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ON POSITIVE SOLUTIONS OF ELLIPTIC EQUATIONS WITH OSCILLATING NOLINEARITY IN
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Abstract
In this paper, we study results of existence and multiplicity of positive solutions for the following semilinear
problem
—Au = AP(z)f(u), in RY
{ lim )00 u(x) = 0,
where P € C(RY,R) and f € C([0,0),R) is an oscillating nonlinearity satisfying a sort of area condition. The

main tools used are variational methods and sub-supersolution method.

1 Introduction

In this work, we study the existence and multiplicity positive solutions for the problem

{ —Au = \P(x)f(u)inRY

lim| |00 u(z) = 0,

where f : [0, +00) — RY is a continuous function satisfy:

(f1) f(0) =0

(f2) There exist 2m — 1 zeros of f, 0 < a3 < by <as <by < -+ <bp_1 < a, such that for k=1,--- ,m—1

f(t) >0, te (b, ars1)
f(t) <0, t € (ak,br);

(f3) f::“ f(s)ds >0, for allk € {1,2,--- ,m —1}.
Related to P we assume that it is a C7 (RN, RY) function and
(P1) Jon |2>"NP(z)dz < +o0;
(Py) P e LY(RYN) N L>=(RY)
and
(P3) [an ‘Ify(ﬁ\?,2dy < mg,z, for all z € RV \ {0}, for some C' > 0.
The existence and multiplicity of solutionts to elliptic problems like (P) in bounded domains with oscillating

nonlinearities, as in (fz), and area condition, like (f3), have been vastly studied since the appearance of the
pioneering papers by Brown and Budin [1, 2]. In [5], Hess improves the aforementioned Brown and Budin’s result,
thanks to minimization arguments and Leray-Schauder degree theory. After, in [4], De Figueiredo , using variational
techniques showed existence of multiple ordered solutions.

Based in the references aforementioned and in the pappers due to Loc and Schmitt [6], Corréa, Carvalho,
Gongalves and Silva [3], we use Variational Methods and Comparison Principles to study the existence and
multiplicity of solutions to (P) in whole RY. We would like to point out that there are some particularities
in the fact that we are working in unbounded domains, some these problems can be overcome using the Riesz
Potential Theory to solutions of (P).

11
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2 Main Results

Our main result are the following:
Firstly, we study the existence and multiplicity to problem (P)

Theorem 2.1. Assume that the function f satisfies (f1) — (fs) and P verifies (Py) — (Ps). For all A sufficiently
large, (P) has at least m — 1 non-negative weak solutions {uy, - ,upm_1} C L°(RY) such that ar_1 < |ug|eo < ag,
fork=2--- m.

In the end, we show that condition (f3) is a necessary condition to existence of solution to problem (P).

Theorem 2.2. Assume that f(0) > 0 and

{ —Au = P(z)f(u) in RN
)

lim| ;o0 u(r) = 0,

has a nonnegative weak solution u such that |u|eo € (ag,ar+1], for some k € {1,--- ,m — 1}, then for such k

/akJrl f(s)ds > 0. (1)

k
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Abstract

In this work we study the equation Lu = f, where L is a degenerate elliptic operator, with Neumann
boundary condition in a bounded open set 2. We prove the existence and uniqueness of weak solutions in
the weighted Sobolev space W'?(Q,w) for the Neumann problem. The main result establishes that a weak
solution of degenerate elliptic equations can be approximated by a sequence of solutions for non-degenerate

elliptic equations.

1 Introduction

In this paper, we prove the existence and uniqueness of (weak) solutions in the weighted Sobolev space W12(2,w)
for the Neumann problem
(P){ Lu(z) = f(x) in Q,
(A(x)Vu,7(z)) =0 on 09,

where 7j(x) = (n1(x), ..., Mu(x)) is the outward unit normal to I at x, (.,.) denotes the usual inner product in R”,

the symbol V indicates the gradient and L is a degenerate elliptic operator

Lu:—ZDj(aijDiu)—i—ZbiDiu—I—gu +0uw, (1)
i,j=1 i=1
0]
with D; = —, (j = 1,...,n), 8 is positive a constant, the coefficients a;;, b, and g are measurable, real-valued
8.’)3j

functions, the coefficient matrix A(x) = (a;;(x)) is symmetric and satisfies the degenerate ellipticity condition

MéPw(a) < (A(@)€, €) < Aléfw(x) (2)

for all £€R™ and almost every 2€Q2CR" a bounded open set with piecewise smooth boundary (i.e., 9Q € C%1), w

is a weight function (that is, locally integrable and nonnegative function on R™), A\ and A are positive constants

2 Main Results

The main purpose of this paper (see Theorem 2.2) is to establish that a weak solution u€ W12(Q,w) for the
Neumann problem (P) can be approximated by a sequence of solutions of non-degenerate elliptic equations.

Theorem 2.1. Let Q CR" be a bounded open set with boundary 0 € C%'. Suppose that

(H1) we Ay;

(H2) f/we L*(Q,w);

(H3) b;/we L>®(Q) (i=1,...,n) and g/w € L>(Q).

Then, there exists a constant C > 0 such that for all 6 > C the Neumann problem (P) has a unique solution
u € Wh2(Q,w). Moreover, we have that |u||W1,2(Q,w)§/2\H£

L2 (Q,w) .

13
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Proof See [2], Theorem 1.

Lemma 2.1. Let o, f > 1 be given and let we A, (1 < p < o0), with A,-constant C(w,p) and let a;; = a;; be

measurable, real-valued functions satisfying N€|°w(x) < (A(z)E, &) < A|¢fPw(x) (see (2)). Then there exist weights
af

wag =0 a.e. and measurable real-valued functions a;;" such that the following conditions are met.
(i) c1(1/8) Swqap(z) <coa in Q, where c1 and co depend only on w and Q.
(i1) There exist weights 01 and &y such that &1 <wapg < @2, where &; € Ay and C(@;,p) depends only on C(w, p)
(i=1,2).
(111) wap € Ay, with constant C(wag,p) depending only on C(w,p) uniformly on o and (.
(iv) There ezists a closed set Fog such that wap=w in Fop and wag~ 1~y in Fop with equivalence constants
depending on « and 8 (i.e., there are positive constants cqapg and Copg such that cqap @ <wep < Capwi, © = 1,2).
Moreover, Fo3 C Fyp if a <o/, <, and the complement of U F.p has zero measure.

aB>1

(v) wap— w a.e. in R™ as a, f— 0.
n

(vi) Awap(z) €] < Z a?jﬁ(x) &5 < Awap(2) |67, VEER™ and a.e. z€Q, and a?jﬁ(x) = a?f(a;).
ij=1

(vii) afj’g(w) = a;;j(z) in Fup.

Proof See [1], Theorem 2.1.

Theorem 2.2. Let Q CR™ be a bounded open set with boundary 0 € C%L. Suppose (H1), (H3) and

(H2*) f/we L?(Q,w)NL3(Q,w?).

Then the unique solution u€ W2(Q,w) of problem (P) is the weak limit in W12(Q,&1) of a sequence of solutions
Um € WH2(Q, w,y) of the problems

(Pm) { Lmn:tm(x) = frj(fﬂ)a_ln Q7
(A™(£) Vi, 7(x)) = 0, on 9,

n n
with Ly, = — Z Dj(a?}m Dium) + mei Dy, + Gm Um + eumwwu fm = f(wm/w)1/27 9m = gwm/w7
ij=1 i=1

bmi = bj W /w and Wy, = W (Where Wmm, o™ and &1 are as Lemma 2.1 and A™(z) = (am’”(x))).

ij ij
Proof See [2], Theorem 2.
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Abstract

We analyze the Caffarelli-Kohn-Nirenberg inequality in the Euclidean setting, in the non-sharp case. Due to
a new parameter introduced, this inequality presents two distinguishable ranges: in one of them, it is shown to
be the interpolation between weighted Hardy and weighted Sobolev inequalities; in the other range, the constant
is not necessarily bounded for all value of the parameters. In the former case, it is obtained a constant that

depends of the new parameter.

1 Introduction

In this work, we consider the general form of Caffarelli-Kohn-Nirenberg inequality in the non-sharp case, as appeared

in [2]:
1/r a/p (1-a)/q
([ ramiurae)™ < o( [ palor vl ds)™ ([ felaleas)” ", 1)
Rn ]Rn R’IL

where the real parameters p, q, 7, «, 3, v, satisfy
p,q>1, r>0 and ~r, ap, Bg> —n. (2)

From a dimensional balance of (1), it follows that

where a € [0, 1] and
y=aoc+(l—a)f (4)

for some parameter o. In particular, if @ > 0, then o0 < a. Moreover, if @ > 0 and also

1 a-1 1
=+ — -4
P n r

~
n
then 0 > o — 1. These are necessary and sufficient conditions for (1), as it was proved in [2]. Further, for any

compact set in the parameter space, such that, (P), (3) and (a — 1) < ¢ < «, the positive constant C' in (1) is
bounded.

Here the analyze of Caffarelli-Kohn-Nirenberg inequality relies in a suitable introduced parameter s defined by

5= P (5)

n—ploc—(a—1))’

and we will be focused on the sufficiency.

15
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2 Main Results

The main problem to make an analysis of the inequality (1) is the interpolation between the parameters on the

right side of the inequality. The following result simplifies the analysis of that interpolation.

Proposition 2.1. Assume conditions (P) and (4). If there exists a constant C > 0, such that

</R 1% u()® dz>1/s <C (/R ]| ||Vu(x)||pd:z:>l/p, 6)

then the Caffarelli-Kohn-Nirenberg inequality (1) holds with the same constant.
Now, the following result shows the existence of the constant C for the inequality (6).

Theorem 2.1. Letp > 1, a, and o be such that ap > —n, 0 < . Consider s as defined in (5) satisfying os > —n.
Then, there exists C > 0, such that (6) holds.

The proof of this theorem, as appeared in [1], shows that the value of constant C' depends of the values of the
parameter s.
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Abstract

In this talk, we discuss about recent results for double phase problems via variational methods. More

precisely, our problems are driven by the so-called Finsler double phase operator given by

div (F?~"(Vu)VF(Vu) + a(z) F* ' (Vu)VE(Vu))  for u € WHF(Q),
set on an appropriate Musielak-Orlicz-Sobolev space W (Q), with F' a positively homogeneous Minkowski
norm, 1 < p < q < co and a € L™= (Q) such that a(x) > 0 a.e. in Q. For the first time in literature, we deal with
critical Sobolev nonlinearities on a double phase setting. These nonlinear terms make the study of the energy
functional more intriguing, considering the lack of compactness of the critical Sobolev embedding for W (Q).

Under suitable assumptions for weight a, exponents p and ¢, we are able to provide the existence of at least one

solution for our problems.

1 Introduction

In the paper [2], C. Farkas and P. Winkert studied for the first time in literature a double phase problem involving
a critical Sobolev nonlinearity. More precisely, they considered problem

— div (FP~Y(Vu)VF(Vu) 4 a(z)F* Y (Vu)VE(Vu)) = uP T4 A (W +g(z,u)) inQ,
u=0 on 0,

where the main differential operator is the so-called Finsler double phase operator, with F : RN — [0,00) a
positively homogeneous Minkowski norm. Here, they also assumed that Q C RY is an open bounded set with
Lipschitz boundary, A > 0 is a real parameter, p* = Np/(N — p), exponent v € (0,1), ¢ is a suitable subcritical
term, while 2 < p < ¢ < N and the following assumption holds true

1 _
(A) Ty N while a : Q@ — [0,00) is Lipschitz continuous.
b

Because of the presence of an operator with non-standard growth, the natural functional space where finding
solutions of (P) is the homogeneous Musielak-Orlicz-Sobolev space W, HLE(Q), set with respect to F and to
function H(z,t) := t? + a(x)t?, with (x,t) € Q x [0,00). In order to handle the critical Sobolev nonlinearity and
the non-differentiable singular term in (P), C. Farkas and P. Winkert worked with a local analysis on a suitable
closed convex subset of WOI’H’F(Q)7 by strongly assuming that 2 <p < ¢ < N.

Following this direction, joint with C. Farkas and P. Winkert, we were able to generalize problem (P) considering
a nonlinear boundary condition and above all covering the complete situation 1 < p < ¢ < N. That is, in [1] we

dealt with problem
— div (FP" (Vu)VF(Vau) 4 a(z) F* (Vo) VF (V) +uP 7 +a(@)u? ' =u” 42 (W +gi(e,u)  inQ,
u >0 in €, (2)
(FP~Y(Vu)VF(Vu) + a(z)F*H(Vu)VE(Vu)) - v =u"""" + ga(z,u) on 89,

17
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where 0 C R¥ is still an open bounded set with Lipschitz boundary, A > 0 is a real parameter, exponent v € (0, 1),
p*=Np/(N —p) and p. = (N —1)p/(N —p), 1 <p < g < N and we have

(A) q <p*, whilea:Q — [0,00) witha € L=(Q).
In order to cover the complete situation, here F : RN — [0,00) is a positively homogeneous Minkowski norm
satisfying
F(=¢)
F(§)

Since we look for positive weak solutions of (2), here g; : @ X R — R and g5 : 9Q x R — R are Carathéodory

(F) the reversibility rp = 1?23( is finite.
functions verifying

(@) q1(z,t) = ga(x,t) = 0 for allt < 0 and for a.e. x € Q and x € 0N, respectively. Furthermore, there exist

61 € (1,p), r1 € [p,p*), m2 € (p,p«) as well as nonnegative constants ay, ay and by such that
g1 (z,t) < art" L+ 01t for a.e.x € Q and for all t > 0,

go(z,t) < apt™ ! for a.e.x € OQ and for all t > 0.

2 Main Results

In this talk, I will introduce the existence result for (2), proved in [1] and stated below.

Theorem 2.1. Let Q C RN be an open bounded set with Lipschitz boundary, and let v € (0,1). Let1 <p<q< N
and a(-) satisfy (A). Let (F) and (G) hold true. Then, there exists A, > 0 such that for any A € (0, \,) problem

(2) admits a positive weak solution.

Inspired by [2], for the proof of myth 2.1 we used a minimization argument on a suitable closed convex subset of
Musielak-Orlicz-Sobolev space W17 (Q)). However, in order to cover the situation 1 < p < ¢ < N, we exploited

also a truncation argument which forces the new assumption (F).
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Abstract

We prove the existence of a bounded positive solution for the following stationary Schrodinger equation
—Au+V(z)u= f(z,u), v €R", n>3,

where V is a vanishing potential and f has a sublinear growth at the origin (for example if f(z,u) is a concave
function near the origen). For this purpose we use a Brezis-Kamin argument included in [3]. In addition, if f
has a superlinear growth at infinity, besides the first solution, we obtain a second solution. For this we introduce
an auxiliar equation which is variational, however new difficulties appear when handling the compactness. For
instance, our approach can be applied for nonlinearities of the type p(z)f(u) where f is a concave-convex
function and p satisfies the (H) property introduced in [3]. We also note that we do not impose any integrability

assumptions on the function p, which is imposed in most works.

1 Introduction
We study existence of positive solutions for the semilinear Schrodinger equations
—Au+V(z)u= f(z,u) in R", n >3, (P)

where V is a continuous and nonnegative vanishing potential, that is, lim| ;00 V()
=0, and f(z,u) is a Carathéodory function. The main models of f(x,u) studied here are

L p(z)u? IL. Ap(z)(u+ 1)P and IIL. Ap(z)(u? 4+ u?),

where 0 < ¢ < 1 < p < Z—fg and p satisfies the property (H) introduced by Brezis and Kamin [3]: a function
p € L (R™), p >0, has the property (H) if the linear problem

—Au=pinR" (1)

has a bounded solution.

1.1 Two solutions involving nonlinearities of type II

Assuming p € L>®(R"™), p > 0, p # 0 such that

0<p(z) <

——— in R” H
= 1—|—|.’17|ﬁ mn ) ( p)

for constants k£ > 0 and 8 > 2 we will establish the existence of at least two solutions for two families of superlinear
Schrodinger equations. We observe that p is integrable only for 5 > n, but here we also consider 2 < f < n.
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The first nonlinear Schrédinger equation such that we obtain two positive solutions is the following;:
—Au+V(x)u=Ip(z)(u+1)? in R"
u>0 in  R", (Pxp)
u(z) =0 as || — oo,

where 1 < p < 2* — 1 and 2* := 2n/(n — 2), n > 3, is the critical Sobolev exponent. Our main result concerning
Problem (P, ,) is the following.

Theorem 1.1. Assume that p satisfies (H,) and V is a nonnegative and continuous potential such that

a A

— <V <

S T e forall =z eR", (HE)

for some constants a, A > 0, o € (0,2], with a + 3 > 4. Then, there exists A > 0 such that problem (P ,) has at

least two positive solutions ui x < ug x in R™, for any A € (0,A). Furthermore
uia(z) < e U(z) forall x€R",

where ¢y — 0 as A — 0.
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Abstract

Estudamos, neste trabalho, uma classe de problemas de Dirichlet que envolve a equagao do tipo Hénon com
o operador 1— Laplaciano na bola unitéria B C RY. Para isso, provamos a imersio entre os espacos BV,q4(B)
e os espagos L"(B) com peso. Através de um método de aproximagdes do problema original por problemas

envolvendo o operador p— Laplaciano, provamos a existéncia de solugoes radialmente simétricas.

1 Introducao

Na referéncia [1], Hénon propos o seguinte problema
— Au = |z|*u|"%u em RN, (1)

para estudar a estabilidade dos aglomerados globulares, que sao agrupamentos de estrelas aproximadamente
esféricos, em astrofisica. Desde entao, varios pesquisadores estudaram intmeros tipos de generalizagoes desta
equacao. Nosso objetivo aqui é estudar a existéncia de solugao radial para o seguinte problema do tipo Hénon
envolvendo o operador 1-Laplaciano:

—Ayu=|z|*f(u) em B

(2)
u=20 sobre 0B,

em que B = B(0,1) CRY, N >2 a>0e f éuma funcio localmente Holder continua onde f(s) > 0se s > 0e
que satisfaz:

(f1) existe a > 0 tal que

lim sup @ = 0, uniformemente em = € B,
s—0 ‘S‘G

(f2) existem C' >0 e g € (0,1} — 1) tais que

[f(9) <CA+]s]?), VseR,

* __
onde 17, = =5,

(f3) existe k > 1 tal que
0 < KF(s) < F(s)s,
para todo s > 0, onde F(t) = fg f(s)ds.

Por meio de um esquema de aproximagao por solugoes de problemas envolvendo o operador p—laplaciano, mostramos

a existéncia de uma solugao para o problema (1). Para isso, nos baseamos em [2] e provamos a existéncia das solugoes

P

radiais u, € VVO1 - a(B) no nivel do Passo da Montanha do seguinte problema:

—Apu=|z|*f(u) em B

(3)
u=0 sobre 0B,
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em seguida, usamos alguns argumentos de [3] e demostramos que (u,) converge para u, quando p — 17 onde
u € BV,qq(B) satisfaz (1), sendo necessario nesta ultima argumentagéo a utilizagdo das imersoes de BV,,q4(B) em
L (B).

2 Resultados Principais

Theorem 2.1. Seja a > 0, entio a imersio BV,qq(B) — LL(B) € continua para 1 < r < 17, = £ ¢ compacta
pamlﬁr<12:%.

Theorem 2.2. Supondo N > 2 e que [ satisfaz as condigoes (f1) — (f3), entdo existe uma solugdo ndo-negativa
u € BV,qa(B) de (1).
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Abstract

In this work we consider a class of critical variational systems in RY of the Hardy-Kirchhoff type involving
the fractional Laplacian operator. By imposing some conditions on the nonlinearity as well as in the potencial,
we recover the compactness combining arguments used in Alves and Souto [1] and in Brezis and Nirenberg [2].
Only monotonicity conditions are employed, without imposing any coercivity condition on the potencial, which

can tend to zero at infinity. Our result is closely related to that obtained by Fiscella, Pucci and Zhang [3].

1 Introduction

In this work we study a class of critical systems in RV of the Hardy-Kirchhoff type involving the fractional Laplacian

operator of the form

A
M(Jul?)®ve) = 2K (@)ulr~2ufol? + - [ul*2ulv)’ i RV,
q — _ .
M(|[v||))Lyv) = ———K(z)|ulP|v|? %0+ = |u|*v]?~2v in RY,
(lv[*) By v) ijq()l\ll 22|||\

where Lyw = (—A)%w — o + V(z)w, with o > 0 (to be chosen), A >0 and 0 < s < 1, N > 2s. We assume that
p,q, &, 0 >1aresuchthat 4 <p+g<a+p=2= NQiVQS and suppose that the Kirchhoff function M : RT™ — R*
is given by M(t) = a + bt,a,b > 0, K and V are positive continuous functions and (—A)*® fractional Laplacian,

which is defined, up to a normalization constant, as

¢(x) — $(y)

(_A)Sd)( ) =2 lim y|N+29

e—0t RN\{B.(z)} ‘.I‘ —

|w||? = Cn // (>2d:vdy—a/ |w2dm+/ V(x)w?dz.
|$— |N+25 N |2[?° RN

Assumptions on V and K:
(1) (sign of V and K) V, K are continuous, V, K > 0 on RY and K € L>®(RM);
(ii) (decay of K) If {A,} is a sequence of Borel sets of RY with |4,,| < R for some R > 0,

dy,z € RN ¢ € C5°(RY),

and

lim K(x)dz =0, uniformly with respect ton € N. (2)
T JA,NBe(0)

The above type of (V, K) condition, it was introduced by Alves-Souto [1].

2 Main Result

Theorem 2.1. In addition to (V,K), suppose 4 < p+q < 2%, 0 € (0, An,s) with N = 3s, s € (0,1). Then, for
every A > 0 the problem (1) possesses a positive solution.
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Abstract

We study a Hessian-dependent functional driven by a fully nonlinear operator, which associated Euler-
Lagrange equation is a fully nonlinear mean-field game with free boundaries. Our findings include the existence of
solutions to the mean-field game, together with Holder continuity of the value function and improved integrability
of the density. In addition, we derive a free boundary condition and prove that the reduced free boundary is a

set of finite perimeter.

1 Introduction

We examine Hessian-dependent functionals of the form
Faplu] == / F(D*u)Pdx + Al{u > 0} N By, (1)
B1

where F' : S(d) — R is a uniformly elliptic operator, A > 0 is a fixed constant, and p > d/2. The functional in
(1) is inspired by the usual one-phase Bernoulli problem, driven by the Dirichlet energy. To a limited extent, we
understand Fjy , as a Hessian-dependent counterpart of that problem. See [1]; see also [2].

The analysis of (1) relates closely with the system

F(D?u) = mr= in  Biyn{u>0}
(F;(D*u)m) =0 in  Byn{u>0},

TiTyj

(2)

where F; ;(M) denotes the derivative of F' with respect to the entry m; ; of M. Here, the unknown is a pair (u,m)
solving the problem in a sense we make precise further. In fact, the system in (2) amounts to the Euler-Lagrange
equation associated with (1). Furthermore we notice that (2) satisfies an adjoint structure. Due to such a distinctive
pattern, we refer to (2) as a fully nonlinear mean-field game with free boundary.

The interesting aspect in (2) concerns the appearance of a free boundary. At least heuristically, the game is
played only in the regions where the value function is strictly positive. Combined with the free boundary condition,
(2) models a game in which players optimize in the region where the value function is positive and might face

extinction according to a flux condition endogenously determined.

2 Main Results

Since one can state the Euler-Lagrange equation associated with (1) in terms of a fully nonlinear mean-field game
system with free boundaries, our analysis of the existence of solutions to (2) relies on the existence of minimizers of
(1) and their interplay with the notion of a solution of a fully nonlinear mean-field game. In the sequel we define a
solution of the mean-filed game (2).

Definition 2.1 (Solution for the MFG system). The pair (u,m) is a weak solution to (2) if the following hold:

25



26

1. We have u € C(By) NWy? and m € L'(B1), with m > 0;
2. The function u is an LP-viscosity solution to

F(D?u) = my1  in BN {u > 0};
3. The function m is a weak solution to

(F3j(D*u)m) =0 m Byn{u>0}

TiTj

The definition of LP-viscosity solution is necessary since LP-functions might not be defined at the points where
the usual conditions must be tested. For a comprehensive account of this notion, we refer the reader to [6].
The first contribution in our recent preprint [7] is to prove the existence of solutions for the mean-field game system
(2). We report our findings in the following

Theorem 2.1 (Existence and regularity of solutions). Suppose F' is a convex, uniformly elliptic operator, satisfying
a suitable growth condition, and g € WP non-negative. Then there exists a solution (u,m) to (2). In addition, fiz
a € (0,1). We have u € C}: (B1) and there exists C > 0 such that

||U||Ca(Bl/2) < CHgHWz*P(Bl)'
The constant C' > 0 depends on the exponent «.

Once we have established the existence of solutions for (2) and produced a regularity result, we examine the
free boundary. We resort to a variation of the functional and derive a free boundary condition. We summarize our

findings in this direction in the following result.

Theorem 2.2 (Free boundary condition and finite perimeter). Let u € W2P(B;) N W}P(By) be a minimizer for

loc

(1), for p > d/2. Suppose F is a convex, uniformly elliptic operator, satisfying a suitable growth condition, and
g € W2P non-negative. Then 0*{u > 0} is a set of finite perimeter. Suppose in addition u € C?(By); then

/ (F(DQu)p_lFij(DQu)ziuij — A) & vydHi 1 =0 (1)
0{u>0} 2p

for every ¢ € O (B, RY).
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Abstract

This work concerns with the existence of positive solutions for the following class of fractional elliptic

problems,

P

(—A)’u4u= (/ %dy) [ul’"2u, in Q a
Q

u=0, RV\Q

where s € (0,1), N > 2s, a € (0,N), Q@ C RY is an exterior domain with smooth boundary 8Q # () and
p € (2,2}). The main feature from problem (1) is the lack of compactness due to the unboundedness of the
domain and the lack of the uniqueness of solution of the limit problem. To overcome the loss these difficulties

we use splitting lemma combined with careful investigation of limit profiles of ground states of limit problem.

In recent years great attention has been devoted to the study of elliptic equations involving the fractional
Laplacian operator. It appears in many models arising from concrete applications in Biology, Physics, Game
Theory and Financial Mathematics, see [5, 8].

Recently, fractional elliptic equations like
(=A)u+wu = (Ko * [u?)|ulP~?u, ue H*RY), (2)

where w > 0, € (0, N), p> 1,5 € (0,1) and K, (x) = |#|*"" was considered. When s = 1/2, Frank and Lenzmann
[7] have used problem (1) to model the dynamics of pseudo-relativistic boson stars. Indeed they considered the
existence of ground state solution of the following equation: v—Au +u = (Kg * [u|>)u, u € HY?(R3), u > 0.
Moreover, in [6] the author showed that the dynamical evolution of boson stars is described by the nonlinear
evolution equation i9;1) = \/—A + m2y — (Kq % [¢0]2)3) (m > 0) for a field ¥ : [0,T) x R® — C. In [2], d’Avenia
et. all. considered problem (1) and obtained regularity, existence, nonexistence, symmetry and decay properties of
the corresponding solutions.

When s = 1, Moroz and Schaftingen [9] considered the following equation in exterior domains
— Au+W(z)u = (Ko * |ulP)[ulP"2u, ue Hi(Q). (3)

They showed that problem (2) does not have nontrivial nonnegative super solutions. Moreover Clapp and Salazar [4],
under symmetry conditions on unbounded exterior domain €2 and W established the existence of a positive solution
and multiple sign changing solutions for (2). When Q has no symmetry, the study becomes more complicated, see
[3]. After a bibliographic review, we have observed, up to our knowledge, that there is no results in the literature,

for a version of problem (2), also for the fractional case, without any symmetry conditions.
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In the fractional case, recently Alves et. al [1] studied the problem
(=A*u+u=|ufu, in Q, «>0,in Q and u#0, u=0,RY\Q (4)

where p € (2,2%) and Q is an exterior domain with (non-empty) smooth boundary 9€2. They proved that (3)
does not have a ground state solution, which becomes a difficulty in dealing with the problem. As in [3], the
authors analyzed the behavior of Palais-Smale sequences, obtaining a precise estimate of the energy levels where
the Palais-Smale condition fails, which made possible to show that without any symmetry assumption the problem
(3) has at least one positive solution, for RY \ €2 small enough. We note that, a key point to prove the results of
existence is the uniqueness up to a translation of positive solution of the equation at infinity associated with (3)
given by (—=A)*u + u = |u|P~2u, in RY. We recall that we did not find in the literature any paper dealing with
the existence of non negative solutions for Problem (P) in exterior domains. The main feature from problem (P)
is the lack of compactness due to the unboundedness of the domain and the lack of the uniqueness of solution of
the limit problem

(—A)’u+u= (/]R %dy) lulP~2u, xRV, (5)

N |z —
To overcome the loss of uniqueness we investigate limit profiles of ground states of (5) as @ — 0. This leads to the
uniqueness of ground states when « is closed to 0.
Our main result is the following.

Theorem 0.3. There is ag > 0 small enough and p > 0 such that if R \ Q C B(0,p), problem (1) has at least

one positive solution for all o € (0, ).
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Abstract

It is established existence of ground and bound state solutions for Choquard equation considering concave-

convex nonlinearities in the following form

“Au+V(z)u = (Io*|u/P)|uP"?u+ Mu|?%u in RY,
{ u € HY(RY)

where A > 0,N > 3, € (0, N). The potential V is a continuous function and I, denotes the standard Riesz

potential. Assume also that 1 < ¢ < 2, 2, < p < 2} where 2, = (N + a)/N, 2 = (N + a)/(N —2). Our

main contribution is to consider a specific condition on the parameter A > 0 taking into account the nonlinear

Rayleigh quotient. More precisely, there exists A* > 0 such that our main problem admits at least two positive

solutions for each A € (0, \*]. In order to do that we combine Nehari method with a fine analysis on the nonlinear

Rayleigh quotient. The parameter A* > 0 is optimal in some sense which allow us to apply the Nehari method.

1 Introduction

It is well known that existence, nonexistence and multiplicity of solutions for nonlocal elliptic problems are related
with the behavior of the nonlinearity at the origin and at infinity. In this work we shall consider semilinear elliptic

problems driven by the Choquard equation described in the following form:

{ “Au+V(@u = (In* |ulP)uP~2u + Aul92u in RY, O

u € HYRY)

where A > 0, N > 3,a € (0,N). The potential V is a continuous function and I, denotes the standard Riesz
potential. Assume also that 1 < ¢ < 2, 2, < p < 2} where 2, = (N + «)/N, 2} = (N 4+ «)/(N — 2). Later on, we
shall consider hypotheses on V' and A. Recall that the Riesz potential can be described in the following form

Io(z) = éT]S,]ifz,x € RY and A,(N) =

where T" denotes the Gamma function, see [6]. The Choquard equation has many physical applications. For example
assuming that N = 3,a=2,p=2,A =0 and V = 0, Problem (1) was investigated in [8] considering the quantum
theory of a polaron at rest. It was pointed in [5] that Choquard problem is also applied in the Hartree-Fock theory
of one component plasma. It also arises in multiple particles systems [2] and quantum mechanics [7].

It is important to emphasize that nonlocal elliptic problems involving Choquard equations have been studied in
the last years taking into account several different assumptions on the potential V.

Nonlinear Rayleigh quotient have been studied in the last years, see [3, 2]. The main feature in these works is
to guarantee that there exists an extreme value A* > 0 in such way that the Nehari method can be applied for each
A€ (0,1%).

29



30

2 Main Results

We are concerned with existence of ground and bound states for Problem (1) involving concave-convex nonlinearities.
In this case, we need to control the parameter A > 0 getting our main results. In order to overcome this difficulty,
we shall consider the nonlinear Rayleigh quotient showing that there exists A* > 0 such that the Nehari method

can be applied for each A € (0, \*]. Throughout this work we assume the following assumptions:
(Q) It holds 1 < ¢ < 2 and p € (2,,2}) with 2, = (N +«a)/N, 2} = (N + a)/(N — 2);
(V1) The function V : R — R is continuous and there exists a constant Vy > 0 such that V (z) > Vp for all x € RY;

(V) Tt holds V! € L' (RY), i.e., the function V satisfies the following integrability condition [,y V! (z)dz < +oc.

Now we consider the working Banach space for our problem defined by X = {v € H*(RY) : [y V(z)v?dx < +o0} .

It is worthwhile to mention that the energy functional associated to Problem (1) is given by

1

1 A
By = 5llull = 5 [ o sl uPde =2 [ Julrde, e .

Using the embedding X < L"(RY) for each r € [1,2*] it is well known that Ey € C1(X,R). Namely, we can
use the all machinery of variational methods in order to ensure existence and multiplicity of solutions.

In this way, we can state our main result in the following way:

Theorem 2.1. Suppose (Q) and (V1) — (Va). Then, there are 0 < A\, < A* < 0o such that for each A € (0, \*)
the Problem (1) admits at least two distinct positive solutions uy,vy € X satisfying the following statements:
El(ux)(ux,ux) > 0, E{(va)(vr,va) <0, Ex(ux) <O0. Furthermore, uy is a ground state solution and vy satisfies

the following statements:
(i) For each A € (0, \y) we obtain that Ex(vy) > 0;
(ii) For each A = A, we deduce that Ex(vy) = 0;
(iii) For each A € (A, \*) we obtain also that Ex(vy) < 0.

For more details about our main results, see [1].
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Abstract

O objetivo deste trabalho é estudar a localizagdo de camadas de tansi¢do interna para determinadas solugoes
de uma classe de problemas elipticos ndo-homogéneos, postos num intervalo da reta, e condigdes de fronteira de
Neumann. Nés generalizamos alguns resultados conhecidos usando técnicas variacionais inspiradas na teoria de
I'-convergéncia. Como aplicacao, apresentamos a localizagdo das camadas de transi¢ao interna para problemas

postos em algumas variedades Riemannianas simétricas.

1 Introducao

Quando uma equacao diferencial contém um parametro pequeno multiplicando o termo com derivadas espaciais
e este este parametro vai a zero, grosseiramente falando, dizemos que a familia de solugoes a este parametro
desenvolve uma camada de transicao interna se ela induz uma particao no dominio em duas regioes onde, exceto
por uma regiao “tubular” — a chamada interface da camada de transicao — as solugoes se aproximam de duas
fungoes pré-determinadas (uma em cada regiao). Solugoes desenvolvendo camadas de transi¢io interna possuem
um importante papel em muitas dreas da ciéncia aplicada, por exemplo: teoria da combustao, transigao de fases,
formacao de padroes, dindmica populacional, reagoes quimicas, etc.

Neste trabalho contribuimos na tarefa de fornecer a localizacdo exata da interface de determinada classe de

solugoes do seguinte problema singularmente perturbado

(1)
onde k(-) € C1(0,1) é positivo; € > 0 é um parametro positivo e f : R x [0,1] — R é de classe C'. Assumimos que
o f(-,z) tem dois zeros by (z), be(z) tais que by, by € C*(0,1) e by(z) < ba(x) para todo z € [0, 1];
o O1f(bi(x),z) <0 e d1f(ba(x),x) <0 para todo z € [0,1];
* se

Plua) =~ [ L Jsis (2)

entdo F(-,z) > 0 para todo = € [0,1] e y/k(-)F(+,-) é Lipschitz continua.
Um tipico exemplo de uma fungao f satisfazendo as condi¢oes acima é
flu,2) = =(u = bi(2))(u — a(@))(u — ba(x)), 3)

com by (+),a(+),b2(:) € C1(0,1) e bi(z) < a(x) < ba(x) (com a > (by + by)/2) para todo z € [0,1]. Esta fungio
esté relacionada ao problema de Allen-Cahn nfo-homogéneo que tem sua origem na teoria de transi¢ao de fases e

é usado como modelo para diversos processos de reacao e difusao nao-lineares.
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2 Resultado Principal

As solugoes de (P) sao pontos criticos do funcional de energia Je: H'(0,1) — R definido por

1
~ 1
J.(u) :/ k() o2+ - F(u,)d,
0 €

onde F foi definido em (2). No entanto, nosso principal resultado requer extender este funcional para L'(0,1); i.e.
consideramos J, : L1(0,1) — R U {oco} definido por penalizagio em L'(0,1) por

j u u 1
J.(u) ‘{ Rl (1)

] oo, we L'Y0,1)\H'(0,1).

Definigao 2.1. Uma familia {u.} de solucdes de (P) em C%(0,1) N C0,1] € dita desenvolver uma camada de

transicao interna, quando € — 0, com interface em T € (0,1) se
0
Ue = ug = b2X[0,z) + b1X[z,1] em LY0,1). (2)

A fim de afirmar nosso resultado principal, definimos a seguinte funcao A : (0,1) — R,

ba(x)
Az) = /b Vk(z)F (s, x)ds (3)

1(z)

ba(z)
0= {ze (0, 1);/b f(s,z)dsO}. (4)

e o conjunto
1(2)
O resultado principal é afirmado abaixo.

Teorema 2.1. Suponha que uma familia {u.} de solugées de (P) desenvolve uma camada de transi¢do interna
com interface em T € C, onde C C Q é a componente conera de Q na qual T estd. Entdo,

o se {uc} € uma familia de minimos locais em L' de J., T é um ponto de minimo local de A(x) em C;
o se {u.} é uma familia de minimos globais de J., A(T) = min{A(z); z € C}.

Este contetido estd presente no trabalho [1].
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Abstract

We prove the existence of a bounded positive solution of the following elliptic system involving Schrédinger
operators
—Au+Vi(@)u=dp1(@)(u+1)"(v+1)? in RY

—Av +Va(z)v = ppe(z)(u + 1w +1)° in RV,
u(z),v(z) =0 as  |z| = o0

where p, q,r,s > 0, V; is a nonnegative vanishing potential, and p; has the property (H) introduced by Brezis and
Kamin [3]. As in that celebrated work we will prove that for every R > 0 there is a solution (ur,vr) defined on
the ball of radius R centered at the origin. Then, we will show that this sequence of solutions tends to a bounded
solution of the previous system when R tends to infinity. Furthermore, by imposing some restrictions on the
powers p, q,r, s without additional hypotheses on the weights p;, we obtain a second solution using variational
methods for a gradient system.

1 Introducao

We first study the existence of a bounded positive solution of the system

—Au+Vi(z)u=Apy(2)(u+1)"(v+ 1) in RV
—Av+ Vao(z)v = ppe(z)(u+ 19w +1)* in RN, (Sxu)
u(z),v(z) = 0 as |z| — o0
where A\, > 0 and p, q,7,s > 0, and where V; is a vanishing potential satisfying

a; A
_ Y oy <
T+ o = Vi@

< m for all z € RY, (HY)

for some constants a > 0 and A;, a; > 0, i = 1,2. The weight p; belongs to L>(R") and satisfies

0 < pi(x) in RY, (Hp)

i
S T4
for some constants 8 > 2 and k; > 0, ¢ = 1,2. In this work, assuming the conditions (H{}), (H,) and using the
upper and lower solutions technique, we first prove the existence of a bounded positive solution of System (S ,).
As far as we know, the first work for elliptic systems using the ideas of [3], was done by Montenegro [3], where
uniqueness of solution in balls also plays an important role. Since System (S» ) in bounded domains does not have
this property, we will have to use an alternative argument that involves minimal solutions.
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2 Resultados Principais

Let us state our first result.

Theorem 2.1. Assume that p,q,7,s > 0 and in addition suppose hypotheses (H,) and (Hy{;) hold with o € (0, 2]
and o + > 4. Then, there exists A > 0 such that System (Sx,) has at least one bounded positive solution for
every 0 < A\, p < A.

When r,s > 1 we can construct a function that is the border between the region of existence and nonexistence.

Theorem 2.2. Suppose hypotheses (H,) and (Hf;) hold with o € (0,2] and o+ 3 > 4. Assume also that r,s > 1
and p,q > 0. Then, there is a positive constant \* and a nonincreasing continuous function T' : (0, A*) — [0, 00)
such that if A € (0, \*) then System (S ,.):

i) has at least one bounded positive solution if 0 < p < T'(A) ;

it) has no bounded positive solution if
pw>T(N).

On the other hand, the second positive solution will be obtained employing variational methods. Here we will
consider the following gradient system

—Au+V(@)u=Ap1(z)(u+1)"(v+1)*F  in RN
—Av+V(z)v=Ap2()(u+ 1) (v +1)* in RV, (1)
u(zx),v(z) = 0 as |z| = oo,
with r,s > 1, r4+s < 2* =2, p1(x) = (r + 1)p(z) and p2(x) = (s + 1)p(x).
Theorem 2.3. Suppose hypotheses (H,) and (H{}) hold with a € (0,2] and o+ 5 > 4,

i) If r,s > 0, then there exists \* > 0 such that the gradient System (1) possesses at least one bounded positive

solution (u1 x,v1,) for all 0 < X < \* while for r,s > 1 and A > \* there are no bounded positive solutions.

it) If r,s > 1 and r + s < 2* — 2, then there exists 0 < A** < X\* such that the gradient System (1) possesses a
second positive solution of the form (u1 x +u,v1 x +v) for all 0 < X\ < \**, where u,v € HY(RY).

We would like to point out that in Theorem 2.3, to show existence of a second solution we will use an auxiliary
problem which allow us to avoid imposing additional hypotheses of integrabilities on the weights p;. We also prove
a similar result for a class of Hamiltonian system.

This is a joint work with Juan Arratia (Universidad de Santiago de Chile) and Pedro Ubilla (Universidad de
Santiago de Chile) to apper at Discrete and Continuous Dynamical Systems.
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Abstract

In this work we study existence of weak and ground state (least energy) solutions for a class of nonlocal
linearly coupled elliptic systems. We deal with nonautonomous nonlinearities that may not satisfy any kind
of monotonicity, also the related potentials may not have any kind of smoothness. In order to obtain ground
states, instead of applying the well known methods of Nehari-Pohozaev manifold, we introduce new arguments
and techniques whose are based on a Pohozaev type identity, a concentration—compactness principle and a profile
decomposition type result.

1 Introduction

In this work we study the following class of linearly coupled fractional systems

{ (—=A)u+ Vi(2)u = fi(z,u) + Mz)v, = €RY, (9)

(A0 + Va(z)v = folz,v) + M2)u, = €RN,

where (—A)® denotes the fractional Laplacian operator for s € (0,1). Coupled elliptic systems arise in various
branches of mathematical physics and nonlinear optics.

Our main motivation to study (5) is based on the following question: is it possible to develop a general argument
to obtain ground states for the class of coupled systems (S) (in particular the scalar equation A(z) = 0), when the
involved nonlinear terms does not satisfy any conditions such as

ft)

(N) T is nondecreasing on ¢t € R\{0},
or the related potentials are not necessarily smooth? See [1, 3, 2] for further discussion.
Our purpose here in this work is to study System (S) inspired by the above question considering that the
nonlinearities are superlinear. Roughly speaking, we replace the use of Nehari-Pohozaev manifold method by the
use a technique based on concentration-compactness via profile decomposition for weak convergence in fractional
Sobolev spaces and the use of a Pohozaev type identity. In order to approach in this way, we assume the existence
of a limit system associated with (S) as |z| — oo. More precisely, we first study the following nonlocal elliptic

problem

{ (—A)*u+ Vi(oo)u = fi(co,u) + A(oo)v, x € RV, (S0)
(=A)%v + Va(co)v = fa(oo,v) + A(o0)u, x € RN, >~

which is obtained by taking || — oo in (S) and comparing its minimax level with the one of (S ). Here Vj(00),
Va2(o0) and A(oo) are constants with f(oo,u) and f2(0o,u) being autonomous functions.

Next, for each ¢ = 1,2 we assume 0 < s; < min{1, N/2} and the following general hypotheses:
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(A1) Vi(x) > 0 almost everywhere (a.e.) in RV, V; € L7 (RN), 0; > N/2s; and

loc

inf [/ \(fA)Si/2u|2dx+/ V,;(x)quz] > 0.
{ueCFRN):|lullz=1} [ JrN RN

(A2) X € L=®(RY) and there exists § € (0,1) such that (s.t.) [A(x)] < §/Vi(z)Va(z) ae. z € RV,

(A3z) Vi(00) := lim|y|00 V(2) > 0 and A(00) := limz| 00 A(2).
For a.e. x € RY we suppose that t — f;(x,t) is C! and satisfies the following assumptions:

(Hy) limy_s 4o fi(z,t)t™! = 400, uniformly a.e. x € RV,
(Hs) For every compact L C R, there exists Cp, > 0 s.t. |fi(x,t)| < O a.e. z € RY and t € L.

(Hs) Let Fi(x,t) = (fi(x,t)t)/2 — Fi(z,t), then

inf [ inf ]-'i(x,t)] >0, Vb>a>0.

zERN [a<[t|<b
(Hy4) There exists ¢; > N/(2s;), a; > 0 and R; > 0 such that

|f(x7t)|ql < ai]:i(xvt”t

% VYt| > R;.

(Hs) For any given € > 0, there exist C;, > 0 and p, € (2,2},) such that

afi
ot

(a:,t)‘ <e+ Ot 72, forae. xz € RY and Vt € R.

(Hg) fi(00,t) :=lim|; o0 f(,t), uniformly in compact sets of R. We also assume that f;(o0,t) € C*(R) holds.

We denote I and I the energy functionals related to (S) and (S ) respectively, with ¢(I) and ¢(I) being the
associated mountain pass level. We say that a weak solution (u,v) € H \ {(0,0)} is a ground state of System (.5)
when I(u,v) < I(4,0) for any other weak solution (4, 0) € H \ {(0,0)}, where H is a suitable Sobolev space.

2 Main Results

Theorem 2.1. Assume (A1)-(As) and (H1)-(Hs). If either c¢(I) < c(Iso) or I(u,v) < I (u,v) hold, then System
(S) admits at least one ground state solution (u,v). Moreover, if I(u,v) < I(u,v) then the ground state is at the

mountain pass level, that is, I(u,v) = c(I).
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Abstract

Nesta palestra iremos falar sobre regularidade interior para “viscosity solutions” de problemas de Dirichlet
néo-locais que degeneram quando o gradiente da soluc cao se anula. Apresentaremos estimativas Hélder quando
a ordem da difusdo é menor ou igual a 1 e estimativas Lipschitz quando a ordem da difusdo é maior que 1. Além

disso, no ultimo caso, discutiremos a possibilidade de obter estimativas Holder para o gradiente.

1 Introducao

Nesta apresentacao discutiremos sobre regularidade interior para “viscosity solutions” u de problemas elipticos

nao-lineares da forma.

— |Du(x)|"I(u,z) = f(z) for x € By, (1)
onde v > 0, f € L*>(B1), Du(x) é o gradiente de u em z, e I(u,z) é um operador ndo-local uniformemnte eliptico
da forma

I(u,r) = infsup I, (u, ) (2)
g
onde
I, (u,z) =P.V. - [u(y) — uw(2)|K;j(x — y)dy. (3)

Consideramos K;; : RV \ {0} — R uma familia de kernels simétricos tais que

A

CmN CU,N
e S KasApyg. @70, (4)

onde 0 € (0,2) and 0 < A < A < o0.
A principal dificuldade vém da presenga de |Du(x)|” em (1), pois quando o gradiente de u vai para zero a

equagao degenera. Ou seja, a informacao que vém da equagao se perde quando o gradiente se anula.

2 Resultados Principais
Adaptamos para o nosso caso degenerado o método de Ishii-Lions nao-local a fim de obter o seguinte resultado,

Teorema 2.1. Sejam f € L>°(By) e I um operador da forma (2). Seja u € LS, N L. uma “viscosity solution” do

problema (1). Entao,

e Se0<o<1entaoueC? e
[Wce (B,,.) < ClullLy @y + llulle(s,) + [ fllze(s1))-
e Seo =1, entao u € C*para todo « € (0,1), e

[W]ca (s, ) < CalllullLy @ny + ullLes,) + 1 fllL=(B))-
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e Sel <o <2 entiaouec CO ¢
[Wlcor(s,,,) < ColllullLy ®yy + [ullLe(my) + 1 f Lo (B)),

e a constante Cy € uniformemente limitada quando o — 27 .

Além disto, quando o estd préximo de 2 o problema (1) estd suficientemente préximo de um problema de

segunda ordem para o qual estimativas C® disponivel e podemos obter o seguinte resultado,

Teorema 2.2. Sejam f € L°°(By) eI como em (2) definido a partir da familia de kernels {K;;};, adicionalmente

satisfazendo a sequinte propriedade: existem um mddulo de continuidade w e um conjunto {k;;}i; C (A, A) tal que
[ Kij ()] ¥ — kij| < w(lal), |o] < 1. ()

Entado, existe um o € (1,2) prézimo de 2 tal que para o9 < o < 2 toda “viscosity solution” u para (1) é C1®
para algum « € (0,1), e
-1
[ulcr.o(B,s) < Colllullos + 11 fllec™)-
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Abstract

It is establish existence of weak solutions for nonlocal elliptic problems driven by the fractional Laplacian
where the nonlinearity is indefinite in sign. More specifically, we shall consider the following nonlocal elliptic
problem

(A u+V(z)u = pa(e)|u|”?u— AuP"?u in RY,
{ u € H*(RY),
where s € (0,1),s < N/2,N > 1 and p,A > 0. The potentials V,a : RY — R satisfy some extra assumptions.
The main feature is to find sharp parameters A > 0 and p > 0 where the Nehari method can be applied. In order
to do that we employ the nonlinear Rayleigh quotient together a fine analysis on the fibering maps associated

to the energy functional.

1 Introduction

In the present talk we shall consider nonlocal elliptic problems driven by the fractional Laplacian defined in the
whole space where the nonlinearity is superlinear at infinity and at the origin. Namely, we shall consider the

following nonlocal elliptic problem

(1)

(=AY u+V(zu = pa()u|??u— AulP~2u in RV,
u e H9(RN),

where s € (0,1),s < N/2,N > 1. Furthermore, we assume that 2 < ¢ < p < 2% = 2N/(N — 2s) and p, A > 0.
Assume also that V : RN — R is a continuous function and a : R — R is nonnegative measurable function. It is
important to recall that the main difficult in order to consider weak solutions for Problem (1) comes from the fact
that the nonlinear term gy ,(z,t) = pa(z)[t|972t — A[t|P~2t,2 € RV, ¢t € R is indefinite in sign. In fact, we observe
that

" 7t . N 7t
i P& oy @) @)

t—0 t—o00 t

and gy ,(x,t) > 0 for each t € (0,0),z € RY for some § > 0. Hence, we obtain that gy ,(,t) is a sign changing
nonlinearity. Semilinear elliptic problems have widely considered in the last years since the seminal work [1].

2 Main Results

As was told in the introduction we shall consider existence and nonexistence of nontrivial weak solutions for the
Problem (1) looking for the parameters A > 0 and u > 0. The main idea here is to ensure sharp conditions on the
parameters A and g such that the Nehari method together with the nonlinear Rayleigh quotient can be applied, see

[2, 3]. Throughout this work we assume the following assumptions:
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(Q) It holds p,A >0and 2 < g < p <2 =2N/(N — 2s);

(Vo) The potential V : RY — R is continuous function such that V(z) >V, > 0 for all z € RY;
(V1) For each M > 0 it holds that [{z € R¥n : V(z) < M}| < +o0.

(ap) It holds that a € L>°(RY) where a(z) >0 a. e. in x € RV .

It is important to mention that the working space for our work is defined by
X = {v € H*(RV) : /V(x)vzd:z: < +oo} .

Notice that X is a Hilbert space. It is worthwhile to emphasize that that the energy functional E), : X — R
associated to Problem (1) is given by

1 I A
Exp(u) = 5 |lull” - g 1ellda + Sllllp, we X, (1)

where

[[u

b= /a(x)|u|qd:17 and ||lul|p = / |ulPdz,u € X.

Under our hypotheses we observe that E , belongs to C?(X,R) for each A > 0 and p > 0. Moreover, a function
u € X is a critical point for the functional Ey , if and only if u is a weak solution to the elliptic Problem (1). Now,
by using the same ideas introduced we shall consider the Nehari method for our main Problem (1). As a product,
we shall state our first main result as follows:

Theorem 2.1. Suppose (Q), (Vo) — (V1) and (ap). Then for each A > 0 we obtain that 0 < pu, < pe < 00.
Furthermore, there exists A« > 0 such that for each p > p, Problem (1) admits at least a weak solution uy, € X
whenever X € (0, \,) which it satisfies the following assertions: EY(ux ,)(uxu,ux,,) < 0 and there exists D, > 0
such that E ,,(ux,) > D, and uy, — 0 in X as p — oo.

Now we assume the following hypothesis:
(a1) It holds that a € L= (RN) N L"(RY) with r = (p/q) = p/(p — q) and a(z) > 0 a.e. in x € RY.
Hence, we can written our next main result in the following form:

Theorem 2.2. Suppose (Q), (Vo) — (V1) and (a1). Then for each X > 0 we obtain that 0 < p, < p. < 00.
Furthermore, there exits \* > 0 such that for each pu > p, Problem (1) admits at least a ground state solution
v € X taking into account one of the following conditions: p € [fe,00), A > 0 and 1 € (fn, fte), X € (0,A%).
Moreover, the weak solution vy, satisfies the following assertions: It holds that EY (v ,.)(vx u,va,u) > 0. Moreover,
loaull = 00 in X as p — oo. For each p € (pin, jte) we obtain that Ey ,(vx,,) > 0. For p = pe it follows that
Ey(va,,) =0. For each pn > pte we obtain also that Ey(vx,,) < 0.
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Abstract

In this work we study the following class of fractional Choquard—type equations
(&) utu = (Lx Fw)f(w), z€R,

where (—A)'/? denotes the 1/2-Laplacian operator, I, is the Riesz potential with 0 < p < 1 and F is the
primitive function of f. We use Variational Methods and minimax estimates to study the existence of solutions

when f has critical exponential growth in the sense of Trudinger—Moser inequality.

1 Introduction

This talk is based on [4], here we are concerned with existence of solutions for a class of fractional Choquard-type
equations

(—Afu+u:<@*FmeWL v eRY, (1)

where (—A)® denotes the fractional Laplacian, 0 < s < 1, 0 < pu < N, F is the primitive function of f,
I,, : RM\{0} — R is the Riesz potential defined by

"(55)
1 2
IH(I) = AMW’ Where AN = m,
2
and T' denotes the Gamma function. We consider the “limit case” when N = 1, s = 1/2 and a Choquard—

type nonlinearity with critical exponential growth motivated by a class of Trudinger—Moser inequality. The main
difficulty is to overcome the “lack of compactness” inherent to problems defined on unbounded domains or involving
nonlinearities with critical growth. In order to apply properly the Variational Methods, we control the minimax
level with fine estimates involving Moser functions (see [7]), but here in the context of fractional Choquard—type
equation.

Nonlinear elliptic equations involving nonlocal operators have been widely studied both from a pure
mathematical point of view and their concrete applications, since they naturally arise in many different contexts,
such as, among the others, obstacle problems, flame propagation, minimal surfaces, conservation laws, financial
market, optimization, crystal dislocation, phase transition and water waves, see for instance [2, 3] and references
therein.

Inspired by [1], our goal is to establish a link between Choquard—type equations, 1/2— fractional Laplacian and

nonlinearity with critical exponential growth. We are interested in the following class of problems

pAﬂﬂu+u:(@*Fm»fmy z € R, (P)
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where F' is the primitive of f. In order to use a variational approach, the maximal growth is motivated by the
Trudinger—Moser inequality first given by T. Ozawa [6] and later extended by S. Tula, A. Maalaoui, L. Martinazzi

[5]. Precisely, it holds
< ) < )
sup /(eo‘“2 —1)dz 0o =T
uweHY?(R) JR =00, Qa>T.

[(=a)*ull2<1

In this work we suppose that f: R — R is a continuous function satisfying the following hypotheses:
(f1) f(t)=0, forallt <0and0< f(t) < Ce™ for all t > 0;

(f2) There exist tg, Cp > 0 and a € (0,1] such that 0 < t*F(t) < Cof(t), for all t > to;

(f3) There exist p > 1 — pu and C), = C(p) > 0 such that f(t) ~ CptP, as t — 0;

(f14) There exists K > 1 such that KF(t) < f(¢)t for all t > 0, where F(t) = fot f(r)dr;

.. F(t .
(fs) ltlgligf e7f(t2) =/ Bo with By > 0.

2 Main Results

We are in condition to state our main result:

Theorem 2.1. Suppose that 0 < pn < 1 and assumptions (f1) — (fs) hold. Then, Problem (P) has a nontrivial
weak solution.

Remark 2.1. Though there have been many works on the existence of solutions for problem (1), as far as we
know, this is the first work considering a fractional Choquard—type equation involving 1/2-Laplacian operator and
nonlinearity with critical exponential growth. Particularly, our Theorem 2.1 is a version of Theorem 1.3 of [1] for
1/2-Laplacian operator.
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Abstract

Given a smooth compact Riemannian n-manifold (M, g) with positive scalar curvature, we prove that any

complete critical metric of the LF-norm of the scalar curvature, has constant scalar curvature.

1 Introduction

Let (M™,g), n > 3, be a n-dimensional smooth Riemannian manifold and consider the functional

ﬁszmm (1)

on the space of Riemannian metrics on M", where k € N, R, and dV; denote the scalar curvature and the volume

for of g respectively. In the case k = 2, Giovanni Catino [4] proved the following theorem

Theorem 1.1. Let (M™,g), n > 3, be a complete critical metric of S? with positive scalar curvature. Then (M™, g)
has constant scalar curvature.

Urging for a more general result, we calculated the first variation of S*(g), using derivatives formulas (see [3])
in the direction of h (g(t) = g + th)

6W@m:/

1
(kRF'SR + = RFtr(h))adv,
M 2

= / (—kR* YA tr(h) + kR*'div?(h) — kR*™! < Ric,h >, +%Rktr(h))dvg
M
1
= /M(kangflg +kVERM! — kRY Ric + o RFg)hdV.

Remark 1.1. We take h with compact support, such that we can apply the Divergence Theorem for (2,0)-tensor.

Hence, the Euler Lagrange equation for a critical metric of S* in the direction of h is given by

1R

RFIRic — V2(RF1) + Ag(RF g = 550 (2)
By induction, we can proof that
Vo(RFID)(X,Y) = (k= D)RFPVIR(X,Y) + (k— 1)(k — 2)RF * X (R)Y (R). (3)
By (2) and (3)
Boft = (gk(ﬁlﬁi)_ 1)) = (- e @)

By above equalities; any critical metric of S* is scalar flat if n is odd, whereas it is either scalar flat or Einstein if
n = 2k.

In this paper we will focus on complete critical metrics of S¥. As for as we know, complete critical metrics of
S* were not studied yet. Our main result characterizes critical metrics with positive scalar curvature.
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Theorem 1.2. Let (M™,g), n > 3, be a complete critical metric of S* with positive scalar curvature and k > 2 € N.

Then (M™, g) has constant scalar curvature.

Theorem 1.3. Let (M™,g), n > 3, be a complete critical metric of S* with positive scalar curvature and k > 2 € N.
If n < 2k, then (M™,g) is scalar flat.

In particular, from equations (2) and (3), if n # 2k , there are no complete critical metrics of S* with positive
scalar curvature, whereas, every complete 2k-dimensional critical metric S* with positive scalar curvature is either

flat or Einstein with positive scalar curvature.
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Abstract

In this research we will study the existence of weak solutions for a class of implicit elliptic equations involving

the p-Laplace Operator. Using a Krasnoselskii-Schaefer type theorem we establish our result.

1 Introduction

In this article we focus on the following boundary problem

—Apu = fz,u, Vu,Apu) + g(z,u, Vu)|ul, in Q
(1)

u = 0 on I’

where Q is a bounded domain with smooth boundary T'in R*(n > 3) , [ : O XRXxR" xR - R, g: O xRxR"” - R,
2<p<+ocands>1,¢t>0.

Implicit elliptic equations have been intensively studied in the literature, see for example [1,3]. More recently
Precup [4] studied the case p =2 , t = 0. Motivated by the above works, we are devoted to study problem (1.1).

2 Assumptions and Main Results

We give the following hypotheses.

(A1) There exist a,b, ¢ > 0 such that
[f(2,y, 2,w) = f(2,5,20)| < aly = 7| + bz = 2"~ +cjw—w , [(-,0,0,0) € LP(Q)
(A2) There exist constants ag, by > 0, « € [1,p*/(p*)’], B € [1,p/(p*)]; and h € LP(Q) such that

lg(z,y,2)| < aoly|* +bol|z|? +h(z) , VyeR,z€R" and aex€Q

(A3) yg(x,y,2) < olylP , Yy eRze R aex €, forsome o < ophy , 0<og<1 , Apis the first
eingenvalue of (—A,, WyP(Q))

b
(A4)€5:%+W+C<1 , Go=1-1/
1 1

Our main result is the following theorem

Theorem 2.1. Let (p*)' <7 < p. Suppose (A1) - (A1) hold. Then (1.1) has at least one weak solution u € Wy (Q)
with Ayu € L7(Q).
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Proof We transform (1.1) into an equivalent problem of fixed point, where the associated operator is a sum of a

contraction with a completely continuous mapping. Then, we apply a result in [2].
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Abstract

Apresentamos um sistema envolvendo a equagdo de Schrédinger ndo linear e a equagdo da electrostatica
de Born-Infeld e procuramos solucées no caso radial em R3. Dependendo do pardmetro p da néo linearidade

técnicas diferentes sdo usadas para mostrar a existéncia de solugoes.

1 Introducao e resultado principal
Consideramos o seguinte sistema nao linear de tipo Schrédinger-Born-Infeld

—Au+u+ ¢u = |[ulP~tu in R3,

(1)
—div __ Vo —u?2 inR3
V1—[Vo]? ’

com p dado e nas incégnitas u, ¢ : R3 — R.

Esse sistema aparece na busca de solugbes estaciondrias da equagdo de Schrodinger acoplada com a teoria
eletromagnética de Born-Infeld, em lugar da classica teoria de Maxwell. A vantagem dessa nova teoria é que
elimina o problema da energia infinita que a Teoria de Maxwell associa a uma carga puntual. De fato, na Teoria

de Maxwell a busca de ondas estaciondrias leva ao sistema

—Au+u+ou=|uP~lu in R3
(2)
—A¢ = u? in R3,

e é facil de ver que a solugao fundamental ® do Laplaciano satisfaz ng |[V®|? = +00, ou seja a energia asociada a
uma carica puntual é infinita.

Contudo a desvantagem da electrodindmica de Born-Infeld é que a equagao do campo eléctrico, ou seja a segunda
em (1), é ndo linear, quando na teoria de Maxwell por ser a equagao de Poisson é muito mais simples.

Em dois trabalhos distintos nds provamos existéncia de solugoes para o sistema (1) que é muito menos estudado
do sistema (2). Nés usamos Métodos Variaciones, Teoria do Ponto Critico e oportunas perturbagdes no sistema.

Em particular, em [1] com A. Azzollini (Universita della Basilicata, IT) and A. Pomponio (Politecnico di Bari,

IT) mostramos o seguinte resultado.

Teorema 1.1. Pora cada p € (5/2,5), o problem (1) possui uma solugdo radial de ground state, ou seja uma

solugao (u, @) que minimiza o funcional da agdo entre todas as outras solugoes.

No trabalho [3] com Z. Liu (China University of Geosciences) mostramos a existéncia do ground state também
por valores menores de p cobrindo o caso p € (2,5/2]. Além disso, provamos o resultado em presencia de uma nao
linearidade com crescimento critico e abordamos o problema da multiplicidade de solugoes encontrando infinitas

solugoes com niveis de energia que tende para +o0.
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Destacamos que no trabalho [1] para garantir a geometria do Paso da Montanha foi usado o “monotonicity
trick” de Jeanjean, que consiste em introduzir um parametro de controle multiplicativo A em um termo ja presente
na equagao e mostrar que quando A tende para 1 se obtém uma solucao do sistema inicial. Por outro lado essa
técnica nao funciona por valores menores de p. Para contornar essa dificuldade, em [3] usamos um diferente método
de perturbacao que consiste em adicionar dessa vez na equacao um termo contendo o parametro de controle A
e mandar o A para 0. Nesse caso as contas sao bem mais envolvidas mas mesmo assim conseguimos mostrar a

geometria do Passo da Montanha e a condigao de compacidade necessaria para obter existéncia de solugoes.
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Abstract
Neste trabalho nés estudamos e estabelecemos resultados de existéncia de solugao fraca e de nédo existéncia
de solugao clédssica para a seguinte classe de equagoes de Schrodinger

—Anu+ V(Jal)lul " *u = Q(lz))h(u) em RY,

em que N > 2, V e () sdo potenciais continuos que podem ser ilimitados na origem ou se anularem no infinito e A
é uma nao linearidade que possui um crescimento critico exponencial com respeito a desigualdade de Trudinger-
Moser. Para atingirmos os nossos objetivos atacamos o problema usando uma abordagem variacional, bem como
fizemos uso de uma desigualdade do tipo Trudinger-Moser e de resultados do tipo principio da criticalidade

simétrica.

1 Introdugao

Aqui estamos interessados em estabelecer resultados de existéncia e de ndo existéncia de solugdo para a seguinte

classe de problemas

{ANU + V(|2 uY%u = Q(|z])h(u), se x € RY @)

u(z) — 0, quando |z| = +oo,

em que N > 2 e Ayu = div(|Vu|N~2Vu) denota o operador N-Laplaciano da funcido u. Primeiramente, para o

estudo de existéncia de solugao fraca, vamos considerar V e @ potenciais continuos satisfazendo:
(Vi) V:(0,+00) = R, V(r) > 0 para todo r > 0 e existem constantes a > —N e ag > —N tais que

0 <timinf 27 o 0 < limjnt Y.
r—0+ 770 r—+4oo 1

(Q1) Q:(0,4+00) = R, Q(r) > 0 para todo r > 0 e existem constantes by > —N e b < a tais que
Q(r) Q(r)

limsup ——= < 400 e limsup —
r—ot+ T r—+oo T

< +00.

Também pedimos que a nédo linearidade h : R — R seja continua e satisfaz:

(Hy) Existe ap > 0 tal que

] h(s) 0, Va>a
lim — e =
sotooe +oo, Va<ag.
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(Hs) Existe > N tal que

0 < pH(s):= ,u/os h(t)dt < sh(s) paratodo seR\{0};

(H4) Existem £ > 0 e k> N tais que

(Hs) h(s)/sN é ndo decrescente para s > 0.

Assumindo tais hip6teses, definindo um espaco adequado, usando um resultado de imersao, uma desigualdade do
tipo Trudinger-Moser, métodos variacionais e um resultado do tipo principio da criticalidade simétrica temos o

seguinte resultado.

Teorema 1.1. Suponha que V e QQ sdo potenciais satisfazendo (V1) e (Q1), respectivamente, e que h é uma ndo
linearidade obedecendo as condi¢oes (Hy) — (Hy), entdo (P) possui uma solu¢ao fraca ndo nula e ndo negativa.

Além disso, se h também satisfaz (Hs), temos que (P) admite uma solu¢ao ground state.
Por outro lado, se assumirmos V', @@ e h satisfazendo
(V) V : (0, +00) — R é continuo, V(r) > 0 e existe a € R tal que

v
lim sup ﬂ
r—+too  T¢

< +00;

(@) Q : (0,400) — R é continuo, Q(r) > 0 e existe b > a tal que

liminf )

r—+oo T

> 0;

o~

(h) h:R — R é continuo e existem £ >0 e p < N — 1 tais que

h(s) > &sP,  para todo s > 0;
respectivamente, fazendo uso da formulacdo em coordenadas radiais do N-Laplaciano e usando argumentos de
contradicao obtemos nosso resultado de nao existéncia de solugao.
Teorema 1.2. Assuma que as condigoes (17), (@) e (/f;) sao satisfeitas. Entdo, o problema (P) ndo possui uma

solucao cldssica radial e positiva.
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Abstract

Let Q be a smooth, bounded N-dimensional domain. For each p > N, let &, be an N-function satisfying
p®,(t) < t®,,(¢) for all t > 0, and let I, be the energy functional associated with the equation —Ag,u = f(u)
in the Orlicz-Sobolev space Wol’q)p (©2). We prove that I, admits at least one global, nonnegative minimizer u,

which, as p — oo, converges uniformly on Q to the distance function to the boundary 0.
1 Introduction

Let Q be a smooth, bounded N-dimensional domain and denote by dg the distance function to the boundary 092,
defined by

do(z) = inf |z —vy|, ze€Q.
y
For each p > N, let ¢, : [0,00) — [0, 00) be an increasing function of class C! such that
pPp(t) < t®@(t) for all t > 0,

where @, : R — [0, 00) is the N-function defined by

B, (t) = /Ot sop(lsds, tER.
Let f: R — R be a continuous function enjoying the following properties:
(f1) f(—t)+ f(t) >0 forallt >0,
(f2) F, the primitive of f given by F(t) = fot f(s)ds, is strictly increasing on [0, ||dq|| ], and

(f3) there exist constants a, b, r and tg, with a > 0, b > 0 and r, ¢y > 1, such that
0< f(t)<a+ bt"~1 forallt > t.
Let VVO1 P () be the Orlicz-Sobolev space generated by @, and consider the energy functional

I,(u) ::/glq)p(\Vu\)dxf/QF(u)dx, uwe Wyt (),

associated with the Dirichlet problem

{—div<<z>p<|w|>w>=f<u> in Q
u=20 on Of.
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Under the above hypotheses on ¢, the N-function ®, may grow at infinity faster than any polynomial (see [2]).
If this is the case, ®, does not satisfy the As-condition and, consequently, neither VVO1 P (Q) is reflexive nor its
modular functional u — [, ®,(|Vul)dz is of class C*.

Considering these facts and taking into account that the modular functional is always convex and sequentially
lower semicontinuous with respect to the weak-star topology (see [6]) we adopt in this paper the following definition,
according to [5]: a function u € Wol’q)p () is a critical point of I, if [, ®,(|Vu|)dz < oo and the variational inequality

@19 = [ @,(9uhde = [ fa = wis 1)

holds for all v € WOI’CPP(Q).
We show that I, admits at least one global, nonnegative minimizer u, and, under the additional assumptions

lim ®,(1) =0 and lim (®,(1))7 =1,

p—00 p—00
we prove that u, converges uniformly on Q to dg, as p — oo. This convergence result generalizes the corresponding

ones of [1, 2, 5].
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Abstract
We study functionals of the following type

o) = / Al ) [ Vul® — f,uu + Q(x)A(u) da

here A(z,u) = Ay (@)X {u>0y T A (¥)X{u<o}, f(@,0) = f1 (@)X {u>0} + - (2)X {u<o} and A(z, u) = Ay (T)X{u>0} +
A (T)X{u<o}- We assume 0 < A_ < Ap < oo and 0 < Q < ga. We prove the optimal regularity (C% ) of
minimizers of the functional indicated above when coefficients A+ are continuous functions with p < Ay < %,
f € LY(Q) and Q is bounded and continuous.

1 Introduction

In various applied sciences, many phenomenas are modelled by transmission problem also known as phase
transmission problems. These kind of models naturally appear when we study the diffusion of a quantity through
different media.

Let us look at example of the stationary state of the ice-water combination and studying the diffuson of heat
(related to the temperature 7' ) T : © — RY  Q being the domain under study. We can say that in ice the
diffusion is determined by an operator corresponding to solid state and in water, the diffusion is determined by
an operator corresponging to liquid state. As a combination, above mentioned phenomena can be posed in the

following variational setup,
/(A(m)Vv, V) — f(z,v)v +y(z,v) d (1)
Q

with

A(z,v) == AL (2)X o0y + A—(2)X{o<oy, [(2,0) == f1(2)X{os0) + F= (@) X{v<0y: V(@ 0) = 74 (2) X {0} + 7= (2) X {v<o0}

The matrices Ay satisfy the ellipticity condition for any &€ € RNV \¢|? < (AL&,€) < A|€)?, fr € LN (Q), v+ € C(Q).

This class of problems has attracted a lot of attention in recent years. For example, the [2] consider the PDE
with jump in leading coefficients and show Lipschitz regularity of solution when Ay € C*(Q). Furthermore, [1] and
[3] consider the variational setup as in (1). These works prove that the regularity of minimizers tend to C%!  as
the jump of the coefficients Ay and A_ tend to zero. In our work, we are successful in removing the small jump

condition and prove that minimizers are C%!  regular independent of quantity of jump |A; — A_| in any norm.

2 Main Results

2.1 Regularity of Elliptic PDE with continuous coefficients
We are concerned about the regularity of (weak) solutions to the following PDE in By
div(A(z)Vu) = f. (2)

where A € C(Q)N*N(By) and f € LV (By).
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Proposition 2.1. Suppose u € H'(By) N L>=(By) be a weak solution to (2) in By. Then for any 0 < a < 1, we
have u € C*(By/2) with the following estimates

[ulco.a (B, ) < C(N, @, pt,wa,8,,,) (lullLoe () + 12y (sy)) - (3)
Here wa,B,,, is uniform the modulus of continuity of A in Bsjs. In particular, we have
||u||C°‘(B1/2) < C(Nvanuawll,szi) (Hu||L°°(B1) + ||fHLN(B1)) . (4)

2.2 Optimal regularity of minimizers

Theorem 2.1. Suppose u € H' () be a minimizer of Ja 5.o(-,). Then u is locally bounded in Q and for every
a € (0,1) and xo € Q we have

[[ul

*C'“(Br(zo)) < C(N,p, Q, [y q2, Ay, wA;bBw(wo)) (T + ”u”L‘X’(Bm(%o)) + r”-f”LN(B%(IO))) :
Herer < % (d := dist(x0,09)), WA, By, (z0) 15 the modulus of continuity of Ay in the ball Ba,(x0). In particular,

C(Nap7 @, [, 42, )‘+a wAi,Bgr(wo))
ro

[ulco (B, (20)) < (r + llull o< (Bay (20)) + T ILN (Bay (o)) -
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Abstract

In this paper we consider the moduli space of complete, conformally flat metrics metrics on a sphere with
k punctures having constant positive Q-curvature and positive scalar curvature. Previous work has shown that
such metrics admit an asymptotic expansion near each puncture, allowing one to define an asymptotic necksize
of each singular point. We prove that any set in the moduli space such that the distances between distinct
punctures and the asymptotic necksizes all remain bounded away from zero is sequentially compact, mirroring a
theorem of D. Pollack about singular Yamabe metrics. Along the way we define a radial Pohozaev invariant at

each puncture and refine some a priori bounds of the conformal factor, which may be of independent interest.

1 Introduction

In recent years many people have pursued parts of Yamabe’s program for other notions of curvature. In the present
note, we explore a part of the singular Yamabe program as applied to the fourth order @Q-curvature, which is a

higher order analog of scalar curvature. On a Riemannian manifold (M, g) of dimension n > 5, the Q-curvature is

1
2(n—1)

n3 —4n? 4+ 16n — 16
8(n —1)%(n — 2)2

Qg =— AgRg — 2 [Ricy|? + RE’ 1)

2
(n—2)
where R, is the scalar curvature of g, Ricg is the Ricci curvature of g, and A, is the Laplace-Beltrami operator of

g. After a conformal change, the Q-curvature transforms as

2 nt4

~ 4 _
g=urig = Qg = ——u "= Pyu, (2)
where P, is the Paneitz operator
2 . 4 . (n—2)2+4 n—4
Pgu = Agu + le m Rng(vu, ) — ng <VU7 > + 9 qu. (3)

n(n?

The Q-curvature of the round metric 5 is T_él), and setting @), to be this value gives the equation

n(n — 4)(n? _4>u%.

Fyu= 16

(4)

Just as in the scalar curvature setting, one can search for constant @-curvature metrics in a conformal class by
minimizing the total Q-curvature. However, because of the conformal invariance one encounters the same lack of
compactness and presence of singular solutions.

In any event, a complete understanding of the fourth order analog of the Yamabe problem would require an
understanding of the following singular problem: let (M, g) be a compact Riemannian manifold and let A C M be
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a closed subset. A conformal metric g = uﬁg is a singular constant ()-curvature metric if Q3 is constant and g is

complete on M\A. According to (2) we can write this geometric problem as

—4)(n* —4) =
Pu = nin 1)((5” )uﬂitlL on M\A, (5)

liminfu(x) = oo for each zy € A.
T—T0

For the remainder of our work we concentrate on the case that (M, g) = (S™, E) is the round metric on the sphere
and A = {p1,...,px} is a finite set of distinct points. Thus we examine, given a singular set A with #(A) = k, the
set of functions

u:S™\A =S"\{p1,...,pr} — (0,00)

that satisfy

o —H(n%—4) .
Pu = Pou= nn = 4)(n )un%rilk (6)
9 16
liminfu(z) = ooforeachj=1,2,... k.

T—Pj

For technical reasons we will also require R4 > 0.

Following [1] we define the (unmarked) moduli space

n(n? —4)

My, = {g €lg:Q,= 3 , Ry >0, gis complete on S™\A, #(A) = k} . (7)

We equip each moduli space with the Gromov—Hausdorff topology. In the present work we explore some of the
structure of My, when k& > 3. Let A = {p1,...,pr} with k > 3 and let g = uﬁjg € M. As it happens, the
metric g is asymptotic to a Delaunay metric near each puncture p;, and so one can associate a Delaunay parameter
€;i(g) € (0, €] to each p; and g € Mj.

2 Main Results

Our main compactness theorem is the following.

Theorem 2.1. Let k > 3 and let 61 > 0,2 > 0 be positive numbers. Then the set

5,5, ={9 € My : dist;(pj,pl) > 81 for each j #1,¢;(g) > 02}

is sequentially compact in the Gromov—Hausdorff topology.
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Abstract

We establish sharp Cllo‘f geometric regularity estimates for bounded solutions of a class of nonlinear elliptic

equations with non-homogeneous degeneracy, whose model equation is given by
[|Du|? 4+ a(z)|Du|?]) Au(z) = f(z) in Q,

for a bounded and open set @ C RY, and appropriate data p,q € (0,00), a and f. Such regularity estimates
simplify and generalize, to some extent, earlier ones via a different modus operandi. In the end, we present some

connections of our findings with a variety of relevant nonlinear models in the theory of elliptic PDEs.

1 Introduction

In this work we shall derive sharp Cﬁ{cﬂ geometric regularity estimates for solutions of a class of nonlinear elliptic

equations having a non-homogeneous double degeneracy, whose mathematical model is given by
([1Dul” + a(z)|Du|?] Au(z) = f(z) n Q, (1)

for a 8 € (0,1), a bounded and open set Q@ C RY and f € C°(Q) N L>(Q).
In our studies, we enforce that the diffusion properties of the model (1) degenerate along an a priori unknown
set of singular points of solutions:

So(u, ) ={z € Q' € Q:|Du(z)| = 0}.
In turn, regarding the non-homogeneous degeneracy
Kp.aa(z, &) = €7 + a(2)|£]?, for (x,&) € Q x RY.
we shall assume that the exponents p, ¢ and the modulating function a(-) fulfil
0<p<g<o and a € C%Q,[0,00)). (2)

Mathematically, (1) consists of a new model case of a nonlinear elliptic equation enjoying a non-homogeneous
degenerate term, which constitutes a non-divergent counterpart of certain variational integrals of the calculus of
variations with non-standard growth conditions as follows

(W37(@) + 00, L7(9) 3 (w.£) > min | (ol D) = fu0) d, (DPF)

where a € C%%(Q,[0,00)), for some 0 < a < 1,1 < p < g < oo and m € (N, o0], see [2] and [5] for enlightening
works. Moreover, the Euler-Lagrange equation to (DPF) exhibits a type of non-uniform and doubly degenerate

ellipticity, which mixes up two different kinds of p—Laplacian type operators:

—div(A(z, Vu)) = f(z)  with  A(z,€) = plg["*¢ + qa()|¢]72¢.
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2 Main Results

We are in a position to state our main results.
Theorem 2.1 ([3, Theorem 1.1]). Assume that assumption (2) there hold. Let u be a bounded viscosity solution
to (1). Then, u is C’l’ﬁ, at interior points. More precisely, for any point zog € Q' € Q there holds

i 1
[u] < C(universal) - (HU”LO@(Q) +1+ f||£;1(9)> for re (O7 2) .

1,1
CPH1 (B (20))

An interpretation to Theorem 2.2 says that if u solves (1) and z( € S, ﬁ(u, '), then near zp we obtain
’p

sup |u(z)| < |u(zo)| + C-r'H5T,  where S, o (u, ) = {xo € Q' €Q:|Du(z)| < rﬁ} :
Br(xo) =
On the other hand, from a geometric viewpoint, it is a pivotal qualitative information to obtain the (counterpart)

sharp lower bound estimate for such operators with non-homogeneous degeneracy.

Theorem 2.2 ([3, Theorem 1.2]). Suppose that the assumptions of Theorem 2.2 are in force. Let u be a

bounded wviscosity solution to (1) with f(x) > m > 0 in Q. Given zy € Sr%(u,Q’), there exists a constant
’p

¢ = c(m,|[a]l L= (), N,p,q,Q) > 0, such that

1
sup wu(z) > u(xg) + c- P forall v e (O, ) .
8Br(z0) 2

Our findings extend/generalize regarding non-variational scenario, former results (Holder gradient estimates)
from [1, Theorem 3.1 and Corollary 3.2] and [1, Theorem 1], and to some extent, those from [3, Theorem 1]
by making using of different approaches and techniques adapted to the general framework of the nonlinear and

non-homogeneous degeneracy models.
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Abstract
Neste trabalho provamos a existéncia de solugoes de variagao limitada para problemas elipticos quasilineares
envolvendo o operador 1-laplaciano com peso, os quais tém a pecularidade de que tanto o peso desse operador
quanto o da néo linearidade s&o ilimitados. Assim é necessario a defini¢do de um espaco de fungdes de variagao
limitada com peso para tratar esse tipo de problemas. Além disso, utilizando uma versdo da bem conhecida
desigualdade de Caffarelli-Kohn-Nirenberg estabelece-se a compacidade das imersdes continuas e compactas desse
espaco em alguns espagos de Lebesgue com peso. Também estende-se a teoria de paridade de Anzellotti e usa-se

uma variante do Teorema do Passo da Montanha.

1 Introducao

A cléssica desigualdade de Caffarelli-Kohn-Nirenberg (ver [5]) d4 uma interpolagdo entre as normas de Lebesgue
com peso de fungoes e suas derivadas, a qual, por sua vez, estabelece a compacidade das imersoes continuas e
compactas para os espacos de Sobolev com peso. Sendo esses espacgos aplicados para o analises de varios problemas
elipticos envolvendo os operadores laplaciano e p-laplaciano com peso, esse dltimo para p > 1 (ver [1, 9, 4, 3, 6]).

No caso de problemas envolvendo o operador 1—laplaciano com peso, cujo peso seja uma fungao limitada que
esteja longe de zero, o espago natural para analizar esse tipo de problemas é o espaco das fungoes de variagao
limitada BV (ver [8, 7, 10]).

O objetivo deste trabalho é lidar com problemas envolvendo o operador 1—laplaciano com pesos ilimitados, onde
tais pesos estao relacionados com os da desigualdade de Caffarelli-Kohn-Nirenberg. Mais precisamente, estudamos

a existéncia de solugoes nao negativas para o seguinte problema

—div( ! Du) = Lf(u) em

|z|* | Dul |[®
u = 0 sobre 0f),

(1)

onde  é um conjunto aberto e limitado em RY (N > 2) contendo a origem e com fronteira Lipschitz 952, e os dois
parametros satisfazem: 0 <a < N —-1lea<b<a+1. A fungdo f : R — R satisfaz:

(f1) feC([0,+00));
(f2) f(0) =0;
(f3) Existem ¢1,co >0el<g< m, tais que

1f(s)] < e +eas?™l, s €0, +00);

(f1) Existe p>1e so > 0 tais que
0< uF(s) < f(s)s, Vs> sg,

onde F(t) = fg f(s)ds;
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(fs) f é crescente em [0, +00).

2 Resultados Principais

Teorema 2.1. Suponha que f satisfaz as condigoes (f1)— (f1). Entdo existe uma solugdo nao trivial e nao negativa

para o Problema (1). Essa solugdo é uma solugdo de menor energia se assume-se também a condigdo (fs).

Prova: Duas abordagens diferentes serao usadas para provar esse resultado. En cada caso uma adequada variante

do Teorema do Passo da Montanha (ver [2]) é aplicado. No primeiro deles, consideramos solugoes aproximadas de

problemas envolvendo o operador p—laplaciano e depois, fazemos p — 1*. No segundo, aplicamos os métodos

varicionais versaties para, além de mostrar a existéncia de solugao, mostrar que a solucao possui a menor energia

entre todas as demais.
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Abstract

In this paper we are concerned with some abstract results regarding to fractional Orlicz-Sobolev spaces.
Precisely, we ensure the compactness embedding for the weighted fractional Orlicz-Sobolev space into the Orlicz

o«

spaces, provided the weight is unbounded. We also obtain a version of Lions’ “vanishing” Lemma for fractional

Orlicz-Sobolev spaces, by introducing new techniques to overcome the lack of a suitable interpolation law.
Finally, as a product of the abstract results, we use a minimization method over the Nehari manifold to prove the
existence of ground state solutions for a class of nonlinear Schrodinger equations, taking into account unbounded
or bounded potentials.

1 Introduction

This work is motivated by a very recent trend in the fractional framework, which is to consider a new nonlocal and
nonlinear operator, the so-called fractional ®-Laplacian. Throughout this work, we shall consider ® : R — R an

even function defined by
t
B(t) = [ sels) ds
0
where ¢ : R — R is a C'-function satisfying the following assumptions:

(p1) teo(t) is strictly increasing in (0, 00) such that tp(t) — 0, as t — 0 and tp(t) — oo, as t — oo;

(p3) there exist £,m € (1, N) such that £ < t;(’ig) <m < (", forall t>0.

For s € (0,1) and u smooth enough, the fractional ®-Laplacian operator is defined as

D,u u(z) — u(y)
—Ag)’u(x) = P.V./ Dgu|) ———————dy, where Dsu:= ———7=

(1)

and P.V. denotes the principal value of the integral. Note that if p(t) = t?=2,p € (1, N) then (1) reduces to the
fractional p-Laplace operator. In a similar way, if p(t) = P72 + 1972, 1 < p < ¢ < N, then we have the fractional
(p, q)-Laplacian operator.

Due to the generality of the fractional ®-Laplacian operator (1) and motivated by the very recent papers,
mainly taking into account the work of Bonder and Salort [1], our goal is to study the following class of fractional
Schrodinger equations

(—Ag)*u+V(2)pw)u = f(z,u), =ecRY, (P)

where N > 2s, 0 < s < 1. The potential satisfies the following assumptions:

(Vo) It holds that V(z) > V; for any x € RN where V; > 0;
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(V1) The set {z € RY;V(z) < M} has finite Lebesque measure for each M > 0.

The nonlinear term f is of C'! class and satisfies suitable assumptions.
Due to the presence of the potential V(z), we introduce the following suitable weighted fractional Orlicz-Sobolev

space

X = {u € Wo®(RN): /V(m)©(|u|) dr < +oo} ,

endowed with the norm

[ull = [u]s.0 + [lullv.a,

V(z)® (M) de < 1}
RN A
and the (s, ®)-Gagliardo semi-norm is defined as

[u]s.0 = inf{)\ > 0: //RNXRN ® (“gﬁ:;l(y)> |xdi”dyy|N < 1}.

where
HU||V,<I> = inf {)\ >0:

2 Main Results

Our main contribution

Theorem 2.1 (Compact embedding). Assume that (1) — (p2) and (Vo) — (Vi) hold. Then, the embedding
X < Lo (RYN) is compact.

Theorem 2.2 (Compact embedding). Assume that (v1)—(p2) and (Vo) — (V1) hold. Suppose that ® < ¥ << P,
and the following limit holds
lim su i)
p

itl—o  2([t])

Then, the space X is compactly embedded into Ly (RY).

< +o0. (1)

Theorem 2.3 (Lions’ Lemma type result). Suppose that (¢1) — (p2) hold and

v(t)

|}‘i§0 30 " 0. (2)

Let (uy,) be a bounded sequence in W*®(RY) in such way that u, — 0 in X and

lim sup/ P(u,)dx| =0, 3
nteo LGRN B (y) (1n) ] ¥

for some r > 0. Then, u, — 0 in Ly(RY), where ¥ is an N-function such that ¥ << ®*.

To prove the above results, we shall introduce new techniques to overcome the lack of a suitable interpolation
law. Finally, we shall apply these results to obtain solutions to the Problem (P).
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Abstract

We study the singularly perturbed system of elliptic equations

4
—€2Aui +u; = /14‘|uz‘|p72Ui + Z )\ijﬂij|uj'|aij ‘ui‘ﬁi-772ui,
J=1 1)
J#i (
wi € HJ (), wi #0, i=1,...,4,

in a bounded domain Q in RY, with N > 3, ¢ > 0, wi > 0, X\ij = Aji < 0, iz, Bi5 > 1, iy = By,
aij+Bi; =p € (2,2%), and 2% := ]3—]_\’2 If Q is the unit ball, we obtain solutions with a prescribed combination of
positive and nonradial sign-changing components exhibiting two different types of asymptotic behavior as € — 0:
solutions whose limit profile is a rescaling of a solution with positive and nonradial sign-changing components
of the limit system
¢
—Aui A+ ui = gl w3 N Biglug| %9 il F g,
i=1
= @
u; € HY(RY), u; #0, i=1,...,4,
and solutions whose limit profile is a solution of the uncoupled system, i.e., after rescaling and translation, the

limit profile of the i-th component is a positive or a nonradial sign-changing solution to the to the problem

—Au+u = plul’ ", we H'(RY), u#0. (3)

1 Introduction

System (1) arises as a model for various physical phenomena, in particular in the study of standing waves for
a mixture of Bose-Einstein condensates of ¢ different hyperfine states which overlap in space, see for example [1].
Here we consider the case in which the interaction between particles in the same state is attractive (p; > 0) and
the interaction between particles in any two different states is repulsive (A;; < 0). Our main objective is to study
the existence and profile of solutions to (1) some of whose components can be positive while others change sign.
It is reasonable to expect that there will be solutions with sign-changing spikes, i.e., solutions whose sign-changing
components look like rescaling of a sign-changing solution of (3). On the other hand, rescaling the components by
Ui () := u;(ex) system (1) becomes system (2) in Q := {z € RV : ex € Q} instead of RY. As € — 0 these domains
cover the whole space RY. So it is natural to ask if the system (1) has a solution that, after rescaling, approaches a
solution to the system (2). One might also expect to obtain solutions with positive and sign-changing components

for the system (1) whose limit profile is a solution of the same type for the system (2).

2 Main Results

Our main result are read as follows:
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Theorem 2.1. Let N = 4 or N > 6. Then, for any given 0 < m < {, the system (2) has a solution
w = (W1, ..., W) whose first m components wy,...,wy, are positive and whose last { —m components Wy, 41, ..., W
are nonradial and change sign. Furthermore, w satisfies

i

w; (21, 20, ) = w;i (e 21, eV 2, g) for all 9 €[0,2m), g€ O(N —4), i=1,...,¢,

(1)

wi(z1,22,7) = wi(22,21,2)if i=1,....m,  wi(21,22,7) = —w;(22,21,2)if i=m+1,....4,
for all (z1,z2,2) € CxCxRN=* =R and it has least energy among all nontrivial solutions with these properties.

To illustrate our results, let us focus on the case where ) is the open unit ball B1(0) in RY centered at the

1
origin. For € > 0 and u € H*(RY) let ||Ju|? := E—N/ [62|Vu\2 + u? and lull == [Jul|1-
RN

Theorem 2.2. Let N = 4 or N > 6, and Q = B1(0). Then, for any given 0 < m < ¢ and any sequence (e)
of positive numbers converging to zero, there exists solution Uy = (Ui, ..., Ue) to the system (3) whose first m
components are positive and whose last £ —m components are nonradial and change sign, with the following limit
profile: There exists a solution w = (W1, ..., wy) to the system (2) such that, after passing to a subsequence,

lim [T, — wi(eg' - Y, =0 forall i=1,...,L
k—o00

The first m components of w are positive, its last £ —m components are nonradial and change sign, and w satisfies
[ ¢
. ~ 2 i 2 .=
(V). Therefore, s 3 el = 3 sl =
1= 1=

Theorem 2.3. Let N > 5 and Q = B1(0). Then, for any given 0 < m < ¢ and any sequence (ex) of positive
numbers converging to zero, there exists solution ux = (Uik, ..., ) to the system (1) with € = 5, and Q = B1(0),
whose first m components are positive and whose last £ — m components are nonradial and change sign, with the
following limit profile: For each i = 1,...,¢, there exist a sequence (&) in B1(0) and a solution v; to the problem
(3) such that, after passing to a subsequence, klirrgo E;ldiSt(fik,aBl(O)) = 00, kliﬁrrolO e,;1|£ik —&p| = oo ifi #
Js klirglo i — vile, (= &k))llex = 0. The functions vi,...,v,, are positive and radial, while the functions

Um+1, - - -, Vg are sign-changing, nonradial and satisfy

vi(21, 20, 7) = vi(eV 21, eV 29, gx)  for all ¥ € [0,27), g € O(N —4), @)

Ui(21,22,9€) = —Uz’(22,217$)’

¢ ¢
for all (21, 22,7) E CxCxRN=4 =RN i =m+1,...,0. Furthermore, lim Z uill?, = Z |vil|? =: ¢, satisfies
oot i=1
¢m < Cm, with ¢, as in Theorem 2.2, if N > 6.
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Abstract

In this work we study results of existence and non-existence of solutions for the following Ambrosetti-Prodi

type problem
—Au = P(x) (g(u) + f(x)) in RV, (P)
uw € DV?(RY), lim|y o400 u(z) =0,

where N > 3, P € C(RY,R"), f € CRY) N L®(RY) and g € C*(R). The main tools used are the sub-

supersolution method and Leray-Schauder topological degree theory.

1 Introduction

The main motivation to study the problem (P) comes from the seminal paper by Ambrosetti and Prodi [2] that

studied the existence and non-existence of solution for the problem

{ —Au=g(u) + f(z), in Q,

1
u =0, in 012, )

where Q ¢ RY with NV > 3, is a bounded domain, g is a C?2—function with
g'(5) >0, VseR and 0< lim ¢'(s) <A1 < lim ¢'(s) < Aa.
S—— 00 S5— 00

In order to prove their results, Ambrosetti and Prodi used a global result of inversion to proper functions to show
the existence of a closed manifold M dividing the space C%%(Q) in two connected components O; and Oy such
that:
(i) If f belongs to Oy, the problem (1) has no solution;
(ii) If f belongs to M, the problem (1) has exactly one solution;
(iii) If f belongs to Os, the problem (1) has exactly two solution.

In [3], Berger and Podolak proposed the decomposition of function f in the form f = t¢ + f1, where ¢ is
eigenfunction associated to first eigenvalue of 7 —A”

{ —Au = g(u) +t¢+ fi, in Q, (2)

u =0, in 092,

then using the Liapunov-Schmidt method they showed the existence of ty € R such that (2) has at least two
solutions if ¢ < tg, at least one solution if ¢ = 5 and no solutions if £ > tg.
Now, before stating our main results, we need to fix the assumptions on the functions P and g. In the sequel,
g :R — R is a C!'—function that satisfies the following inequalities
g(s)

limsup —= < A; < liminf

s——o0 S s—oo S

g(s)

(G1)
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Related to the function P : RY — R*, we consider that it is a continuous function satisfying:

|- PP(-) € L'(RY) n L®(RY) (P1)

P(y) c N

We denote by N the eigenspace associated with the first eigenvalue A;. By [1], it is well known that
dim N = 1, then we can assume that N' = Span{¢}, where ¢ is one positive eigenfunction associated with A\
with [ov P(x)|¢|?dz = 1. Hence, we can write f = t¢ + f1, where f; € C(RY) N L>®(RY) with

/ P(zx)fi¢dzr = 0 and / P(x)fodx = t. (3)
RN RN
From this, problem (P) can be rewritten as follows

{ ~Au=P(z) (g(u) +t(a) + fi (x)) in RV, )

2 Main Results

Our first result is the following;:

Theorem 2.1. Assume the conditions (G1), (P1) and (Py). Then, for each fi € N there is a number o(f1) such
that:

(i) The problem (P) has no solution whenever t > a(f1);

(i) Ift < a(f1), then (P) has at least one solution.
Our second result is the following:

Theorem 2.2. Assume the conditions (G1), (P1) and (P2). Moreover, assume that g is an increasing function
satisfying

im 48 g, (1)

s—+oo 8§79

where 0 = % Then, for each fi € N+ there is a number a(f1) such that:
(i) Ift < a(fy), then (P) has at least two solutions;

(ii) Ift = a(f1), then (P) has at least one solution.

References

[1] C. O. Alves, R. N. de Lima and M. A. S. Souto, Ezistence of a solution for a non-local problem in RN via
bifurcation theory, Proc. Edin. Math. Soc., 61 , 825-845 (2018).

[2] A. Ambrosetti and G. Prodi, On the inversion of some differentiable mappings with singularities between
Banach spaces, Ann. Mat. Pura Appl. 93 (1972), 231-246.

[3] M.S. Berger and E. Podolak, On the solutions of a nonlinear Dirichlet problem, Indiana Univ. Math. J. 24
(1974/1975) 837-846.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e
UFCG - Universidade Federal de Campina Grande
XIV ENAMA - Novembro 2021 6768
AN ELLIPTIC SYSTEM WITH MEASURABLE COEFFICIENTS AND SINGULAR

NONLINEARITIES

LUCIO BOCCARDO!, STEFANO BUCCHERI? & CARLOS ALBERTO PEREIRA DOS SANTOS3

'Sapienza UniversitA di Roma, Italia, boccardo@mat.uniromal.it,
2University of Vienna, Austria, stefano.buccheri@univie.ac.at,

3Universidade de Brasilia, DF, Brasil, c.a.p.santos@mat.unb.br

Abstract

In this talk we present some new existence results for a system of elliptic equations with a singular nonlinearity.
Our approach is based on a comparison principle for weak solutions and the Schauder fixed point Theorem. The
difficulties due to the presence of the singularity are tackled using suitable test functions and barriers. Despite
our strategy is not variational, as a byproduct of our results, we are able to find saddle points of the functional
associated to the system.

1 Introduction

In this talk we will focus on the following system with a singular nonlinearity

1
. r—1 _ + .
—div(A(x)u) + vu"t = = in Q,
—div(M (z)v) = u” in Q, (1)
u >0 in Q,
u=¢p=0 on 09,

where (2 is bounded open subset of RY; the two exponents satisfy v > 0 and r > max{0,1 —~} and the measurable
matrices A(x), M(z) are elliptic in the sense that

alg]? < A(z) €€ < BlE* and  ale] < M(x) €€ < BIE, (2)

for almost every z in €2, and for every ¢ in R, with 0 < a < .

We stress that when v € (0,1) even the nonlinear term in the left hand side of the first equation in (1) can be
singular. Anyway this singularity mild compared with the one on the right hand side (see assumption on 7).

The literature about singular equation is wide and well establish. Without the intention of being exhaustive we
mention the seminal papers [1], [2] and [3]. We stress that in the previously mentioned paper the singularity is of
reaction type, meaning something like

—div(A(z)u) = h(u) with h(u) = —

BE near the origin.
U

If the singularity is of the absorption type, namely something like

—div(A(z)u) + h(u) =1 with h(u) =~ near the origin,

1
|ul”
the features of the problem change dramatically. As we already pointed out, since r is always greater then 1 — ~,
in broad terms our problem is part of the first setting.
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2 Main Results

For the sake of brevity here we present the result concerning solutions in the energy space and v < 1. For the more

general case we refer to the manuscript [3].
2
Definition 2.1. A couple of functions (u,v) € (W()12(Q) N L(Q)oo) is a energy solution to system (1) if
uw,v >0 ae. in

ui; e L)' VoeW?()

and if
r— ¢ :
/QA(Q:)VUVQSJr/Qvu Lo = /Q el Ve Wol 2(Q)

(1)
M (z)VoVy = / u"Y Ve Wy(Q).
Q Q

Theorem 2.1. Let Q be a bounded open set of RN and assume (2). Given v € (0,1] and r > 1 — ~, there exists
2
(u,v) € (WOM(Q) N L(Q)Oo) energy solution to (1). Moreover such a couple is a saddle point to the functional

1 1 1 1 _
namely

J(u, z) < J(u,v) < J(w,v) forany (w,z)€ (Wol’2(ﬂ))2
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Abstract

In this work we establish the existence of at least one weak solution and one ground state solution for the

following class of fourth-order nonlocal elliptic problems
A'u—g (/ |Vul|? dx) Au = pa(z)|ul u + b(z)|ul”?u in Q,
Q
u=Au=0 on 01,

where N > 5, Q Cc RY is a smooth bounded domain, A? = A o A is the biharmonic operator, pn > 0,
1<g<2<p<2N/(N—-4)andg:[0,00) — [0,00) satisfies suitable assumptions. We deal with the case where
a,b: Q — R can be sign changing functions, which means that the problem is indefinite. Our approach is based
on variational methods jointly with a fine analysis on the Nehari manifold, by giving a complete description of
the fibering maps, which strongly depend on the sign of the weights.

1 Introduction

In this work we study the following class of fourth-order elliptic problems

A*u—g </ |Vul? dx) Au = pa(z)|u|?u + b(z) |uPu in Q,
Q
u=Au=0 on 01,

where A2 = A o A is the biharmonic operator, u > 0, N > 5 Q c RY is a smooth bounded domain and
1<g<2<p<2,, where 2, :=2N/(N —4) is the critical Sobolev exponent. The function g is a smooth function
satisfying some assumptions and a, b can be sign changing functions. Before introducing our assumptions and main

results, we give a brief survey on the related results, which motivate this work.

2 Main Results

Throughout this work we suppose that a,b : 0 — R are bounded which can be sign changing functions and b satisfies

the following condition:

(A) There exist Qg, Q1 C Q with [Qo], 21| > 0, such that a(x) > 0 for all € Qg and b(z) > 0, for all x € Qy,
where | - | denotes the Lebesgue measure.

For the function g € C?([0, +00), [0, +00)) we shall consider the following conditions:

(G1) The function g is nonnegative and nondecreasing.
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(G2) There exists > 2/(p — 2) such that

g(t) > rg'(t)t, forall t > 0.

(G3) There exist o € (2/p,1) and m € (2/p,2/q) such that

og(t)t < G(t) <mg(t)t, forallt>0,

where G(t) = fot g(s)ds,t € R.

(G4) There exists p € (2/(p — 4),00) such that

g'(t) > pg” (t)t, for all t > 0.

(G5) There exist constants ¢1,c2 > 0 and k < (p — 2)/2 such that

g(t) <ec1 + cot®, forall t > 0.

The first main result of this paper can be stated as follows:

Theorem 2.1. Suppose that1 < g <2 < p <2, =2N/(N—-4) and (A), (G1)—(G5s) are satisfied. Then there exists
ps > 0 such that Problem (P,) has at least two nontrivial solutions ui,us € H satisfying J,(u1) < 0 < J,(u2),

whenever 1 € (0, iy). Furthermore, uy s a ground state solution, that is, uy has the least energy level among all

nontrivial solutions of (P,).
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Abstract

In this article we consider a class of frictional contact problem of p(z)-Kirschhoff type. By means of an
abstract Lagrange multiplier technique and the Schauder’s fixed point theorem we establish the existence of

weak solutions.

1 Introduction

The purpose of this work is to investigate the existence of weak solutions for the following boundary value problem

1
([ VP o[V u) = e 0
u = 0 on Iy
o p(x) ov
1 ou
_ p(z) p(z)—2Y" <
}M(/Qp(x)W”' d$)|vu| 81/‘ < g,
1 ou U
R p(x) p(x)y—29%% U . )
M(/Qp(w'w' do) Va2 5 gy A uA0 T

where © C R? is a bounded domain with smooth enongh boundary I', partitioned in three parts I'y,I's,T'3 such
that meas (T;) >0, (1 =1,2,3); f1 : QxR >R, fo:Ts 2R, g: T3 - Rand M : RT — R™ are given functions,
peC(Q).

The study of the p(z)-Kirchhoff type equations with nonlinear boundary condition of different class have attracted
expensive interest in recent years (See e.g. [1,3]). Motivated by the ideas in [2] we consider problem (1.1) (which
has already been treated for constant exponent, with M (s) = 1, f1(z,u) = fi(x)) with M a nonconstant continuous

function in the setting of the variable exponent spaces.

2 Assumptions and Main Result

First, we introduce the space
X={ueW@(Q):yu=0 on I}

herein WP (Q) (p € C(Q), 2 < p(z) < +00) is the well known variable exponent Sobolev space.

(A1) M :[0,4o00[— [mg, +0o0o[ is a continuous and decreasing function; mg > 0.
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(A2) f1:9Q xR — is a Caratheodory function satisfying

iz, t)] S e+ et L V() QxR aeCy(@) , alz) <pt(z)

(43) fa € LV®)(T3),g € LP'®)(I'3),g(x) > 0 a.e on T3
Now we introduce the spaces
S={ue Wlfﬁm)’p(x)(l“) :Jve X suchthat w=~v on T},

Y =5’ (the dual of the space S) and the set of Lagrange multipliers

A:{UEY:<M,Z>§/ g(x)|z(z)|dl’ , Vze S}

T's

Next we define a Lagrange multiplier A € Y

1 Ju
— _ - p(2) ) |7 P(®)—222 v
<,u,z> /1“3 M( (m) |Vu| >| u| Vzdf s z€S.

So, our main result can be stated as follows.

Theorem 2.1. Suppose (A1) - (As) hold. Then problem (1.1) has a solution (u,\) € X x A.
Proof We apply an abstract result on [4] and the Schauder’s fixed point theorem.
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Abstract

We establish global multiplicity results of solutions for a singular nonlinear problem. We first prove a
comparison principle to prove the existence of a minimal solution by the method of sub and super solutions and

then we also obtain the second solution by critical point theory.

1 Introduction

In this paper, we are interested in the global multiplicity results and qualitative properties of the solutions for the

modified quasilinear equation with singular nonlinearities

(1)

—Au — uAu? = Aa(z)u~* + b(x)u’ in Q,
u>0in Q, v =0 on 09,

where 0 C RY is a smooth bounded domain with N > 3, 0 < a € C(Q) N L>®(Q),b € C(Q) N L>=(2) with
b= /ae L®¥(Q)0<a<1l<f<22*—1and A >0 is areal parameter.

The study of the modified quasilinear Schrédinger equation in the whole space had received a lot of attention
in the last decades. The existence of a positive ground state solution of equation (1) has been proved in [1] by
introducing parameter A in front of the nonlinear term. In [2], by changing of variables, the authors studied the
quasilinear problem was transformed to a semilinear one and the existence of a positive solution was proved by
the Mountain-Pass lemma in an Orlicz working space. Different from the changing variable methods, in [3] the
authors introduced a new perturbation techniques to study a class of subcritical quasilinear problems including the
Modified Schréodinger equation (1).

However, to the best of our knowledge, the problem of global multiplicity of solutions for the modified quasilinear
equation on bounded domain with sub critical and critical growth is still open. In the present paper we are going
to study the existence and global multiplicity of the solutions for the singular modified elliptic equation driven
by operator —Au — uAu? and the critical term. We will observe that how the parameter A and the nonconstant

functions a(x), b(x) will affect the existence and multiplicity of the solutions.

2 Main Results

Theorem 2.1 (Singular/superlinear-Global existence). Assume that a >0, bT #0, and 0 < a <1< 8 <22* — 1.
Then there exists a 0 < X\, < oo such that problem (1) admits at least one solution uy € H}(Q) for 0 < X < A,
and no H}(Q)-solution for X > \,. Besides this, we have:

(1) any solution of problem (1) belongs to L*°(2),

(2) that there exists 1o > 0 such that uy is the unique solution of the problem (1) with L>(Q)-norm smaller or
equal than T,
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(3) [Jlurll = o(\?) as A = 0, for any 0 < 0 < 1/(1 + a),

(4) wy is a minimal solution if b= =0 holds. In particular, ||ux|| < |Juull if 0 < X < p < A, holds.

Proof The first, we will apply a suitabla change of variable to transform the quasilinear equation (1) into a

semilinear equation which remains singular at zero and behaves superlinearly at infinity:

{ —Aw = [Aa(z)h(w)~ + b(x)h(w)?]W (w) in O, O

w>0in 2, w =0 on 99,

where h : R — R satisfies b/ (t) = (1 + 2|h(t)[?)~"/2, t >0 and h(—t) = —h(t) for t < 0.

The second, we will use the method of sub and super solutions and minimization to prove that there exists a
0 < A < oo such that problem (1) admits at least one solution uy = h(wy) € H}(2) for 0 < A < A, and no solution
for A > \.. Besides this, uy satisfies (1), (2), (3) and (4) listed above.

Theorem 2.2 (Singular/superlinear-Global multiplicity). Assume that a > 0, bT # 0, 0 < a < 1 and one of the
following assumptions:
(1) 1< B <22 =1, (id) b(x) =1 and B = 22" — 1.

Then the problem (1) admits a second solution vy in Hg () N L% (), with uy < vy, for any 0 < X < A, given.

Proof The second solution of (1) will be found by making the use of Ekeland’s variational Principle on the followin
set
T={we H}N), w>w\ a,e in Q}

where w)y is the first solution of (1). By the proof of Theorem 2.1, there exists 0 < ly < [|wa|| such that
I\ (w) > Ix(wy), Vw with [Jw — wy]| < lo. Then one of the following cases holds:
(P1) inf{I)(w),w € T, ||w —wx|| =1} = Ix(wr), VI € (0,lp);
(P2) There exists 1 € (0,ly) such that inf{I\(w), w € T, ||w —wxl| =11} > Ix(wy),
where I (w) is the energy functional associated to (1).

If (P1) is true, we prove that there exists a solution 1, of (1) such that ) < w, in Q and ||wy — nx|| = { for any
1 €(0,lp) and each A € (0, \y).

If (P2) is true, we prove that there exists a solution 7, of (1) such that ) < wy in Q and ||wy — na|| = 11 for
each A € (0, \y).

Finally, we take vy = h(n) and we have that vy # u) is a second solution for (1).
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Abstract

In this work, we study the initial-value problem for an equation of evolution of wave fronts in chemical
reactions. We show that the associated initial value problem is locally and globally well-posed in Sobolev spaces
H?®(R), where s > 1/2. The well-posedness in critical space HY/? (R), for small initial data is obtained. We also
show that our result is sharp, in the sense that the flow-map data-solution is not C? at origin, for s < 1/2.

Furthermore, we study the behavior of the solutions when g | 0.

1 Introduction

This work is concerned with the initial-value problem (IVP), for the evolution equation of wave fronts in chemical
reactions (WFCR)

u — 0%u—p(1—92)"V?u—1(0,u)? =0, z€R, t >0,
u(z,0) = ¢(),

where above u > 0 is a constant, u is a real-valued function and the operator (1 — 92)~/2 is defined via your

(1)

Fourier transform by
(L= 20" = (1+ )72 f(9).
The IVP (1) describe vertical propagation of chemical waves fronts in the presence instability due to density

gradients.

2 Main Results

In the following, we show our main results, see [3].

Theorem 2.1. (Local well-posedness). Let > 0 and s > 1/2, then for all ¢ € H*(R), there exists T = T(||¢| r+),
a space
Xp = C([0,T]; H*(R))

and a unique solution u of (1) in X7. In addition, the flow map data-solution
S:H’R) = X;NC([0,T]; H?), ¢ — u

is smooth and
u € C((0,T); H(R)).

Theorem 2.2. Let >0 and 0 < T < 1. If ¢ € HY2(R) is such that ||| z1/2 < (4kC,)~1, then there erists a
space

3/ < o((0,T); HY/*(R)),

(0]
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and a unique solution u of (1) in X%/Q. In addition, the flow map data-solution
S HY2(R) — x}/2nC(0,T); HY?), ¢+ u

is smooth and
u € C((0,T); H(R)).

For the next result, H* denotes the homogeneous Sobolev space. The constants k and C\., in the next results,

depend on s, T and pu.
Theorem 2.3. If the initial data is such that ||| ;12 < (4kC,,)~1, then the IVP (1) is locally well-posed in H'/?.

Theorem 2.4. (Global well-posedness). Let yn > 0 and s > 1/2, then the initial value problem (1) is globally
well-posed in H*(R).

Theorem 2.5. (Ill-posedness). Let s < 1/2, if there exists some T > 0, such that the problem (1) is locally
well-posed in H*(R), then the flow-map data solution

S:H*(R) — C([0,T]; H*(R)), ¢ — u,
is not C? at zero.

To obtain the above results, we use techniques present in [2].
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EXISTENCIA DE SOLUCOES PERIODICAS EM ESCOAMENTOS DE FERROFLUIDOS

JAUBER C. OLIVEIRA!

'Departamento de Matemética, UFSC, SC, Brasil, j.c.oliveiraQufsc.br

Abstract

Neste trabalho apresentamos resultados sobre a existéncia de solugoes fortes periddicas no tempo para um
sistema de equagoes diferenciais parciais associadas a um modelo (de Shliomis) bidimensional e tridimensional
para o escoamento de fluidos ferro-magnéticos. O regime periédico no tempo é induzido por um campo magnético
externo. No caso tridimensional, supomos que o campo magnético externo é suficientemente pequeno em

determinada norma.

1 Introducao

Escoamentos de fluidos magnéticos ([2]) aparecem em vdrias aplicagdes industriais ([1]). Este estudo foi motivado
pelo interesse em aplicagoes em que deseja-se induzir escoamentos de fluidos magnéticos em regime periddico no
tempo por meio de um campo magnético externo.

O modelo considerado é o modelo de Shliomis, representado pelo seguinte sistema de equagoes diferenciais

parciais.

V-u=0emQ x (0,00), (1)
p (ut—|—(u-V)u)—nAu—&—Vp:uo(m-V)h—I—%V><(m/\h) em Q x (0,400), (2)
p(u+(u-Vu)—nlAu+ Vp=puy(m-V)h+ %VX (m A h) em Q x (0,+00), (3)

1 1
m; + (u-V)m — cAm = irotu/\m—f(m—XOh)—ﬁm/\(m/\h) em £ x (0,400), (4)

T
V:h=-V-m+F, Vxh=0emQ x (0,400). (5)

Estas equacoes descrevem o balango de massa, de momento linear e de magnetizagao, respectivamente. u denota
a velocidade do ferro-fluido, p denota a pressao dinamica, h representa o campo magnético e m é a magnetizagao.
P51, o, T, X0, 8 sdo constantes positivas. O modelo descreve o escoamento de um fluido magnético sujeito a um
campo magnético externo He,:, com F' = —V-H.,;. Se o termo regularizante —o Am é desconsiderado (desprezando-
se o momento magnético de rotacao [3]), até mesmo a existéncia de solugdes fracas nao é conhecida. As condigdes

de contorno e de periodicidade sao as seguintes:

u=0 m-vr=0, VxmAvrv=0 ondQr, (6)

u(0) = u(7T), m(0) = m(7T), h(0) = h(T) em Q. (7)

Os seguintes trabalhos anteriores abordam questdes de existéncia de solucoes para este modelo: [3],[5],[1],[7].

(s
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2 Resultados Principais

Sejam
V(Q) = {p e D(Q) : divp =0}, Haiv(Q) := {u € L*(Q) : divu € L*(Q)}
com norma
. 1/2
[l g, = ([l + lldiv uf?) .

V() é o fecho de V(Q) em H(Q). Haiv0(Q) é o fecho de D(Q2) em Hg;y (£2).
Seja A o operador de Stokes, A : V(Q) — V(€2)* definido por (Av,u)y+y = [, Vu: Vv dz, Vu,v € V() com
dominio D(A) :={uec V(Q): Auc H(Q)} e (u|v)pea) := (u|v) + (Au|Av), Yu,v € D(A).
Temos a seguinte caracterizacio para o espago H, o(Q) = H(Q) NN (v,), onde 7, (u) = u- v é o operador trago,
continuo de Hyiy () em H~/2(99Q). Seja L() = —A() com dominio D(L£) = H?() N Haiy0(Q).
Apresentamos neste trabalho os seguintes resultados de regularidade das solugoes fracas. O existéncia de solugoes
fracas esta entre os resultados desta investigagao. Apresentamos somente resultados de regularidade destas solugoes.
Teorema 2.1. (Regularidade de solugoes fracas - caso 2d)
Seja T > 0 o periodo da funcio F € H'(0,T;L*(Q)) tal que (F|1) =0 em [0,T]. Seja Q C R? um conjunto aberto
limitado com fronteira reqular (pelo menos de classe C3). Entdo, as solugdes fracas T-periddicas (u,m,h) tém a
sequinte reqularidade adicional:

ue L0, T;V(Q)NL*0,T; D(A)), m e L*>(0,T; H,(Q)) N L*0,T; D(L)), e

h e L>(0,T; H,0(92)).

Além disso, se F € L*(0,T; H'(2)), entio h € L*(0,T; H*(2)).

Teorema 2.2. (Regularidade de solugoes fracas - caso 3d)
Seja F € HY(0,T; H(Q)) tal que (F|1) =0 em [0,T]. Q C R® é um subconjunto aberto, limitado, simplesmente
conezo com fronteira suave (pelo menos de classe C*). Existe uma constante co tal que se | F| g om0 0)) < ¢

entao as solugoes fracas T-periddicas (u, m,h) tém a sequinte reqularidade adicional:

uc L>(0,T;V(Q)) N L*0,T; D(A)), m € L>=(0,T; H, () N L*(0,T; D(L))
h € L°°(0,T; H, () N L*(0,T; H*(Q)).

References

[1] ODENBACH, s. (ED.) - Colloidal Magnetic Fluids: Basics, Development and Application of Ferrofluids, Lect.
Notes Phys. 763, Springer, Berlin Heidelberg, 2009.

[2] ROSENSWEIG, R.E. - Ferrohydrodynamics, Dover Publications, 2014.
[3] TORREY, H.C. - Bloch Equations with Diffusion Terms, Phys. Rev., 104(3) (1956): 563-265.

[4] AMIRAT, Y., HAMDACHE, K. - Global Weak Solutions to a Ferrofluid Flow Model, Math. Meth. Appl. Sci., 31
(2008): 123-151.

[5] AMIRAT, Y., HAMDACHE, K. - Strong solutions to the equations of a ferrofluid flow model, J. Math. Anal. Appl.
353 (2009): 271-294.

[6] OLIVEIRA, J.C. - Strong solutions for ferrofluid equations in exterior domains, Acta Appl. Math., 156 (2018):
1-14.

[7] XIE, C. - Global strong solutions to the Shliomis system for ferrofluids in a bounded domain, Math Meth. Appl.
Sci. (2019): 1-8.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e

UFCG - Universidade Federal de Campina Grande

XIV ENAMA - Novembro 2021 79-80

EXACT BOUNDARY CONTROLLABILITY FOR THE WAVE EQUATION IN MOVING
BOUNDARY DOMAINS WITHA STAR-SHAPED HOLE
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Abstract

We consider an exact boundary control problem for the wave equation in a moving bounded domain which
has a star-shaped hole. The boundary domain is composed by two disjoint parts, one is the boundary of the
hole, which is fixed, and the other one is the external boundary which is moving. The initial data has finite
energy and the control obtained is square integrable and is obtained by means of the conormal derivative. We
use the method of controllability presented by Russell in [2], and assume that the control acts only in the moving

part of the boundary.

1 Introduction

In this work we study an exact boundary control problem for the standard wave equation on a domain with moving
boundary which has a single fixed hole. The boundary of such domains is composed by two disjoint parts: one
it is the boundary on hole which is fixed, and the other one is the external boundary which is moving. We shall
consider the control acting only on the moving boundary part. A illustrative example would be a flexible body that
is crossed by a cylindrical pillar and is fixed to it. Without any variation in the temperature of the environment
the body has no dilation and thus its external boundary remains static. However, if there is a variation in the
temperature, the body would have a dilation or a contraction, causing the mobility of the its external boundary.
In this work when we deal with a domain with a hole, and we refer by external boundary as being the part of the
boundary of the domain that does not coincide with that one of the hole.

To establish these concepts in more detail, we consider B C R™, n > 2, a convex compact set with the origin in
its interior with smooth boundary I'yg. We set (0o, = R” — B. Let = C R™ be a simply connected bounded domain
with piecewise smooth boundary I'y, with no cusps, such that B C Z. We assume that dist(T'p,T'1) > ¢ > 0 and set
2 = E — B. Hence, the boundary of Q is 92 = I'o UT';. Note that €2 is a holed domain whose hole has the shape of
B. We also consider the moving boundary domain Z; C R® where 2, = {zr e R" : z = a(t)y, y € E}, t € [0,+00)
whose boundary is denoted by T'; and Zp = =. Here  : R U {0} — R is a piecewise bounded smooth function,
where

Z¢ x R C Ugez{(z,t) e RN xR : |z —7|* < 7}, (1)

Z, € B(0,r) for all ¢ € [0,+00). Defining Q@ = B(0,r) — B and Q, = Z; — B we can see that Q, C Q for all
t € [0,400). The boundary of ©; is 9Q; = T'o UT;. Now, for T' > 0, let us consider the non-cylindrical domain of
R Q1 = Up<i<78% x {t} whose the lateral boundary is $7UYg, where X1 = Up<s<7L's x {t} and $¢ = [ x [0, T7.

We denote by (v,,v;) the outward unit normal vector defined almost all on X1 U Xg. Note that Q7 is a holed
non-cylindrical domain in R”*! whose the lateral boundary is composed by two disjoint parts X and . Here,
we requires that B be star-shaped with respect the origin, that is, {v, - 2} < 0 for x € 9B. The assumption (1)
assures that the surface X7 is time-like. This is known to be sufficient to guarantee the well-posedness of the initial
and boundary value problem studied here. The purpose of this work is to study the exact boundary controllability

problem
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Theorem 1.1. Let 2 be as defined above. Given (f,g) € H1 () x L?(Q), there exist T > 0 sufficiently large and
a control function h(-,t) € L?>(Xr) such that the solution u € H'(Q1) of the problem

ug —Au=0 inQr
u(0) =/, w(,00=g, nQ
u(-,t) =0, onTox[0,T]
viug — Vu - v, = h(-,t), on Xr.

satisfy the final condition
u(-,T)=0=w(-,T) in Qr. (3)

2 Idea of the proof of the Theorem 1

The Theorem 1 is proved completely in the paper [1]. Here we show the sketch of the its proof. Firstly we the
solution u of the initial-boundary value problem

ﬂtt —Au=0 in Qoo X (O, +OO)
U(0)=f, W(,0)=7, inQu (4)

u(-,t) =0, inTy x (0,+00).

Being ]ch and g extension of f and g respectively to Q... After, for a T > 0 great sufficiently we take the state
(@(-, T), (-, T)) € HHQ) x L(Q) and we solve the exact boundary control problem

vy —Av=0 inQx[0,T]
(-, T) =u(-,T), v(T)=10(T), inQ
v(,t) =0, onTy x[0,T]
vy — Vo v, = h(-,t), on I x [0,T7,

which satisfies, at the instant ¢ = 0, the condition v(-,0) = 0 = v,(-,0) in €.

Considering €); as defined in the Section 1, note that €y C Q for all ¢ > 0, so follows that for each T' > 0 we
have Qr = UpererQ; X {t} € Q x [0, 7). Defining u = & — v we can see that the restriction of u to Qr satisfies (2)
and the condition (3). The control function h is obtained by means of a trace theorem established in [3].
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MAXIMAL ATTRACTORS FOR SEMIGROUPS
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Abstract

The theory of compact global attractors for semigroups relies on the existence of a bounded absorbing
set. Here, suppressing this condition, we present a general theory of maximal attractors for semigroups. Such
attractors are, in general, unbounded. We present sufficient conditions to ensure their existence. As an example
we present a semilinear parabolic equation.

This is a joint work with Juliana Fernandes (UFRJ), and the results presented are extracted from our

submitted paper [1].

1 Introduction and Main Results

For the last several decades, semigroups with bounded absorbing sets have been extensively studied by many
authors. However, if unbounded solutions exist, the system has no such bounded absorbing set. A simple example
is the semigroup generated by a linear map in R? with one eigenvalue outside and the other inside the unitary circle,
in which case the solutions converge to the line defined by the eigenvector associated with the eigenvalue outside
the unitary circle. Despite the fact that unbounded attractors are quite common objects in evolution equations,
they are harder to study, due to the lack of compactness, and much less is known in their regard. In this work, we
explore the asymptotic behavior of semigroups without assuming the existence of a bounded absorbing set.

We explain now our main results. In a metric space X, we consider a semigroup 7' = {T'(¢): ¢ > 0}. A maximal
attractor for 7' is a closed subset U of X that satisfies:

(i) U is invariant, that is, T(¢)Ud = U for all ¢ > 0;

t—o0

(ii) U attracts bounded subsets of X, that is, for each bounded subset B of X we have disty (T'(t)B,U) —— 0,
where distg(C, D) = sup dinlg d(c,d) denotes the Hausdorff semidistance between two nonempty subsets C, D
ceC d€

of X;
(iii) there is no proper closed subset V of U that satisfies both (i) and (ii).

The task to find a maximal attractor for a semigroup is arduous, and not possible in general. However, following
the ideas of Chepyzhov and Goritskil [2], we find conditions under which the set of bounded in the past global
solutions of a semigroup T, given by J = {£(0): £ is a bounded in the past global solution of T'}, is a maximal
attractor for T'. The main result of our work is as follows:

Theorem 1.1. Let (X,d) be a complete metric space and T be a semigroup in X with the set of bounded in the
past global solutions J monempty. Assume that:

(a) T is asymptotically compact, that is, given a bounded subset B of X there exists tg = to(B) > 0 such that
for each t > to there exist a compact subset K = K(B,t) of X and ¢ = ¢(B,t) > 0 with disty (T'(t)B, K) < ¢,
with € 225 0;

(b) T has a strongly absorbing set G, which means that:
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(Hy) G is positively invariant, that is, T()G C G for all t
(Hz) for each bounded subset B of X, there exists tg = to(B)

0;
0 such that T(t)B C G for all t > ty;

Voowv

(H3) there exists a sequence of bounded subsets (H,)nen of G with the following properties:

* H, C Hyy1 for alln € N;
* G\ H,, is positively invariant for T for each n € N;
* if B C G is bounded, then B C H,, for some n € N.

t—o0

(Hy) disty (T(1)G, T) =25 0.

Then J is the unique maximal attractor for T, and J is bounded-compact, that is, the intersection of J with

each closed bounded subset of X is compact.

To illustrate the theory we use Theorem 1.1 to obtain that J is the bounded-compact maximal attractor for

the semigroup generated by the following n-dimensional semilinear parabolic equation:

up = Au+bu+ f(u), in (0,00) x Q
u =0, in (0,00) x 09, (1)
U(O) = U, in Q,

where Q C R” is a bounded domain (open and connected) with sufficiently smooth boundary, b > 0, ug € L?(Q)
and f: R — R is a C? function satisfying

|f(r)] <c¢ and

f’(r)‘ <c foralreR, (2)

for some given constant ¢ > 0.

References

[1] BORTOLAN, M.C. AND FERNANDES, J. - Maximal attractors for autonomous and nonautonomous dynamical
systems, Submitted for publication, 2021.

[2] CHEPYZHOV, V.V. AND GORITSKII, A.Y. - Unbounded attractors of evolution equations, Properties of global
attractorsof partial differential equations, Adv. Soviet Math., 10, 85-128, 1992.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UEPB - Universidade Estadual da Paraiba e
UFCG - Universidade Federal de Campina Grande
XIV ENAMA - Novembro 2021 83-84
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Abstract

In this work, we deals with the analysis of the internal control with constraint of positive kind of a parabolic
PDE with nonlinear diffusion when the time horizon is large enough. The minimal controllability time will be
strictly positive.

We prove a global steady state constrained controllability result for a quasilinear parabolic with nonlinearity
in the diffusion term. Then, under suitable dissipative assumption in the system and local controllability results,

we conclude the result to any initial datum and any target trajectory.

1 Introduction

Let Q C RY(N > 1 is an integer) be a non-empty bounded connected open set, with regular boundary 9£2. We fix
T >0 and set Q:=Qx (0,7) and ¥ := 9Q x (0, 7).
Let w,w; C £ be non-empty open sets, such that w; CC w. We deal with the exact controllability to trajectories

for the quasilinear system

Yy — V- (a(y)Vy) =vo, in Q,
y(x,t) =0 on X, (1)
y(z,0) = yo(z) in Q,

where y is the associated state, v is the control and g, € C§°(Q), such that g, = 0 in Q\w and g, =1 in w;.

Here, it will be assumed that the real-valued function a = a(r) satisfies
a€C?*R), 0<ap<a(r) and |a'(r)|+ |a"(r)] < M, VreR. (2)

Definition 1.1. Let 7 € CY/2(Q), a function § € C**/2(Q) is said to be a steady state for (1) if it is a solution
to
-V - (a(y)Vy) =To, in Q, 7=0 in ON. (3)

The function v € CY/2(Q) is called the steady control.

Remark 1.1. The application A : T +— G shown in (3) is continuous, since a(-) satisfies (2).
We will denote by S := A(C'/%(Q)) the set of all the steady-states with steady controls in CY/%(Q).

Definition 1.2. Fized yo,y1 € S and fized v°, ' such that A(?°) = yo and A(D') = y1, we define a path-

connected steady states that drive yg to y1 as a continuous path

v (0,1 2 o) A s
s As) = (s) = A(A(s)),

where \(s) is a continuous path of steady controls that drive 7° to v' (A(0) =2° and \(1) = v').
For each s € [0,1], we denote §° := ~(s) the steady state and ©° := A\(s) the steady control of continuous path =y .
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Definition 1.3. Let us define a target trajectory y = y(x,t) for (1) as solution to

Yy — V- (a(y)Vy) =vo., in Q,
y(z,t) =0 on %, (4)
y(z,0) =Yy (x) in  Q,

with Ty € C*TY2(Q) and v € CY2V/4(Q) such that

, ao
M oo <
all VT Lo (@x0,1)) < 5 0() (5)

where C(Q2) is the Poincaré inequality constant, so ||ul|r2q) < C(Q)||Vullz2(q) and the constant M, is defined by

M, := sup |a’(r)].
reR

2 Main Results

Now, let us state the main result in this section is the following

Theorem 2.1. Let yo,y1 € S fized and let v(s) :=F° be path-connected steady states that drive yg to y1 with steady
control v°. Let us assume there exists a constant n > 0 such that

v >n, Vsel0,1]. (1)

Then there exists Ty > 0 such that, for every T' > Tgy there exists a control v € L™ (Q x (0,T)) such that, the system
(1) admits a unique solution y satisfying y(-,T) = y1(-) in Q and v >0 in Q x (0,T).

Now, we will extend Theorem 2.1 in the following Theorem:

Theorem 2.2. Suppose there exists a target trajectory y satisfying the condition (5) with initial datum Y, and
control v. Let us assume there exist a constant n > 0 such that

v>n in QxRY (2)

For any yo € CQ+1/2(§) initial datum, there exists Ty > 0 such that for every T > Ty, we can find a control
v € L®(Q x (0,T)) such that the unique solution y to (1) satisfies y(T)=7(T) in Q@ and v>0 in Qx (0,T).

Furthermore, if yo # Yo then the minimal controllability time Ty s strictly positive, where

Tonin := inf {T'>0;3 v e L>®(Q x (0,7))%, such that y(T) =7y(T) in Q}. (3)
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Abstract

In this paper we investigate the unilateral problem for a extensible beam equation with internal damping

and source terms
uee + A%u+ M(|Vul?)(=Au) +u = [u]" " u

where r > 1 is a constant, M(s) is a continuous function on [0,+00). The global solutions are constructed
by using the Faedo-Galerkin approximations, taking into account that the initial data is in appropriate set of

stability created from the Nehari manifold.

1 Introduction

In [7] the authors establish existence of global solution to the problem

g+ A%u+ M(|Vul?)(—Au) 4+ up = |u|""tu (1)

U(,O) = o, ut(‘vo) =wup in Qv (2)
ou

u(.,t) = ——(.,t)in 0Q,t >0, 3

() = Gt Q

where 2 is a bounded domain of R™ with smooth boundary 9 , r > 1 is a constant and M(s) is a continuous
ou

function on [0, +00), u = 0 is the homogeneous Dirichlet boundary condition and the normal derivative o = 0 is
n

the homogeneous Neumann boundary condition, where 7 unit outward normal on 9f).
A nonlinear perturbation of problem (1) is given by

uge + A%u + M(|Vul?)(—Au) +ug — |u|" " u > 0. (4)

In the present work we investigated the unilateral problem associated with this perturbation, that is, a variational
inequality given for (4) (see [5]). Making use of the penalty method, the potential well theory and Galerkin’s
approximations, we establish existence and uniqueness of global solutions.

Unilateral problem is very interesting too, because in general, dynamic contact problems are characterized
by nonlinear hyperbolic variational inequalities. For contact problem on elasticity and finite element method see
Kikuchi-Oden [4] and reference there in. For contact problems on viscoelastic materials see [6]. For contact problems
on Klein-Gordon operator see [8]. For contact problems on Oldroyd Model of Viscoelastic fluids see [3]. For contact
problems on Navier-stokes Operator with variable viscosity see [1]. For contact problems on viscoelastic plate
equation see [1].
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2 Main Results

Theorem 2.1. Consider the spaces

HA(Q)={ue HY(Q)u=Au=0 onT} and HZ(Q) ={ue H3(Q)|u=Au=0 onT}.

Ifug € Wi N HE(Q), J(ug) < dyus € HF(Q) N H2(),1 < r <5 and the hypothesis (H1) and (Hs) holds, then there
exists a function u : [0,T] — L*(Q) in the class

uw € L>®(0,T; (HY(Q) N H2(2)) N HE(Q)) N L>(0,T; L™(£)) (1)
u, € L>=(0,T; L3(Q)) N L2(0,T; H(Q) N H2(2)) (2)
ug € L°(0,T; L2(2)), w(t) € K a.e. in [0,T], (3)

satisfying
/Q(utt + A%+ M(|Vul?)(—Au) + us — |u]" " u) (v —u) > 0,V € L2(0,T; HE(Q)), v(t) € K a.e. int
u(0) = up, u(0) = 1wy

r4+1
|ul, 11, and

1
where J : H}(©2) 1 H2(2) = R defined by J(u) = 5|Aul® + %wuﬁ S

2
(Hh) M€ C((0,00)) with M(X) 2 mg >0, YA20, (H) (r—Dn<rn<q=- -

n> 2.
2TL

Proof The proof of Theorem 2.1 is made by the penalization method. It consists in considering a perturbation of
the problem (1) adding a singular term called penalty, depending on a parameter € > 0. We solve the mixed problem
in @) for the penalization operator and the estimates obtained for the local solution of the penalized equation, allow

to pass to limits, when e goes to zero, in order to obtain a function v which is the solution of our problem.
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Abstract

In this work we study the initial boundary value problem associated with the coupled Schrédinger equations
with quadratic nonlinearities, that appears in nonlinear optics, on the half-line. We obtain local well-posedness
for data in Sobolev spaces with low regularity, by using a forcing problem on the full line with a presence of a
forcing term in order to apply the Fourier restriction method of Bourgain. The crucial point in this work is the
new bilinear estimates on the classical Bourgain spaces X *° with b < %, jointly with bilinear estimates in adapted
Bourgain spaces that will used to treat the traces of nonlinear part of the solution. Here the understanding of
the dispersion relation is the key point in these estimates, where the set of regularity depends strongly of the
constant a measures the scaling-diffraction magnitude indices.

This work was submitted for publication and can be accessed in https://arxiv.org/abs/2104.05137 .

1 Introduction

This work is dedicated to the study the initial boundary value problem associated to system nonlinear quadratic
of the Schrodinger on the half-line, more precisely

i0pu(z,t) + 02u(z,t) + u(z, t)v(z,t) =0, x € (0,+00), t € (0,7),

(
)

i0v(x,t) + ad?v(z,t) + u?(z,t) =0, z € (0,400), t € (0,T), 1)
u(x,O) = UO(m)a U({E,O) = UO(I')v LS (07+OO)7
u(07t) = f(t)7 U(O’t) = g(t), te (O,T),

where u and v are complex valued functions, where a > 0. The model (1) is given by the nonlinear coupling of two
dispersive equations of Schrodinger type through the quadratic terms Ni(u,v) =% -v and Na(u,v) = u?.
An important point in this model is the fact that the functional mass is not conserved, since some bad terms of

boundary appear in the mass functional. More precisely, define the functional of mass for the system (1) by
M(t) = ||U(t)\|%g(m+) + ||U(t)|\%g(m+)-
Formally, by multiplying the first equation of the system (1) by @ and the second equation by T, integrating by
parts, taking the imaginary part and using Im (@%v) = —Im(u?v), we get

M(t) = M(0) + Im/0 (0, 5)0,u(0, s)ds + aIm/O (0, s)0,v(0, s)ds. (2)

This identity suggesters on the case of homogeneous boundary conditions a global result on the space
L?(R*) x L2(RT).

Physically, according to the article [4], the complex functions v and v represent amplitude packets of the first
and second harmonic of an optical wave. In the mathematical context on the paper [1] the first author obtained

local well posedness for the model posed on real line by assuming low regularity assumptions.
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2 Main Results

Our main local well-posedness result is the following statement.
Theorem 2.1. Let the Sobolev index pair (k,s) verifying s 7é and K 7é s and

(i) |k| —1/2 < s <min{s +1/2, 26+ 1/2,1} and k <1 fora > 1 (first non resonant case);
(ii)) 0 < k=s<1 fora=1% (resonant case);

(iti)) max{—3,|s| — 1} < s <min{x + 1, 26 + 1,1} and k < 1 for 0 < a < 3 (second non resonant case). For

2n+1 2.s+1

any a > 0 and (ug,vo) € H*(R') x H*(RT) and (f,g) € H 7 (R') x H (RT), verifying the additional
compatibility conditions
u(0) = £(0), for x> 3
: 3)
v(0) = g(0), fors> 3.
Then there exist a positive time T = (|U0||H~(JR+) lvoll z7= &+ Hf|| ||g||H + ,a) and a

distributional solution (u(t),v(t)) for the initial boundary value problem (1) on the classes
ue C([0,T); H*(RY)) and veC([0,T); H*(R")). (4)

Moreover, the map (uo,vo) — (u(t),v(t)) is locally Lipschitz from H®(RT) x H*(R") into
C([0,T]; H*(R*) x H*(R™)).

The approach used to prove this result is based on the arguments introduced in [3] and [2]. The main idea to

solve the IBVP (1) is the construction of an auxiliary forced IVP in the line R, analogous to (1); more precisely:

i0pu(w,t) + 02u(w,t) + u(z, t)v(z, t) = Ti(z)h1(t), (z,t) € R x (0,7)
i0pv(w,t) + adzv(z, ) + u?(x,t) = Ta(x)ha(t), (z,1) € R < (0,7) (5)
u(z,0) = uo(x), wv(x,0)=1v(z), zeR

where 77,75 are appropriate distributions supported in R™, @, 99 are nice extensions of ug and vy in R and the

boundary forcing functions hi, ho are selected to ensure that

u(0,t) = f(¢t) and ©(0,t) = g(t)
for all t € (0,T).
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Abstract

In this paper is investigated the existence of solutions of a mathematical model that describes the vibrations

of a bar by an impact in one of its ends.

1 Introduction

Consider an elastic homogeneous cylindrical bar of lenght L where the cross sections of the bar are small when
comparing with its lenght. In the rest position the bar coincides whith the interval [0.L] of the axis Ox. At the
end z = 0, the bar is clamped and the end z = L is free. At the initial time ¢t = 0, the free end is hit by a mass
M, which is moving with velocity aq in the direction of the axis of the bar. Then the mass remains glued at the
end z = L. Under the impact, the cross sections of the bar begin to vibrate longitudinally. Assume that these
vibrations are small.

The above physical problem is modeled by the following mathematical model:

0%u(x,t) B E@Qu(x,t)

= L ; 1
BT PR 0,0<z<L,t>0; (1)
0%u(L,t) ou(L,t)
= M : AFE L= ; 2
u(0,t) =0, ozt 5e — 0 t>0; (2)
u(:r,O)z0,0SxSL;w:0,0§x<L,%€;o):—ao. (3)

where u(z,t) denotes the displacement of the cross section z of the bar at time ¢. Here E is the Young’s modulus
of the material of the bar, p its constant density and A the area of the uniform cross sections.
The above mathematical model was introduced by Koslyakov et al.[1]

The objective of this paper is to investigate the existence of solutions of Problem (1.1)-(1.3).

2 Main Results

Denote by (u,v) and |u| the usual scalar product and norm of the space L?(0, L) By V is represented the Hilbert

space
V = {u € H*(0,L);u(0) = 0}

equipped with the scalar product

L
du dv
- [ Qy
((,v)) o dxdx v
and norm |[u|| = ((u,u))*/?. By 41, is denoted the fucntional

<ép,v>=wv(L), veC%0,L;R) = X
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then 67 € X'.
Let T > 0 be an arbitrary fixed real number. Consider the problem

0" (x,t) — Ope(x,t) = f(z,t) , 0<z <L, 0<t<T; (1)
0(0,t) =0, 0"(L,t) +6.(L,t) =0, 0 <t <T; 2)
O(x, T)=0, ¢ (x,T)=0 (3)

where ¢’ = 9% and 0, = 2%. For each f € L'(0,T;L?(0,L)) is determined the weak solution § of the Problem
(2,1)-(2.3). One has
1

~1p/ 2 1 2
S @OF + 56017 +

1

T
S0P < [ IOl vo<i<T

Definition 2.1. A function u € L>°(0,T; L?(0, L)) is named a solution defined by transposition of Problem (1.1)-
(1.3) if
T L
/ / w(z, 8) f (2, t)dadt = —2a0 < 51,0(,0) > , Vf € LX0,T; L2(0, L))
o Jo
where 6 is the weak solution of (2.1)-(2.3) with f(see [2] and [3])

Theorem 2.1. There exits a unique solution u defined by transposition of Problem (1.1)-(1,3). Furthermore u
satisfies

u” — upe =0 in L°°(0,T; L*(0,L));
uw(0,.) =0, u’(L,.) +uz(L,.) =0 in L>=(0,T);
uw(0) =0, v (0) = —apdr.

The theorem is obtained by applying the Galerkin method, results of the Trace Theorem and the interpolation
of Hilbert spaces.
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Abstract

In this work, we consider the porous-elastic equations mixing Kelvin-Voigt dissipation mechanisms and the
thermal effect given by Fourier’s law. We prove that the system lack the exponential decay property for a
particular equality between damping parameters. In that direction, we prove the polynomial decay and the

optimal decay rate.

1 Introduction

Based on Quintanilla and Ueda [1], we consider the one-dimensional porous elastic system with Fourier’s law is

given by
PUt — QUgy — ﬂ¢x — YUzt — €¢zt + gem = 0 in (07 l) X (0» OO)» (1)
’f@btt - 5¢zz + Bum + 77¢ + T¢t + EUyt — he = 0 in (07 l) X (07 00)7 (2)
p29t - Keam + guact + h¢t = 0 in (Oa l) X (07 OO), (3)

where p, o, v, 7, K, K, 6, &, h and 1) are constitutive coefficients, 3 # 0 satisfies an— 32 > 0. Moreover, the functions
u, ¢ and @ represent the displacement of a solid elastic material, the volume of porous fraction and the temperature,
respectively. In addition, we consider that the coefficients v > 0, 7 > 0 and ¢ # 0 satisfies the relationship

T —e® = 0. (4)
Here, we assume the Dirichlet-Neumann-Neumann boundary conditions
uw(0,t) = u(l,t) = ¢(0,t) = (1, t) = 0,(0,¢) = 0, (1,¢t) =0, ¢>0, (5)
and the initial conditions

u(z,0) = up(x), w(z,0) =ui(x), ¢(x,0) = do(x), ¢(x,0) = ¢1(x), 0(x,0) = Op(x), = € (0,1). (6)

2 Main Results

Theorem 2.1. Let us suppose that y7 —e2 = 0. Then the semigroup S(t) = et associated with the system (1)—(6)

is not exponentially stable.
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Proof To prove this result we will argue by contradiction, that is, we will show that there exists a sequence of
number ()\n)nEN C R with |A,| = oo and (U”)neN C D(A) for (Fn)nGN C H, with ||F,|l% < oo such that

(iXn — A)U,, = Fy, (1)

where F,, is bounded in H, but ||U,||% tends to infinity. To show the lack of exponential stability, we consider

(a + i/\’y)wfl — A% (B + i/\a)wn —&wp A, 0
(B+ire)wy (n+iAT) — (A% — w20) ~h B, |=1]1]. (2)
1A wn, iAR iAp+ Kw? Cn 0

Solving Eq. (2) we have

iMYKwy + [K(a — 6p/k) — 6vp/K|wi + O(n?)

B, ~
(62 — 779) E2wE — iAK~(wo — T')wi + O(n4)

3)

where I := (ny — 2¢8) /v + (¢2 — 77)dp/ K~k + (o — 6p/)7 /7. Since y7 — €2 = 0 and choosing wy := I we have
By ~ O(n). (@)

Therefore,
L L
Ul = [ 167 Pde = B [ costwna) Pz~ O(t) = lim U 2 66T = 0. (6)
0 0 n o0
Theorem 2.2 (Polynomial decay). The semigroup associated with the system (1)—(6) satisfies

c
ISOVolln < 577 I00llpeay, V>0, Uo € D(A). (6)
Moreover, this rate is optimal.
Proof To show the polynomial stability, we use Borichev and Tomilov’s Theorem [2]. Then using technical lemmas
we get
U113, < XCIUIF I3 + CIU sl Fllae + ClIF N, (7)
Consequently, we have

L. _
G = A Flla < ClIF |1, (®)

and therefore, by Borichev and Tomilov result, we prove the polynomial decay.

Now let us suppose that the rate of decay can be improved from ¢~'/2 to t=/(27¢) for some € > 0, then we will
have that

1 . _
WH(MI —A) 1FH% 9)

must be bounded. But this is not possible because of the lack of stability. The proof is now complete.
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Abstract

In this work we study the exponential decay of the energy associated to an initial value problem involving the
wave equation on the hyperbolic space BY. The main tools are Faedo-Galerkin method, multipliers techniques,

and an appropriate Hardy inequality.

1 Introduction

In this work we prove the existence of solution and the exponential decay of the energy associated to the following
problem

ug — Agvu+ f(u) + a(z)u;, = 0 in BY x (0, 00), (1)
u(z,0) = ug(z), u(z,0) = ui(z) for = € BY, (2)

where a, f, ug and u; are known functions and Ag~ is the Laplace-Beltrami operator in the disc model of the
Hyperbolic BY. The space BY is the unit disc {x € RY : |z| < 1} of RY endowed with the Riemannian metric g
given by g;; = p?d;;, where p(z) = TZP and ;35 =1, if i = j and &;; = 0, if ¢ # j. The hyperbolic gradient Vg
and the hyperbolic Laplacian Ag~ are given by

-2 ¢ 3)

Vevu = % and  Agvu=p Ndiv(pV 2 Vu) = p A +
where - is the standard scalar product in RY; and V and A are the usual gradient and Laplacian of RY.

Since the pioneer work of Zuazua [5], where the author, based on the multiplier techniques and on the unique
continuation results, showed the exponential decay for the semilinear wave equation with localized damping in an
unbounded domains, many authors have been studied this class of problems.

In this work, we extend the work of Zuazua [5] to the hyperbolic space BY which is a non-compact manifold,
with curvature —1 and without boundary. The main idea of our paper is to consider the damping acting away of
the origin, as in [5]. But, now in the context of the hyperbolic space.

The main novelty of our work is to present a new technique which combines the multipliers one with the use
of a Hardy inequality. This techniques was used in the context of elliptic equations in [1, 2, 3], but in evolution
problem it is a novelty.
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Abstract
In this work we show that the Rapid Distortion Theory (RDT) model for the spectral tensor of the

homogeneous turbulence problem in the whole three-dimensional domain preserves the symmetry, positive
semidefiniteness and integrability properties required in Cramér’s characterization of the spectral tensor of a
continuous homogeneous random process. The correlation tensor recovered from the spectral tensor model is
statistically valid and satisfies realizability conditions. The RDT spectral tensor model is a system of transport
equations plus an algebraic restriction due to incompressibility, therefore, we deal with the existence, uniqueness

and persistence of solutions in a specific set of functions by using DiPerna-Lions renormalization techniques.

1 Introduction

We consider an incompressible fluid in the whole three-dimensional domain R? with constant density p, kinematic
viscosity v and in constant-shear flow. Starting from the equation of continuity and the Navier-Stokes equations in
the continuous homogeneous random process framework known as homogeneous turbulence, it is possible to derive
the equations for the evolution of the spectral tensor ®(k,t), where k denotes the wavenumber vector and ¢ is the
temporal variable. The spectral tensor is the spatial Fourier transform of the velocity correlation tensor R which is
defined componentwise as R;;(r,t) = (u;(x,t) uj(x +r,t)), (r,t) € R¥xR, ¢ > 0, where u;(x,t) = U;(x,t)—(Ui(x,t))
denotes the fluctuations of each component of the random velocity field U;, ¢ = 1,2, 3, and (-) is the notation for
the expected value. Note that R and any statistical moment of order n > 2 are invariant under spatial translations
because of the homogeneous turbulence assumption.

The evolution equations for the spectral tensor are part of an infinite hierarchy of coupled nonlinear integro-
differential equations such that the equations for the statistical moments of order n involve the moments of order
n + 1. That is why a closure scheme is introduced, the simplest of which consists of discarding the higher-order
moments terms in the equations for the highest-order moments considered, as it is the case of the RDT model in

which third-order moments are discarded. As a result, the following first-order homogeneous linear system arises

0Pl 0Pl ok
iy ©j m R R R R 2xR
6t — Cnm km 6‘kn + ? (kzq)nj + kj(bin) - (&m‘bnj + 6jm(bin> - 2Vk (bij7 (1)

where summation convention is adopted for repeated Latin indices, the superscript R indicates that @5 is in general
different from ®;; and a constant mean velocity gradient

9 (Unm)

Crm = oz,

= 0n30m1C31, C31 # 0, (2)

is assumed, which corresponds to a constant shear rate of the mean velocity (U7) in the x3 direction. Besides, the
continuity equation expressed in the form of the incompressibility condition in the physical domain returns

@k =0, 3)
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adding an algebraic equation to be satisfied by ®. The approximation for ® provided by the RDT spectral tensor
model has been validated in practice for rapidly straining turbulent flow, as described in [1]. It is then pertinent
to analyze if the model preserves the statistical properties that the spectral tensor of a continuous homogeneous

random processes must satisfy, as considered in the next section.

2 Main Results

Cramér’s theorem provides a characterization of the spectral tensor of a continuous homogeneous random process
as a k-absolutely integrable Hermitian matrix representing a positive semidefinite quadratic form. Simplifying to
the real valued case, we define an admissible initial condition as a real absolutely integrable symmetric positive
semidefinite matrix ®°(k) such that ®°(k) k = 0 almost everywhere, which serves as initial condition for system (1)—
(3). In this setting, the following theorem establishes the fulfillment of Cramér’s characterization together with the

existence and uniqueness of solutions for the model.
Theorem 2.1. If ®° is an admissible initial condition then there exists a matriz ®F such that
1. ® is symmetric and positive semidefinite,
2. ®R(k,t)k =0, for all t > 0 and almost everywhere in k,
3. the components of ®% are continuous functions with respect to t, for t > 0, with values in L*(R?),
4. ®% is the unique weak solution of the system of equations (1), with initial condition ®°, that satisfies property 3

5. If ®° is also a continuously differentiable function on R® — {0} then ®F is also continuously differentiable on
(k,t) € {R® — {0}} xR, t > 0.

A detailed proof can be found in [2]. It relies on the use of the Kelvin-Townsend system of differential
equations which solutions serve as factors for the complete solution. The structure of the system that allows
this factorization approach is intrinsic to the original equations. The results are also valid for the complex
Hermitian case. A statistically valid correlation tensor is recovered from the spectral tensor model via inverse
Fourier transform. Therefore, it satisfies physically meaningful probabilistic inequalities, including, at zero spatial

separation, realizability conditions for the Reynolds stress tensor R(0, ).
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Abstract

We establish the existence of periodic solutions for the Navier-Stokes equations, assuming that the external
force is periodic and C! in time, and small enough in the norm of the considered space. We also prove uniqueness
and stability of the solutions in various norms. The proof of existence is based on a set of estimates for the

family of finite-dimensional approximate solutions.

1 Introduction

1.1 Problem Statement

Given a periodic force in time f: QxR - R” Q CR", n=2or 3, f(z,t) = f(x,t + 7), we search for a periodic

solution in time

u: QxR—->R" wu(z,t)=u(x,t+7)
p:QAxR—=>R plx,t)=plx,t+7)

of the Navier-Stokes equations

Ju
E+(u~V)u—,uAu-i—Vp—f7 (1)
divu = 0,

subject to the following boundary condition:
u(z,t) =0 on 9Q x (0,T). (2)
Also, we consider the initial-value boundary problem associated to (1)—(2), i.e. (1)—(2) together with
u(x,0) = uo(z) in Q. (3)

1.2 Preliminaries

We use the usual function spaces for the Navier-Stokes equations, see Lions [1]. We will denote by || - || the usual
norm in L?(2) and associated product spaces.
The following results on existence and uniqueness can be found for instance in [6, 3, 5]:

Theorem 1.1. Let f € C'(7; L?(Q2)). There exists My > 0 such that, if

sup [[F (1)l < M, (4)

the corresponding system (1)—(2) has a strong T—periodic solution

w, € H*(r; H) N H*(1; D(A)) N L>®(1; D(A)) N Whee(1; V). (5)
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Moreover, if || fl|c1(r;02(q)) is small enough, the solution is unique and any solution w to (1)—~(3) defined for all
t € (0,400) with values in D(A) and such that

T
sup [Ju(?)]| +/ [Vu(t)||?dt < +oo VT >0 (6)
0<t<T 0
satisfies ||u(t) — up(t)|| = 0 exponentially as t — +oo.

2 Main Results
Theorem 2.1. If f and u are as in the second part of Theorem 2.3, one has
llu(t) — up(t)|| gz — 0 exponentially as t — +oo. (1)

The proof can be achieved by establishing appropriate estimates of ||u — u,|| in some norms.

Theorem 2.2. If f and u are as in the second part of Theorem 2.3, 9Q € C>=, DLf € L>°(0,00; H*(Q)) for all
I,k>0 and ug € D(A), we have

| Diu(t) — D uy(t)|| g — O exponentially as t — +o0. (2)

The proof can be obtained by induction, following some arguments already used in [2] and [1] together with the

arguments in the proof of Theorem 2.1.
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Abstract

In this work, we investigate an initial boundary value problem related to the nonlinear hyperbolic equation
Utt + Uzgze + Qzzzet = [(Uz)e, for f(s) = |s|” 4+ |s]7, 1 < p,o, a > 0. Under suitable conditions, we prove the

existence of global solutions and the exponential decay of energy.

1 Introduction

In this research, we consider the initial boundary value problem of a nonlinear hyperbolic equation with Kelvin-Voigt
type damping term

Ut + Uggga T VUzzzat = f(ux):m zef), t>0,
w(0,t) =u(1,t) =0, U (0,t) = uge(1,¢) =0, ¢>0, (1)

u(z,0) =uo(x), w(z,0)=ui(x),

where Q = (0,1), « is a positive constant and f(s) = |s|? 4 |s|? is the strain term.

There have been many impressive works on the well-posedness and energy decay of solutions of the nonlinear
beam equations of the type (1), with f(s) satisfying f(s)s > 0 and |f(s)| < a|s|?, a > 0, see [1] and the references
therein. The authors in these works introduced the potential well method to obtain their results.

However, to the best of our knowledge, there is little research about equation (1) with nonlinearity f(s) =

|s|” + |s]?, p, o > 1, which also implies that (1) has no positive definite energy.

2 Main Results

We define the space
H={uec HQ)NH}Q) : uzx € H3(Q)}

endowed with the norm

Hu”%{ = ||uxr||2 + ||uzm||2»
and introduce the following notations
Bie  sp Ml p o lslen
ue H2(Q)NHE(Q) [t | ueH2(Q)NHE(Q) [tz ]|
u#0 u#0
"= T Y2 = L pgn
p+17t 7 o+12
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. 1 1/(p—1) 1 1/(e-1) . .
Let Ay = mm{ [W} , [W} } and the energy associated with problem (1) by

E(t) = . lue]|* + t luaall® ~ SL /1 |ua| 1y da — _ /1 || "ty d
= u (7 U U T u U X.
2 t 2 T 1 0 T T 1 0 x T

Now, we have the following two theorems
Theorem 2.1. Assume ug € H, uy € L*(Q). Then problem (1) has a unique weak solution u for T small enough.
Proof. We prove the local existence of weak solutions by using the Faedo-Galerkin method. O

Theorem 2.2 (The main result.). Assume that the assumptions of Theorem 2.1 hold and that
0 < |luoee|l < A1 and (4E(0))"/* < Ay,

where ) ) ) .
FE(0) = - 2 = azm2_7/ zp zd _7/ zU :vd
(0) QHUlH +2||U0 l P Q|Uo oy dx ] Q|Uo |7 w0, dz

Then problem admits a global weak solution in time. This solution satisfies
E(t) < Loe " ,¥t >0, for some Lo,y > 0.

Proof. We apply an argument due to Tartar [4] (See also Milla Miranda et al.[2]) to get the global existence. The

exponential decay is obtained via an integral inequality introduced by Komornik. O
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Abstract

Estudamos o comportamento assintético das solugGes globais fracas para as equagoes dos fluidos magneto-
micropolares nos espagos de Sobolev H™(R"™), com m € NU {0} e n € {2,3}. Além disso, mostramos que a
velocidade micro-rotacional decai mais rapido do que a velocidade linear do fluido. Também discutimos alguns

resultados de decaimento para a pressdo total do fluido e para as derivadas da solugdo na regiao do espago-tempo.

1 Introducao

Consideramos o PVI

b2
up + (u-V)u — (M+X)AU+V(U+ 2') = (b-V)b+ xrotw,
wt + (u - V)w — yAw — kV(divw) + 2yw = xrotu,
b+ (u-V)b— vAb = (b-V)u, (1)
divu = divb = 0,
(uvwab)|t:0 = (UO,WO,bO),

em R" x (0,00), onde ug, wy e by sdo fungdes dadas e n = 2 ou 3.

No sistema (1), as incégnitas sdo as fungoes u(x,t) € R", II(x,t) € R, w(x,t) € R e b(x,t) € R™, as quais
representam, respectivamente, o campo velocidade incompressAvel (velocidade linear), a pressdo hidrostética, a
velocidade micro-rotacional e o campo magnético em um ponto * € R™ no tempo ¢ > 0. A funcio |[b?/2 é a
pressdo magnética. Assim, denotamos por p := IT + |b|?/2 a pressdo total do fluido. Este sistema descreve o
movimento de um fluido incompressAvel micropolar viscoso na presenca de um campo magnético (veja [1] e [2]).
As constantes positivas p, X, 7, k € v estdo associadas a propriedades especAficas do fluido; mais especificamente, I
é a viscosidade cinemadtica (usual), x é a viscosidade do vértice, v e k sdo as viscosidades de rotacdo e, por tultimo,
1/v é o nimero magnético de Reynolds. Os dados iniciais para os campos velocidade e magnético, dados por ug
e by, sdo assumidos livres de divergente, i.e., divug = divby = 0. Vale ressaltar que o sistema (1) se reduz As
equagoes de Navier-Stokes, quando w = b = 0; ao sistema MHD, quando w = 0; e ao sistema micropolar, quando
b=0.
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2 Resultados Principais

Por simplicidade, assumimos p=x=1/2evy=rx=v = 1.

Teorema 2.1. Seja (u,p,w,b) uma solugio global do sistema (1). Se wg,wo,by € H™(R™) N LY(R"), com
divug =divby =0, em € NU{0} en € {2,3}, entao

m
2

HDmu('at)HLz(R”) + Hme('7t)||L2(R”) + HDmb("t)HLZ(R”) s CE+1)” %’ (12)

para todo t suficientemente grande. Ademais, temos a sequinte taza de decaimento melhorada para a micro-rotag¢do:

m

D™ w (-, )| pa gy < C (8 + 1)"%"%72 Vi1 (1b)

Também comparamos a evolugao das solugoes z(-,t) := (u,w, b)(+,t) do sistema (1) com as solugdes Z(-,t) :=
(@, w, b)(-,t) do sistema linear associado. Em [3], M. Wiegner forneceu tal estimativa para as equacdes de Navier-
Stokes (comparando com a equagdo do calor com os mesmos dados iniciais). Embora tenhamos outro sistema linear
associado, o resultado permanece valido e, para o campo micro-rotacional, fornecemos uma taxa de decaimento

extra. Nosso segundo resultado principal é o seguinte

Teorema 2.2. Seja (u,p,w,b) uma solugdo global do sistema (1). Se ug,wo,by € L'(R™) N HY(R™), com

divug = divbg = 0, entdo existe uma constante C € R tal que

lz(-,t) = Z( t)|lL2@ny < C(t+ 1)_%_%, vit>0. (2a)
Além disso, melhoramos a taxa de decaimento para o campo micro-rotacional da sequinte forma:

Jw(-,t) = (-, 1) g2@n) <C(E+1)"%7", V>0 (2b)

Observagao 1. Note que o resultado acima mos diz que as solugdes do sistema magneto-micropolar sao

assintoticamente equivalente A s solug¢oes do problema linear associado com os mesmos dados iniciais.

Por fim, para ug,wq, by € L*(R™) N H™TY(R"), com divug = divby = 0, também obtivemos a seguinte taxa

de decaimento para a pressao total do fluido
D™ () | ooy < CUEFDTFF, Vi,

e, supondo que wug,wo, by € L'(R™) N HM(IR")7 com divug = divby = 0, também mostramos que existe uma

constante C' > 0 tal que
HDmﬁfu(-,t)HLQ(Rn) < Ct+1)"27F4,  visl,
D™ 0 w(e, )| oy < ClE+ D=5 ki Vs,
||Dmafb(~,t)||L2(Rn) < Cl+1)"F 7% Vi1,

para todo M > m + 2k, m, k e NU{0} e n € {2,3}.
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Abstract

Neste trabalho usamos uma técnica baseada em métodos de energia para analisar a existéncia global da
solugio do problema evolutivo u; + (b(z, t)u* ™), = pu(t)use com condigio inicial u(-,0) = uo € L' (R) N L™= (R).

Encontramos condigdes que garantam a existéncia global da solugao.

1 Introducao

Neste trabalho, apresentamos um estudo detalhado sobre o comportamento assintdtico de solugoes limitadas nao

negativas do problema evolutivo do tipo

up + (b(x, )u* ), = p(t)uze Yz €R, t >0,
u(+,0) = ug € L'(R) N L=(R), (1)

para campos de adveccao arbitrarios continuamente diferencidveis b satisfazendo

b(-,t) € LiS.([0,00), L (R)) Vz € R, t > 0; (2)
‘%ﬁj’ﬂ’<3(t) vz e R, t >0, (3)

onde B € CY(]0,00)), u(t) € C°([0,00)) positiva e 0 < k < 2 constante.

Aqui, por uma solugéo limitada do problema (1) em algum intervalo de tempo [0, T} ), entendemos como qualquer
fungao u € C°([0,Ty), L' (R)) N L;2.([0,T), L= (R)) satisfazendo a equagdo do problema (1). Para resultados de
existéncia local (no tempo) pode-se consultar [2] and [6], Ch. 7.

Nosso objetivo é investigar para quais valores de k podemos garantir que a solugdo do problema exista
globalmente e por este motivo é tao importante conhecer o comportamento das normas mais altas L9, em especial
da norma L°° no intervalo de existéncia da solucao, a fim de que possamos estender este intervalo a intervalos de
existéncia mais amplos.

Note que para k =1 em (1), temos a equacao de Burgers com um termo advectivo arbitrdrio b(x,t), apesar do
vasto estudo a respeito desta equacao, um dos modelos mais simples que combina os efeitos do operador nao linear
advectivo com o operador difusivo, a dependéncia explicita de = em b dificulta bastante a andlise da existéncia
global das solugoes deste problema. Para ilustrar esta dificuldade, reescrevemos a equagao geral do problema (1)

da seguinte forma

Ob(x,t)

Or ut () Uz (4)

uy + (k + 1)b(z, t)uPu, = —
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Ob(x,t)

x
magnitude. Porém, a solugdo de (1) conserva massa, entdo a medida que u cresce, o perfil da solugdo fica mais

ob(x,t
Como b depende de x, na regiao onde Mu’“‘l

< 0, o termo — estimula a solucao u a crescer em
afinado, tornando-se mais suscetivel aos efeitos do operador difusivo. Desta forma, o resultado da competigcao entre
os termos difusivo e advectivo do lado esquerdo da equagédo (4) torna-se dificil de ser previsto.

Quando b ndo depende explicitamente de x, ou mais geralmente, quando 9b(z,t)/0x > 0 for all x € R, ja se
sabe da existéncia global para as solugoes no caso k = 0 em (1), e neste caso, além das solugoes serem definidas
para todo tempo, elas também decaem a zero quando ¢ — oo, ver os seguintes trabalhos nesta direcao [4, 1, 7].
Para o caso de k = 0 e b(z, t) arbitraria, ver [3, 5]. Finalmente, no nosso trabalho, para b(x,t) arbitraria e k € [0, 2)

garantimos a existéncia global.

2 Resultados Principais

Obtemos uma estimativa para a norma do sup da solugdo do problema (1):

Teorema 2.1. Let > 1,0<ty <t <T, and 0 <k <2 in (1). Then

1 1 _2q
leuCes )l gy < @77 ma { (e o)l oo s B (fo3 1) 77 Uplto; )77 |

where Ug(to;t), Bu(to;t) is defined by

B(r
Uq(to;t) := sup{|lu(-, 7)||pamys to < 7 < t}, and By(to;t) = Sup{ (7)

w(T)

Em particular, se tomarmos tg = 0 e ¢ = 1 no Teorema 2.1, sabendo que a solu¢do do problema (1) conserva

ito <7 < t} , Tespectivamente.

massa, garantimos a sua existéncia global, isto é, T, = co.
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LONG-TIME DYNAMICS FOR A FRACTIONAL PIEZOELECTRIC SYSTEM WITH MAGNETIC
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Abstract

In this work, we use a variational approach to model vibrations on a piezoelectric beam with fractional
damping depending on a parameter v € (0,1/2). Magnetic and thermal effects are taken into account via the
Maxwell’s equations and Fourier law, respectively. Existence and uniqueness of solutions of the system is proved
by the semigroup theory. The existence of smooth global attractors with finite fractal dimension and the existence
of exponential attractors for the associated dynamical system are proved. Finally, the upper-semicontinuity of

global attractors as v — 07 is shown.

1 Introduction

In this work, we consider the longitudinal vibrations on a piezoelectric beam system with thermal and magnetic

effects and with friction damping

PV — QU + Vﬂpmx + 50r + fl (va) = hl in (Oa L) X (Oa T)7
MUPtt — ﬁprm + 76”11: + Aupt + fZ(Uap) = h2 ilfl (07 L) X (07T)7 (1)
i — kBpy + 0V =0 in (0,L)x (0,7),

where the physical constants p,«, 3,7,0,k, 4 and ¢ are positive constants, fi, fo are nonlinear source terms

and hy, ho are external forces. Moreover, we consider the relationship o = a; + 28 with oy > 0. Moreover,
A: D(A) C L*(0,L) — L?(0, L) is the one-dimensional Laplacian operator defined by

A= —0,,, with domain D(A)={ve H*(0,L)NH}(0,L):v,(L)=0} (2)

where H!(0,L) := {u € H*(0,L); u(0) = 0} and A” : D(A”) C L*(0,L) — L*(0,L) is the fractional power
associated with operator A of order v € (0,1/2).
The system (P;) is supplemented by the clamped-free boundary and initial conditions

= av,(L,t) — vBp.(L,t) =0, t > 0,

0,1)
O,t) :pw(Lat) —’}/Ux(L,t) =0,1>0,
0,6) = 0(L,t) =0, t >0,

We assume that
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(i) The external forces hq,hs € L*(0,L);

(ii) There exists a function F' € C?(R?) such that
VF = (f1, f2); (4)
(iii) There exist ¢ > 1 and C' > 0 such that
VE@pl <C (" +pl 1), 5 =12 ()
(iv) There exist constants n > 0, mp > 0 such that
F(v.p) = = (Jo]* + [p*) =mp, VF(v,p)-(v,p) = F(v,p) = = (Jo]* + [p*) — mp. (6)

2 Main Results

First, we observe that the system (P;)-(3) defines a dynamical system (7,S(t)). To this system we study the

existence of global attractors and their properties.

Theorem 2.1. Suppose that assumptions (4)-(6) hold. Then,
(i) The dynamical system (H,S(t)) possesses a unique compact global attractor A C H;
(i) The global attractor A has finite fractal and Hausdorff dimension;

(iii) The complete trajectories (v,p, v, pt, 0) in A has further regularity

||(vap)||%H2(O,L)OH,}(O,L))2 + H9||H2(0,L)0H5(0,L) + ||('Ut7pt)||%Hi(O,L))2
(e, pec) 1220, )2 + 10113 < C, (1)
for some constant C > 0;

(iv) The dynamical system (H,S(t)) has a generalized exponential attractor Aexp, with finite fractal dimension in

the extended space
H_q = (L*(0,L))* x (H;7'(0,L))* x H (0, L), (2)

where H; (0, L) is the dual space of H}(0, L) pivoted with respect to L*(0,L). In addition, from interpolation
theorem, there exists a generalized exponential attractor whose fractal dimension is finite in a smaller extended

space H_,, where

H=HoCH_o CH_1, 0<o<1 (3)
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GLOBAL SOLUTIONS TO 