > 0}
[4] (p. 17) e admitamos a existéncia de & € U tal que £ ¢ 7™R. Entdo & # 0 e v(§) € {0,1,...,m —1}.
Como 0 = v(1) = v(é€Y) = v(€) +v(EY), v(E) = —v(€) € {~(m—1),...,-1,0}. Logo, £~ tn™ € R, pois
v(E ™) = (€ +u(r™) = v(€L) + m > 0. Consequentemente, 7™ = £(¢~17™) € UR C U, o que nao ocorre.
Portanto, U C 7™R.
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2 Resultado Principal

Argumentando como em [2, 3], podemos estabelecer o

Teorema 2.1. Para um anel linearmente topologizado de Hausdorff (R, Tr), as sequintes condi¢des sao equivalentes:
(a) (R,TRr) € estritamente minimal;

(b) para todo (R, Tr)-mddulo linearmente topologizado de Hausdorff F, onde F é um R-mddulo livre com uma base
de 1 elemento, todo isomorfismo de R-mddulos de R em F é um homeomorfismo de (R,7r) em F;

(¢) todo R-mddulo livre com wma base de 1 elemento admite uma tnica topologia que o torna um (R, Tr)-mddulo
linearmente topologizado de Hausdorff;

(d) para todo (R, Tr)-mddulo linearmente topologizado E e para todo (R, Tr)-mddulo linearmente topologizado de
Hausdorff F', onde F é um R-mddulo livre com uma base de 1 elemento, toda aplicagao R-linear sobrejetora de E
em F' com micleo fechado € continua.

(e) para todo (R, TR)-mddulo linearmente topologizado E e para todo (R, Tr)-mddulo linearmente topologizado de
Hausdorff F, onde F € um R-mddulo livre com uma base de 1 elemento, toda aplicacao R-linear de E em F com

grdfico fechado é continua.

Como consequéncia da Proposi¢ao 1.1 e do Teorema 2.1 resulta que as condigdes (b), (¢), (d) e (e) sdo validas se
(R, 7TRr) é um anel de valorizacdo discreta arbitrario.
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THE RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL AS A SEMIGROUP IN
BOCHNER-LEBESGUE SPACES
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Abstract

The Riemann-Liouville fractional integral is a classic tool from fractional calculus and the literature about
its properties is very huge. In this short communication, we would like to present this fractional integral as a
semigroup in L(LP(to,t1; X)), with respect to the order of integration, when to,¢1 € R, with tg < t1, and X is a
Banach space. Then we prove that its infinitesimal generator is an unbounded linear operator, which allows me

to conclude that the fractional integral is not an uniformly continuous semigroup.

1 Introduction

Let us begin by recalling the notions of fractional integral and Bochner-Lebesgue spaces L? (tg, t1; X ), when we have
to,t1 € R, with 5 < t; and X a Banach space.

Definition 1.1. Consider 1 < p < oco. We use the symbol LP(tg,t1;X) to represent the set of all Bochner
measurable functions f : I — X for which || f||x € LP(to,t1;R), where LP(to,t1;R) stands for the classical Lebesgue

space. Moreover, LP(tg,t1; X) is a Banach space when considered with the norm

t1 1/p
[isena] L e,
1l e (to.t0:x) = to

€8s SUPefyy i) [[/(8)llx, i p= oo

Definition 1.2. For a € (0,00) and f : [to,t1] — X, the Riemann-Liouville (RL for short) fractional integral of
order a at ty of a function f is defined by

I f(t) = ﬁ / (t— )21 f(s) ds, (1)

for every t € [to, t1] such that integral (1) exists. Above I'(z) denotes the classical Euler’s gamma function.
With these definitions, and by considering Riesz-Thorin interpolation theorem, we are able to prove that:

Theorem 1.1. Let a >0, 1 < p < oo and f € LP(ty,t1;X). Then JZ ,f(t) is Bochner integrable and belongs to
LP(tg, t1; X). Furthermore, it holds that

" e o 1 (t1 —to)®
[l eola] < [T 1l o

~—

In other words, Jy; , is a bounded linear operator from LP(tg,t1; X) into itself.
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2 Main Results

The results presented above, together with the Abstract Semigroup Theory, are enough for us to present the

following results:
Theorem 2.1. Let 1 <p < oo. Then the family {JZ , : a > 0} defines a Co—semigroup in LP(to,t1; X).

Theorem 2.2. Let 1 < p < oo and assume that A : D(A) C LP(tg,t1;X) — LP(tg,t1;X) 14s the infinitesimal
generator of the Co—semigroup {J , : a > 0} in LP(to,t1; X). Then f € D(A) if, and only if,

/t: In(t — s)f(s)ds

is absolutely continuous from [tg,t1] into X and its derivative belongs to LP(tg,t1; X). Moreover, we have

p /ln(t—s)f(s)ds , (1)

to

d
AT = ~w010+ 5 |
for almost every t € [to, t1], where ¥(t) denotes the digamma function.

Finally we present the main result of this short communication.

Theorem 2.3. Assume that 1 < p < oo. If A: D(A) C LP(to,t1; X) = LP(to,t1; X) is the infinitesimal generator
of the Co—semigroup {Jg , + a > 0} C L(LP(to,t1; X)), then A : D(A) C LP(to,t1;X) — LP(to,t1;X) is an

unbounded operator.

Proof. If p=o00, x € X, with ||z||x = 1, and we define ¢ € L>(tg,t1,X) by ¢(t) = x, then ¢ ¢ D(A), when D(A)
is viewed as a domain in L™ (tg,¢1; X ). This implies that D(A) C L>(to,t1;X), i.e., A & L(L>®(to,t1; X)).
If 1 <p < oo and we consider x € X, with ||z||x = 1, n € N* and the sequence ¢,,(¢t) = (t — to)"x, then

fim MA@ lzeo.n0
n=00 || pnllLr(t0,61:)

b

and therefore A is an unbounded operator. O

3 Acknowledgement

It is worth emphasising that these results can be found in [3, 4], which are recently submitted works that were done

together with Prof. Renato Fehlberg Junior.

References

[1] HiLLE, E. AND PHILLIPS, R. S. - Functional Analysis and Semi-groups, Publications Amer. Mathematical
Soc., Colloquium Publications, 1996.

[2] P. M. CARVALHO-NETO AND R. FEHLBERG JUNIOR - On the fractional version of Leibniz rule. Math. Nachr.,
293(4), 670-700, 2020.

[3] P. M. CARVALHO-NETO AND R. FEHLBERG JUNIOR - The Riemann-Liouville fractional integral in Bochner-

Lebesgue spaces 1. to appear.

[4] P. M. CARVALHO-NETO AND R. FEHLBERG JUNIOR - The Riemann-Liouville fractional integral in Bochner-

Lebesgue spaces I1. to appear.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 155-156

A HIPER-TRANSFORMADA DE BOREL POLINOMIAL
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Abstract

Desenvolvemos neste trabalho uma técnica para representar funcionais lineares em espagos de polinémios
homogéneos continuos entre espacos de Banach, a qual denominamos de hiper-transformada de Borel polinomial.
Como exemplo de aplicagdo desta técnica, representamos os funcionais lineares em espagos de poliné6mios

compactos como operadores lineares integrais.

1 Introducao

A transformada de Borel polinomial classica é uma ferramenta muito utilizada para representagao de funcionais
lineares em espacos de polinémios homogéneos e fungdes holomorfas. Dados n € N e espagos de Banach F e F,
denotaremos por P("E; F) o espaco de Banach dos polindémios n-homogéneos continuos de E em F' com a norma
usual. Escrevemos L(E; F') no caso linear e P("E) no caso em que F' é o corpo dos escalares. Se Q("E; F') é um

subespago de P("E; F)) munido de uma norma completa || - || g, a transformada de Borel polinomial é o operador
B (QUEF), |- llQ)" — P"E™ F") , Bu(@)(z")(y) = ¢ ([2*]" ®y), 2" € E*, y € F,

onde ([z*]" ® y) (z) = 2*(z)™y é um polindémio n-homogéneo e continuo.

Embora frutifera, essa técnica possui a seguinte limitagao: para [, ser injetiva, combinagoes lineares de
polinémios do tipo [2*]"®y, chamados de polinémios de tipo finito, devem formar um subespcao denso de Q(" E; F).
Em razao dessa restricao, desenvolvemos uma nova técnica de representacao que, a grosso modo, contempla
subespagos maiores de P("E; F'). Chamamos esta variante da transformada de Borel polinomial cléssica de hiper-
transformada de Borel polinomial, denotada por 9,,, a qual é a contrapartida polinomial da hiper-tranformada de
Borel desenvolvida em [1] para representar funcionais lineares em espagos de operadores multilineares. No caso
linear temos 51 = B =: B.

Sejam (Z, ||-|lz) um ideal de Banach de operadores lineares no sentido de [3] e (Z o P("E; F), ||-||zop) 0 respectivo
ideal composi¢do de polinémios homogéneos no sentido de [2]. Tendo em vista as equivaléncias em [1, Theorem
2.7], é esperado que as seguintes condigOes sejam equivalentes para quaisquer espagos de Banach F e F":

(i) A transformada de Borel linear 98 representa funcionais lineares em (Z(FE; F), | - ||z)-

(ii) A hiper-transformada de Borel polinomial 9, representa funcionais lineares em (Z o P("E; F), || - ||zop) para
todo n € N.

(iii) A hiper-transformada de Borel polinomial 9B,, representa funcionais lineares em (Z o P("E; F), || - ||zop) para
algum n € N.

Como é usual, alguns procedimentos multilineares funcionam bem para polinémios, enquanto que outros nao.
Experimentaremos as duas situagoes neste trabalho. Por um lado, veremos que (i) e (ii) sdo equivalentes e,
obviamente, implicam (iii); mas nio sabemos se as trés condigoes sao equivalentes. E temos razoes para conjecturar

que nao é verdade em geral.
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2 Resultados Principais

Dados P € P("E) e y € F, denotaremos por P ® y o polindémio em P("E; F) definido por
(P®y)(x) = Pa)y, = € .

Combinacoes lineares de polindémios deste tipo sdo chamados de polinémios de posto finito. A hiper-transformda

de Borel polinomial é o operador 93,, definido no préximo resultado.

Teorema 2.1. Seja Q("E; F) um subespago vetorial de P("E; F) munido com uma norma completa ||-||o contendo
os polinémios de posto finito e tal que |[P ® y|lg < ||P| - |lyl| para todos P € P("E;F) ey € F. Entdo:
(a) A aplicagdo
By (QUEF) |- lle) — LIP("E); F7) , Bu(d)(P)(y) = (P @),
é um operador linear bem definido e ||B,| < 1.
(b) B, € injetivo se, e somente se, o subespago dos polindmios de posto finito é || - ||g-denso em Q("E; F).

Semi-ideais & esquerda de operadors lineares foram introduzidos em [1]. Por propriedade geométrica de espagos

de Banach entendemos uma propriedade que é invariante por isomorfismos isométricos.

Teorema 2.2. Sejam (Z,] - ||z) um ideal de Banach de operadores lineares, o um semi-ideal de operadores a
esquerda e Py e Py propriedades geométricas de espacos de Banach. Suponha que para todos espagos de Banach E
e F tais que E* tem Py e F tem Py, a transformada de Borel linear B: (Z(E,F),| - ||l2)* — La(E*; F*) seja um
isomorfismo isométrico. Entdo, para todo n € N e todos espagos de Banach E e F tais que P("E) tem Py e F tem

Py, a hiper-transformada de Borel polinomial
Bn: (ZoP("E;F), |- llzop)” — La(P("E); F*) , Bn(¢)(P)(y) = ¢(P @ y),
€ um isomorfismo isométrico.

Conforme dissemos, conjecturamos que a reciproca do teorema acima nao é verdadeira. De toda forma, temos

a seguinte reciproca parcial:

Teorema 2.3. Sejam (Z, || - ||z) um ideal de Banach, o um semi-ideal de operadores & esquerda e E e F espagos
de Banach. Suponha que exista n € N tal que a hiper-transformada de Borel polinomial B,,: (Zo P("E; F),| -
lzop)* — Lo(P("E); F*) seja um isomorfismo isométrico sobre sua imagem. Entdo, a transformada de Borel

linear B: (Z(E; F), | - |l2)* — Lo(E*; F*) também é um isomorfismo isométrico sobre sua imagem.

Como exemplo de aplicagdo do Teorema 2.2, no préximo resultado usamos a hiper-transformada de Borel
polinomial para representar funcionais lineares no dual hiper-ideal fechado Pk dos polindémios compactos (polinémios
que transformam conjuntos limitados em conjuntos relativamente compactos). Veremos que, na presenga da
propriedade da aproximagao, os funcionais em Px podem ser representados por operadores lineares integrais. O

ideal de Banach dos operadores lineares integrais serd denotado por 7.

Teorema 2.4. Se P("E) ou F tem a propriedade da aproximagao, entdo a hiper-transformada de Borel polinomial
B,,: [Pc("E; F)]* — J(P("E); F*) € um isomorfismo isométrico.
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Abstract

In this work we will present the scope of three important results in the linear theory of absolute summing
operators. The first one was obtained by Bu and Kranz in [3] and it asserts that a continuous linear operator
between Banach spaces takes almost unconditionally summable sequences into Cohen strongly g-summable
sequences for any ¢ > 2, whenever its adjoint is p-summing for some p > 1. The second of them states that
p-summing operators with hilbertian domain are Cohen strongly ¢g-summing operators (1 < p,q < o), this
result is due to Bu [2]. The third one is due to Kwapieri [7] and it characterizes spaces isomorphic to a Hilbert
space using 2-summing operators. We will show that these results are maintained replacing the hypothesis of

the operator to be p-summing by almost summing.

1 Introduction

If 1 < p < oo, we say that a linear operator u : X — Y is absolutely p-summing (or p-summing) if (u(x;));o, € £,(Y)
whenever (z;)72, € £;/(X). The class of absolutely p-summing linear operators from X to Y will be represented
by II, (X,Y) (see [6]). In [5] Cohen introduced a class of operators which characterizes the p*-summing adjoint
operators. If 1 < p < oo, we say that a linear operator u from X to Y is Cohen strongly p-summing (or strongly p-
summing) if (u(z;))so, € £(Y) whenever (z;)52; € £,(X). The class of Cohen strongly p-summing linear operators
from X to Y will be denoted by D,(X,Y’). According to [1], a linear operator u € £ (X;Y) is called to be almost
p-summing, 1 < p < oo, if there is a constant C' > 0 such that

A imwu(mi)

for every m € N and z1,...,z,, € X, whose r; are the Rademacher functions. The class of all almost summing

1
2 2

dt | < C- ()i

[

operators from X to Y is denoted by Il 5., (X,Y). When p = 2, these operators are simply called almost summing

and we write I, s instead of Iy 5.2 (see [6, Chapter 12]). By [6, Proposition 12.5], U I,(X,Y) CIL,.+(X,Y).
1<p<oo
Using strong tools as Pietsch domination theorem and Khinchin and Kahane inequalities, the main result obtained

by Bu and Kranz in [3] was:

Theorem 1.1. [3, Theorem 1] Let X and Y be Banach spaces and u be a continuous linear operator from X toY.
If u* is p-summing for some p > 1, then for any q > 2, u takes almost unconditionally summable sequences in X

into members of £,(Y).

Let X be a Hilbert space. Cohen in [4] has shown that
I, (X,Y) €Dy (X,Y) for all Banach space Y. (1)

In [2], Bu showed that (1) is valid with no restrictions of the parameters p,q € (1,00) instead of p = ¢ = 2. Cohen
[4] also asked if (1) characterizes spaces isomorphic to a Hilbert space. Kwapieni [7] proved that this question has
a positive answer. These important results are as follows:
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Theorem 1.2. [2, Main Theorem] Let 1 < p,q < 0o, and let X be a Hilbert space and Y be a Banach space. Then
II,(X,Y)C D, (X,Y).

Theorem 1.3. [7] The following properties of Banach space X are equivalent.
(i) The space X is isomorphic to a Hilbert space.
(ii) For every Banach space Y, IIo(X,Y) C Dyo(X,Y).

The work is organized as follows: We will present our first result which is an improvement on the Bu and Kranz
[3] result through a simpler argument than the original. Afterward, we will extend the statement of the main result
of Bu in [2, Main Theorem]. Finally, we will show a Kwapieni type theorem using almost summing operators to

characterize spaces isomorphic to a Hilbert space.

2 Main Results

Theorem 2.1. (Extension of the Bu-Kranz Theorem) Let X and Y be Banach spaces and u be a continuous linear
operator from X to Y. If u* is almost p*-summing for some p > 1, then u takes almost unconditionally summable

sequences in X into members of £,(Y).

Theorem 2.2. (Extension Bu’s Theorem) Let 2 < p < oo, 1 < qg<o0, X and Y be Banach spaces such that X is

an Ly--space. Then
Mysp(X,Y)CD,(X,Y).

Theorem 2.3. (Extension Kwapieri’s Theorem) The following properties of Banach space X are equivalent.
(i) The space X is isomorphic to a Hilbert space.
(i1) For every 1 < ¢ < oo and every Banach space Y, I, 5(X,Y) C Dy (X,Y).
(iii) For every Banach space Y, Iy s(X,Y) C Do(X,Y).
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Abstract

In this talk we study a version of the Bishop-Phelps-Bollobés theorem called Bishop-Phelps-Bollobéas property
for bilinear forms. Under appropriate conditions for a function module space X we prove that the pair (X, X)

satisfies the BPBp for bilinear forms.

1 Introduction

Let E and F be Banach spaces. The Bishop-Phelps-Bollobds property for operators (BPBp for operators) has been
defined in [1], is a version of the Bishop-Phelps-Bollobds Theorem and is related to the density of the set of norm
attaining operators in the space of all bounded linear operators between E and F'. Over the years, other versions
of this theorem have appeared. In [3] the authors defined another version of this theorem called Bishop-Phelps-
Bollobés property for bilinear forms (BPBp for bilinear forms) and proved that this property fails for bilinear forms
on ¢1 x ¢1. In [2] Acosta, Becerra-Guerrero, Garcia and Maestre presented classes of spaces satisfying this property,
such as, when the domain space E is an uniformly convex Banach space, then for every Banach space F', the pair
(E, F) satisfies the BPBp for bilinear forms. It is known that the BPBp for bilinear forms on E x F' implies the
BPBp for operators, and the converse is no longer true. Considering a function module space X, Grando and
Lourem&‘g’o [4], presented conditions for X such that the pair (¢1, X) satisfies the BPBp for operators. In this note,
will be present some conditions to the function module space X such that the BPBp for bilinear forms is satisfied
for the pair (X, X).

2 Main Results

Definition 2.1. Let E and F be Banach spaces. We say that the pair (E,F) has the Bishop-Phelps-Bollobds
property for operators (shortly BPBp for operators) if given e > 0, there is n(¢) > 0 such that whenever T' € Sy (g, F)
and xg € Sg satisfy that [|[Txol| > 1 —n(e), then there exist a point ug € Sg and an operator S € Sy (g py satisfying
the following conditions

ISuol| =1, |luo—x0l| <e, and ||S—T| <e.

Definition 2.2. Let E and F be Banach spaces. We say that the pair (E,F) has the Bishop-Phelps-Bollobds
property for bilinear forms (shortly BPBp for bilinear forms) if given € > 0, there are n(e) > 0 and [(e) > 0 with
lim; 0 B(t) = 0 such that for any A € Sp2(pxp) and (x0,y0) € Sg X Sp is such that that |A(zo,y0)| > 1 —n(e),
then are B € Sp2(pxr)y and (ug,vo) € Sp x S satisfying the following conditions

|B(uo,v0)| =1, [Juo — woll < B(e), [lvo—woll < Ble) and ||B— Al <e.

Definition 2.3. Function Module is (the third coordinate of ) a triple (K, (Xt)tck, X), where K is a nonempty
compact Hausdorff topological space, (Xi)ier a family of Banach spaces, and X a closed C(K)-submodule of the
C(K)-module T[¢ x X¢ (the log-sum of the spaces X;) such that the following conditions are satisfied:
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1. For every x € X, the function t — ||x(t)| from K to R is upper semi-continuous.
2. For every t € K, we have X; = {z(t) : x € X}.
3. The set {t € K : Xy # 0} is dense in K.

Theorem 2.1. Let (K, (Xi)iek, X) be a function module space. Suppose that for every x; € Xy there exists f € X
such that f(t) = x¢ and ||f < || then the pair (X, X) satisfies the BPBp for bilinear forms.
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EM DIRECAO A UM TEOREMA ESPECTRAL PARA SEMIGRUPOS CONVOLUTOS

ALDO PEREIRA!
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Abstract

Seja k uma funcdo localmente integrdavel em [0, co[. Semigrupos k-convolutos séo operadores que incluem
semigrupos e semigrupos integrados como casos particulares, e é parte da solucao fraca de certas equagoes
diferenciais funcionais de primeira ordem. Neste trabalho, o objetivo principal é obter uma versdo do Teorema

Espectral para o espectro de pontos, o espectro aproximado e o espectro residual, para um semigrupo k-convoluto.

1 Introducao

Seja A : D(A) C X — X um operador linear e fechado, definido em um espago de Banach X, cujo dominio nao
é necessariamente denso. Nosso interesse estd focado no espectro de A, denotado por o(A). Em particular, se A
é gerador de uma familia resolvente R(f) e dado A € o(A), o objetivo é determinar o que podemos dizer sobre os

elementos de o(R(t)), ou seja, quais sdo as condi¢oes que permitem obter
o(R(t)) ={r(A) : A e a(A)}, (1)

para uma determinada fungéo r(-) que depende de R(t). E conhecido da teoria que a igualdade (4) é satisfeita para
os casos de semigrupo e semigrupo integrado, nas referéncias [3] e [2] respectivamente.
Para estabelecer os principais resultados deste trabalho, consideramos diferentes partes do espectro de um

operador A, chamadas de espectro de pontos, aproximado e residual, definidos respectivamente por

op(4) = {AeC:ker(M — A) #{0}},
0.(A) = {AeC: (A — A)ndo é injetivo, ou ran(AI — A) néo é fechado},
o.(A) = {AeC:ker(M — A) = {0} ouran(A\] — A) # X }.

A particdo do espectro fornecida acima é aplicada no seguinte contexto. Seja A um operador fechado e

ke L} .(R;) tal que k(0) = 0, consideramos aqui a seguinte versdo do problema abstrato de primeira ordem:

u'(t) = Au(t)+ k(t)x,
u(0) = 0,

onde z € X e cuja solugio é dada pelo chamado semigrupo k-convoluto gerado por A, apresentado nas referéncias [1]

e [3]. Este semigrupo é uma familia fortemente continua {R(t)};>0 C B(X) que satisfaz as seguintes propriedades:

1. R(t)x € D(A) e R(t)Ax = AR(t)x para todo x € D(A) e t > 0.

¢ ¢ ¢
2. / R(s)xds € D(A) paratodox € X et >0, e R(t)z = / k(s)xds + A/ R(s)x ds.
0 0 0
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2 Resultados Principais

Teorema 2.1. Seja {R(t)}i>0 um semigrupo k-convoluto com gerador A em um espago de Banach X. Entao, temos
o(R(t))U{0} 2 {/Ot k(t—s)eMds: ) e J(A)} U {0},
e as sequintes inclusoes sao certas:
op(R(t))U{0} > {/Ot k(t—s)e*ds: X e ap(A)} U {0},
oo (R(t))U{0} D {/Ot k(t—s)e*ds: X e cra(A)} U {0}.
Além disso, se A é densamente definido, entao

o (R(t)U{0} D {/O E(t—s)eMds: e JT(A)} U {0}.

Prova: Para mostrar a validade das inclusées acima, veja [5], Teoremas 5.3, 5.5, 5.6 e 5.7.

Teorema 2.2. Seja {R(t)}i>0 um semigrupo k-convoluto com gerador A, entdo

o, (R()) U {0} = {/Otk(t _ )M ds A€ JP(A)} U {0}

Teorema 2.3. Seja {R(t)}i>0 um semigrupo k-convoluto gerado por um operador A que € também gerador de um

Co-semigrupo, entdo

oa(R(t)) U {0}

{/Ot k(t—s)eds: \ e Ua(A)} u {0},

o (R(1)) U {0} { /Ot k(t— s)eM ds s A e UT(A)} U {0}
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SOLUTIONS FOR FUNCTIONAL VOLTERRA-STIELTJES INTEGRAL EQUATIONS
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Abstract
In this work, we introduce a class of equations called functional Volterra—Stieltjes integral equations. This
type of equations encompasses many other kinds of equations such as functional Volterra equations, functional
Volterra equations with impulses, functional Volterra delta integral equations on time scales, functional fractional
differential equations with and without impulses, among others. We present here results concerning local

existence, uniqueness and prolongation of solutions.

1 Introduction

This presentation is based on the work [3]. Here, we are interested in a more general formulation of functional
Volterra integral equations involving the so called Stieltjes integral given by
t
o) = GO+ [ alto)f@s)dgs) 13 m, "
To
'TT(J = ¢7
where the integral in the right-hand side is understood in the sense of Henstock—Kurzweil-Stieltjes, 7y > to,

¢ € G([-r,0],R™) and we assume the following conditions on the functions f, a and g¢:
(A1) The function g: [to,d) — R is nondecreasing and left—continuous on (to, d).

(A2) The function a: [tg,d)? — R is nondecreasing with respect to the first variable and regulated with respect to
the second variable.

(A3) The Henstock—Kurzweil-Stieltjes integral

/ " alt, 5) f (e, 8)dg(s)

1
exists for each compact interval [r9,70 + o] C [to,d), all x € G([ro — r,70 + o],R™), t € [to,d) and all
TOSTIST2 ST+ 0.

(A4) There exists a locally Henstock—Kurzweil-Stieltjes integrable function M : [tg,d) — R with respect to g such
that for each compact interval [rg, 79 + o] C [to, d), we have
e 5
/(cla(Tg, s) + caa(T, 8)) fxs, s)dg(s)|| < / |cra(T, 8) + coa(Ty, s)| M(s)dg(s),
1 1

forall z € G([rp —r,70 + o], R™), all ¢c;,co € Rand all i < 71 < 72 < 70 + 0.

(A5) There exists a locally regulated function L: [tg,d) — RT such that for each compact interval [r9, 79 + o] C
[to, d), we have

T2

/ a2, $)[f (£0: ) — Fz0r9))da(3)] < / a(r2, )| L(5) 125 — 2. dg(s),

T1 T1

for all z,z € G([ro —r,70 + 0|, R™), and all ) < 71 < 72 < 70+ 0.
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This type of equation also encompasses impulsive Volterra—Stieltjes integral equations and Volterra functional

A-integral equations.

2 Main Results

Our main results are the following.

Theorem 2.1. Assume f: G([—r,0],R") x [to,d) — R" satisfies conditions (AS3), (A4) and (A5), a: [to,d)* — R
satisfies condition (A2) and g: [to,d) — R satisfies condition (A1). Then for all 79 € [to,d) and all ¢ €

G([-r,0],R™), there exists a o > 0 and a unique solution x: [1g — r, 70 + 0] — R™ of the initial value problem:

o) = 6(0)+ [ alt.s)f(zn,5)dg(s) o)

Ty, = 0.
In the next theorem, let conditions (B1)—(B5) be the same as conditions (A1)-(A5) but with d = +oc.
Theorem 2.2. Suppose f: G([—r,0],R")x[tg, +00) — R™ satisfies conditions (B3), (B4) and (B5), a: [tg, +00)? —
R satisfies condition (B2) and g: [to,+00) — R satisfies condition (B1). Then, for every 7o > to and

¢ € G([—r,0],R™), there exists a unique maximal solution x: I — R™ of the equation (1), where I is a nondegenerate

interval with 7o —r = min 1. Also, I = [19 — r,w), with w < 4o0.

Moreover, besides presenting results that guarantee existence and uniqueness of local and maximal solutions,
we also present the correspondences between equation (1) and impulsive Volterra—Stieltjes integral equations and

Volterra functional A-integral equations.
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A CONJECTURA DE BESSE, ESPACO VACUO ESTATICO E ESPACO 0,-SINGULAR
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Abstract

Chamamos métricas CPE ( Critical Point Equation) os pontos criticos do funcional da curvatura escalar total
restrito ao espago de métricas com curvatura escalar constante de volume unitario. Neste trabalho, daremos uma
condicao necessaria e suficiente para que uma métrica critica seja Einstein em termos de espacos oz-singulares.
Tal resultado melhora nosso entendimento sobre métricas CPE e a conjectura de Besse com um novo ponto de
vista geométrico. Além disso, provamos que a condicdo CPE pode ser trocada pela condigdo de espago vécuo

estatico para caracterizar as variedades de Einstein fechadas em termos de espagos o2-singulares.

1 Introducao

Uma variedade Riemanniana (M", g) é dita ser Einstein se o tensor de Ricci é multiplo da métrica g, i.e., Ricy = Ag,
onde A : M — R, em particular se (M", g) é conexa, entdo A é constante. Em outras palavras, (M™, g) é Einstein

se o traco do tensor
° R
Ricy = Ricy — g
n

¢ identicamente zero, onde Ric, e R, sao as curvaturas de Ricci e escalar, respectivamente.

Sejam (M™, g) uma variedade conexa, fechada de dimensdo n > 3, M o espago das métricas Riemnannianas e
Sa(M) o espago dos 2-tensores simétricos em M. Fischer e Marsden, ver [3], consideraram a aplicagio da curvatura
escalar R : M — C°°(M) que associa a cada métrica g € M sua curvatura escalar. Sejam <y, a linearizagao da
aplicagao R e 7, a sua adjunta L?-formal, entdo eles usaram que

Yg(h) = —=Agtrgh + 67h — (Ricg, h)

15 f = V2f = (Af)g — fRicy,

onde 6, = —divy, h € So(M), V?] ¢ a Hessiana e Agtrgh é o Laplaciano do traco de h, no estudo da sobrejetividade
da aplicagao da curvatura escalar Ry, e ainda consideraram a equagao de vdcuo estatica vy (f)=0.
Nas ultimas décadas, varias pesquisas tem sido feitas nestes espacos. O problema de classificagao é uma questao

fundamental, assim como os resultados de rigidez. O funcional de Einstein-Hilbert & : M — R é definido por:

S(g) = /M Rydu,. (1)

Em 1987 Besse conjecturou, ver [2], que os pontos criticos do funcional da curvatura escalar total (1), restrito
aM;={ge M;R, € Cewoly(M) =1}, onde C = {g € M; R, é constante} # (), precisam ser Eisntein. Mais
precisamente, a equagao de Euler-Lagrange da acao Hilbert-Einstein restrita a M; pode ser escrita como a seguinte
equacao do ponto critico (CPE)

Vo f = ng —(Agyf)g — fRicy, = Rfcg.
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2 Resultados Principais

Nesta secao, serao apresentados alguns resultados.

Teorema 2.1. Seja (M™, g, f), n > 3, uma métrica CPE com fungdo potencial ndo constante f. (M™, g) € Eisntein
se, e somente se, f € KerAy, onde Ay : S2(M) — C*(M) € a linerarizagio da oz-curvatura e A} € a adjunta

L?-formal do operador, i.e., (M™, g, f) é um espago oo-singular.
Uma consequéncia é a seguinte

Corolario 2.1. Seja (M", g, f), n > 3, uma métrica CPE com fun¢ao potencial nao constante f. Se f € KerAj,

n(n —1) 1/2
) e f € uma autofuncao do Laplaciano
9

entdo (M™,g) € isométrica a esfera redonda com raio r = < 7

associada ao primeiro autovalor gl em S"(r). Além disso, dim KerAy =n +1 e fdvg = 0.

Além disso, provamos que se (M",g) é uma variedade Riemanniana fechada e ker,A; N kery; # {0}, entdo
(M™, g) é uma variedade de Einstein. Portanto, ela é isométrica a esfera redonda S™.

Teorema 2.2. Seja (M™, g, f) um espago vdcuo estdtico, onde (M™,g) é uma variedade Riemannina fechada de
dimensao n > 3. (M™,g) € Einstein se, e somente se, o espago (M™, g, f) € oa-singular. Se f é uma fun¢do ndo

constante, entdo (M™, g) € isométrica & esfera redonda S™, em outro caso (M™,g) deve ser Ricci plana.

Vale comentar que a abordagem utilizada para provar estes resultados sao: obter a linearizacao de uma certa
aplicacdo geométrica, depois calcular a adjunta L?-formal dessa linearizacio e entender o nicleo dessa adjunta. Os

detalhes podem ser vistos em [1].
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Abstract

By means of a suitable degree theory, we prove persistence of eigenvalues and eigenvectors for set-valued
perturbations of a Fredholm linear operator. As a consequence, we prove existence of a bifurcation point for a

non-linear inclusion problem in abstract Banach spaces. Finally, we provide applications to differential inclusions.

1 Introduction
The present paper is devoted to the study of the following eigenvalue problem with a set-valued perturbation:

Lz — ACzx +e¢(x) 50

x € 0N. @

Here L : E — F is a Fredholm linear operator of index 0 between two real Banach spaces F and F' such that
ker L # 0, C' is another bounded linear operator, {2 is an open subset of E not necessarily bounded and containing
0, ¢ : Q — 2F is a locally compact, upper semi-continuous (u.s.c. for short) set-valued map of C'J-type, and A, e € R

are parameters.

Problem (1) can be seen as a set-valued perturbation of a linear eigenvalue problem (which is retrieved for ¢ = 0):

Lz —XCx =0

x € 0. @

So, it is reasonable to expect that, under suitable assumptions, solutions of (1) appear in a neighborhood of the
eigenpairs (z, A) of (2). In fact, we show that this is the case for the trivial eigenpairs (z,0), provided dim(ker L)

is odd, the set Q N ker L is compact, and the following transversality condition holds:
imL+ C(ker L) = F. (3)

More precisely, we denote Sy = 92 N ker L the set of trivial solutions of (2). We prove that there exist a rectangle
R = [—a,a] x [=b,b] (a,b > 0) and ¢ > 0 such that for all ¢ € [—a,a] the set of real parameters A € [—b,b] for
which (1) admits a nontrivial solution x € F with dist(z,Sy) < ¢ is nonempty and depends on € by means of an
u.s.c. set-valued map. Similarly, for all € € [—a, a] the set of vectors x € E with dist(z,Sp) < ¢ that solve (1) for
some X\ € [—b,b] is nonempty and depends on & by means of an u.s.c. set-valued map. This is usually referred to as
a persistence result for eigenpairs. Using such persistence, we prove that Sy contains at least one bifurcation point,
i.e., a trivial solution zy such that any neighborhood of zy in E contains a nontrivial solution.

This type of investigation of nonlinear eigenvalue problems goes back to various papers in the last two decades.
Here we extend the study of the problem to the case of a set-valued perturbation. Such an extension requires a more
general degree theory for set-valued maps, which extends Brouwer’s degree for nonlinear maps on C'-manifolds.
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Such a degree theory has been introduced in [1] and redefined in [2] by a precise notion of orientation for set-valued

perturbations of nonlinear Fredholm maps between Banach spaces.

Our abstract results find a natural application to differential inclusions. Here we consider an ordinary differential

inclusion with Neumann boundary conditions and an integral constraint:

W 4+ u —Au+e®(u) 30 in [0,1]
u'(0) =u/(1) =0

Jully = 1.

Here ®(u) : [0,1] — 2® is a set-valued map depending on u, to be chosen according to several requirements (three
different examples will be presented). We shall prove that the transversality condition (3) holds, and hence the

above problem admits at least one bifurcation point.

2 Main Results

Theorem 2.1. Let dim(ker L) be odd, (3) hold, and Qo be compact. Then, problem (1) has at least one bifurcation

point.

Proof We argue by contradiction: assume that Sy contains no bifurcation points, i.e., for all z € Sy there exists
an open neighborhood U, C F x R x R of (z,0,0), such that for all (z,e,\) € S NU, we have (¢,\) = (0,0).
The family (Uy)zes, is an open covering of the compact set Sp x {(0,0)} in E x R x R, so we can find a finite

sub-covering, which we relabel as (4;)7;.

Let a,b,c > 0 be such that

B.(So) xR c | Juhi,
=1

where as usual R = [—a,a] x [=b,b]. Thus, we have
SN (BC(SO) X R) =S x {(0,0)}
(i.e., there are no solutions in B.(Sp) x R except the trivial ones). By reducing a,b,c > 0 if necessary, for all
€ € [~a,a] \ {0} there exist x € 92N B.(Sp), A € [b,b] such that (z,e,\) € S, a contradiction.
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Abstract
Consider a class of Abel equations of third kind [d(z) + c¢(z)y™]y: = a(z) + b(z)y. Suppose that each of

them has the same constants m € R — {—1} and the same real continuous functions a(z), then if there exists a
certain functional relation among the variable coefficients b(x), ¢(x) and d(z), we can construct new exact general
solutions that are shared by all these equations. This result, which improves and generalizes earlier results from
literature, is proved in the present work. Here the notation -, = j—g‘g denotes the classical derivative with respect

to the independent variable x.

1 Introduction

The Abel nonlinear differential equations have been widely studied, either calculating their solutions (see [1, 2]),
or specifying their centers, or characterizing the behaviour of their solutions to obtain qualitative properties like
blow up or exponential decay in finite or infinity time (see [3]). Particularly, when it comes to calculating their
solutions, many authors search for functional relations between the variable coeflicients and integrating factors that
allow the construction of exact analytic solutions (see [1, 2]).

In 2020, by means of Poincaré compactification, Regilene Oliveira and Cldudia Valls [3] classified the topological
phase portraits of the Abel equation of third kind

C(x)y’y, = A(z) + B(z)y (1)

(where the functions A(z), B(z) and C(z) are polynomials in x) to understand the behaviour of their solutions.
This problem becomes very hard when the number of parameters in the equation increases and we know that
the analysis of particular solutions for the differential equations is very important for understanding the solutions
sets of a differential equation and for assisting qualitative and numerical studies. Thus, to collaborate with future
qualitative and numerical studies about cases with more parameters, we present a new theorem whose constructive
demonstration leads to exact general solutions for the following more general case of equation (1)

[d(x) + c(x)y™ |y, = a(z) + b(x)y. (2)

satisfying y = y(z), ¢(x),d(z) € C*(z1,72) and a(z),b(x) € C(x1,22), where 21,22 € R.
In fact, a new direct analytic method is introduced to obtain these solutions for the general form of equation (2)
with b(x), c(z), d(x) # 0 and a(x) can be equals to 0 or not. For this, we propose a new functional relation between

variable coefficients of equation (2) and we use an argument of integrating factors.

2 Main Result

In this section, we prove the following result:

Theorem 2.1. For the general form of the Abel equation of third kind (2) with b(z), c(x),d(x) # 0, if their variable

coefficients satisfy the functional relation

cd=c(b+d) (1)

x
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then equation (2) admits the exact implicit general solution

o O | e e f <o @

where p(x) = exp {— % dm] is an integrating factor and C' is an arbitrary constant of integration.

Proof The proof is resumed as follows: firstly, equation (2) can be rewritten in the form

o 2y ) ), .

By using differentiation rules, we deduce

-] -l

If we insert the last equation in equation (3), we have

! I
b d
[y + C(Z‘) ym+1:| _ a(m) + (LU) y + (.CL‘) |: C(Z‘) :| ym—i-l .
(m +1)d(z) . dx)  dz) b(z) [(m+1)d(z)],
Now, if we consider the functional relation between the variable coefficients

i) [ er) 1 ) P
L }x‘0n+nam = Gd=clbtd),

SO we can assume

such that we obtain the linear differential equation

b(x)

1 L), AT
Multiplying both sides of equation (5) by the integrating factor u(x), we get
/ a(x) / x)
- A x)d
), = @) 5 = | ]

Therefore, we use relation (4) for returning to the original dependent variable y = y(z), so we obtain equation (2).
This completes the resuming proof of the Theorem. In other words, the Theorem says that if each element of an
equations set (2) satisfies relation (1) and has the same constants m € R — {—1} and the same real continuous

functions a(z), then all these elements (equations) have the same exact general solutions given by equation (2). =
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Abstract

In this paper we study the convergence of the level-set algorithm introduced by Aslam for tracking the
discontinuities in scalar conservation laws in the case of linear or strictly convex flux function (2001, J. Comput.
Phy. 167, 413-438). The numerical method is deduced by the level-set representation of the entropy solution:
the zero of a level-set function is used as an indicator of the discontinuity curves and two auxiliary states, which
are assumed continuous through the discontinuities, are introduced. Following the ideas of (2015 Numer. Meth.
for PDE 31, 1310-1343), we rewrite the numerical level-set algorithm as a procedure consisting of three big
steps: (a) initialization, (b) evolution and (c) reconstruction. In (a) we choose an entropy admissible level-set
representation of the initial condition. In (b), for each iteration step, we solve an uncoupled system of three
equations and select the entropy admissible level-set representation of the solution profile at the end of the time
iteration. In (c) we reconstruct the entropy solution by using the level-set representation. Assuming that in the
step (b) we can use a monotone scheme to approximate each equation we prove the convergence of the numerical
solution of the level set algorithm to the entropy solution in L? for p > 1. In addition, some numerical examples

focused on the elementary wave interaction are presented.

1 Introduction
In this work we introduce a convergent numerical method for the Cauchy problem for a scalar conservation law:
ug + (f(u))y =0 for (z,t) € Qr :== R x Ry with u(x,0) = ug(x) for z € R,

where f: R — R is the flux function and u is the conserved variable. We consider the following data assumptions:
up € L®(R) and f(u) = au (a constant) or f € C*(R,R) and f”(u) > a > 0, for all u € R and some o > 0. We
recall that the weak solutions satisfy the jump-entropy conditions

dX

[uls = [f(w)], s=—r [ =w—u. [f@]=flw)=flu) flu)>st)> f(u),

through a discontinuity of u parameterized by (X (t),t).

sgn In order to introduce the numerical method, we consider some notation: sgn*(z) = 1g+(z) and
sgn~(x) = —sgn™ (—x), where T4 : X — {0,1} is defined by Ta(z) =1 for z € A and T4(z) = 0 for x € X — A;
at = max{a,0} and a= = min{a,0}; P} = sgn™ ((p},; —pj_,)/2Az) and £} = {1 —sgn~ (f’(uzj) - f’(u%)j)ﬂ /2,
for (j,n) € Z x N. The numerical method called LS-scheme consist in three big steps:

(I) Initialization step. We consider a continuous function py : R — R such that it vanishes over the control
volumes where the function wug is discontinuous, and we can make the calculus of entropy admissible states w® and
v0 and the initial speed s°;

(IT) Evolution step. The evolution considers three intermediate states: (a) The intermediate states w”+1/2

n+1/2

and v"t1/2 are calculated by applying a monotone scheme with numerical flux g, i.e. w; =wj—A (g(w?, w?_H)—

gwj_y, w?)) and U;L+1/2 =} — A(g(v?, Vi) — g(vy_l,vsz)); (b) The level set equation state p™*! is calculated

n+1 —

by : pf P = AT () —pj_1) = A(sT) ™ (P41 —p}); and (c) Using the notation P7, we introduce the discrete
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left-right states and the extended discrete shock speed as follows: urLLJ;I = ’P;LH w;LH/Q +(1- P;LH) U;LH/Z,
n41y_ n+1
“%J,rjl = (1- P;LH) w?H/Q + ”PJ’-”r1 ’U?+1/2 and S?H = —f(ujzil)fiéﬁ’ ; and (d) using the indicator E7,
2J 2 J

we introduce the states w"”t! and v"*! such that u"*! is consistent with the entropy condition: w}’“ =

w;LH/Z + (v;“l/? - w;+1/2) (1 —sgnt (p?))é’f and U;LH = ’U;l+1/2 + (w?H/Q - U?H/z)sgnJr(p}z)gf; and

(IIT) Reconstruction step. In this step we apply the definition of level set representation to reconstruct u™*1
from p"*t1, wht! and v*t!, ie. u?"'l =sgn™ (p?"H) w;L'H + (1 — Sgn+(p;-’+1)) U;LH.
2 Main Result

Theorem 2.1. Consider the assumptions: (A1) f satisfies the hypothesis of strict convexity or linearity; (A2) ug
satisfies the hypothesis of L>° boundness; (A8) po, vo and wo satisfy the requirements specified by the initialization
step; (A4) g is a monotone fluz; (A5) The functions wa,va,pa and ua defined from R x R{ are determined by the
the LS-scheme; and (A6) X satisfies the CFL condition || f'|| Los ([up,un]) < 1—§ with & €]0, 1[. Then, the numerical
solution ua converges to u, the entropy solution of the Cauchy problem, in the strong topology of LY (R x Rg) for
all p > 1 when Az — 0.
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Abstract

We present an extension of the Lagrangian-Eulerian method for solving general balance laws [2], by taking
into account a nonlinear accumulation term and a non-conservative source. This approach generalizes the no-
flow curves as in [1] and does not require the use of approximate/exact Riemann solvers. The scheme is easy to
implement and provides fast, accurate and stable results. We present fully /semi-discrete methods and illustrate

the robustness of the approach with numerical examples for the nontrivial Baer-Nunziato system [3].

1 No-flow fully/semi-discrete schemes for general balance laws

The Fully Discrete Lagrangian Eulerian Scheme (FDLE). Consider the following system

[A(W)]t + [F(u)]. = G(u) + [S(w)]z + N(u)[B(u)]s, 2 € Ryt > 0; u(z,0) = n(x), u(r,t) : R x RT — R™. (1)
After the discretization, we introduce the control volumes D7 = {(t,z)/t" <t <"1, 2 (t) <& < ¢}, (1)}, where

dgi(t)  F(u)
dt Au)’

The no-flow curves of the control volumes D7 are determined by the IVPs (2), which play an important role in the
Lagrangian-Eulerian method. For numerical purposes, the solution of (2) can be approximate with a simple and
robust first-order linearization, which gives us 7 (t) = 2} + (t — ") f*, where f}' := ZE"% For the well-posedness

of (2), we essentially require AEZ; as Lipschitz. In case of blow-up singularities in the term AE ; for real-world

applications [2], we apply a flux-split modeling strategy [1], whenever necessary to naturally handle this situation.

Thus, by writing (1) in its divergence form and integrating over the control volume D7, we are able to explore the

properties of the no-flow curves through the divergent theorem (where I} = [ [G( )+ 8S(u) + N(u )aB(“)} dx):

D'J’.L
// vmt :

is the cell averages and projecting back the results of (3) to the original discrete lattice in D7}, and approximating

tn+1)

P, 1 ( w? 1
dx:/ " Au(z, ")) do — / +A(u(az,t")) dx =17, where A} := Al /A(u)dx (3)
@ zn x

n 41
J () Dn
J

F(u)
A(u)

the integrals 7 with a simple and robust quadrature, we get the fully-discrete Lagrangian Eulerian scheme:

n AP 4247 + A7 At P+, I g n
Aj+1: 1 . j+1 - AinJilﬂ(A + A7) — W(A A+
Tj—
o (3 rrae) g (5 o) g N
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where Ax”+1 Az + (fi41 — f})At. In order to recover the cell averages approximation of the original variables

+
at each time step U} : Ai J u(z,t) de we still need to solve the typically non-linear system A(U]") = A7J.
D7

Semi Discrete Lagrangian Eulerian Scheme (SDLE). Starting from (4) we can write

n n At n Ax n In1 Ax n In
AJ'H:AJ'_E F% — F; 1—1—( + f; At) A;n+1+(—f At)w ; (5)

7j—1

where F = 1 22(A7 — A7 )+ Az %’ﬂl)(A"—&—AkH)} = i—% and k € {j,j + 1}. We stress that

dA;(t) ATt An
I = O(AtAz), so I} = O(Az). Applying ¢t — 0, the derivative — - = thmojT can be replaced
. —

Aac] F(u)

At X A(uys We can remove the blow-up singularity replacmg 22 in (5) by

a stability condition that depends on %, leading us to the semi-discrete Lagrangian—FEulerian scheme for balance

in (5) and due to the no-flow property [

laws:
dA;(t) _ S
at Aa; Fi=Fiat 2 ’ (6)
1
where F7' = Z[bj"’%(A — AL+ (7 + AT+ AT )] and by 1 = mjax|fj’-l + il

Numerical Experiments. To illustrate the robustness of the methods FDLE and SDLE, we applied them

to solve the Baer-Nunziato system from [3], which models a two-phase reactive flow in detonation systems:

@l = —afa, + F+¢£

@nl + [apl, = ¢

@pu: + PE@+pPL = pl. + M

@pEly + [@u(@PE+D). = upla. + -pF+E . (7)
lapl:  + [apu]s = —C

lapuly  +  alpw®+p). = -pla. + M

[apEl;  + [au(pE+p)l. = —uplal. + pF-&E

The variables are «, p, p, u, the volume fraction, density, pressure and velocity of the gas phase as well as @, p, P,
wu are these same quantities for the solid phase. The solutions are shown in Figure 1 and follow the full model and
initial data as described in [3], with a very good agreement given by the methods FDLE and SDLE in coarse grids
by comparing our numerical results along with the available exact solution in [3].

a a

0-9/[—FDLE 09/(—spLE
= = 'Exact = = ‘Exact

0.85 0.85

0.8 0.8

0.75 0.75
0 0.5 1 0 0.5 1

Figure 1: Solutions for @ with 128 points at time t3; = 1: FDLE (left) and SDLE (right).
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Abstract

In this work, we design a class of positivity preserving Semi-Discrete Lagrangian-Eulerian schemes for solving
multidimensional initial value problems for scalar models and systems of conservation laws [2], based on the
concept of no-flow curves [1]. The new scheme is genuinely multidimensional in the sense that is Riemann solver
free which avoid dimensional splitting strategies. The full rigorous numerical analysis is carried out in [2]. In the
general context of multidimensional hyperbolic systems of conservation laws, the scheme satisfies the positivity
principle in the sense of the paper [3]. We also provide robust numerical examples to verify the theory and

illustrate the scientific computing capabilities of the proposed approach in advanced modeling and simulation.

1 Motivation and the Lagrangian-Eulerian formulation

To proceed with the construction of the semi-discrete Lagrangian-Eulerian scheme, consider the scalar 1D problem

ou  OH(u)

ot ox
and u = u(x,t) : R x Rt — Q C R. Following [1, 2], we obtain the fully discrete Lagrangian—FEulerian scheme,

=0, zeR, t>0, u(z,0) = ug(z), uo(x) € L°(R) where H € C*(Q), H: Q — R, (1)

u;-”rl =uj — 2—; [F (u?,u}lﬂ) - F (u?fl, u?)] , with a numerical flux function given by F (u?,u}lﬂ) = (2)
1[Az, 0 . i+ n o Az? fi + [} " n Ax? " "

A
Thanks to the no-flow property [Aﬂ x [O(H (u)/u)], (see [1] and u and H(u) given by (1)), we can remove the

A
blow-up singularity of the numerical flux F'(u?,u?, ) in (2)-(3) by replacing it

At
depends on O((H (u)/u)), which allows us to have At — 01 and produce an accurate approximation of the local

speeds. We set %j x [O((H(u)/w))] in (2)—(3) for a suitable function

with a stability condition that

H(uy)  H(u)

~
~

b1 = byl (fis fiv1)s [ = for each j € Z per time step [t",t"T1]. (4)

’U,j u
Thus, the new class of SDLE schemes for hyperbolic-transport initial value problems (1) is given by

d 1 1 _ _
W) =~ F (g i) = F w1, w)], - F (g, u40) =7 [bj+§(uj+%—uj+%)+(fj + fi+1) <Uj+%+u;%)} ;

. . _ Az Ax
where %ﬂo}— (uf,uf,,) # oo, with Uiy = U+ v ((ug);) and u;r% = Ujp1 — ((ug)j+1). The formal
2D extension of the semi-discrete scheme is straightforward and given by

d Fivr/2e = Fim1/2k  Giks1/2 — Gik—1/2

aum(t) =— AL Ay , for the following scalar conservation law (5)
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u + H(u)y + G(u)y, =0, u(z,y,0) =ug(z,y), where H,G,€ C? ug(z,y) € Lis.(R?). (6)

The corresponding multidimensional numerical fluxes in the x— and y—directions are, respectively, given by

@ — . .
Fihn = |:bj+21k (“j+%,k “j+é,k) + Lk + Fivre) ( Uirak T uy-&-g,k)} and

l _
gj,k-i—% :E |:b§‘l7k+% (uj7k+% - u;:k+%> + (g]JC + gjak+1) ( k+1 + U] k+1 >:| (7)
where the discretized multi-D (2D) space-time no-flow curves [1], given by (u, H(u), G(u) as defined in (6))
H(uj - A A
o= ) g g = Gl Gy [x] x [O(H (u)/u)] and [y] x [O(G(w)/v)].  (8)
’ Ujk ’ Ujk At At

The intermediate values are given by u]+1/2k = wjy1p(t) — B2 (ug)js1k(t), Uiiyjo g = wj g (t) + A2 (ug)jn(t),
;ka/Z = p41(t) — %(uy)j7k+1(t), Ujpiyje = =u;K(t)+ %(uy)jyk(t), where numerical derivatives (uz); x(t) and
(uy)j,k(t) were computed via slope limiter approximations, and subject to the new no-flow CFL stability condition
At 1
max (A |f]7k| max |gj,k|> 7 without the need to employ the eigenvalues. (9)
3
Therefore, the extension for systems is straightforward (see [2]), and we will apply this version for systems using
the SDLE scheme (5)—(7) to numerically solve a 2D Euler system given by (e.g., [3]),

{ pe+ (pu)s + (pv)y =0, (pv)i + (puv)s + (pv* +p)y =0,
(pu)e + (pu® + p)a + (puv)y =0, By + (w(E +p))a + (0(E +p))y =0,
where p is the mass density; u = u(x,y,t) and v = v(z,y,t), the z- and y-components of the velocity, respectively
and E = pe + %p(u2 +v?). For a perfect gas, p = pe(y — 1), where constant v denotes the ratio of specific heats;
and e, the internal energy of the gas. In all tests, we consider v = 1.4 with the pre-and-post shock initial condition
(left, Double Mach Reflection) and the initial condition throughout the channel (right, A Mach 3 wind tunnel with
a step), where x4(t) = 10¢/sin(7/3) + 1/6 + y/ tan(w/3) is the shock position for the initial data (p, p,w, v)g =

(10)

(1.4,1,3,007, <06 and y >0,
or ¢(0,0,0,007, 2>0.6, y>0 and y<0.2, (11)
(1.4,1,3,007, 2>06 and y>0.2,

(1.4,1,0,0)T, x> x4(0),
(8,116.5,4.125v/3, —4.125)7,  x < z,(0),

. DENSITY, T =0.20 WITH 720 x 180 CELLS : DENSITY, T =4.00 WITH 540 x 180 CELLS
T T T T T —. L_
L | | ™~
0.8 0.8 'f{f
06 * 06F /
> >
047 1 o4 /// _
0 ) | . ‘ . ‘
0 35 0 05 1 15 2 25 3
X X
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Abstract

In this work, we apply a numerical method based on finite differences to solve a type of nonlinear advection-
diffusion fractional differential equation. The fractional operator considered is the fractional Riemann-Liouville
derivative or the fractional Riesz derivative of order a, with 1 < a < 2. The nonlinearity is of type u” (z,t), with

v > 0, on which the spatial fractional derivative acts.

1 Introduction

In this work, we apply a finite difference method to solve a nonlinear advection-diffusion fractional equation of the
form

WUV(J),YS) s (1)

where t > 0, x € I = [L,R] C R, and a(z),b(x) > 0 for all x € I. Only positive exponents v are considered. The

9 0
D ) = ) e ) 40

fractional operator % is the fractional Riemann-Liouville derivative or the fractional Riesz derivative of order
a (for details, see Refs. [1, 2, 3]), where 1 < o < 2. For simplicity, in the main result, we only consider the case
a(x) = b(x) =1 for all z.
The method used was introduced in [4], proposed for solving the nonlinear fractional diffusion equation
s 0%

au(m,t) =c Wu"(m,t), (2)
where the function u(z,t) > 0 is unknown, ¢? represents the diffusion coefficient, and the fractional operator is
considered with 1 < a < 2. The exponent v # 1 is usually related to unusual relaxation processes and allows
us to deal with problems related to anomalous diffusion processes (see, for instance, Ref [1]). The implicit Euler
method developed holds for v > 0 and it is consistent and unconditionally stable, therefore convergent by Rosinger’s
Theorem [5], which is a nonlinear extension of the celebrated Lax-Richtmyer equivalence theorem. Such a method
was also applied in a recent work [6].

2 Main Result

The numerical approach is the standard for finite differences. We consider a mesh with 0 < j < M and 0 <n < N.
The exact solution u(z,t) evaluated in the grid point (z;,t") is denoted by u}. The boundary values of the domain
are o = L and z); = R, and ¢tV = ¢ denotes the final time. To denote the numerical solutions, we utilize the
notation v(z;,t") or vy.
Assuming that v > 0 and § > —1, such that v = 1 4 §, we multiply Eq. (1) by (1 + §)u®(z,t), yielding

o

o, _ J , o
pr (x,t) = —a(w)%u (z,t) + vud(z,t) b(x)wu (z,t). (3)
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In the grid points, we denote the weights v v?(x;,t") only by & =v ()"

;= v (x;,t"). Our main result is

the implicit Euler method (4), given in the next Theorem.

Theorem 2.1. The implicit Fuler method

Jj+1

AT (o) (L= AT + M) () = (P wg + M) (") = AT w0 L =) (@)
1=3

where A = M=% and S V(v‘s);.l, to solve the Eq. (3) with 1 < a <2, v > 0 and a(z) = b(z) =1, on

k

hes h

the finite domain L < x < R, together with a non-negative bounded initial condition u(x,0) = ug and boundary
conditions u(x = L,t) = 0 = u(x = R,t) for all t > 0, based on the shifted GrAfnwald approzimation (see it in [2]

orin [3]), withp=1 and h = (R — L)/M, is consistent and unconditionally stable.

Proof It is sufficient to adapt the proof of Theorem 3.1 of [4], an extension for the nonlinear case of Theorem 2.7
of Ref. [7].

Corollary 2.1. The implicit Euler method (4) is convergent.
Proof Just apply the Theorem presented by Rosinger in Ref. [5].

are considered

We observe that one cannot apply directly the implicit Euler method (4) since the weights 6;”1

in the (n + 1)-step. To apply the method shown in Eq. (4), it is necessary to compute the value of the weights
5;”'1 in each time-step. We propose an iteration procedure in which each step is evaluated twice: using the known
weights to one time-step ago, we evaluate the weights §; to the next time-step, and then we return and evaluate

the unknown function at the next time-step.
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Abstract

In this work, a methodology to solve radiative transfer problems in spherical geometry without other forms of
heat exchange is presented. The authors used a decomposition method, based on the Adomian routines, together
with a diamond difference scheme. The algorithm is simple, highly reproducible and can be easily adapted to
further problems or geometries. Also, the authors introduce a brief necessary criterion for convergence and
consistency using an algebraic residual term analysis. The numerical results are compared with some classical
and recent cases in the literature, along with a simplified version of a complete (fully coupled with heat exchange

problem) case.

1 Introduction

In this work we present a hybrid methodology with application to a test case with a focus on formalism and a
convergence criterion. One of the main objectives here is to take an initial step in this sense and present results
that analyze and guarantee the convergence of the method by the quick decay of the algebraic residuals.

We consider the radiative transfer equation in spherical geometry for hollow sphere [1],

ﬂaﬁ 21, m)] + % [ =) 1 )| + 1) = (1= () 1 (T) + %) / llp(mu’) I(ru)du, (la)

where r € [Ry, Rg] is the optical space variable and p € [—1,1] is the direction cosine. Ry and Ry are the radii of
the inner and outer spherical surfaces, respectively. Further, I(r, ) is the radiation intensity, I, (T') is the black
body radiation for temperature T, w is the single scattering albedo and p (u, ') is the phase function [2]. The

boundary conditions of Equation (1a) are

1
I (Rk, (—1)F*! u) = e Lo (T) + pk/o I (Rk, (—1)k;/> wdu, 0<p<l (1b)

for k € {1,2}, where €; and ez are the emissivities of the inner and outer surfaces, respectively. In the same way, p;
and py are the diffusive reflectivities for the inner and outer surfaces, respectively. Ip1(T) and I2(T') are the black
body radiations for inner and outer surfaces in temperature T', respectively.

To solve (1) we implement the discrete ordinates method, evaluating the equations in certain g = p,,. The
derivative with respect to p is approximated using a diamond difference scheme and the integral is evaluated using
the Gauss-Legendre quadrature rule. The abscissas of this quadrature rule are the discrete ordinates f,,, and we
define I (7, i) = Iy, (r). After, we used the decomposition method, which briefly consists in expanding I,,, as an
infinite series. For computational purposes and due to the necessity of the application of a numerical integration
scheme to solve the recursive equations, we segment the domain in N + 1 nodes r,, define I, = I, (r,) and the
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decomposed solution writes

J=0

We made a recursive system among the (Z;,), using (2) in (1) like
AZ,=BI,, 3)

for y=1,2,...,n. By their solution and (2) we reconstruct I’,. Here, Z, are (Ifn)] in vector notation, A and B
are constant two-dimensional arrays. Also, in (1) we considered the terms (1 — w (7)) I, (T') and exLpy, (T) for 7 =0
only.

We demonstrate consistency of this numerical scheme by setting an upper bound to the residual term in (1),
substituting (2), using some norm operations and proving it goes to zero as n increases. In addition, we present a

necessary condition to the convergence of (2) using the divergence test.

2 Main Results

Several cases of [3] were successfully solved using the presented methodology, with small differences in the numerical
results. Using (3) with y — oo would result in an infinite series in (2), yielding an exact representation of I’ , however
using a truncated series, a remaining (residual) term remains from the substitution. Substituting (2) in (1), taking

the maximum norm and using the triangle inequality, we obtain
lenllee < NCll 1Tnllo - (4)

where €, is the vector notation for the residual term using the truncated series (2), and C is a constant two-
dimensional array. As C does not vary with n, ||€,||,, is majored by a constant scale of || Z,]| ... In other words,
if |Z,|l, — O, then |le,||,, — 0 and the method is consistent. Now, using norm operations and (3), we see that
|IZn = 0asy=n— oo if

[Alloo > [[Blloc - (5)

This inequality is also a necessary condition for convergence of the series in (2).

The combination of the Adomian decomposition method with the discrete ordinates method yield results that
did not differ from the reference by a significant amount, and for the test cases, the processing time did not
exceed five seconds in a domestic computer. Despite its simplicity, this research sets the basis for the complex and
time demanding research towards the convergence of the Adomian decomposition method, absent in the literature.
We are still developing closed and sufficient criteria for other problems involving the application of the Adomian
decomposition method in transport problems, and we intend to do it for some usual non-linear terms, like the
coupling with the heat diffusion equation.
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Abstract

Our recent works discuss the construction of a meaningful arbitrary-order SIR model. We believe that
arbitrary-order derivatives may arise from potential laws in the infectivity and removal functions. This work
intends to summarize previous results, as well as show new results on a model with Mittag-Leffler distribution.

We emphasise our optimization process, the nonlocality of the model and the behavior near the lower terminal.

1 Introduction

Arbitrary-Order Calculus, commonly known as Fractional Calculus, is a great tool for describe the dynamic of
many processes, mainly because of its “memory effect”. Generally, the models are obtained by replacing a integer
derivative with an arbitrary-order one. Compartmental models, for example, have been widely studied with arbitrary
orders. We investigate the use of arbitrary orders in SIR-type models, theoretically, analytically and numerically.
Recalling that a model is constructed by modelling the physical process, we ask what features are maintained when
exchanging the orders. Are consistent models established, regarding the definition of parameters, physical meaning

etc.? We need to give attention to how, where, and why the arbitrary-orders interfere in the model.

2 Main Results

Arbitrary-Order Calculus, commonly known as Fractional Calculus, is a great tool for describe the dynamic of
many processes, mainly because of its “memory effec”. Generally, the models are obtained by replacing an integer
derivative with an arbitrary-order one. Compartmental models, for example, have been widely studied with arbitrary
orders. We investigate the use of arbitrary orders in SIR-type models, theoretically, analytically and numerically.
Recalling that a model is constructed by modelling the physical process, we ask what features are maintained when
exchanging the orders. Are consistent models established, regarding the definition of parameters, physical meaning

etc.? We need to give attention to how, where, and why the arbitrary orders interfere in the model.

3 Main Results

As discussed in [1], so far we have not been able to find a physical-based modelling that simply allows to
change the orders of the derivatives. However, arbitrary orders can be obtained through potential laws in the
infectivity and removal functions. We present in [2] a physical derivation of an arbitrary-order model, following
[3], with the language of the Continuous Time Random Walks (CTRW). The individual’s removal time from the
infectious compartment follows a Mittag-Leffler distribution related to «, while the parameter § is related to the
infectivity function. The Riemann-Liouville derivative arises from the modelling and the arbitrary-order model
with 1 > 8 > a > 0 is given by (1)-(3), where () is the vital dynamic; w(t), the extrinsic infectivity; N, the total
population; 7, a scale parameter and, 6(t,¢'), the probability that an infectious since ¢’ has not died of natural death
until . If 5 = a =1 and (t),w(t) are taken constants, we get the classic SIR model. Note that dN(¢)/dt = 0, so
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the population is constant. In [2], we revisited the work and used optimization to apply it to COVID-19 pandemic
data.

aI(t)  w(t)S(t 0) pr—a (1t
[0 _ <>W ( ) a)D (e(gg))ﬂmun, 2)

We set up a L1-scheme based dlscretlzatlon to 1mplementat10n on MATLAB and, for optimization, a Feasible
Direction Interior Point Algorithm. In [4], we are doing parameter analysis in the model (1)-(3). Also, in [5], we
are dealing with equilibrium, reproduction numbers, monotonicity and non-negativity, while in [6] we deal with
pandemic data in Brazilian states. Here, we pretend to summarize the equilibrium characterization, present some
considerations on the use of FDIPA and also deal with two points that were not discussed: the model is nonlocal
and presents a nonintuitive behavior in the lower terminal. In fact, given the asymptotic behavior of the derivatives
near the lower terminal, if 8 > «, one have dI/dt < 0 for t sufficiently small, as illustrated in Figure 1. About
the nonlocality, in the classic SIR model, epidemiological parameters define the epidemic independently of time:
for each point, there is a unique trajectory. However, this is not valid for arbitrary-order models. The formulation
of the IVP disregards the past, but, once the model is nonlocal, this modifies the trajectory. We illustrate this
considering N = 1000000, initial conditions S(0) = N — 1, I(0) = 1 and R(0) = 0 and dt = 0.1. At time ¢ = 90,
we consider the initial condition given by S(90),1(90), R(90) and run the model again. In Figure 2, we have the

equivalent trajectories for a maximum time 7' = 3000. The equilibrium is the same, but the trajectories are not.

Pa’a’"e‘e’s'iog:&igéa =001 Parameters:  w=3; r=10; 1=0.01
115 asE9; @ %10° =07, (=09

o 02 04 06 08 1
tin days s 105

Figure 1: Behaviour Lower Terminal. Figure 2: Change on trajectory.
So, one should to start the simulation of an epidemic on its beginning or be able to say about the past, what
is a trick question. We aim that the deeper study of the equilibrium points and trajectories are fundamental to
predict important features of the epidemic. By other hand, the mathematics of the Fractional Calculus’ models is

still a black box of surprises that the assembling between analytic and numerical studies can help to investigate.

References

[1] S. R. MAZORCHE AND N. Z. MONTEIRO - Modelos epidemioldgicos fracionérios: o que se perde, o que se ganha,
o que se transforma?. Proceeding Series of the XL CNMAC, 2021. (to appear)

[2] N. Z. MONTEIRO AND S. R. MAZORCHE - Fractional derivatives applied to epidemiology. Trends in
Computational and Applied Mathematics, vol. 0, n. 0, pp. 157-177, 2021.

[3] C. N. ANGSTMANN, B. I. HENRY, AND A. V. MCGANN - A fractional-order infectivity and recovery sir model.
Fractal and Fractional, vol. 1, n. 1, pp. 11, 2017.

[4] N. Z. MONTEIRO AND S. R. MAZORCHE - Estudo de um modelo SIR fraciondrio construido com distribuigao de
Mittag-Leffler. Poster presentation. Brazilian Society of the XL CNMAC, 2021. (to appear)

[5] N. Z. MONTEIRO AND S. R. MAZORCHE - Analysis and application of a fractional SIR model constructed with
Mittag-Leffler distribution. Proceeding Series of the XLII CILAMCE, 2021. (to appear)

[6] N. Z. MONTEIRO AND S. R. MAZORCHE - Application of a fractional SIR model built with Mittag-Leffler

distribution. Poster presentation. Mathematical Congress of the Americas, 2021.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e
UFCG - Universidade Federal de Campina Grande
XIV ENAMA - Novembro 2021 183-184
NUMERICAL ANALYSIS FOR A THERMOELASTIC DIFFUSION PROBLEM IN MOVING

BOUNDARY

RODRIGO L. R. MADUREIRA! & MAURO A. RINCON?Z

INCE, UFRJ, RJ, Brasil, rodrigo.rangel@nce.ufrj.br,
2Instituto de Matemética, UFRJ, RJ, Brasil, rincon@dcc.ufrj.br

Abstract

In this work, error estimates are shown for the semi-discrete and totally discrete problems of a linear
thermoelastic diffusion model with a moving boundary, considering the null boundary condition. The resulting
linear system is solved through three numerical methods: Coupled, Uncoupled with Predictor-Corrector and
Uncoupled. The order of convergence obtained in the L>(0,T; L*(Q2)) and L°°(0,T; H(Q)) norms is consistent
with the theoretical results.

1 Introduction

Consider the following thermoelastic diffusion problem:

@_ @_}_ %_A'_ aj_f( t)@
patz aaxg 'Ylax 7281'_ 1T, 1), 1M &J,

00 oP 920 Au PN
‘5 + da - k@ + N o = fa(w,t), in Q,

oP 90 .0*P 0%u oA (1)
na'i‘da_hw—‘rv?% —f3($7t), m Q7

u=0=P=0, in 3,

u(z,0) = uo(z), o'(z,0)=ui(z), 0(z,0)=0y(z), P(x,0)=Py(x), Vze[-K(0),K(0)],

where the domain Q C R? is defined by
Q={(z,t) eERx (0,T);z € L} and I, = {z € R;—K(t) < = < K ()},

and its lateral boundary is given by £ = |J {(—K(t), K(t))} x {t}, where K(t) is a function K : [0,T] — R,
0<t<T
which defines the moving boundary. The solution {u,#, P} of the problem (1) is composed of functions which

depend on the spatial and temporal variables = and t, respectively, that is, u = u(z,t), § = 0(z,t), P = P(x,t).
The apostrophe symbol, /, denotes the partial derivative with respect to t.

We will show the theoretical and numerical aspects of the (1) problem in order to establish the error estimate
of solutions in Sobolev spaces for the discrete problem and semi-discrete problem, as well as perform numerical
simulations to analyze the behavior of the solution, order of numerical convergence and errors. For theoretical
development, the Faedo-Galerkin method and interpolation theory results are applied to obtain an inequality from
the approximate solution to the exact solution. To obtain the numerical solution, the finite element method is
applied to the spatial variable and the finite differences method to the temporal variable. The system of ordinary
differential equations resulting from the application of these methods is naturally coupled. For the numerical

solution of this system, we developed the Coupled, Uncoupled with Predictor-Corrector and Uncoupled methods.
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2 Main Results

2.1 Assumptions

The function K (t) and the constants satisfy the following assumptions,

3 . . _ .
(H1) K € C°([0,T}; R), with Ky = oglgTK(t) > 0.

(H2) |K" (t)| < ¢K(t), Vt € [0,T], where ¢ > 0.

(H3) There is a positive constant K7 < 1, such that |K’(¢)| < K.
(H4) p, a, 71, 72, k and h are strictly positive.

(H5) The constants ¢, d and 7 are positive and satisfy cn — d? > 0.

Condition (H5) is necessary for stability of the problem (1). The existence and uniqueness of the solution
{u, 8, P} of the problem (1) are known in the literature (see [1]).

2.2 Discrete error estimates in the H}(Q) and L*(Q) norms

Under the conditions (H1)-(H5) and conveniently chosen initial data, we show that the error estimate in the H}(Q)
norm has convergence order O(h + At?) and the error estimate in the L?(2) norm has an order of convergence
O(h? + At?) (see [2]). Here, Q = (—1,1). Furthermore, h and At are, respectively, the mesh sizes of space and

time.

2.3 Numerical simulations

Numerical simulations are shown using three numerical methods developed for the resulting system of ordinary
differential equations: Coupled, Uncoupled with Predictor-Corrector, and Uncoupled. They all prove the theoretical

convergence order, however with very different execution times (see [3, 3]).
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Abstract

In this work we focus on approximations of travelling wave solutions for a nonlinear system of Boussinesq type
with a nonlocal operator. For numerical purposes, we focus on the case where the solutions are periodic functions
in space with period 2] > 0. Three approaches to calculate travelling waves are proposed and compared. For
this an efficient and stable scheme for the nonlinear system, based on a von Neumann stability analysis for the
linearized problem, is used to capture the evolution of approximate travelling wave solutions. Also, a scheme for

the corrugated bottom version of the nonlinear system is proposed and validated.

1 Introduction

Asymptotic analysis of the Euler equations is a successful method for the study of internal ocean waves. For the case
of intermediate depth for the lower layer and shallow upper layer, a strongly nonlinear model for internal waves was
obtained in [1]. It describes the evolution of the interface n(z,t) between the fluids and the upper layer averaged
horizontal velocity w(z,t), where x and ¢ represent the spatial and temporal variables, respectively. Considering a

weakly nonlinear wave propagation regime, flat bottom and in nondimensional variables that system reads:

e — [(1—an)u], =0,

(1)
1

The pseudo-differential operator 75 is the Hilbert transform on the strip and «, 8, p; and ps are positive

constants where a = O(p).

2 Main Results

For the discretization of the nonlinear system we consider its linearization around the zero equilibrium to implement
the method of lines. A fourth order finite difference scheme for spatial derivatives and a spectral approach for the
dispersive terms are considered in the semi-discretization and the classical fourth order Runge-Kutta (RK4) scheme
is used for time advancing. The stability conditions obtained in a von Neumann analysis are validated in numerical
tests and extended to the scheme for the nonlinear system (1) which includes the discretization of the nonlinear
terms a(nu), and auu, as presented in [2].

Initially, we consider as initial condition for the nonlinear system the traveling wave solutions of the Intermediate
Long Wave (ILW) equation and its regularized version (rILW). Both waves perform satisfactorily preserving their
shapes in a given time interval as presented in [4]. In addition, three approaches to calculate travelling waves for
the nonlinear system (1) are proposed in [3]. Supposing that the system admits a travelling wave solution, we define
the variable y = x — ct, integrate both equations on y and consider the integration constant to be equal to zero to
obtain
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—cn—(1—anu=0,
(2)

o
—cu+ §u2 -n+ c\/BZiT; [uy] + cguyy =0.
1

For the first approach we reduce system (2) to an equation on 71 using a second order Taylor approximation.
For the second approach we obtain an equation on u from system (2) using algebraic computations. For the third
approach we take the complete system (2). In all approaches we consider the wave speed ¢ as an unknown variable
and complete the problem with the conservation law

from system (1), where d is a constant.

The discretization is done considering an uniform grid on the interval [0, 2{] and the resulting system of equations
is solved by the Newton’s method using the traveling wave of the rILW equation as initial guess. The first approach
did not improve the results of the initial guess and the second approach presented profiles that perform worse than
the initial ones. On the other hand the third approach improved the results obtained in [4] and proved to be a good
method to obtain travelling waves for system (1).

In the last part of the work we consider a more general case of the intermediate wave model (1), where there is
an irregular topography on the bottom that can be described by a variable coefficient in a nonlinear system given
in the computational domain (&,t) by

1
N = W [(1 - 0“7)“]5’

3)

ut—i-

e T e T e (i)

M(¢) M(¢) p1 M(§) 0 3M(E) \M(E) )¢

This formulation allowed us to propose a numerical method for system (3) based on the one for the nonlinear
system (1). The effects of the topography in the solutions and in the stability conditions are illustrated and
compared with the solutions for the flat bottom cases.
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Abstract

We obtain improved regularity for viscosity solutions of a special class of nonlocal Lo(c)-elliptic equations.
More precisely, we introduce the notion of recession operator to the nonlocal setting, discuss its main features
and then apply a compactness method to transfer regularity from asymptotic profiles. The role of this class is

confined into some examples and a C1(“~1 regularity estimate.

1 Introduction

In this work, we are concerned with improved regularity estimates for viscosity solutions w of
I[w] = f(z) € L=(B), (1)
where 7 is a Lo(0)-elliptic operator under an asymptotic regime. Here, Ly(o)-ellipticity means that the inequality
Lotoy [t = V](@) < Z[u)(z) — Z[v](z) < M [u—v](2),
holds whenever they are well-defined, where

cuo o) = Jpf Llul(@), M) = s Llul(a),

and Ly(o) is the class of linear operators of the form
Llul() = [ (ulo+9) +ulz ) ~ 2u(a))K(s)dy,

where K is symmetric and satisfies \(2 — o) < |y["T7K(y) < A(2 — o).

The background for the search of qualitative properties of solutions to nonlocal equations of the type (1) have
gained much attention since the seminal work [1] of Caffarelli and Silvestre in 2009. So far, a lot of interesting
studies have emerged, for example, [2], from the same authors, in which they establish compactness results for
equations like (1) and extend the results from [1] to equations with z-dependence. They use a scalling argument
that relies on the invariance of the class of ellipticity. Therefore, to obtain Holder regularity for the gradient of the
solutions, they need to consider proximity to an operator on the subclass £1(0) C Lo(0), such that VI decay like
the gradient of |y| "7~

A few years later, in [3], Kriventsov establishes C'+# for some unknown f3 to equations like (1) with z-dependence
and merely bounded data using a pertubative argument. One can also find further regularity results when the main
operator is concave, or with better boundary regularity datum.

The key novelty of our paper is to bring the notion of recession operator to the nonlocal context(it was already
introduced in the local setting, see for example [3]), discuss it properly and adapt the strategy in [2] to transfer
regularity from the asymptotic profile of the main operator in (1). Under a special asymptotic regime, we are able to

o—1)"

improve regularity up to C1( , which is almost optimal. Furthermore, we don’t need the presence of concavity

or better regularity on the boundary values.
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2 Main Results

Given a nonlocal operator Z as in (1), we define the nonlocal recession operator Z* as a weakly subsequential limit(in
the weak sense of [2]) of the family {Z,},~0 as p — 0, where Z,, = uZ[p~"—]. This can be done by stability results
from [2], which assures that the nonlocal recession operator Z* always exists and is, at least, on the same class of
ellipticity of the original operator.

Under uniqueness assumptions of the convergence above, we are able to give some qualitative aspects to the

nonlocal recession operator such as
¢ Homogeneity of degree 1;
¢ Rate of convergence of the family {Z,},~0 as 1 — 0.

Besides that, through an adaptation of the compactness strategy written by Caffarelli and Silvestre in [2], we are
able to transfer regularity from the limiting profile to the solutions of the original equation, and so, the following

theorem comes out

Theorem 2.1. Let 0 > 1, w € C(By) N L®(R™) be a viscosity solution of (1) with T in the following asymptotic

regime:
(1) T is Lo(o)-elliptic and is translation invariant;
(II) The recession operator T* has C? estimates;

(III) For all ;1 >0 and 0 < XA < 1 there holds

AT uZ{p (AT )](A=) = AT uZlp AT o) ().
Then w € CH*(Bys) for every a € (0,1) such that 1+ a < o and hold the estimate

lwlleras,z) < C ([[wllpe@ey + 1fllzeB)) -

where C' depends on dimension, o, o and the constant from the C? estimates of T*.
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Abstract

In this work, we study the existence and nonexistence of solution for the following class of quasilinear
Schrodinger equations:

—div(g*(u)Vu) + g(u)g'(w)|Vul* + V(2)u = f(z,u) + h(z)g(u) n R,

where N > 3, g : R — R is a continuously differentiable function, V() is a potential that can change sign, the
function h(x) belongs to LQN/(N"'Q)(RN) and the nonlinearity f(z,s) is possibly discontinuous and may exhibit
critical growth. In order to obtain the nonexistence result, we deduce a Pohozaev identity and the existence of
solution is proved by means of a fixed point theorem.

1 Introduction
We consider the following class of quasilinear elliptic equations:
— div(g*(u) V) + g(u)g' (u)[Vul* + V(z)u = f(z,u) + h(z)g(u) n RY, (1)

where N >3, g: R — R, is a C'-class function, V : R — R is a potential that can change sign, f : RV x R — R
is a measurable function, which may have critical growth and h € L2N/(N+2(RN) h #£ 0. This work is based on
the article [4].

The study of equation (P) is related with the existence of standing wave solutions for quasilinear Schrodinger

equations of the form
0w = —Aw + W (z)w — p(z, [w*)w — Alp(jw|*)] o' (Jw]*)w, (2)

where w : R x RN — C is the unknown, W : RV — R is a given potential, p : Ry — R and 5 : RY xR, — R
are real functions satisfying appropriate conditions. Equation (2) is called in the current literature as Generalized
Quasilinear Schrodinger Equation and it has been accepted as model in many physical phenomena depending on
the function p. If we take g?(u) = 1 + M7 then (2) turns into quasilinear elliptic equation (P) (see [5]).
Furthermore, depending on the form of the function g, equation (P) can take several forms already well known in
the literature, such as

—Au+V(z)u=p(z,u) in RY,
—Au+V(2)u — AMw?u = p(z,u) in RY,
—Au+V(z)u — yA(ju[*)|[ul?u = p(z,u) in RV,

or

—Au+V(z)u— A[(1 +u?)?] 4 RE =p(z,u) in RV,

2(1 + u?
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Motivated by these physical and mathematical aspects, equation (P) has attracted a lot of attention of many
researchers and some existence and multiplicity results have been obtained, see [1, 2, 3, 5] and references therein.

In this work, we intend to prove a Pohozaev identity for the equation
— div(g?(u)Vu) + g(u)g' (w)|Vul* + V(z)u = p(u) in RY (3)

and, as a consequence of the identity, to exhibit the critical exponent for this type of equation. Moreover, under
convenient conditions on g(s), V(x), f(z,s), h(z) and by applying a fixed point theorem, we show that equation
(P) admits at least one weak solution.

2 Main Results

Theorem 2.1 (Pohozaev identity). Suppose thatu € C%(RYN) is a classical solution for problem (3), with g € C1(R),
V € CYRY,R) and p € C(R). Moreover, assume that

/RN [9%(u)|[Vul* + (|2 - VV (2)| + |V (@)]) u® + [ P(u)|] dz < oo, (1)

where P(s) = [ p(t)dr. Then, u satisfies the identity

N -2 N 1
7/ g*(u)|Vul?dz + — V(z)uldr + = / [z VV(2)] u’dz
2 RN 2 RN 2 RN

Proof To show this Pohozaev identity see [4].

Theorem 2.2 (Result of Existence). Assume appropriate conditions on the functions g, V and f. Furthermore,
assuming that h € L*N/(N+2(RN) | there exists 59 > 0 such that if |h|lan/(n+2) < 0o then equation (P) has at least
a weak solution.

Proof To know the proper assumptions about g, V and f and to prove this result of existence, see [4].
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Abstract

In this work we present two main results concerning the existence and multiplicity of non-trivial solutions
for the Choquard logarithmic equation (—A)Su+ |u[P " 2u+ (In|- | * [ul?)|[ul??u = f(u) in RY , where N = sp,
s€(0,1),p>2,a>0,A>0and f: R — R is a continuous nonlinearity with exponential critical growth.
Using variational techniques we guarantee the existence of a non-trivial solution at the mountain pass level
and a non-trivial ground state solution under critical growth. Moreover, via genus theory, considering f with

subcritical growth we prove the existence of infinitely many solutions.

1 Introduction

In the present work we are concerned with the existence and multiplicity of solutions to the following Choquard
logarithmic equation

(=A)pu+ [ulP"u+ (In |- [ ul”)[ul""*u = f(u) in RY, (1)

where N =sp, s € (0,1),p>2,a=1,A=1, f: R — R is continuous, with primitive F'(¢) = [ f(7)dr, and (—A)?

p

o o

is the fractional p-Laplacian operator.

The results presented here are based in [1] and inspired by [2], where the authors studied existence and
multiplicity results for the planar Schrodinger-Poisson system with polynomial nonlinearity, using variational
techniques and, when needed, considering subgroups of the rotational group O(2) C R2. For a more detailed
literature overview we refer to [1] and the references therein.

Based on works that deal with exponential growth nonlinearities, we ask the following conditions over f.

t
(f1) f € C(R,R), f(0) =0, has critical exponential growth and lim RION =
[t|—0 [t|P—2¢
(f2) there exists 6 > 2p such that f(¢)t > 0F(¢t) > 0, for all ¢ > 0.
2 _ a-p Sq
(f3) there exist ¢ > 2p and C; > 12(g f)] i

» q—p

Po
constant obtained from the Sobolev embeddings and py > 0 is a sufficiently small value.

such that F(t) > C,|t|?, for all ¢ € R, where S, is a suitable

Since the above conditions are sufficient to obtain the existence result, in order to get multiplicity we need a

stronger geometry for the energy functional. In this sense, we will need to consider the following.

t
(f1) f € C(R,R), f is odd, has subcritical exponential growth and \l|im0 |tj|;()2t =
t—
(f5) there exists ¢ > 2p and M; >0 such that F(t) > My|t|? , Vt € R,
Q)

(f4) the function ¢+ is increasing in (0, +00).

t2p71
The results presented here can be adapted to a gemeral version of (P) considering a ZY-invariant (or

asymptotically Z-invariant) continuous potential a : RN — R.
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2 Main Results

In the following, we only sketchy the proof. Detailed arguments can be found in [1].
Theorem 2.1. Assume (f1) — (f3), ¢ > 2p and Cy > 0 sufficiently large. Then,

(i) Problem (P) has a non-trivial solution u € X such that

I(u) = emp = inf Jnax I(~(t)),

where T' = {y € C([0,1], X) ; v(0) , I(v(1)) <0} and X C W*P(R¥) is a Banach space.
(i) Problem (P) has a non-trivial ground state solution u € X, that is, u satisfies

I(u) = ¢y =inf{I(v) ; v € X is a solution of (P)}.

Proof From conditions (f1)—(f3) it is possible to prove that I has the mountain pass geometry and, consequently,
there exists a Cerami sequence in the level ¢;,,. Let (uy,) C X be such sequence. Then, as I(u,) — ¢mp > 0, one
can prove that there exists a sequence (y,,) C ZY such that, up to a subsequence, @, = u,(- — y,) — u in X for
a non-trivial critical value of I. Moreover, considering the set K = {v € X \ {0} ; I’(v) = 0}, that is not empty
by item (i). Hence, since ¢, € [—00, ¢mp), One can prove in an analogously way that a minimizing sequence for K
converges to a critical point of I, u € K, satisfying I(u) = ¢q.

O

Theorem 2.2. Suppose (f1), (f2), (f4) and (fs). Then, problem (P) has infinitely many solutions.

Proof From the hypothesis, we can prove that ¢, (t) = I(tu), for all u € X and t € (0,+00) has the desired
geometry that allow us to guarantee that the values ¢, = inf{c > 0 ; yp(I¢) > k}, for all k € N, where D = IY,
I°={ue X ; I(u) <c} for c € R and 7p stands as the Krasnoselskii’s Genus relative to D, are critical values of
I and ¢ — +00, as k — +oo.
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Abstract

Neste trabalho, apresentamos um estudo sobre a existéncia de solucdo de energia minima para a seguinte

equagao de Choquard n&o linear

st vien = ([ S 4 o) uto)

(1)
u € DVA(RY),

onde N >3,0< pu <N,V eCRY, [0,+c0)), Q € C(RY, (0,+00)), f € C'(R,R) e F(t) = [ f(s)ds. A
nao-linearidade f : R — R é continua e tem comportamento assintoticamente linear no infinito. Além disso,
sobre certas condigdes da variedade de Nehari A e algumas outras desigualdades, estabelecidas no trabalho, a

equagao (1) tem uma solugao de energia minima.

1 Introducgao

Para a elaboracao deste trabalho, seguimos os artigos [1], [2] e [3]. Em 2018, os autores Sitong Chen e Shuai Yuan
estudaram a seguinte equacao de Choquard nao linear dado em (1). Consequentemente, expressaram o conjunto E

de modo que

E := {u € DV2(RY) : V(x)u?dr < +oo},

RN

afim de obter solugdo fraca para (1), cujo objetivo é encontrar um ponto critico ndo trivial para ®. Por meio de

métodos variacionais, podemos definir o funcional energia natural associado ao problema (1), ® : E — R por

O(u) = %/RN |Vu|2dx + % /RN V(x)uzd:c - %/RN . Wdy@(x)F(u(x))dw

Mostramos que ® é de classe C'(E,R). Recentemente, muitos pesquisadores comecaram a se concentrar na equagao

de Choquard com a nao linearidade ndo homogénea satisfazendo as seguintes hipoteses:
(F0) f € C(R,R) satisfaz

F(t) _ . F(t)

|t|]i>r-ri-loo |t| (2N —w)/(N-2) =0,

1 EN - /N =

existe uma constante Cy > 0 tal que

[tf(t)] < Co (Jt|EN—H/N 4 [¢|GN=m/(N=2)) * ¥ ¢ e R.

(Ql) V(z), Q(z) > 0; V2 € RN, V € C(RY,R) e Q € C(RN,R) N L=(RY, R);
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(Q2) Se {A,} C RY é uma sequéncia do conjunto de Borel tal que a medida de Lebesgue para A,, é menor do que

6,V nealgum § > 0, entao

lim [Q(2)] 777 dz = 0, uniformemente em n € N;
r—+00

A,NBE(0)

(@¥) & € L= (®),

(Q4) Existe p € (2,2%) tal que

2N

N1
[V(x)]>=2
. E(t)
F1 lim ——=* = +o0;
(F1) [t|—+oo |t
PR oo F@)
(F2) }5% W =0, se vale (Q3); ou }gr(l) W =0, se vale (Q4).

F(t F(t
(F3) lim 21(v7)# < 400, se vale (Q3); lim #) < 400, se vale (Q4).

[t =00 |¢| W= |£|—+o0 |t"’(22#

(F4) f(t) é ndo-decrescente em R.

Neste trabalho, explicitamos a existéncia de solucao de energia minima por meio do conjunto de Nehari,
N :={ue E\{0}:(®'(u),u) = 0}.

Para isso, garantimos que o funcional ® associado ao problema (1) possui a Geometria do Passo da Montanha,
utilizando as hipoteses de crescimento assumidas sobre a fungao f acima, e asseguramos a existéncia de uma
sequéncia limitada de Cerami (u,,)nen para ®. Por fim, evidenciamos que o funcional ® possui infimo e é atingido
para algum elemento uw € H(RY).

Note que (V, Q) € K significa o conjunto de todos os potenciais V' e @ tais que (Q1)-(Q4) sdo satisfeitas.

2 Resultado Principal

O principal resultado deste trabalho pode ser descrito da seguinte forma:
Teorema 2.1. Suponha que (V,Q) € K e f € CY(R,R) satisfazendo (F1)-(F4). Entdo (1) tem uma solucio de

energia minima U € E tal que ®(u) = ijr\l/f ® > 0.
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Abstract

This work is devoted to studying non-variational, nonlinear singularly perturbed elliptic model enjoying a
double degeneracy character with prescribed boundary value domain. For each € > 0 fixed, we seek a non-

negative function u* satisfying

I
N
BN
B

e

lu}
N

[IVu|? + a(z)|Vu |7 Au® em
u®(z) = g(z) em 09,

in the viscosity sense for suitable p,q € (0,00), a,g, where (. one behaves singularly of order O(¢™!) near
e-surfaces. In such context, we establish that solutions are locally (uniformly) Lipschitz continuous, and they
grow in a linear fashion.

Keywords: Singular perturbation methods, doubly degenerate fully non-linear operators, geometric regularity

theory.

1 Introduction

In this work we shall develop to study (locally) sharp and geometric estimates of one-phase solutions to a singularly
perturbed problem having a non-homogeneous degeneracy, whose mathemtical model is given by: Fixed a parameter
e € (0,1), we would like to find u® > 0 viscosity solution to

{[Vu5|p+a(x)|Vu5|q]Au5 C(z,uf) in Q ”

uf(z) = g(x) on 09,

for a bounded domain 2 C R™, where 0 < g € C°(99).

In a few words, under appropriated hypothesis on data, we show that, for ¢ — 0%, the family {u®}.~¢ to (1) are
asymptotic approximations to a one-phase ug of an inhomogeneous non-linear free boundary problem, which arises
in the mathematical formulation of some issues in flame propagation and combustion theory.

We suppose that the expoents p, ¢ and the modulating function a(-) fulfil
0<p<g<oo e a e CQ,[0,0)). (2)

The reaction term, i.e, (.: 2 x Ry — R, , represents the singular perturbation of the model. In this point, we
are interested in a singular behaviour or order O (%) along {u. ~ e}. Hence, we are led to consider reaction terms
fulfilling

=

By < (e(z,t) < X9 &)+ B, V(zt)eQxRy, (3)
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for nonnegative constants A, By, B > 0. Note that ¢, = 0 satisfies (3). Then, we shall also impose the following

non-degeneracy assumption in order to ensure that such a reaction term enjoys an authentic singular character:

I= inf eC(x,et)>0, 4
Qxl[;l)’TO]eC (z, €t) (4)

for some constants 0 < ¢ty < Ty < 0o, where .# does not depend on e.

2 Main Results

Teorema 2.1 (Optimal Lipschitz estimate ). Let {u}c>o be a solution(l). Dado ' € , there exists a

constant Cy depending on dimension and on ', but independet of € > 0, such that
|V Lo oy < Co.
Additionaly, if {u¢}eso is a uniformly bounded family, *, then it is pre-compact in the Lipschitz topology

From now on, we will label the distance of a point in the non-coincidence set g € QN {u¢ > 0} to the

approximation boundary, I'c, pby
de(zg) = dist(xo, {u® < €}).

Teorema 2.2 (Linear growth). Let {u‘}.~o be a Perron’s solution to(1). There exists a positive constant
c( parameters) > 0 such that, for o € {u® > €} and 0 < € K d.(z9) < 1, there holds

u(zg) > ¢ de(zo).
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Abstract
This work is dedicated to the study of a nonvational class of singular elliptic equations ruled by the infinity
Laplacian. We provide optimal regularity C*# regularity along the singular free boundary, where in particular,
the optimality is designed by the magnitude of the singularity. By virtue of a suitable penalization scheme
and a construction of radial super-solutions, existence and non-degeneracy properties are provided where fine

geometric consequences for the singular free boundary are further obtained.

1 Introduction

The main purpose of this work is to study geometric and qualitative properties for nonnegative viscosity solutions

of the following singular free boundary problem

{Aoou = o7 in Qn{u>0}, ()

U = @ on 01,

with 0 < v < 1,2 C R" is a bounded smooth domain and ¢ > 0 is a given smooth boundary data. This type of
singular free boundary problem brings extra difficulties. In this case, the nonhomogeneity term blows up along the
a priori unknown set d{u > 0}— called free boundary. In order to circumvent this issue, we shall deal with the
penalized problem

Asu = Be(uw)u™ in {u> 0},
U = Ve on o9,

where the term B.(s) is a suitable approximation for the function x (-0} , and for each parameter € > 0 the source
term B.(s)s~" is a Lipschitz function defined on R. In addition, the boundary data . is assumed approximating

@ given in (1).

2 Main Results

In view of this, we shall obtain regularity estimates for limiting solutions w of (1), given by

u = lim u,
e—0

Nonetheless, this approach still brings a delicate issue: since nontrivial nonnegative solutions u. may not present
free boundaries d{u. > 0}, it would not be reasonable to get estimates at the free boundary 9{u > 0} as limits of
the ones at d{u. > 0}. This is well observed in the radial examples that satisfy

inf 2 €.
e

In order to overcome this problem, we prove the main ingredient of our analysis: a new oscilation estimate at
floating level sets. The innovative feature concerns an interrelation between radii and appropriate nonzero level

sets. More specifically, we prove the following theorem:
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Theorem 2.1 (Optimal oscillation estimates for floating level sets). There exist constants C' and kg
depending on universal parameters, with no dependence on € > 0, such that if v is a nonnegative viscosity solution
of

Axv=B:(v)v™7 em By

then, for any

there holds

sup v < Ck%,
By (x)

for the exponent

4

a= :
3+
Thanks to the Theorem (?7?), it was possible to prove that at points on the free boundary 9{u > 0}, limiting

solutions are precisely of the class C1''~® . Surprisingly, such regularity is essentially superior than regularity
results involving nonsingular infinity Laplacian equations, even considering the class of infinity harmonic functions.
Consequently, this result allowed us to obtain estimates of non-degeneracy and geometric measurement property
for the free boundary 0{u > 0}.
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Abstract

Neste trabalho, estabelecemos a existéncia de solugoes positivas para o problema eliptico com nao linearidades

do tipo concavo-convexa, dado por

(=A)su + V(ex) [ul"?u = M(ex) [u|**u + glex) |u]"?u, em RY, (P)
ue WHP(RY). ©
onde €, A > 0 s@o parametros positivos, N > ps com s € (0,1) fixado, 1 < ¢ < p < r < p;, e p; = NJZILS.

Consideramos hipdteses adequadas sobre as fungdes f e g, e para o potencial V, para concluir um resultado
de existéncia de solugoes positivas para o problema acima utilizando a conhecida variedade de Nehari. Mais
especificamente demonstramos a existéncia de uma solucdo ground state positiva em N e outra solucdo positiva

em N[ .

1 Introducao

Este trabalho é um recorte do trabalho final de dissertacdo o qual foi motivado pelo artigo dos autores Qingjun
Lou e Hua Luo, [1]. Para demonstrarmos o resultado de existéncia de solugdes para o problema (1), consideramos

as seguintes hipéteses sobre as fungoes f e g:

(F) f20,#0, f € I®Y)NCRY), (g = ) onde |f]; > 0 ¢

fmax = ;2%% f(fE) = 1’

(G) g é uma funcdo continua, positiva e definida em R™. Além disso, g(z) < 1 para todo # € RY.

Para o potencial V' consideramos a seguinte hipotese:

(V) V € C(RN,R) e satisfaz
Voo := liminf V(z) > Vp := inf V(z) > 0.
|z| =400 zERN
A hipétese (V) é muito comum em trabalhos dessa natureza e foi introduzida em [3] por Rabinowitz. Neste trabalho
Rabinowitz demonstrou que se o potencial é coercivo, é possivel garantir a existéncia de imersées compactas do
espago de trabalho para o espago L*(RY), com ¢ € [2,2*), onde 2* = %, mesmo trabalhando sobre um dominio
ilimitado. Ressaltamos que este resultado nao se aplica em nosso caso, pois existem potenciais satisfazendo (V') que
nao sao coercivos. Portanto a perda da compacidade foi um dos principais problemas abordados.

Ao problema (1) associamos o seguinte funcional energia

_} MI‘ 1 xuxp:v—é xuqu—l xuxrx
= [ f Py | Ve p@Pad [ pep@pa [ genp@r

|z —
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Uma vez que estamos com potenciais gerais, afim de recuperar algumas propriedades importantes, definimos o
seguinte espago de trabalho:

X, = {u e WP(RY): V(ex) |ul’ dz < oo} .

RN

Neste momento ressaltamos que as principais informagoes sobre o operador p-Laplaciano fracionario e o espago
de Sobolev fraciondrio W*P(RY), foram obtidas de um modo geral por [2]. Para iniciarmos a construcio do
resultado, foi necessario definirmos as fibras ligadas ao funcional I. as quais podem ser escritas do seguinte modo,
Yu : Rf — R e para cada fungio u fixada, temos que v, (f) = I.(tu). Na sequéncia introduzimos a famosa

variedade de Nehari, dada por

N ={ue X\ {0}:+,(1) =0}.
Para alcancarmos nosso resultado, dividimos a variedade acima em trés novos conjuntos,

NF = {ueNsq ) >0},

N = {u € Nz, (1) < 0}7

N = {ueNar() =0},
e exibimos condicoes suficientes para que N seja vazia. Deste modo, utilizando a coercividade do funcional I.
sobre NV, fomos capazes de demonstrar a existéncia de uma sequéncia de Palais-Smale em cada uma das variedades
N e N, as quais nos forneceram um resultado de existéncia de solu¢do para o problema (1). Na sequéncia,

regularizamos estas solugoes via iteracdo de Moser e por fim aplicarmos o principio do méaximo forte de onde

estabelecemos a existéncia de solugoes positivas para o problema (1).

2 Resultado Principal

O principal resultado deste trabalho pode ser descrito da seguinte forma:

Teorema 2.1. Seja 0 < A < %)\0, onde Ay € um parametro suficientemente pequeno. Suponha ainda que f,g e V.

satisfagam as condigoes (F), (G), e (V). Entao o problema (1) possui pelo menos 2 solugées positivas, uma em
N e outra em N .
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Abstract

! Stabilized hybrid finite element methods are proposed for the Helmholtz problem with Robin’s condition
using two different types of multipliers. These multipliers (continuous or discontinuous) are introduced to
weakly impose continuity at the interfaces of the finite elements. We presented numerical results illustrating the
great stability , precision and robustness of these formulations adopting polynomial spaces for the pressure and

multipliers.

1 Introduction

Acoustic waves (sound) are small pressure fluctuations in an understandable fluid. These oscillations interact in
such a way that the energy spreads through the medium. Assuming a linear constitutive law and considering
the propagation of harmonic waves over time, we obtain the Helmholtz equation whose solutions depend on a
parameter r, called wave number [1], which characterizes the frequency of oscillations of harmonic solutions. As
analyzed by Thlenburg and Babuska [5], the finite element method with linear approximations presents adequate
asymptotic behavior, with optimal convergence rates, only for extremely refined meshes, which obey the condition
k2h < 1, which makes this approach unviable for real problems with high numbers of waves . Loula and
Fernandez [6] proposed a Petrov-Galerkin (QOPG) method whose weight functions are obtained by minimizing
a local least squares functional truncation error. This method has good properties of stability, precision, generality
and robustness.

To determine better approximations methods of discontinuous finite elements (DG) have been proposed. Despite
the advantages offered by the DG methods, due to its formulation complexity, computational implementation and
a high number of degrees of freedom have been proposed hybridizations for the DG methods in order to derive
new finite element methods with better stability characteristics and reduced computational cost but preserving the
robustness and flexibility of the DG Methods, [2].

We will study the Helmholtz equation

—Ap—r’p=f, em (1)
with Robin’s condition,
—Vp-n+ikp=g, em 0N (2)

where Q C R? is a polygonal domain. We present three methods stabilized hybrid finite element methods, two
with Lagrange multiplier associated with pressure, one with continuous multiplier denoted LDGC-P and another
discontinuous denoted LDGD-P, and the third with multiplier associated with speed denoted LDGF-P.

1This research was supported by the CNPq and Universidad Nacional Mayor de San Marcos - RR N° 005753-2021 and project
number B21142201.
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2 Main Results

The obtained approximations present reduced numerical pollution, optimal rates of convergence, flexibility and
robustness. Numerical studies have shown that with the same number of global degrees of freedom, the LDGC-P
method is more accurate than the LDGD-P method. In the case of the LDGD-P method projected, the choices
Q2 — p; and Py — p; can recover the optimal convergence rates for the primal variable. It was also observed that
this projection applied to the LDGC-P method, with a continuous multiplier, does not have the same stability
and precision as the LDGD-P method, particularly with triangular elements. We also analyzed a stabilized
primal hybrid formulation LDGD-F, where the multiplier is associated with the flow, as in the classic primal
hybrid formulation of Raviart and Thomas [9] and in its stabilized version proposed by Ewing, Wang and Yang [3].
Compared with the formulation LDGD-P we can see that, choosing the degree s of the polynomial approximation
of the multipliers equal or greater than the degree [ of the polynomial approximation of the primal variable, that is
s > 1, the hybrid methods LDGD-P and LDGD-F provide the same approximations for the primal variable py,.
However, for s = — 1 these approaches differ. Results of convergence studies show that, for this choice s =1 —1,
the LDGD-P method can present optimal convergence rates for the primal variable p; when is used a projection
of the terms of edges in the multiplier spaces. Already the LDGD-F method presented optimal convergence rates
of the primal variable py, for the choice s =1 — 1, without the need of this projection.
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Abstract

Neste trabalho apresentaremos um resultado de existéncia e nao-existéncia de solugbes positivas para uma
classe de problemas quaselineares de autovalor. Mostramos a existéncia de uma aplicagdo continua A : [0, a+] — R
tal que o grafico dessa aplicagao define a regido de existéncia e ndo-existéncia de solugbes positivas. A ferramenta

principal usada s&o os métodos variacionais para funcionais localmente Lipschitz nos espagos de Orlicz-Sobolev.

1 Introdugao

Neste presente trabalho estamos interessados em solucoes positivas para a seguinte classe de problemas quaselineares

{ —Apu = M(z,u)X[u>q em Q, ()
u = 0 sobre 01,

onde Q ¢ RY é um dominio limitado, N > 2, a e \ sdo parametros prositivos, y é a funcio caracterfstica, f é uma

funcao continua satisfazendo condigoes apropriadas e @ : R — R é uma N-funcao dada por ®(¢) = O‘tl sp(s)ds,

onde ¢ : (0,+00) — (0, +00) é uma fungao de classe C'. Com o intuito de utilizar métodos variacionais, inspirados

por Fukagai e Narukawa [2], assumimos que ¢ satisfaga as seguintes condigoes:

(¢1) (¢(t)t)" >0, ¢ > 0;

(¢2) existem I,m € (1, N) com m € [[,1*) e [* = %, tais que

‘I)/
1 < (1)t <m t>0;
®(t)
(¢3) existem kg, k1 > 0 tais que
D" (1)t
ko < <k t>0
0= ) = 1

(¢4) ¢ é uma fungdo mondtona nao-decrescente em (0, 00);

~

Da mesma forma, assumiremos que f : Q x R — R é uma funcdo continua verificando:
(f1) parax € Q, f(x,t) <0parat<0,e f(x,t) >0 parat > 0;

(f2) existe Cy > 0 tal que
fz, )t < Co®();

t)t _

(f3) tiigrnoo fg(’ t)) = 0, uniformemente em ;
t)t _
(fa) lim fg(’t)) = 0, uniformemente em ;
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(fs) para cada z € Q, a funcdo f(z,-) é ndo-decrescente em R .

Observamos que o problema (1), para o caso a = 0, é exatamente o estudado por Fukagai e Narukawa em
[2]. Contudo, para a > 0 a existéncia de solugdes positivas ndo é tao simples, pois estamos com nao-linearidade
descontinua, logo temos que trabalhar com a teoria de funcionais Lipschitz e gradientes generalizados.

Enfatizamos que entendemos por solugao do problema (1), uma funcdo uy,, € VVO1 ’é(Q) satisfazendo:
i) [[uxa = all > 0;

ii) existe (-, uxq) € Lg(2) tal que
/ d(|Vur,al)Vur,o Vodz = A C(x Unq)vde, vVE Wol’q)(Q).

Além disso, ((z,ux,q) € OFg(x,uxrq) q.t.p. € Q, onde Fy(z,1) fo (s>a)f (2, 8)ds.
Ademais, temos um segundo sentido de solugdo, o qual é apoiada por Gasiriski e Papageorgiou em [1]. Dizemos

que uy o é uma S-solugdo para o problema (1) se, uy,, é solugdo de (1) e |[uy,, = a]| = 0.

2 Resultado Principal

Teorema 2.1. Suponha que ¢ e [ sio funcées satisfazendo (¢1)-(¢4) e (f1)-(f5), respectivamente. Existem uma

constante a, > 0 e uma aplicagdo continua nao-decrescente A : [0,a.] — Ry, tais que, para cada a € [0, a,]:
i) para todo A € (0,A(a)), o problema (1) ndo possui solu¢do;
ii) para A = A(a), o problema (1) possui pelo menos uma S-solugdo positiva;

iii) para todo A > A(a), o problema (1) possui pelo menos duas solugdes positivas uy,q € Vx,q satisfazendo vy, < Ux,q

€ Uxg 7# Uxq em §2, onde uy o € uma S-solugdo.

Prova: Inicialmente mostramos que para cada a, > 0 existe A, := A(ay) > 0 (de modo que se a, — +00, entao
A, — 400) tal que para todo (a, A) € [0,a,] x [\, +00) 0 problema (1) possui uma S-solucio positiva em Co*(9Q),
para algum « € (0, 1). Dessa forma, podemos definir a aplicacao A : [0,a,] — R, dada por

A(a) :=inf{\ € R} : existe uma S-solugao positiva de (1)}.

Assim, o item (i) fica mostrado. Para os outros itens aplicamos os métodos de sub e supersolucao e Teorema

do Passo da Montanha para funcionais localmente Lipschitz ao funcional

IML(u):/<I>(|Vu|)dx—/\/Fa(a:,u)dx, we Wh(Q).
Q Q
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Abstract

In this paper we show multiplicity of solutions for a parameterized quasilinear Schrédinger equation in the
presence of a square diffusion and indefinite superlinear term. Due to the presence of the quasilinear term,
we can no longer work on the standard Sobolev spaces to show existence and non-existence of solutions. We
overcome these difficulties by using perturbations arguments, Nehari sets and nonlinear Rayleigh quotients. As
a by product of this approach we show that the associated energy functional has non-zero global minimizers

only for small parameters.

1 Introduction
This work is concerned mainly with existence and multiplicity of solutions for the quasilinear Schrédinger equation

Au— Euau? = f@)|uP™2u  inQ,
2 (1)
u=20 on 01},

where A is the Laplacian operator, x > 0, p € (2,4), f € L>(Q) may change its sign, and Q@ C R¥ is a smooth
bounded domain.

Due to the presence of the square diffusion term uAw?, it is well known that the natural functional space
HL(Q) := VVO1 2(Q) is “too big” to look for variational solutions, while VVO1 4(Q) may be “too small” and so a natural

candidate would be the metric, but not vector space,
X = {ue HYQ): /u2|w2 < o0}
endowed with distance function given by
dx (u,v) == |lu—v|12+ HVu2 - Vv2||2.
Even though one makes sense to define a function v € X as a weak solution of (1) whenever
/(1 + ku?)VuVe + ﬂ/u\Vu|2g0 = /f(ac)|u\p_2ug0

holds for all ¢ € C§°(Q2), the lack of closedness of X with respect to its metric dx leads X to be also“too big” to
approach the problem (1) in a variational sense. So, after these points, we were led to infer that the framework
Y := (Y,dx), defined by
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In spite of Y seems to be an appropriate space, we have no guarantee that it is a linear normed space, which

prevents us to apply directly the usual minimax techniques to the energy functional

1 1
<I>,{(u):5/(1+/{u2)|Vu|2—5/f|u|p, u €Y,

to find its critical points (that we call weak solutions of (1)), that is, functions u € Y such that ®/ (u)p = 0 for all
v € C§° (), where

O (u)p = /(1 + ku?)VuVe + /@/u|Vu|2<p - /f|u|p_2u<p, v € C5 ().

Inspired on ideas from [1, 3, 2], we approach our problem by using a perturbation of the original energy functional
®,., defined by

Lin(u) = %/|Vu|4dx + B, (u), ue WH(Q).

2 Main Results

Theorem 2.1. Let p € (2,4). Then:

(i) the problem (1) admits two solutions wy,u, €Y N L>®(Q), for each k € (0, k), that satisfy P, (w,) > 0 and
inf,ey @, = @ (uy) < 0. Moreover, ||u.| — oo as k — 0,

(ii) the problem (1), for k = ki, admits two solutions wys,uxs € Y N L>(Q) that satisfy ®x(wys) > 0 and
infuey (P"QS = ¢I€3 (UKS) = 0,

(1i3) if Kk > K§, then inf,ey @, =0 and u = 0 is the only minimizer. Moreover, the problem (1) does not admits
any non-trivial solution for any kK > K* .

Moreover, wy, u., for k € (0, k), are bifurcations-solutions for the solutions wy, ., u, . of Problem (?7) at p=0.
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Abstract

Neste trabalho, estudamos o problema de Dirichlet para a seguinte equagao diferencial parcial

[Vul|

—div (MVU) = F(z,u) em
u=g em O,

onde © é um dominio limitado de classe C** contido em uma variedade Riemanniana completa M, g € C**(Q),

F:QxR—=Rea:[0,+00) — R sio fungdes satisfazendo determinadas condigdes.

1 Introdugao

Seja M uma variedade rimanniana completa e @ C M um dominio limitado de classe C%*. Consideremos o
problema de dirichlet
—Q(u) = F(z,u) em

(P'D){ u=g em 0N

onde g € C*%(Q), Q(u) = div (a(‘vu‘)Vu), a:[0,4+00) — R ¢é tal que a € C([0,+o0)) N C((0,+00)), a >0 e
e

[Vul
a’ >0 em (0,400) e a(0) = 0. Para garantir a elipticidade é exigido conforme [1] que

I
Ogignso {A(s)7 1+ Sj(S) } >0
para todo so > 0, onde escrevemos a(s) = sA(s).

Além disso supomos que F :  x R — R é ndo-crescente em ¢t € R. Notemos que quando a(s) = sP~1, p > 1, temos
que Q(u) = div (\Vu|p_2Vu) que é o operador do p-laplaciano.

O problema de dirichlet acima é uma generalizacdo do caso em que F=0. Os autores em [1] estudam esse caso
particular. Muitos resultados obtidos em [1] se estendem para o caso F # 0. Dentre eles, destacamos o resultado

que segue abaixo.

2 Resultados Principais

Teorema 2.1. Fizemos p € M. Seja Q dominio limitado de classe C*“,Q compacto e suponhamos que
Q c M —{C,(p)U{p}}, onde Cp,(p) € o lugar dos pontos minimos. Suponhamos tambem que g € C**(Q).
Suponhamos que F : Q x R — R de classe C* € tal que Fy(z,t) <0, V(x,t) € Q x R. Denotemos a(s) = sA(s) e
assumimos que

(i) A€ C12([0,00)) N C* ((0,00))

para todo sy > 0.
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(i1) Eziste uma fun¢do nao-decrescente ¢ : [sp, +00) = R para algum so > 0 tal que

+oo
/ CP(;) dr = 400
s
S0

(1+b7)s* > o(s)

onde b(s) = SZEE‘;) —1 eb (s) =min{db,0}.

(iii) Existem cg >0 e aq > 0 tal que

a1 > 140b(s) > ap, Vs>0.

(iv) Ezistem so > 0,8 > 0 e uma fungdo ¢ € C([0,400)) com lm (s) = +oo tal que

s5—+400
(b(s) + 1 — BT (s)s — B(b(s) + 1)) s* > 1(s), Vs> sg

onde 't (s)= maz{V'(s), 0}.
Entdo o problema de Dirichlet, tem uma tinica solucdo u € C*%(Q).
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Abstract
Apresentaremos a andlise matemédtica de um sistema de equagées diferenciais parciais que modela um fluido
multifasico sob o efeito de um campo elétrico. Provamos a existéncia de solucdo fraca global e mostramos

resultados de regularidade, global no caso bidimensional e local no caso tridimensional.

1 Introducgao

Estudamos o seguinte sistema de equacoes:

%‘; + (u- V)u=—Vp+2div(u(c)D(u)) + pT (p) + $Vec em Qr, (1)
div(u) =0 em Qr, (2)
%+(u-V)p+p=0 em Qr, (3)
% + (u-V)e=div(M(c)V¢) em Qr, (4)
¢ =" (c)— Acem Qr, (5)
0 0 0A

:37101:871/1:37110:0 sobre 92 x (0,7, (6)
/Q p=0, (™)
u(0) = uo, p(0) = po,c(0) = co em £, (8)

onde Qr = 2 x (0,7), com ©Q um dominio aberto e limitado de R™, n = 2,3. As incégnitas sdo: a fungdo u
que representa o campo de velocidade do fluido, a pressao p, a densidade de carga livre p, o campo de fase c e o
potencial quimico ¢. M é a mobilidade do campo de fase, D(u) := (Vu+ Vu?)/2 é a parte simétrica do gradiente
e T :L?(Q) — (HY(Q))" é um operador linear satisfazendo

IT (Pl < Clipl Lo 9)

O sistema (1)-(8) foi obtido por meio do modelo proposto por Yang, Li e Ding em [2]. Tomamos a densidade de
massa volumétrica pg, a constante dielétrica e, e a condutividade dielétrica o constantes positivas. Assumimos que
a mobilidade do campo de fase M depende de ¢. Admitimos a condi¢ao de contorno de Neumann homogénea para
¢, V e Ac, ja para u colocamos a condi¢ao de Dirichilet homogénea. Além disso, supomos que a carga livre total
é nula, isso é, [, p = 0. Por fim, trocamos o operador 7T : L?(Q) — (HY(2))", n = 2,3, dado por T (p) = —VV,
onde V é a solugdo de AV = —p em %—K =0 sobre 0f2, por um operador mais genérico, satisfazendo apenas a
condicdo . Depois desse procedimento, as constantes que apareceram nas equacoes, por simplicidade, foram tomadas
todas iguais a um.

As hipéteses assumidas sobre ¥ foram tais que o caso de um polinémio de quarta ordem com minimos em 0
e 1, fosse contemplada. Este polindmio é conhecido como potencial de pog o duplo (double well potential) e é o

potencial que aparece no modelo original de Yang e Ding.
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2 Resultados Principais

Os principais resultados sdo os teoremas a seguir, cujas demonstragdes podem ser encontradas em [1], no capitulo
4.

Teorema 2.1. Suponha que 2 C R™, n = 2,3 e (ug, po,co) € H x L*(Q) x HY(Q). Entdo, existem u, p, ¢ e ¢ tais
que

uc L>=0,T; H)NL*0,T;V), pec L>0,T;L*(Q)NH'0,T;W3(Q)),
c€ L0, T H'(Q)) N L*(0, T; H*(Q) N HY(0, T; HY(Q)), ¢ € L*(0,T5 H'(Q)),
ou

P
€LV ) sen=2 e a—‘: e LY3(0,T; V") se n = 3.

e satisfazem as sequintes equagoes:

<O;?,v>—|—/ﬂu(c)D(u):D(’u)—i—bu(u; ", v):/prr(p)-w/ch-v, (1)
XV (up) 9 =0 em (@), @
<gj,z> +b(use, 2) +/QM(C)V¢-VZ _o, 3)
¢ ="'(c) = Ac g.t.p. em Qr, (4)
u(0) = ug, ¢(0) =co g.t.p. em Q e p(0) = po em H'(Q), (5)

para todo v €V e z € H(Q) e no sentido das distribui¢ées em t. Na equagdo (1), D(u) : D(v)

A solugdo (u, p,c,¢) € chamada solugdo fraca para o problema (1)-(8).

tr(D(w)TD(v)).

Teorema 2.2 (Regularidade). Seja Q C R™, n = 2,3. Suponha que ug € V, py € LP(Q), p > 3, co € H*(Q) e

% = 0 sobre Q). Entdo, u, c e p dados pelo Teorema 2.1 satisfazem as seguintes reqularidades:

ue L=(0,T;V)NL20,T; H*(Q)) N H'(0,T; L*(Q)),
ce L®(0,T; H*(Q)) N L*(0,T; H4(Q)) N H(0,T; L*(2)),
p € L>=(0,T; LP(Q)) N H*(0,T; H(Q)).

para todo T > 0 no caso em que Q C R? e para T = T, com T, suficientemente pequeno, para o caso em que
Q CR3.
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Abstract

This work deals with Cauchy problem for the two-dimensional incompressible micropolar fluids model through
the velocity-vorticity formulation. It is assumed null angular viscosity and singular initial data, which includes
the possibility of vortex sheets or measures as initial data in Morrey spaces. By means of integral techniques we
establish the existence of weak solutions local and global in time. Also, the uniqueness and stability for these

solutions are analyzed.

1 Introduction

The incompressible micropolar fluid motion in R?, in the velocity-vorticity formulation, is described by the following

coupled system

Ow — (V4 K)Aw + (u - Vw = —26Ab + curl f,
Otb — yAb+ 4kb + (u - V)b = 2kw + g,

u=K *xw, (1)
w(-,0) = wp, b(-,0) = by,

where K is the Biot-Savart kernel, that is,

1
K(x) = %|w|_2(—x2,x1), z € R (2)

Here w is the velocity field, b is the microrotation field interpreted as the angular velocity field of rotation of
particles, w = curl u is the vorticity field, f and g are given external fields, and the constants v, k, 7y are viscosities
coefficients. We assume, without loss of generality, f = 0 and g = 0. The velocity fields given by (1) may include,
in particular, the case of vortex sheet.

In the Navier-Stokes case (k = 0 and b = g = 0 in the micropolar model), there are several works with singular
initial data, for instance [2, 3, 5], and the references therein. In all these papers the parabolic character of the
vorticity equation was of great importance. In the micropolar case, this was also a key argument in [4], in the
particular case of null angular viscosity (v = 0), to prove the global existence and uniqueness of smooth solutions
for the micropolar model with initial data in H*(R?), s > 2. Motivated by these works, the goal of this paper is to
analyze the Cauchy problem associated with the two dimensional micropolar fluids with partial viscosity, namely
v =0, in terms of the evolution of the singular initial vorticity. We are also interested in the asymptotic behavior
of the micropolar fluid motion with respect to time ¢ > 0 as well as in the case of vortex sheets structure of vorticity
described above.
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2 Main Results

We use the standard notation for the Lebesgue and Sobolev spaces and we denote the Morrey-type space of measures

by MP(R"™).
Theorem 2.1. Let wg, by € L'(R?) N L>(R?). Then, the system (1) has a unique global mild solution and the
inequality

lu, Ol < Clvsw){(v+r)t} 12 (1)

holds, with t € (0,T], for all T > 0. Moreover, assume that (w,u,b) and (&, ,b) are mild solutions of system (1)
with initial data (wo,bo) and (Do, bo), respectively. Then, the following inequalities are verified

I(w =) (-, 1)l < Ct2, (2)

l(w = @), )l + 1w = @) t)lloo + 1= D), D)1 + 110 = B) (-, )l < CIL 3)

where T = TI(wo, bo, Wo,bo) = max{|lwo — Goll1, lwo — Wollees 160 = boll1, [[bo — bollec} and C > 0 is a constant
independent of II.

Theorem 2.2. Let wg € M(R?) and by € M(R?) N MP(R?), with p > 2. The system (1) has a unique global weak
solution such that

lu, Ol < Clv,m){ (v +r)t} 12,

with t € (0, T, for all T > 0. Moreover, the solutions are also stable in an analogous sense to (2)-(3), where in this
case T1 depends on the norms M(R?) and MP(R?) of the initial data.
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Resumo

Neste trabalho serd apresentado a existéncia e estabilizacdo da solugao de um sistema termoeldstico com
dissipacdo nao linear na fronteira. Provaremos inicialmente a existéncia através da Teoria de Semigrupos de
Operadores Nao Lineares. Posteriormente para andlise da estabilizagdo utilizamos um método que consiste em

perturbar adequadamente a energia do sistema.

1 Introducaoo
Nosso objetivo é estudar o seguinte sistema termoeldstico

utt_ux$+9x20

et_ezz+uxt20

Para 0 <z < L e 0 <t < 400, com as seguintes condicoes de fronteira.

e condicao inicial
u(z,0) = ug(x), w(z,0) = ui(x).
Onde g : R — R é uma funcgao continua decrescente que satisfaz,
IXN>0, ¢>0; [g(s)] < cls]; [s] <1,
Je>0; lg(s)l <clsl; [s[ =1,
3p > 1, ¢>0; g(s)s > st [s] <1,

3e > 0; g(s)s >cls]?; |s] > 1.

A energia do sistema (1)-(4) é dada por

O Espago de fase H é dado por
H =V x L*0,L) x L*(0, L),

onde V = {u € H*(0,L); u(0) =0}.

Para obter a estabilizacdo fizemos como em [2].
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2 Resultados Principais

Para mostrar a existéncia de solugéo do sistema (1)-(4), utilizamos a teoria encontrada em [1] e [3].
Nosso principal resultado é que para o sistema (1)-(4), utilizando as hipteses para g acima citadas e com o
método da energia perturbada obtemos,

(i): Se A = p =1, existem constantes M > 1,y > 0 tais que
E(t) < ME(0)e™ " Vvt > 0.

(ii): Se A > 1 e p > 1, existe uma constante M que depende de E(0) tal que

—(p-1\ —2/(p—1)
)

E(t) <4 (Mt + (B(0)) vt > 0.

(iii): Se A < 1 e p > 1, existe uma constante M que depende de E(0) tal que

—p+i-2x\ —2X/(p+1-2X)
E(t)§4(Mt+(E(O)) = ) vt > 0.

Referéncias

[1] BrEzis, H. - Operateurs Mazimauz Monotones et semi-groupes de contractions dans les espaces de Hilbert.,
North-Holland Mathematics Studies, N5. Notas de Matemadtica (50). North-Holland Publishing Co./American
Elsevier Publishing Co., Inc., Amsterdam- London/New York, 1973.

[2] ENRIQUE ZUAZUA. - Controlabilidad Ezata y Estabilizacion de La Equacion de Ondas 28040 Madrid, 1990.

[3] NicoLAE H. PAVEL. - Nonlinear Evolution Operators and Semigroups: Applications to Partial Differential
Equations (Lecture Notes in Mathematics, 1260. Springer, 1987.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 215-216

AN INVERSE PROBLEM FOR A SIR REACTION-DIFFUSION MODEL

ANIBAL CORONEL! & FERNANDO HUANCAS?

!Departamento de Ciencias Bésicas, Universidad del Bio-Bio, Chilldn, Chile, acoronel@ubiobio.cl,

2 Departamento de Mateméticas, Universidad Tecnoldégica Metropolitana, Santiago, Chile, fhuancas@utem.cl

Abstract

In this work we study an inverse problem that arises in the problem of determining coefficients for a reaction-
diffusion system, originated in the theory of mathematical epidemiology. We consider a population lives in a
three-dimensional space is subdivided into the subclasses of susceptible, infected and recovered. We assume that
the dynamic process of disease transmission is governed by reaction-diffusion system. The inverse problem is
the identification of reaction coefficients. We apply the optimal control theory approach: the inverse problem
is reformulated as an optimization problem. Our results are the following: the existence and uniqueness of the
solution of the direct problem, the existence of solution for the adjoint system, the existence of the solution of
the optimization problem, a necessary optimality condition of first order, and the local uniqueness of the inverse
problem.

1 Introduction

In recent decades there is a growing interest in inverse problems that arise in mathematical models from various
applications and where the governing equations are given in terms of partial differential equations, see for example
[1, 2, 3, 3, 5, 6]. Particularly, we have the following SIR-type reaction-diffusion system

Sy —aAS = u(N—S)—8SI, Iy —aAl = —(u+v)[+ BST Ry —aAR=vI—uR  in Qr, (1)
VS§-n=VI-n=VR-n=0, on 9Q x [0,T],  (2)
(S7 I7 R)(xao) = (507-[07R0)($)7 rin 57 (3)

where S, I and R are the susceptible, infected and recovered densities of a population; « is the diffusion; and
B, i, and v are space dependent coefficients. The inverse problem is the identification of the reaction coefficients
from the final observation time of the state variables S, I and R: “Find the coefficients 3, u, v such that at time
t = T the solution of system (1)-(3) is very close to the observed data S°°*, I°**, and R°** ”. Tt can be reformulated

as the following optimization problem
inf J(S.1,R: f.p1,v) : (B.1.v) € Usa(Q) y (8,1, R) is solution of (1)-(3). (4
where
0o0s 0o0s 00Ss 2 F 3
J = [|(S.L R T) = (8™, 1% B [1 g + S IV B )y Uaa(®) = A@) 0 [H1420 ()

ford=1,2,3, AQ)= {(5% V) € [Co@P : Ran(B,p,v) CC)0, 1P V(B pu,v) € [L?(Q)P}.

2 Main Results

We consider the hypotheses: (SO) The bounded and convex open set € is such that 9Q is C*; (S1) The initial
conditions Sp; Iy and Ry are of class C?(2) and satisfy the inequalities

So(x) > 0, Io(z) > 0, Ro(z) > 0;/ Io(z)dz > 07/ Ro(x)dx > 0,(So + Io + Ro) > ¢ > 0,
Q Q
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on Q, for some positive constant ¢g; and (S2) the observation functions S°%; 1°% y R°* are in L?(Q). Then, the

main results of this work are the following.

Theorem 2.1. Suppose that hypotheses (S0)-(S2) are satisfied and further assume that (B,p,v,) € C*(Q) x
C*(Q) x C*(Q).. Then the direct problem ((1)-(3)) admits a unique positive classical solution (S,I, R) such that
S,I,R e C*t142/2(Q) and also S;1 y R are bounded on Q for any T € RT.

Theorem 2.2. Suppose the hypotheses (S0)-(S2) hold. Then there is at least one solution to the optimization

problem.

Theorem 2.3. Suppose the hypotheses (S0)-(S2) hold.Consider that (B, i,7) is the solution of the inverse problem
and that (S, 1, R) is the corresponding solution of the SIR model with (3,7, 7) instead of (B, u,v). Then (p1,p2,p3)
is bounded L>(0,t; H*(Q)) for almost every time in |0, T]. In particular (py1,p2, p3) is bounded in L>(0,t; L>°(Q))
for almost all times in ]0,T].

Theorem 2.4. Let (S,1,R) and (8,7, 7) be as in theorem (2.3). Then
/Q {(& =N = S)p1 — Tpo — Rps] + 51(5 — B)(p2 — ;1) + T(0 — 7)(ps — p2) } dclt
+C [ {IVBV(G =B+ Va9 (- @] + (999 ()} de 2 0,
Q

for any B,ﬂ, U € Ugq holds.

Theorem 2.5. Given ¢ = (c1,c¢2,c3) € RY (fized) and defining Uo () = {(ﬁ,u,u) € Uad(Q) = [o(B,p,v)dx = c}.
Then there exists I € RY such that the solution of the inverse problem is only defined, except for an additive

constant, on Ue(Q2) in the sense L*(Q) for any regularization parameter T > T.
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Abstract
We study a new nonlocal approach to the mathematical modelling of the Chemotaxis problem, which describes
the random motion of a certain population due a substance concentration. Considering the initial- boundary
value problem for the fractional hyperbolic Keller-Segel model, we prove the solvability of the problem. The
solvability result relies mostly on the kinetic method.

1 Introduction

We introduce and study in this paper the Fractional Hyperbolic Keller-Segel (FHKS for short) model for chemotaxis
described by the following system

dyu + div(g(u) VKe) =0, in (0,00) x Q,
(~AN) " ctec=u, inQ,

u|{t:0} = Uo, in Q>

VKc-v =0, on I,

where u(t, ) is the density of cells and ¢(t,z) is the chemoattractant concentration, which is responsible for the
cell aggregation. The problem is posed in a bounded open subset Q@ C R", (n = 1, 2, or 3), with C?—boundary
denoted by T', and as usual we denote by v(r) the outward normal to Q at » € I'. The given measurable bounded

function ug is the initial condition of the cells, and we assume
0 <up(x) <1, fora.e. x€. (2)

Moreover, since the normal flux in the equation on w vanishes on I', that is the boundary is characteristic, it is
not necessary to prescribe boundary conditions for u, which prevents some specific difficulties related to the trace
problem, see [5] for instance. Here for 0 < s < 1, (—Ay)?® denotes the Neumann spectral fractional Laplacian

(NSFL for short) operator, which characterizes long-range diffusion effects. We also consider the non-local operator
K=(-Ayx)"".

The theory of chemotaxis modeling goes back to E. F. Keller and L. A. Segel [2, 3, 4], where a detailed description
of the movement of cells oriented by chemical cues can be found. In fact, a nonlocal version of the Keler-Segel
model has been proposed by Caffarelli, Vazquez in [1]. Although, the fractional model proposed here in (1) is a
closer (fractional) generalization of the model considered in Dalibard, Perthame [6]. Indeed, in that paper they
studied the following system
dyu + div(g(u) VS) =0, in (0,00) x ©,

(=A)S+ S =u, in,

u‘{t:O} = Uo, in Qv

VS-v=0, on I
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which follows from the system (1), at least formally passing to the limit as s — 0F.

2 Main Results

We begin observing that, the first equation in (1) is a hyperbolic scalar conservation law, thus the density of cells
function v may admit shocks. Therefore, in order to select the more correct physical solution, we need an admissible

criteria, which is given by the entropy condition.

Now, we are able to state plainly the main result of this paper. Then, we have the following

Theorem 2.1 (Main Theorem). Let ug € L*(Q2) be an initial data satisfying (2) and s € (0,1). Then, there exists

a pair of functions
(u,¢) € L((0,00) x ©) x L=((0,00); D((~An)' ™)),

which is a weak entropy solution to the FHKS system, and it satisfies
0<u(t,z)<1l, 0<c(tz) <1,

for almost allt > 0 and x € ().
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Abstract

In this paper, we present some controllability results for linear and nonlinear phase-field systems of Caginalp
type considered in a bounded interval of Rwhen the scalar control force acts on the temperature equation of the
system by means of the Dirichlet condition on one of the endpoints of the interval. In order to prove the linear
result we use the moment method providing an estimate of the cost of fast controls. Using this estimate we
prove a local exact boundary controllability result to constant trajectories of the nonlinear phase-field system.

2020 Elsevier Inc. All rights reserved.

1 Introduction

In this work, we present a controllability results for a nonlinear phase-field systems of Caginalp type considered in
a bounded interval of R when the scalar control force acts on the temperature equation of the system by means of
the Dirichlet condition on one of the endpoints of the interval. We use the moment method providing an estimate of
the cost to achieve a local exact boundary controllability result to constant trajectories of the nonlinear phase-field
system.

The Phase-field system it is a model describing the transition between the solid and liquid phases in
solidification/melting processes of a material occupying a domain. Given a time 7' > 0 and the cylinder
Qr = (0,m) x (0,T), the system is described as follows by G. Caginalp in [1]:

B T S _
Gt — Ebpr — =0 = ——f(9) in Qr,
T p
é(oa ) =0, &(Ov ) =G é(ﬂ-v ) = Oa (]3(7‘[', ) =C on (OvT)7
é('a 0) = 907 é()o) = éo in (Ovﬂ-)a
In the Phase-field system above § = 0(z,t) is the temperature of the material and ¢ = ¢(x,t) identifies the
phase transition of the material. When d~> = 1 the material is in the solid state, and when q~$ = —1 it means that

the material is in the liquid state.
Also, 6y, ¢y represents the initial data; v € L?(0,T) is the control; ¢ is a constant assuming the possible values
in the set {—1,0,1}; the constants p, 7, & are, respectively, the latent heat, the relaxation time, and the thermal

diffusivity; and f(¢) is the nonlinear part of the system given by
~ _ _ﬁ (.., _ ,..,3
1@) =L (6-4").
2 Main Results

The main result of the work is given in the following.

219



220

Theorem 2.1. Let us fix T > 0 and assume that
E2r2(02 — k22 —26p1(2 + k%) —2p—14#0, VkIL>1, >k,

Lp .
J2T
Then, there exists € > 0 such that, for any (6o, do) € H™' x (¢ + HY), with |00 g1 + ||do — cllgy < e, there exists
v e L2(0,T) for which system (1) has a unique solution which satisfies 0(-,T), ¢(-,T) = (0,¢) in (0,T).

Proof The proof is developed using the following strategy.
First we prove the null controllability at time T > 0 of the homogeneous linearized system (after a change of

variables (6o, ¢o,0,¢) = (éo, do—c,0,¢— c))

O~ o+ 59600 — Lo+ L0=0  maQr,

T T

br — Edue+ 16— 29 =0 n Qr,
T T

0(07 ) =, ¢(Oa ) = 0(7(7 ) = ¢(W, ) =0 on (07T)a

0(') O) = 907 (b(?O) = ¢0 in (Oa ﬂ-)a

The assumptions on &, p, 7 are used in the Moment Method for assuring that the eigenvalues of the space operator

of the homogeneous linear system satisfy suitable properties to produce the following estimate of the control cost:

M
lvll2o,my) < CoeT [[yollz-1-

Next, we prove the null controllability at time 7" > 0 of the non-homogeneous linearized system

O~ ot gt~ Lo+ o= mar
b1~ Ebre b 26~ 20= in Qr.
00.) = v, 6(0,5) = 0(r, ) = olm,) =0 on (0,7),
0(-,0) =06y, &(-,0) = o in (0,7),

where f = (f1, f2) is a source with exponential decay when t — T
_C_
eT—t f € L*(Qr), for suitable C' > 0.
Finally, we apply a Fixed-Point argument to the non-homogeneous linear system with the operator
300 P 3 305 1 3
s (22802 + L3 52lg2 - —
(f17f2) ( 47_¢ +4T¢ a¥27_¢ 27_¢
in order to recover the local null controllability result at time T for the nonlinear Phase-Field system.
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Abstract
Neste trabalho abordamos um problema de controle hierdrquico para a equagdo em Korteweg-de Vries (KdV)
com controles distribuidos seguindo uma estratégia de Stackelberg-Nash. Tratamos de um problema de controle
onde muitos objetivos devem ser alcangados de uma sé vez, contamos com um controle principal chamado lider,
e dois controles secunddarios chamados seguidores, onde cada um deles tem seu préprio objetivo. O objetivo do
lider é conduzir as solugbes da equagao KdV para uma determinada trajetéria, enquanto os seguidores devem

ter um equilibrio de Nash para seus objetivos.

1 Introducao

A equacao de Korteweg-de Vries (KdV) é uma equagao diferencial parcial de terceira ordem que modela a propagacao
das ondas em superficies de dguas rasas.

Neste trabalho consideramos um problema de controle multi-objetivo (isto ¢, muitos objetivos devem ser
cumpridos de uma vez) o que pode tornar sua solugio invidvel. Para superar isto, aplicamos o conceito de Otimizacao
de Stackelberg onde uma hierarquia para os controles é assumida. Consideramos um controle denominado lider e
outros controles chamados de seguidores. Uma vez que a escolha do lider é fixada, os seguidores devem cumprir
seus objetivos de forma otimizada.

Vamos ser mais especificos. Seja (0, L) C R um intervalo aberto e T' > 0 um numero real. Nés consideramos
controles internos suportados em um subconjunto aberto nao vazio w C (0, L) e condigbes homogéneas de fronteiras.
Definimos @ = (0, L) x (0,T) e para algum subconjunto aberto w C (0, L) definimos @, = w x (0,7)).

Consideremos a equagao KdV nao linear

Yt + Yz + Yoz +YYz = flo + UlX(Ql + UQXOQ in Q,
y(oﬂ') :y(Lv) = Yz (Lv) =0 in (OaT)a (1)
Y (:U, ) = yo in (07 L) ’

onde y = y(z,t) é o estado e y° é dado. Em (1), o conjunto O C (0,L) é o dominio do controle lider f e
01,05 C (0,L) sao os dominios dos controles sequidores vi e vo (todos supostos bem pequenos e disjuntos). A
fungao 14 representa a fungao caracteristica de um conjunto aberto A, onde x4 é uma funcao C5°(A).

Sejam O g, Oz.4 C (0, L) conjuntos abertos e considere os funcionais

a. y i .
3w, 1.0 = 5 [ xowudy = wal? dodt+ 5 [[ ol dodt, i=1.2 @)
Q Q

onde o; > 0, p; > 0 séo constantes e y; g = ¥ q(z,t) sdo funcées dadas.

A controlabilidade exata de Stackelberg-Nash para equacao KdV pode ser descrita em duas etapas. A primeira,

1

para f fixado, os seguidores v! e v? buscam ser um equilibrio de Nash para os funcionais custos J; (i = 1,2). (Isto

é, procuramos pelo par (v, v?) com v’ € L#(O; x (0,T)) tal que satisfaca J;(f;v',v?) = min J;(0), i = 1,2).
i
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Para a segunda etapa, fixamos uma trajetéria 7, que é solucdo suficientemente regular de um sistema, sob
mesmas condigdes de fronteira e dado inicial de (1).

Uma vez que o equilibro de Nash foi encontrado e para cada f fixado, procuramos por um controle f €
L?(O x (0,T)) tal que y(-,T) = (-, T), isto é, satisfaz a condigao de controlabilidade exata em (0, L).

Entao definimos a nova varidvel z = y — 7 e 2; 4 = ¥;,d — ¥, € mostramos a controlabilidade nula para z que é
z(z,T) =0 em (0, L) (Observe que mostrar isto é equivalente a mostrar a controlabilidade exata para y). Onde z

junto com ¢ (i = 1,2) satisfazem um sistema de otimalidade do tipo:

2
1 .
2t + 2p + Zggx + 222 + @Z)x = f]-O - Z ;(#XO{, + fo em @,
i=1 "

Q
—
w
=

_d)i - ¢;: - gcafx - (Z +y)¢§c = Oéi(Z - Zz’,d)XOi,d =+ fia em
z(0,) =z(L,") =2, (L,) =0 em
2(-,0)=2% ¢'(-,T)=0 em

—~

0,7),
OaT)v
0,L).

—~

—

Deste modo, a estratégia que adotamos para encontrar o equilibrio de Nash consiste em provar que o sistema (3)
possui solugoes. Uma vez o equilibrio de Nash encontrado temos que provar que é possivel resolver simultaneamente
o objetivo do lider, ou seja, temos que provar a existéncia de f tal que a solucdo de (3) satisfaga a condicdo de

controlabilidade nula de z, o que motiva o resultado principal deste trabalho.

2 Resultados Principais

Teorema 2.1. Para i = 1,2, suponha que

0;anNO#0 (1)
e que [; sdo suficientemente grandes. Além disso, suponha que uma das duas condi¢des € satisfeita:
010=024 ou O014gNO#0y4N0O. (2)

Entao, existe uma fungao positiva p = p(t) explodindo em t =T e d > 0 tal que se

2
02 A2 2
z 1 + // P°|zi,al” dx dt < 0, 3
” HHO(O’L) ; 04,ax(0,T) i ©
existem controles f € L*(O x (0,T)) tal que a solugdo (y, ¢*, ¢?) de (3) satisfaz y(-,T) = 0.

Prova: Fuxisténcia - Para mostrar o resultado, primeiro mostramos um resultado de controlabilidade nula para
um sistema linearizado do sistema (3). A prova do caso linear é feita através do Método de Unicidade de Hilbert
(HUM), que consiste em uma equivaléncia a uma estimativa de observabilidade adequada para as solugdes de um
sistema adjunto, nesta etapa, novas estimativas de Carleman sao demonstradas e para elas sao construidas novas
fungoes pesos pela necessidade de detalhes técnicos [1]. Por fim, para o caso nao linear, utilizamos o Teorema da

Funcao Inversa. m
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Abstract

In this work we study the existence of exponential attractor for a non local evolution equation, which
generalizes the model that describe the neuronal activity. Our results extend results obtained in [1] and in [7],
where the studied models are configured as particular cases of the model presented here. Furthermore, from the
existence of the exponential attractor, we conclude that the fractal dimension of the global attractor given in [2]

has finite fractal dimension.

1 Introduction

We consider the non local evolution problem
atu(xvt) = —u(x,t) +g(ﬁK(f © u)(:c,t) + ﬁh)v T € Qa te [0,00[;
u(z,t) =0, x e RV \ Q, ¢t €10,00[; (1)

’LL(J},O) = UO(JJ), T e RNa

where u(z,t) is a real function on RY x [0,00[, € is a bounded smooth domain in RY (N > 1); h and 3 are
nonnegative constants; K is an integral operator with symmetric kernel, given by Kuv(z) := [pn J(x,y)v(y)dy
where J is a non negative symmetric function of class C', with [pr J(,y)dy = [pn J(2,y)dz = 1. The functions f

and g f,9: R — R are locally Lipschitz continuous functions satisfying the growth conditions
lg(2)] < ki|lx| + k2 and |f(z)| < ci]z|4+c, VzeR

for some non-negative constants ki, ko, c1, co.

In addition, we will also assume that g € C1(R) with
lg'(z)| < ks|z| + kg, V 2 €R,
for some non-negative constants ks, k4 > 0; that ¢’ is Lipschitz on bounded sets and that function f satisfy
[f(z) = F@) < co@+ 2P~ + [y P~z —yl, ¥ (2,y) ER xR,

where ¢( is some non-negative constant.

2 Main Results

In [2] it has been proven that, under the hypotheses mentioned, the problem (1) is well posed in the phase space
X = {u € LP(R™) : u(z) = 0, if z € R™"\Q}, with the induced norm of LP(f2), which is isometric to LP(Q).
Furthermore, in [2] it has also been proven that the problem (1) generates a C* flow, {S(¢)}+>0, in LP(€2).

We prove that space W1P(Q) is positively invariant by the action of {S(¢)} and admits a bounded subset B,
wich is positively invariant and absorbing for {S(¢)} (in the topology of W1P(Q)). Using techniques of [4], [5] and

[6] we obtain the main results of this work.
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Theorem 2.1. The flow {S(¢)}+>0 has a compact set M C LP(QY) with the following properties:
(i) The set M is positively invariant under semigroup {S(t)}, that is, S(t)M C M for any t > 0.
(ii) The set M has finite fractal dimension, that is, dimp (M, LP(Q)) < co.
(7i1) The set M altracts exponentially By, that is, there exist « > 0 and w > 0 such that, for any t > 0,
dist pp(q) (S(t)Bl,M) < et
where distpp(q) denotes the Hausdorff semidistance in LP(Q).

Remark 2.1. The set M given in the Theorem 2.1, attracts exponentially the action of {S(t)} on bounded subsets

of By. This is a sense of expoenential attractor discussed in [3].

If, in addition to the hypotheses initially considered, we assume that f and g are Lipschitzian, we obtain the
following result, which gives an exponential attractor for {S(t)}, in the sense defined in [7] and in [6], which attracts

exponentially any bounded subset of L?((Q).

Theorem 2.2. The set M given in the Theorem 2.1 is an exponential attractor for the semigroup {S(t)} generated
by the solutions of the equation (1).

Proof Due to the hypothese that f and g are Lipschitizian we have
diStLp(Q) (S(t)B, Bl) < 01<B)6[L95Lf“‘]”1_1]t.
Hence, using Theorem 2.1 and a result on transitivity of exponential attraction given in [5], the result follows. m

Corollary 2.1. The global attractor A for the semigroup {S(t)} given in [2] has a finite fractal dimension.
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Abstract

We study the global well-posedness for a non-local-in-time Navier-Stokes equation. Our results recover in
particular other existing well-posedness results for the Navier-Stokes equations and their time-fractional version.
We show the appropriate manner to apply Kato’s strategy and this context, with initial conditions in the

divergence-free Lebesgue space L (R).

1 Introduction

Consider the fractional-in-time Navier-Stokes equation

ofu—Au+ (u-V)u+Vp=f, t>0,2€QCRY
V- -u=0, t>0,zeQcCR?
u(0,x) = ugp(x), reNCRY,

where 0fu denotes the fractional derivative of w in the Caputo’s sense with order o € (0,1). If the product
(k = v) denotes the convolution on the positive halfline Ry := [0, 00) with respect to time variable, then we have
07y = gi1—q * u, for an absolutely continuous function u, where g is the standard notation for the function
gp(t) = % ,t >0, 8 >0. Toward the possibility of considering more general nonlocal-in-time effects, we will
replace g, by k, and we assume as a general hypothesis that k is a kernel of type (PC), by which we mean that the

following condition is satisfied:

(PC) k € L110c(Ry) is nonnegative and nonincreasing, and there exists a kernel £ € Ly j,.(Ry) such that k¢ =1

on (0, c0).

We also write (k,£) € PC. We point out that the kernels of type (PC) are called Sonine kernels and they have been
successfully used to study integral equations of first kind in the spaces of Holder continuous, Lebesgue and Sobolev
functions, see [1].

Therefore, we consider the following problem for the following nonlocal-in-time Navier-Stoke-type equation

Ok * (u—up)) —Au+ (u-V)u+Vp=f, t>0,rcRY, (1)
V-u=0, t>0,zeR? (2)
(0, z) = ugp(z), z € RY (3)

where wu(t,z) represents the velocity field and p(t,z) is the associated pressure of the fluid. The function
uo(x) = (0, ) is the initial velocity and f(¢,z) represents an external force. The problem (1)-(3), can be written
in an abstract form as

Ok * (u—up)) + Apu = F(u,u) + Pf, t>0, (4)
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where Apyu := P(=A)u, P : L,(R?) — Ly (R?) is well-known as Helmholtz-Leray’s projection, and the nonlinear

term F(u,v) := —P(u - V)v. Equation (4) can be written as a Volterra equation of the form
u+ (€« Ayu)(t) = ug + (€ [F(u,u) + Pf])(t), t>0, (5)

by condition (k,£) € PC.

2 Main Results

We investigate the existence and uniqueness of global mild solutions for equation (5). Before we state the
main result, we introduce space where the mild solution will dwell. Let d € N. For any 2 < d < q < oo,
consider the space X, of the functions v satisfying v € Cy([0, 00); LG (R?)), (1 * 6)%_%1) € Cp((0, 00); Lg(Rd)) and
(1% £)2Vv € Cy((0,00); LG (R%)), which is a Banach space with norm

1_d 1
[vllx, := max{sup [[v(£) | g ra), sup[(1 + )(£)]2 ™24 [[0(t)[| g (ra), sup[(1 * 1) ()] 2 [[Vo(t) || g (ra) }-
t>0 t>0 t>0

The existence of the mild solutions solution for (5) will be a consequence of the following fixed point lemma (see
[2, Lemma 1.5]).

Lemma 2.1. Let X be an abstract Banach Space and L : X x X — X a bilinear operator. Assume that there exists
1 > 0 such that , given x1,x2 € X, we have |L(x1,z2)| < nllx1||||x2]]. Then for any y € X, such that 4n|ly|| < 1,

the equation x = y + L(x,x) has a solution x in X. Moreover, this solution x is the only one such that
< 1=V =4yl 1
o < LYl )
n
Theorem 2.1. Let d € N, 2 < d < q¢ < 00, n an appropriate constant and f € Cb([O,oo);L%(Rd)) be such
at
that o == {sup,o[(1 * E)(t)]l_%ﬂf(t)HL .o (R4} < 00. Forug € L5 (RY) and a > 0 sufficiently small, there exists

q+d
0< A< %, where ¥ and C are positive real constants, such that if |luo||p,wey < min{l,C~1}X, then the

problem (5) has a global mild solution u € X, that is the unique one satisfying (1). In particular,

< LoVI= IO I0) =34 and [Vt g ey < Y L IIOFID) 4y

lu(t, )L, @y < o llL,@maey < o

If, in addition, f =0, we have

(S

1_d 1
(L )()]2 20 |ult, )L, rey = 0 and [(1 = £)(@)]> [Vult, )L, re) = 0,

as t — 0T. Furthermore, let u,v € X, be two solutions given by the existence part corresponding to the initial data

ug and vy, respectively. Then,

C
U— <
H ”Xq N \/1 — 477()\ + aﬁC)

luo — voll L, (re)-
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Abstract

Neste trabalho, apresentamos um resultado global de controlabilidade exata &s trajetorias do sistema de
Boussinesq. Consideraremos dominios limitados com fronteiras suaves. Completaremos o modelo considerando
uma condicao de fronteira do tipo Navier slip-with-friction para o campo velocidade e uma condigao de fronteira
do tipo Robin é imposta & temperatura. Assumiremos que se pode atuar livremente sobre a velocidade e a
temperatura em uma parte arbitrdria da fronteira. A prova se baseia em trés argumentos principais. Primeiro,
reformularemos o problema como um problema de controlabilidade distribuida usando um procedimento de
extensao de dominio. Entao, provaremos um resultado global de controlabilidade aproximado seguindo a
estratégia de Coron et al [J. EUR. Math. Soc., 22 (2020), pp. 1625-1673|, que trata das equagdes de Navier-
Stokes (o argumento depende da controlabilidade do sistema inviscido de Boussinesq e das expansoes assintéticas
do boundary layer). Finalmente, concluiremos com um resultado de controlabilidade local que estabeleceremos

por meio de um argumento de linearizagao e estimativas de Carleman apropriadas.

1 Introducgao

Seja T > 0, 2 C R™ (n = 2,3) um dominio limitado regular com T' := 9Q e T'. C T um subconjunto aberto nao-
vazio que intercepta todas as componentes conexas de I'.Consideraremos um sistema de Boussinesq, tal que sobre
a fronteira, o campo velocidade do fluido deve satisfazer uma condicao Navier slip-with-friction e a temperatura

uma condicao do tipo Robin. Assumimos também que o controle pode atuar em I'., obtendo:

u — Au+ (u-V)u+ Vp=fe, em (0,7) x Q,

0 —A0+u-VO=0 em (0,T) x £,

V-u=0 em (0,T) x 9, )
w-v=0, N(u)=0 sobre (0,T) x (T'\T,),

R(#) =0 sobre (0,T) x (I'\T,),

u(0,-) =ug, 6(0,-) =10, em Q.

As fungoes v = u(t,z), 6 = 6(t,z) e p = p(t,x) sdo, respectivamente, vistas como o campo de velocidade, a
temperatura e a pressao do fluido. Os termos das condicoes de fronteira de Navier e Robin sao, respectivamente,

dados pelas seguintes férmulas:

N(u) := [D(u)v + Mulian e R(9) := % +md,

onde M = M (t, z) é uma matriz simétrica regular relacionada 4 rugosidade da fronteira, chamada matriz de fricgcao

e m = m(t,x) é uma fungao regular, conhecida como coeficiente de transferéncia de calor. Com estas condigdes
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temos a presenga de boundary layer, devido o atrito na fronteira. Provamos que o sistema (1) é controldvel d
trajetdrias, isto significa ser possivel conduzir (por meio de controles) qualquer estado inicial 4 qualquer trajetéria

prescrita do sistema.

2 Resultados Principais

Vamos definir
L2 i={uec ()" : V-u=0inQ, u-v=0o0nT\T.},

Wr(Q) := [Co([0,T]; L2()™) N L*(0, T; HH(2)™)] x [Co([0,T]; L*(2)) N L*(0, T; H (2))].
Temos o seguinte resultado principal:

Teorema 2.1. Sejam T > 0 um tempo positivo, (ug,0y) € L2(Q)"™ x L*(Q) um dado inicial e (u,0) € Wr(Q) uma

trajetoria fraca de (1). Entao, existe uma solugdo fraca controlada para (1) em Wr(Q2) que satisfaz
(u,0)(T,-) = (E?) (T,-).
Este Teorema generaliza para o sistema de Boussinesq (onde os efeitos térmicos sdo considerados) o principal
resultado do controle em [1], estabelecido para as equagoes de Navier-Stokes.
Esquema da prova: Principais ideias e resultados necessérios para a prova do Teorema:

e Reduzimos o problema de controlabilidade distribuida aplicando uma técnica classica de extensao de dominio.
Em seguida, limitamos nossas consideragoes em dados iniciais regulares, usando o efeito de regularizacao do

sistema Boussinesq nao controlado.

e Partindo de dados iniciais suficientemente regulares, provamos um resultado global de controlabilidade
aprozimada. O boundary layer é tratado nesta etapa. Para isso, seguimos a estratégia realizada por Coron,

Marbach e Sueur em [1] no caso Navier-Stokes.

e Provamos um resultado de controlabilidade local usando desigualdades de Carleman para o adjunto do sistema

linearizado e uma estratégia de ponto fixo. Para isso, utilizamos ideias de [2] e [3].

¢ Combinamos todos esses argumentos e obtemos a prova.
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Abstract

We present some exact controllability results for parabolic equations in the context of hierarchic control
using Stackelberg—Nash strategies. We analyze two cases: in the first one, the main control (the leader) acts
in the interior of the domain and the secondary controls (the followers) act on small parts of the boundary; in
the second one, we consider a leader acting on the boundary while the followers are of the distributed kind. In
both cases, for each leader an associated Nash equilibrium pair is found; then, we obtain a leader that leads the

system exactly to a prescribed (but arbitrary) trajectory. We consider linear and semilinear problems.

1 Introduction

Let @ ¢ RY (N > 1) be a bounded domain with boundary T' of class C2. Let O, Oy, Oy C € be (small)
nonempty open sets and let S, S; and S be nonempty open subsets of I'. Given T' > 0, we will set @ := Q x (0,T)
and ¥ :=T x (0,7). In this paper, 14 denotes the characteristic function of the set A.

We will consider parabolic systems of the form

yt_Ay+a(xvt)y:F(y)+flo in Q7

y=v'p1+v°py on X, (1)
y(-,0) =y° in Q
and
pr—Ap+a(z,t)p = F(p) + u'lp, +u?lp, in Q,
p=gp on X, (2)
p(-,0) = p° in 0,

where 3%, p°, f, g, v* and u’ are given in appropriate spaces, F' : R — R is a locally Lipschitz-continuous function
and p, p; € C*(T), with

0<p<lon S p=0onT\S 0<p;<1lon S; pi=0 on I'\S,.

We will analyze the exact controllability to the trajectories of (1) and (2) following hierarchic control techniques,
as introduced by J.-L. Lions [1]. More precisely, we will apply the Stackelberg—Nash method, which combines
optimization techniques of the Stackelberg kind and non-cooperative Nash optimization techniques.

Let us define the secondary cost functionals for (1) and (2), respectively, as follows:

Ji(fi0t,0%) = O‘—// ly — &al* dadt + “—// WP dodt, i=1,2, (3)
2 JJo, 4x(0,1) 2 /s, x0,1)
and
Ki(giu' u?) == 0‘—// lp— Cial® dadt + “—// [W'|*dedt, i=1,2, (4)
2 Jo, ix(0,1) 2 JJoix 1)

229



230

where Oy 4,024 C be nonempty open, &; 4, ;4 are given in L2(0; 4 x (0,T)), and oy, p; are positive constants.
Results based on Stackelberg—Nash strategies with one leader and several followers have been obtained in [3]
(resp. in [1, 2]) in the context of approximate (resp. exact) controllability. In all these papers, distributed controls
were considered.
The main goal in the present paper is to try to extend these results to systems of the kind (1) and (2), that is,
parabolic semilinear systems partially controlled from the boundary.

2 Main Results
Theorem 2.1. Suppose O; 4N O # 0, i =1, 2. Assume that one of the following conditions holds: either

01,0 =024 and §1,4 = &2,4 (5)
or
014aNO#0y4Nn0O. (6)

If the pi/a; (i = 1, 2) are large enough and F € W1>°(R), there exists a positive function s = ¢(t) blowing up
at t = T with the following property: if i is a trajectory of (1) associated to the initial state 4° € L*(Q) and

// Py —&alPdedt < 400, i=1,2, (7)
Oj,dX(O,T)

then, for any y° € L?(Q) there exist controls f € L*(O x (0,T)) and associated Nash quasi-equilibria (v*,v?) such
that the corresponding solutions to (1) satisfy y(T,-) = y(T,-).

Theorem 2.2. Suppose that
ScO; and 0;N0;4=0, i,j=1,2. (8)
If the u; /o are large enough and F € W12°(R), there exists a positive function ¢ = S(t) blowing up at t = T with the
following property: if p is a trajectory of (2) associated to the initial state p° € L*(Q) and the (; 4 € L*(0; 4% (0,T))
are such that
// S3p— Galtdrdt < +oo, i=1,2, (9)
0;,ax(0,T)

then, for any p° € L*(R), there exist a control g € HY*Y/4(S x (0,T)) and an associated Nash quasi-equilibria

(ul,u?) such that the corresponding solution to (2) satisfies p(T,-) = p(T,-).
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Abstract

Consideramos uma equacao de tipo de placas com inércia rotacional, sob os efeitos de um amortecimento

fracionario e uma nao-linearidade de tipo de memdria, isto é, consideramos o seguinte problema de Cauchy

2 Oy = t —8) u(s, )P ds x 00 "
utt—Autt—Au—&—Au—l—(—A)ut—/o(t ) uls, )P ds, (¢ @) € [0,00) x R”, -
(u’ut)(ovx) = (uo(x),ul(x)), zeR" xR"

onde 6 € [0,1), v € (0,1), p > 1. Nosso objetivo é determinar o expoente critico p que é limitrofe entre a
existéncia e a ndo-existéncia de solugoes globais para o problema dado, bem como entender como o amortecimento
fracionario interage com a nao-linearidade de memdria e como essa interagdo pode interferir no valor de p. Com
esse fim, encontramos e utilizamos diversas estimativas de energia L" — L? com 1 <7 <2 < g < 00, bem como
estimativas pontuais e de multiplicadores 4 Mikhlin-Hérmander, (L' NLP)— L? para p < 2, onde h4 uma perda na
taxa de decaimento. Analisamos diversos cenarios baseados na dimensio n < 4 e nos intervalos admissiveis para
os parametros 6 e 7y, que caracterizam o damping fraciondrio e a nao-linearidade de memoria, respectivamente.
A contraparte de resultados de ndo-existéncia é obtida utilizando uma técnica de “funcdes teste modificadas”,
substituindo-se a condicdo de suporte compacto por fungdes em Cg°(R™), um espaco de fungdes infinitamente
diferencigveis com decaimento polinomial no infinito. Esta modificaco se faz necessaria devido A nio-localidade

do operador Laplaciano Fraciondrio (—A)?.

1 Introducao

Buscamos determinar o ezpoente critico para (P). Nos resultados de existéncia, para n < 4, mostramos que p é
dado por uma competigdo entre trés valores: um expoente de tipo de Fujita [1],

20+ (1 —7)(1-0))
(n—2+2v(1—-90)),

pc(n,’y, 9) =1+ (1)

! independente da dimensao [2], devido & forte influéncia do termo de meméria nao-linear quando

v /1, e um terceiro expoente, p, = %}%4), fruto da perda de decaimento na regiao de alta frequéncia que é

um expoente y—
ocasionada pelo termo de inércia rotacional —Auwuyy.

2 Resultados Principais

Teorema 2.1 (Existéncia de Solugoes Globais). Sejamn € Ny n < 4,0 € [0, %) , 7€ (0,1),p>Des=2+2v(1-0),

com P := max {pc, ’y_l,ﬁc} . Entao, existe € > 0 tal que, para dados iniciais

(HS(R") N Ll(R")) x (Hs—l(R") N Ll(Rn)), sep> 2,

(o, ) & A= (HS(R”) NLY(R™) N WSJ’(R”)> x (Hs—l(R") N LY (R™) N W27P(R”)), sep <2, M

com ||(uo,u1)||a < e, emiste uma solugio global para o problema (P), u € C([0,00), H*) NC*([0,00), H).
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Prova: A boa colocagao para o caso supercritico é mostrada com base solugao para o problema linear associado,
escrita como u'™(t,x) = Ko(t, ) * uo(z) + K1 (¢, ) * ui(z). Utiliza-se o Principio de Duhamel para reescrever o
problema como

ul(t,-) = b (t,) + Gu(t, x) em H*(R"), (2)

onde

Gu(t, x) := /0 /OT(T —8) (I — A)T'K L (t — 7, 2) * [u(s, z) [P ds dr. (3)

Em seguida, define-se para T > 0 o espago de Banach de evolugao X (T) := C([0,T], H*)NC* ([0, T], H') e utiliza-se
estimativas para u'™ e Gu em diversos espacos H"(R"), de modo a provar que o operador G' é bem-definido em
X(T), leva bolas de X(T) em bolas de X(T'), e é Lipschitz em X (7). Com isso, pode-se aplicar o Principio de
Contragao de Picard e garantir a existéncia e unicidade de solugao local para o problema dado. Por fim, como as
estimativas obtidas para u sdo uniformes com relagao a T, toma-se o limite 7' 0o, obtendo-se assim a globalidade

das solugoes com relacao A varidvel temporal. m

Teorema 2.2 (Nao-Existéncia de Solugbes Globais). Seja p. como em (1), defina p = max {pc,’yfl} e fize

q=n+20. Assuma que ug,u; € L'({(x)%dx) e ainda, que uy satisfaca a sequinte condig¢io de sinal,

/ uy dr > 0.

Se ezistir uma solugdo fraca (ndo-trivial) global no tempo v € LP ([0, 00), LP(R™, (x)~9)) para o problema (P), entdo

p =D

Prova: Caso v > "T_2 : Suponha que u # 0 seja uma solucdo global para (P). Para 7' > 0 e R > 1, definimos

or(z) = (R7'z)"9 e Yr(t) = Dtll;’y (wr(t)?), onde Djjr denota o operador Derivada Fraciondria de ordem o de

Riemann-Liouville A direita, e wp(t) == (1 — t/T)X[0,1)- Prova-se entdo que para 1 > 0, a solugdo u deve satisfazer

R"
/ / wr (0P Jult, 2)Por(x) di dr < Cy  R-9P +ntn ()
0 Br

onde g(n) é uma funcao auxiliar que satisfaz g(n)p’ — (n +n) > 0 quando p < p.. Tomando-se o limite T, R ,* oo,

conclui-se u = 0, uma contradicao. =
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Abstract

Neste trabalho estudamos o seguinte sistema parabdlico acoplado u; — div(w(z)Vu) = t"vP, v —
div(w(z)Vv) = tu? em RY x (0,T), onde p,qg > 0, com pqg > 1; r,s > —1, as condigdo inicial (ug,vo) €
(L (RN))27 com up,vp > 0, e w é uma fungdo de classe Muckenhoupt A1+%‘ Estabelecemos resultados de

existéncia local e global de solugbes nao negativas.

1 Introducao

Sejam 7" > 0 e N > 0. Consideremos o seguinte sistema parabdlico acoplado

uy — div(w(z)Vu) =P, RN x (0,T),
v — div(w(z)Vo) = t5ul, RN x (0,T),
u(0) = o, RV,
v(0) =g, RV,

onde (ug,vg) € (L=(RN))2, com ug,vo > 0; p,q >0, pg > 1; 7,5 > —1 e a funcdo w ou é
(A) w(z)=|z|" coma€[0,1)se N=1,2ea€[0,2)se N >3, ou
(B) w(z) = |2|® com b € [0,1).

O problema (1) aparece em modelos térmicos com difusdo degenerada em um meio ndo homogéneo e modelos
populacionais, veja [3, 4].

Solugdes para o problema (1) é entendida no seguinte sentido

Definicao 1.1. Sejam (ug,vo) € (L=(RN))2, com ug,v9 >0, 1,8 > —1, pg > 1 e T € (0,00]. Entdo chamamos
solugdo do problema (1), se (u,v) € (L>=(0,T; L=(RN)))? e satisfaz

u(t) = S(t)ug + / S(t —o)o"vP(0)do
% (2)
v(t) = S(t)vo + /0 S(t —o)o’ul(o)do,

parat > 0. Quando T = oo, entdo € dita solugao global no tempo. Onde S(t)z(x) = / [(z,y,t)z(y)dy parat > 0,
RN

e'(x,y,t) € a solugao fundamental do problema homogéneo u; — div(w(x)Vu) = 0.
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2 Resultados Principais

Neste trabalho apresentamos resultados que garantem a existéncia local e global de solugoes nao negativas para o

problema (1). O resultado que garante a existéncia local é o seguinte

Teorema 2.1. Assuma (A) ou (B), e sejam (ug,vo) € [L=°(RN)]2, com ug,vo > 0. Entdo, existe T > 0 tal que o

problema (1) possui uma tUnica solug¢do (u,v) definido sobre [0,T] e satisfazem

sup ([[u(®)lloc + [lv(®)]loc) < Collluolloo + l[vo]loc) (1)
o<t<T

Prova: Para demonstrar este resultado, constuimos uma sequéncia e, em seguida, usamos as propriedades de

I'(x,y,t) e adaptamos as idéias que aparecem em [2].

_ (r+D+(s+1)p _ (stD)+(r+1)q
- pg—1 ;y V2 = pg—1 ’

v =max{y1,V2}, T« = ﬁ, Tow = ﬁ, onde a = a no caso (A) e « =b no caso (B).

Teorema 2.2. Assuma que r,s > —1 e p,q > 0, com pg > 1, e sejam v,
(i) Se~ > %, entdo o problema (1) ndo tem solugoes globais nao triviais.

(i) Sey < 32—, entio existem solugdes globais ndo triviais para o problema (1).
Prova: Para demonstrar este resultado, utilizamos as propriedades de I'(z,y,t) apresentadas em [2]. Logo,
utilizamos as ideas que aparecem em [1], para o operador do problema (1).
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Abstract

Estudamos o sistema de Bresse com mecanismos de dissipag@o néo-linear na fronteira. Utilizando conceitos e
resultados da Teoria de Semigrupos nao-lineares, provamos a existéncia e unicidade de solugdo para o sistema de
Bresse com mecanismos de dissipagao nao-linear na fronteira e mostramos a estabilidade exponencial do sistema

de Bresse sem qualquer condicao sobre as velocidades de propagacao das ondas.

1 Introducgao

Considere o seguinte sistema de Bresse sem forcas externas
p1per — k(0z + 9 + lw)z — kol(wz —lp) =0 em (0, L) x (0, 00),

pzwtt - bwwz + k(wz + w + ZU)) =0 em (07 L) X (07 00)7 (1)

prw — ko(we — lp)e + kl(pe + 9 +1lw) =0 em (0, L)

X
—
=
8
b

Um problema delicado no estudo do sistema de Bresse consiste em mostrar a estabilidade exponencial com
mecanismo de dissipagao na fronteira.

Nosso objetivo é novo no estudo de sistema de Bresse pois, trabalharmos com mecanismo de dissipacao na
fronteira nao-linear, o que é de grande relevancia na literatura. Primeiramente, foi obtido a existéncia e unicidade

do sistema de Bresse sem forcas externas com as seguintes condigoes de fronteira
©(0,t) = (0,1) = w(0,2) =0,V t >0,

onde g; : R = R, para i = 1,2, 3 sao termos dissipativos nao-lineares e condicdes iniciais

@(+,0) = ¢o(-), e(+,0) = 1 (")
¥(,0) =vo(-), ¥e(-,0) = () 3)

w(+,0) = wo(+), we(+,0) = wi ().
O escopo do nosso trabalho esta direcionado a estabilidade exponencial do sistema de Bresse sem forgas externas
com mecanismos de dissipagao nao-linear na fronteira agindo simultaneamente nas forcas axial e de cisalhamento e
no momento bending, sem a necessidade de velocidades iguais de propagacao de ondas e sem condic¢oes adicionais.

O trabalho que nos inspirou foi o de Lasiecka e Tatura [3], juntamente coma teoria de existéncia para semigrupos
nao-lineares abordada nos trabalhos de [2] e [3].

2 Resultados Principais

Hipotese H-1: As fungdes nao lineares g; : R — R, para ¢ = 1, 2, 3 satisfazem as seguintes condicoes :
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(i) g¢; sdo fungodes continuas e crescentes sobre R;
(ii) gi(s)s > 0 para s # 0,
(iii) Existem m e M constantes tais que 0 < m < M e ms? < g;(s)s < Ms?, |s| > 1.

Teorema 2.1. Assumindo a Hipdtese H-1, temos que para cada Yo € D(A) existe uma tnica solugdo forte para
(1). Além disso, se Yo € H entdo (1), possui uma unica solug¢do generalizada.

Diversos trabalhos que envolvem sistema de Bresse tem como hipdtese uma condigao puramente matematica.
Esta condicao é a ou diferenca entre as velocidades de propagacoes de ondas, a saber,
P k= k. (4)
P2 b
Mostramos que a energia associado a uma solugao do sistema de Bresse com dissipagoes nao lineares na fronteira
decai exponencialmente sem a hip6tese (4). Desssa forma, trabalhamos com sistemas fisicamente possiveis.

Com multiplicadores convenientes nos obtivemos a seguinte desigualdade:

T
/ E(t)dt < C
0

T L
+(gs(we(L)))? Ldt + /0 /O (¢ + % + w?)dxdt + E(T)

T
/O [p1(00)* (L) + p2(v00)* (L) + pr(we)*(L) + (91(e(L))* + (g2 (L))

Lemma 2.1. Para T suficientemente grande, existe uma constante C' > 0 tal que

/ / &+ +wP)dadt < C / (01 (2 (L)) + (92(60(L)))? + (g5 (wy(L)))?

+p1(pe) (L) + p2(ve)* (L) + p1(we)*(L)] Ldt,
para toda solugio forte U = (o, ¥, w,®, ¥, W) do sistema de Bresse dado em (1)-(3).
Da desigualdade dada em (5) e do lema anterior, obtemos o resultado:

Teorema 2.2. Seja T > 0 suficientemente grande. Entdo, a energia do sistema dado por (1)-(3) satisfaz

E(T) < CT/O [(pr? + p2vi + pruwf + (91(90))* + (92(¥0))* + (93(we))?) (L)] Lat. (7)

Utilizando as fungoes definidas por Lasieka e Tataru e procedendo de maneira anédloga como em [3], tendo em

vista o Teorema (2.2), a solugdo do sistema (1)-(3) satisfaz o Teorema 2 de [3].
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Abstract

Analisamos neste trabalho a controlabilidade global de certas familias de EDP’s chamadas de sistemas
Burgers-a ndo-viscoso e viscoso. Nessas equagdes, o termo convectivo da famosa equacao de Burgers é substituido
por um termo regularizado, o qual é induzido por um filtro de Helmholtz de comprimento de onda caracteristico
a. Provamos primeiramente um resultado de controlabilidade global exata (uniforme em relagdo a «) para o
sistema Burgers-a ndo-viscoso usando, principalmente, o método do retorno e um argumento de ponto-fizo. Apds
isso, a controlabilidade global exata e uniforme a estados constantes é deduzido para o sistema viscoso. Para tal
propésito, provamos primeiramente um resultado de controlabilidade local exata e, feito isso, estabelecemos um

resultado de controlabilidade global aproximada para estados inicial e final regulares.

1 Introducao

Sejam L, T > 0 dados. Neste trabalho, consideramos as seguintes duas familias de sistemas controlados:

Yyt + 2y = p(t) em (0,7)x (0,L),

2=’z = em (0,7)x(0,L),

z2(,0)=wv;, z(,L)=wv, em (0,7), 1)
y(-,0) =1y em I,

y(-, L) =, em I,

y(0,-) = wo em (0, L),

onde I; ={t € (0,T): v(t)>0}el.={te(0,T): v.(t) <0} e

Yt — Waw + 2y = p(t) em (0,T) x (0, L),

2= 0 200 =y em (0,7) x (0,L),

2(50)=y(,0)=v  em (0,7), (2)
2(wL)=y(, L) =v, em (0,7),

y(0,-) =yo em (0,L)

Os sistemas (1) e (2) sdo chamados, respectivamente, de sistemas Burgers-a ndo-viscoso e viscoso. Devemos
destacar também que a terna (p7 vl,vT) e o par (y,z) representam, respectivamente, os controles e os estados
associados. O parametro pu > 0 é a viscosidade do fluido e @ > 0 é o comprimento de onda caracteristico do
chamado filtro de Helmholtz.
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2 Resultados Principais

Teorema 2.1. Seja a > 0 dado. O sistema Burgers-a ndo-viscoso (1) € globalmente exatamente controldvel em
Cl. Mais precisamente, dados yo,y1 € C1([0, L)), existe um controle fonte p* € C°([0,T]), um par de controles de
fronteira (v, v%) € C*([0,T];R?) e um par de estados associados (y*,z*) € C*([0,T] x [0, L]; R?) satisfazendo (1)

e
y“ (T, )=yr in (0,L).

Além disso, existe uma constante C' > 0 (dependendo de L, T, yo e yr, mas independente de «), tal que
1yl qoryxpo.Lie2) + 1P leoqory + 10 o) loro.rye2) < C.

Prova: Conforme vemos em [1], a prova baseia-se, essencialmente, em dois argumentos principais: método do
retorno e argumento de ponto fixo. A aplicacao do método do retorno consistiu em linearizar o sistema nao-linear
(1) ao redor de uma trajetéria apropriada e provar que o sistema linearizado assim obtido é globalmente controlével
a zero. Apds isso, efetuamos uma ligeira perturbacao nesse sistema linearizado e provamos, usando um argumento
de ponto fixo de Banach, que o sistema perturbado é localmente controlavel a zero. O resultado do teorema segue

facilmente dai.

Teorema 2.2. Seja a > 0 dado. Entao, o sistema Burgers-a viscoso € globalmente eratamente controldvel,
em L™, a trajetdrias constantes. Noutras palavras, para quaisquer yo € L*°(0,L) e N € R, existe um controle
fonte p* € C°([0,T]), um par de controles de fronteira (vf*,v®) € H3/4(0,T;R?) e um par de estados associados
(y*,2%) € L2(0,T; H*(0, L; R?)) N L>°(0,T; L>°(0, L; R?)), satisfazendo (2),

ya(T7') =N n (OvL)v
e a sequinte estimativa
%l oo,y + 17 v ) | s /a0, mir2y < C,

onde C > 0 é uma constante que depende de L, T, yo e N, mas independe de . Além disso, se yo € Hi(0, L)
entao a mesma conclusao ocorre com

(y*, 2%) € L*(0,T; H*(0, L; R*)) N H'(0,T; L*(0, L; R?)).

Prova: Conforme vemos em [1], a prova divide-se em trés etapas: efeito regularizante, controlabiliade aproximada

para dados regulares e controlabilidade local exata a trajetérias de classe C1([0, 7).
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Abstract

Neste trabalho estuda-se um sistema de Bresse com acoplamento termoeldstico no momento fletor
considerando a lei de Fourier para o fluxo de calor. O principal objetivo é fazer uma apresentagao mais detalhada
da existéncia, unicidade e comportamento assintético do problema descrito em [1]. A teoria de semigrupos de
operadores lineares é utilizada para garantir a existéncia e unicidade de solugao. Uma condicao necessaria e
suficiente é dada para a obtencgao da estabilidade exponencial do semigrupo e verifica-se que sob certas condigoes

obtém-se decaimento polinomial da solucao.

1 Introducao

O objetivo do presente trabalho é apresentar resultados descritos em [1] de uma forma didética e detalhada. Além
disso, utilizando um resultado obtido em [2], melhoramos resultados estabelecidos em [1], no que concerne as taxas
de decaimento polinomial, para o sistema termoelastico de Bresse.

O sistema estudado é dado por

p1ew — k(e + 1+ lw), — kol(w, —lp) = 0 em (0,00) x (0,L), (1)
p2’l/)tt - bd)x:c + k(‘ﬂx + 7/} + lw) + 70:8 = 0 em (07 OO) X (07 L)7 (2)
prws — ko(wy — @)y + kl(pr + ¥ +1lw) = 0 em (0,00) x (0,L), (3)
p3by — by + vy = 0 em (0,00) % (0,L). (4)
Considerando as seguintes condigoes iniciais:
QO(O’ ) = %o, th(ov ) = ¥1, ¢(Oa ) = ¢0) wt(ov ) = wla (5)
U)(O,) = Wo, wt(oa') = wy, 9(03) = bp.
E condigoes de fronteira de Dirichlet
e(t,0) = @(t,L) =9(t0) =9t L) =w(t0) =w L) =0,
0(t,0) = 0(t,L) =0 para t € (0,00), (6)
ou condigoes de fronteira de Dirichlet-Neumann
Sa(ta O) = W(ta L) = d)r(tﬂ 0) = wz(ta L) = wz(ta 0) = wr(t7L) =0,
6(t,0)0 = 6(t,L)=0 para t € (0,00). (7)

Onde os coeficientes p1, k, p2, p3 = =, a0 = %,b,’y,l,k‘o, k1 e m sao constantes positivas e as fungoes @, ¥, w e 6

descrevem, respectivamente, a oscilagao vertical, o angulo de rotacao da segao transversal, a oscilagao longitudinal

e a variacao de temperatura de uma viga fina, arqueada e com comprimento L.
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O sistema (1)-(7) foi estudado por [1], onde os autores mostraram que a estabilidade da solu¢do do sistema estd

diretamente ligada as seguintes constantes

(®)

Em [1], Fatori e Rivera mostraram que a solugéo do sistema é exponencialmente estével se, e somente se, x = xo = 0.
Além disso, mostraram que se y = xo = 0 nao se satisfaz o semigrupo associado ao sistema (1)-(5) em geral possui
uma taxa de decaimento t~/¢ e que para o caso em que y =0 e xo # 0 a taxa é t~1/3.

Obtemos neste trabalho uma melhora em relacdo ao artigo apresentado em [1], a saber, mostraremos que para o
caso xo 7 0 e x = 0 a taxa de decaimento da solugdo do semigrupo associado ao sistema (1)-(7) pode ser melhorada

para t~/2 e que no caso de y # 0 e o semigrupo associado ao sistema (1)-(5) com condicdes de fronteira (7) ser

polinomialmente estével, a taxa de decaimento da solucio nao pode ser melhor que t~/2.

2 Resultados Principais

Teorema 2.1.
p1 , k
— # - ou k#k 1
b # ko, (1)

entao o semigrupo associado ao sistema (1)-(5) com condi¢ées de fronteira (7) ndo é exponencialmente estdvel.

Prova: Para obter esta prova veja [3].

Teorema 2.2. Suponha que p1,pa2,ps,b,k, ko, a,v > 0, xo # 0 e x = 0. Entdo, existe uma constante C' > 0,
independentes do dado inicial Uy € H, tal que

C
||U(t)‘|H§m‘|U0HD(Ai); t — oo. (2)

Prova: Para obter esta prova veja [3].

Teorema 2.3. Se x # 0 e o semigrupo associado ao sistema (1)-(5) com condi¢des de fronteira (7) for

polinomialmente estdvel, entao a taxa de decaimento do semigrupo nao pode ser melhor que
C
U], < WHUOHD(AQ); t — o0. (3)

Prova: Para obter esta prova veja [3].
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Abstract

We present a result on the recent notion of directed/geometric lineability, introduced by Févaro, Pellegrino
and Toméz (2020), related to the class of multilinear A-summing operators. Some applications are obtained, in
particular, we prove that the set of m-linear operators on Banach spaces with values on ¢, that are absolutely

but not multiple summing is (1, ¢)—spaceable. This is a joint work with N. G. Albuquerque and D. Tomdz.

1 Introduction

Let E4,...,E, be Banach spaces over K, the complex or real scalar field. The Bohnenblust-Hille multilinear

inequality [1], provides that every m—linear form E; X --- x E,,, — K is multiple (72—?1,
2

-t is optimal. The Defant-Voigt theorem (see [2]) also tells us that every multilinear form Ey x - -+ x E,, — Kis

(r; 1)-summing, for » > 1. Combining these results we concluded that

1)-summing and, moreover,

85 (B, - B K) NI (B - By K) # 0

whenever 1 < r < ﬂ%—:’_‘l Here H?S_Sq) denotes the class of absolutely (p, ¢)-summing operators and H&‘_‘g the class

of multiple (p, ¢)-summing operators. Therefore is natural to investigate the lineability (and also spaceability) of
the set of absolutely but not multiple summing multilinear operators. We deal with theses problems in the general
concept of multilinear A-summing operators (see [1] and [3]), providing results in the more restrictive variant of
lineability /spaceability notion recently presented in [4]. Next we present a precise definition of these concepts. As
usual, the topological dual and the closed unit ball of a Banach space E will be denoted by E’ and Bp, respectively,

¢ stands for the cardinality of R and m will always be a positive integer.

Definition 1.1. Let Ey,..., Ey, F' Banach spaces, v := (1,...,7m),8 = (S1,...,5m) € [1,+00)™ and A C N™ q
set of indexes, a m-linear operator T : Ey X --- X Ep, — F is A-(r,s)-summing, if there is a constant C > 0 such
that

%r_bl m N P%c
Fm> <C H sup (; ‘qﬁ(mﬁk)) m) ,

k=1 ¢Ic€BE;c

N N
S| (Z HT <x§j>,-~-7w§$)) 1 (i1 -y im)

i1=1 =1

k)

for all N € N and acE €EE,,k=1,....m,i=1,...,N, where 1, is the characteristic function of A.

The set of operators that fulfill the previous inequality is denoted by Hé\r?s) (E1,...,Ey; F), which is a Banach
space endowed with the usual norm taken as the infimum of the constants C' > 0. Notice that when A = N™ and
A ={(i,...,7) : i € N}, the class of multiple, absolutely summing operators is recovered, respectively. It is worth
pointing out that the concepts of summing operators can be investigated on quasi-Banach spaces which topological
dual is nontrivial (see [5]).
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Definition 1.2. Let «, 8, A be cardinal numbers and V' be a vector space, with dimV = X and o < < A. A
set A C V is (o, B)-lineable (respec. («, f3)-spaceable), if it is a-lineable and for every subspace W, C V', with
Wy € AU{0} and dim W, = «, there is a subspace (respec. closed subspace) Wg C V, with dim Wz = 8 and
W, C Wz C AU{0}.

Observe that this definition encompass and refine the original lineability notion when a = 0.

2 Main Results

Let A C Ax subsets of N E =: E; X --- X E,,,, with Ey,..., E,, Banach spaces and p € (0,00). Our main result
provides that the set Hz\r,s) (E; ) \HE\:S) (E; £p) is either empty or (1, ¢)—spaceable. Among others applications, we
provide the spaceability of the class of absolutely but not multiple summing operators and also the class of linear

operators that fails to be absolutely summing.

Theorem 2.1. Let Ey,...,E,, be Banach spaces, E =: Ey X -+ x E,,, p € (0,00), 1t := (r1,...,"m),S :=
($1,.-+y8m) € [1,400)™ and A C Ax C N™ sets of indexes. Let us consider the spaces of m—linear summing
operators Hf\r.s) (E; ¢,) and Ha*s)(E;Ep), Then

H?r,s) (E; gp) \ Hé\rfs) (E; EP)
is either nonempty or (1, c)-spaceable.
Corollary 2.1. Letr:=(r1,...,7m),s:=(S1,...,8m) € [1,+00)™ and p € (0,+00). Then
TS (By, ooy B ) \ TS (B, - B £)
is either empty or (1,c¢)-spaceable.

It is well known that, for 0 < p < 1, the identity I : £, — £, is a non-(r, s)—absolutely summming operator for
any 1 < s <7 < oo. Hence, the set L(£,,€,) \ I, 5 (£, £p) is not empty. Using this fact and a direct application

of the technique used in Theorem 2.1, we obtain the following result.

Proposition 2.1. Let0 <p <1landlet1 <s <r<oo. Then L({y;lp)\ U Il s (pitp) is (1,c)—spaceable.
1<s<r<oco ’

In the next result we deal with multilinear operators with values in £,(T").

Proposition 2.2. Under the same assumptions of the Theorem 2.1, if the set H?r,s)(E;ép) \ H?:S)(E;Zp) is non-
empty, it is (o, card(I"))-lineable for all o < card(T).
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Abstract

Na dissertagdo estuda-se polindmios homogéneos continuos que nao sdo analiticos. Os principais resultados
referem-se & existéncia de estruturas lineares constituidas por polinémios néo analiticos e, também, uma aplicagao
desses polinémios as séries de Dirichlet. Com esse fim, comegamos com o estudo dos polinémios homogéneos
entre espagos de Banach e suas principais propriedades. Em seguida, sdo exibidas as construges do polinémio
2-homogéneo dada por Toeplitz e do polindmio m-homogéneo, m > 2, devida & Bohnenblust e Hille. Com o
auxilio desses polindomios é gerado um subespago vetorial isomorfo ao espago ¢1, gozando da propriedade de
que os seus elementos (ndo nulos) sdo polindmios homogéneos que nao sdo analiticos num determinado vetor.
Em particular, o conjunto dos polinémios homogéneos nao analiticos em ¢y é espagavel. Por fim, como uma
aplicacéo exibimos a solugdo do Problema de Convergéncia Absoluta de Bohr, que consiste na determinagao da
distancia maxima entre as abscissas de convergéncia absoluta e uniforme de uma série de Dirichlet, tendo como

ferramenta 1til em sua solugdo o polinémio de Bohnenblust e Hille.

1 Introducao e resultados principais

é sabido dos cursos introdutérios de andlise complexa que uma fungao de uma variavel complexa é holomorfa se e
somente se é analitica, i.e., pode ser representada localmente como uma série infinita de monoémios de uma variavel.
Para fungoes de finitas varidveis complexas é possivel mostrar que esse resultado continua valido. Por muito tempo
se acreditou que para funcoes em infinitas varidveis isso também valeria.

Em 1913 o matemético Toeplitz exibiu um exemplo de uma fungao holomorfa em que sua representacao por
série de poténcias nao convergia em todo ponto. Mais precisamente ele construiu um polinémio 2-homogéneo em cg
que nao era analftico em todos os pontos do seu dominio. Denotando P(?cy) o espago dos polindémios 2-homogéneos

continuos em c¢g, Toeplitz mostrou o seguinte resultado
Teorema 1.1. Existe P € P(%cy) de modo que para cada & > 0, existe z € b4, P tal que ndo é analitico.

Posteriormente, Bohnenblust e Hille em [1] para resolverem um problema na série de Dirichlet estenderam a

construgdo de Toeplitz a polinémios m-homogéneos (m > 2) e mostraram o seguinte

Proposicao 1.1. Para cada m > 2 fizo, existe P € P(™cg) tal que para cada € > 0, existe z € €%+6 de modo

que P nao € analitico.

O trabalho de Bohnenblust e Hille [1] tem sido bastante explorado nos ultimos anos por ter implicagoes no
estudo da analiticidade de polinémios m-homogéneos continuos. Em 2016 J. Alberto Conejero, Juan B. Seoane-
Sepulveda e Pablo Sevilla Peris com base nos polinémios de Bohnenblust e Hille mostraram em [2] que o conjunto
dos polindmios m-homogéneos continuos nao analiticos em ¢y, (que denotaremos por N,,) é espagdvel em P(™cp),

ou seja, N, U {0} contém um espago vetorial fechado de dimensdo infinita.

Teorema 1.2. Para cada m > 2, o conjunto N,, U {0} contém uma cdpia isomorfa de 1. Em particular N,, €

espagdvel em P(Mcy).
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Como aplicacao estudamos o Problema de convergéncia absoluta de Bohr que consiste na determinagdo da largura
méxima da faixa em que uma série de Dirichlet converge uniformemente mas nao absolutamente. Este problema foi
considerado por Harold Bohr em 1913 enquanto investigava a distancia maxima entre as abscissas de convergéncia

de uma série de Dirichlet. Bohr consideriou o nimero
S =sup{o.(D) — 0,(D) : D é uma série de Dirichlet}

onde 04(D) e 0,(D) denotam as abscissas de convergéncia absoluta e uniforme de uma série de Dirichlet D,

. 1 ~ .
respectivamente. Bohr mostrou que S < 2 entretanto ele nao conseguiu nenhum exemplo de modo que

0a(D) —0,(D) = =.

Apesar de néo ter resolvido este problema, Bohr forneceu ferramentas que levaram a sua solucdo. Ele percebeu que
as séries de Dirichlet e as séries de poténcias formais estavam relacionadas por meio dos niimeros primos. Dada uma
série de Dirichlet D(s) = > a,n™° considere para cada n € N sua decomposi¢do em nimeros primos n = p{'* - - - pin.
Pela unicidade dessa decomposicdo cada n corresponde um tnico @ = (a1, ..., an). Entdo, definindo ¢, = ape cada
série de Dirichlet corresponde uma tnica série de poténcias > c,z%, onde z* = 2z --. z®~N . Essa correspondéncia
é chamada de Transformada de Bohr e permite traduzir problemas sobre séries de Dirichlet em termos de séries de
poténcias.

O problema de convergéncia absoluta de Bohr foi resolvido apenas em 1931 por Hille e Bohnenblust, e uma das
ferramentas usadas foi o polinémio m-homogéneo que tinham construido. Com isso eles mostraram em [2] que para
cada m € N, existem séries de Dirichlet tais que

m—1

Te T Tom

Isto implicava no seguinte resultado

Proposigao 1.2. Temos
g 1
=5
o . . . . 1
e o supremo € atingido, ou seja, existe uma série de Dirichlet tal que 0,(D) =0 e 0,(D) = 7
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Abstract

Neste trabalho estudamos os ideais injetivos de polinémios homogéneos, com énfase na envoltéria injetiva.
Posteriormente, apresentamos a descricao da envoltéria injetiva de um ideal de composicao e aplicagoes desta

descrigao sao fornecidas.

1 Introducao

As nogoes de ideal injetivo e envoltéria injetiva aparecem inicialmente para ideais de operadores lineares (veja [3]),
e posteriormente sdo generalizados de forma natural para ideais de polinémios homogéneos. Os ideais injetivos
sao importantes por possuir estreita relagdo com as injegdes métricas (ou isometrias lineares) e com a restrigdo de
contradominio de um operador. Sao importantes também porque muitos ideais interessantes de operadores e de
polinémios sao injetivos. Este trabalho é baseado nos resultados principais de [2], artigo no qual os ideais injetivos

de polinémios foram primeiramente estudados.

2 Resultados Principais

Ao longo deste trabalho, m denota um ntmero natural qualquer e as letras E, F, G e H denotam espagos de Banach
quaisquer, reais ou complexos. Por E’ denotamos o dual topoldgico do espago E, por L(F; F') denotamos o espago
dos operadores lineares de F em F e por P("™FE; F) o espago dos polinémios m-homogéneos continuos de E em F.

Para comodidade do leitor, apresentamos a definicao de ideal de polindmios.

Definigao 2.1. Um ideal de polinémios (homogéneos) é uma subclasse Q da classe de todos os polinémios
homogéneos continuos entre espagos de Banach tal que suas componentes Q("FE; F) = P(ME; F)N Q, onde m € N
e FE e F sao espacos de Banach arbitrarios, satisfazem as seguintes condigoes:
(1) Q(™E; F) é um subespaco vetorial de P("™E; F') que contém os polindémios m-homogéneos de tipo finito.
(2) Seue L(G;E), Pe Q(ME;F)ete L(F;H), entdao to Pou € Q("G; H).

Se || |lg: @ — R é uma funcao tal que (Q(™E; F), || - ||o) é um espago normado (de Banach) para quaisquer
espacos de Banach E e F' e numero natural m, e satisfaz as seguintes condigoes:
(D) lidy: K — K, id,,(A) = A™||g = 1 para todo m € N, e
(I) Seu € L(G;E), Pe Q(ME;F)ete L(F;H), entdo |[to Poullg < |t |Pllg - |lul™,

entdo (Q,] - |g) é chamado de ideal normado (de Banach) de polindémios.

Dado um ideal de polindémios Q, por Q,, denotamos a sua componente m-linear, isto é, Q,,(E; F) := Q(™E; F)
para todos E e F' espacos de Banach. Q,, é chamado também de ideal de polinémios m-homogéneos. é claro que
Q1 é um ideal de operadores lineares. Para a teoria bésica de ideais de operadores, veja [3].

Uma injegdo métrica é um operador linear j: E — F tal que ||j(z)|| = |/z|| para todo x € E. Por

Ig: E — lo(Bg/) denotamos a inje¢ao métrica candnica (veja [3, C.3.3)).
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Definicao 2.2. (i) Dizemos que um ideal de polinémios Q é injetivo se dados P € P("™E; F') e uma inje¢do métrica
j: F— G tais que jo P € Q(™E;G), tem-se que P € Q(™E; F).
(ii) Um ideal normado de polindémios (Q, || - ||g) é injetivo se Q é um ideal injetivo de polinémios e, na situagao

acima, [|[Pllg = [|j o Plle.
A seguir veremos as propriedades principais da envoltoria injetiva de um ideal de polindémios.

Proposicao 2.1. Seja (Q,| - ||o) um ideal normado de polinémios. Entdo existe um (inico) menor ideal normado

injetivo de polinémios (Q™, || - || gimi) que contém Q e tal que || - ||gms < || - ||@. Para P € P(™E;F),
Pe QM(ME;F) <= IpoP € Q(™E;ls(Br:)) e ||P|gmi := ||IF o P||o.

Mais ainda, o ideal (Q™ || - ||gmi) € de Banach se o ideal (Q,| - ||o) for de Banach. O ideal Q™ (ideal normado
(QM || - ||gins)) € chamado de envoltéria injetiva do ideal Q (ideal normado (Q, || - |lg))-

Coroldrio 2.1. (a) Um ideal de polinémios Q ¢ injetivo se, e somente se, Q = QM.

(b) Um ideal normado de polinémios (Q, || - ||g) € injetivo se, e somente se, Q= O™ e | -|lg=| | gmi-

Os conceitos e propriedades de ideais injetivos de operadores (veja [3, 4.6]) s@o naturalmente recuperados do
caso polinomial ao se considerar o caso linear m = 1 no que foi apresentado acima. Neste caso, denotamos também
por I™ a envoltéria injetiva de um ideal de operadores Z. Analogamente, obtemos a definicio e as propriedades
de ideal injetivo de polindmios m-homogéneos ao considerarmos m fixo no que foi apresentado acima.

Seja Z um ideal de operadores. Um polinémio P € P(™FE; F) pertence a Z o P(™E; F) se existem um espago
de Banach G, um polinémio @ € P(™FE;G) e um operador linear v € Z(G; F) tais que P = uo Q. O ideal de
polinémios Zo P é chamado de ideal de composi¢ao. Para maiores informagoes sobre esse ideal, veja [1]. O resultado

a seguir descreve a envoltéria injetiva de um ideal de composigao.
Teorema 2.1. Seja T um ideal de operadores. Entdo (I o P)™ =T oP.
Muitas consequéncias decorrem da férmula acima. Vejamos algumas.

Corolario 2.2. As sequintes afirmagoes sao equivalentes para um ideal de operadores I:
(a) T € injetivo.
(b) ZoP € um ideal injetivo de polindmios.

(¢) (ZoP)m € um ideal injetivo de polindmios m-homogéneos para algum m € N.

Por A denotamos o ideal dos operadores lineares que podem ser aproximados, na norma usual, por operadores
lineares de posto finito, por K denotamos o ideal dos operadores lineares compactos, por P4 denotamos o ideal
dos polindomios que podem ser aproximados, na norma usual, por polinomios de posto finito e por Px o ideal dos
polinémios compactos. De [3, 4.6.13] sabemos que A™ = K. Usando o Teorema 2.1 consegue-se a versao polinomial

desse resultado:

Corolério 2.3. (P4)™ = Py.
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Abstract

This paper is concerned with the existence of positive solutions for three point boundary value problems of
Riemann-Liouville fractional differential equations with p-Laplacian operator. By means of the properties of the
Green'’s function and Avery-Peterson fixed point theorem, we establish a condition ensuring the existence of at

least three positive solutions for the problem.

1 Introduction

This paper investigates the existence of at least three positive solutions for the following nonlinear fractional

boundary value problem, (FBVP in short),
Dg+(<pp(DO“+u(t))) +a(t)f(t,u,u’) =0, foreach te0,1],

Dgu(0) = u(0) = u'(0) =0, Dgi*u(0) = Dy *u(1) = yu(n),

where n € (0,1), v € (0, Ff?gj)) ©p(s) =|s[P~2s,p > 1, D§. D& are the Riemann-Liouville fractional derivatives

with a € (3,4] and 3 € (0,1].
To establish the existence of multiple positive solutions of FBVP, throughout this paper, we assume that f and a

satisfy the following conditions:
(Hy) feC(]0,1] x [0,00) x [0,00),[0,00)) is a given nonlinear function.

(Hz) a € L*[0,1] and there exists m > 0 such that a(t) > m a.e. ¢t € [0,1].

2 Main Results

In this section we deduce the existence of at least three positive solutions of the FBVP by using the well know
Avery-Peterson fixed point theorema; see [1].

Let v and € be nonnegative continuous convex functionals on P, w be nonnegative continuous concave functional
on P and 1 be a nonnegative continuous functional en P. Then for positive numbers a, b, ¢ and d, we define the

following convex sets:

P(y,d) ={z € P:~y(z) <d},
P(y,w,b,d) ={z € P:b<w(zx),y(x) <d},
P(v,0,w,b,¢e,d) ={x € P:b<w(x),0(z) <c,v(z)<d},

and a closed set

R(v,¢,a,d) ={x € P:a <(x),v(z) <d}.
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Theorem 2.1. [1] Let P be a cone in Banach space E. Let v, 8 be nonnegative continuous conver functionals
on P, w be a nonnegative continuous concave functional on P, and i be a nonnegative continuous functional on
P satisfying Yp(Ax) < Mp(x) for 0 < A < 1, such that for some positive numbers M and d, w(z) < (x) and
[#]] < M~(x) for x € P(v,d).

Suppose that T : P(vy,d) — P(~,d) is completely continuous and there exist positive numbers a, b, ¢ with a < b such
that

(S1) {z € P(y,0,w,b,c,d) : w(x) > b} #0 and w(Tx) > b for
S P(7797w7b7 C, d)7

(S2) w(Tz) > b for x € P(y,w,b,d) with 6(Tz) > c
(S3) 0 & R(~,%,a,d) and ¥(Tx) < a for x € R(v,¥,a,d) with (x) =

Then T has at least three fixed points x1,22,x3 € P(v,d) such that v(x;) < d, i = 1,2,3; w(x1) > b; Y(z2) > a,
w(xg) < b; Y(x3) < a.

Now, for convenience, we denote

( lalloo ) N
I(B+1) B(2,8(q—1)+1)

1 1
(F CEY) ) 71("[ j G(l,s)sﬁ(qfl)der%/ G(n,s)sﬁ(qfl)ds ,

lalloe \"? (@) — (@ — 1)y
(F B+1) )

where N =T(a—1) —

Theorem 2.2. Suppose that (H; — Hs) hold and there exist constants 0 < a < b < br'1=% < d, such that
(A1) f(tu,u') < pp(rid), (tu,u') € [0,1] x [0,d] x [0,d],

(As) f(t,u,u') > @p(reb), (t,u,u') € [1,1] x [b,br' =] x [0,d],

(As) f(t,u, ) < @p(rsa), (t,u,u') €10,1] x [* ta,a] x [0,d].

Then the FBVP has at least three positive solutions w1, us and us satisfying

maxui(t) <di=12,3 minu(t)>b;

> ' i : .
OrgtaSXluQ(t) >a with Tréltlglug(t) <b; and Orél%xlugg(t) <a
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Abstract

Neste trabalho apresenta-se um esquema de diferencas finitas em coordenadas polares para o laplaciano de
uma fungdo com condigdo de contorno de Dirichlet e, a partir dele, é desenvolvido um esquema semelhante para a
norma do gardiente. A principal dificuldade é tratar a singularidade na origem que surge devido A mudanca para
o sistema de coordenadas polares. Além disso, sdo montadas matrizes auxiliares para facilitar a implementagao
numérica dessa aproximacao. Uma aplicagdo dos esquemas desenvolvidos é feita utilizando um modelo de torgao

elastoplastica para avaliar a qualidade dos resultados e discutir sobre sua importancia.

1 Introdugao

O tema deste trabalho foi motivado por estudos acerca do problema da torgao elastoplastica (PTE), que consiste
em definir regides de plasticidade formadas na secdo transversal 2 C R? de uma barra submetida a torcdo. A

solugdo desse problema — descrito detalhadamente em [3] — satisfaz a seguinte desigualdade variacional:
u€ Ky : / Vu-V(v—u)dedy > 77'/ V(v —u) dzdy, Yv € Ky, (1)
Q Q

com condi¢do de contorno de Dirichlet u = 0 em 9Q. O conjunto Ky = {v € H{(Q): [Vov| <1} define os
deslocamentos admissiveis e 7 é uma constante fisica. A resolugao numérica do problema envolve a discretizagao
via método das diferencas finitas do laplaciano e da norma do gradiente de u. Assim, surgiram dificuldades para
alguns formatos de barra, como segoes em L (abordada em [1]) e circulares. Embora a utilizagdo de diferencas
finitas com coordenadas polares seja antiga, ha detalhes que precisam ser tratados com atencao.

Seja o disco de raio R definido por 2 = {(:my) cx P < R}7 aplica-se a mudanca de coordenadas r =
rcosf, y =rsinf, na qual r = /22 + y? ¢ § = arctan (y/x). Para Q, = {(r,0) : 0 <r < R, 0 <0 < 27}, tem-se::

u  10u 1 0u? 9 ou\® 1 [ou\?
Au(r,@)—wﬁ-;a—i-ﬁwa [[Vu(r, 0)]| _<87"> +7,2<39> : (2)

Note que surge uma singularidade na origem nas equagdes (2). Diferentes estratégias podem ser adotadas para
trazer a regularidade desejada, como o método de deslocamento da grade descrito em [2]. Neste caso, a malha de
diferengas finitas é definida de forma que o eixo radial seja composto por semi-inteiros, ou seja, r; = (i — 1/2) h, e
0; = (j —1)hg, sendo h, = R/(N, +1/2) e hg = 2w /Ny, parai=1,2,..., N, +1,j=1,2,..,Ng+ 1.

Utilizando diferengas centradas para aproximar o laplaciano, para ¢ = 2,3,..., N, e j = 1,2, ..., Ny, tem-se:

Uit1; =2Uij +Uicay 1 Uiy —Uinay 1 Uijrn = 2Ui + Ui

Bulrsby) ~ n2 n 2h = 03 ’ ®)

onde U; ; denota a solugdo aproximada de u(r;, 6;). Quanto aos pontos de fronteira, segue da condigao de contorno

e da periodicidade do disco que Uy, +1,; = 0 e U; ny+1 = U; 1. Para i = 1 o termo Up ; se anula na equacéo (3),
pois r1 = h,./2. Logo esse método permite que o laplaciano seja resolvido sem nenhuma condigao de polo.
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O objetivo principal deste trabalho é desenvolver um esquema de diferencas finitas semelhante para a norma do
gradiente, j4 que os resultados encontrados dizem respeito apenas ao laplaciano. Aplicando diferengas centradas:
llu(ri, 6] ~ Uty —2Uis1,3Ui1 + U L1 Upji1 —2Ui j1Uij 1 +UZ

I 4h2 r? 4h? ’

K2

(4)

parai=2,3,....,N.ej=1,2 .. Ny. Aaproximacao para os pontos de fronteira é andloga ao caso anterior, mas para
i =1 o termo Uy ; ndo se anula. Para contornar essa questao, optou-se por diferengas progressivas para aproximar
U ;. Para implementar numericamente, duas matrizes A e B foram montadas tais que ||u||* ~ (AU)? + (BU)?,
sendo U = [U' U? .. UN-T e Ul = [U;y Uip ... Ui N, )" Sao elas:

—2L 2L
-L 0 L M
A= 5 B = ’ (5)
-L 0 L M
—-L 0 0 0
i —2L 0 |
nas quais:
—1/hg 1/h9 1
1/(2h,) ~1/(2hg) 0 1/(2hy)
L — , M — . t. t. (6)
1/(2h,) ~1/(2he) 0 1/(2he)
1/(2hy) 0 1/(2he) —1/(2he) 0 0
1/hg 1/hg 0 |

2 Resultados Principais

O PTE foi resolvido numericamente através de dois modelos, via I. complementaridade (utilizando Au) e IL
minimizagdo (utilizando ||Vul]). O caso circular com 7 constante possui solugao analitica, ent@o foi possivel calcular
o erro. Para (I) o erro relativo médio foi de 0,0554% e para (II) foi de 0,8010%. O esquema de complementaridade
teve melhor desempenho, mas no geral pode-se dizer que ambos apresentaram resultados satisfatérios.

A equivaléncia entre as regides pldsticas definidas por ||[Vu|| = 1 ou |u] = d fol um marco na &rea, sendo
d: 2 — R a fung@o que mede a menor distancia de cada ponto até a fronteira. Esse resultado configura o PTE
como um problema tipo obstdculo, com u sendo representado por uma membrana e d o obstaculo que restringe
seu deslocamento. Assim, é possivel encontrar as regioes sem envolver o gradiente. Essa equivaléncia, entretanto,
é valida para o PTE cléssico, mas existem outras variagoes de 7 compativeis com a formulacdo matemaética que
fogem ao significado fisico do problema. Nesses casos, héd o surgimento de novas regides (ou o alargamento de regioes
existentes) em que a norma do gradiente iguala ou supera a unidade sem que haja contato com o obstdculo. Por

isso um esquema em diferengas finitas para ||Vu|| é importante, ampliando o campo de aplicacoes matemadticas.
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