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Introduction

A general problem

Let us consider the semilinear Cauchy problem
L(at’ 6X> ta X)U = f(U), U(Oa X) = UO(X)7 Ut(ov X) = Uy (X)a

where f(u) = |u|P and L is a linear partial differential operator.

2M. R. Ebert, M. Reissig, Methods for Partial Differential Equations,
Qualitative properties of solutions - Phase space analysis - Semi-linear
models, Birkhauser, Cham (2018).



Introduction

A general problem

Let us consider the semilinear Cauchy problem
L(at’ 6X7 ta X)U = f(U), U(Oa X) = UO(X)7 Ut(07 X) = Uy (X)a

where f(u) = |u|P and L is a linear partial differential operator.
In the literature 2 several authors devoted to find a critical
exponent p¢ in the scale {|u|P},-0, a threshold between two
different qualitative behaviors of solutions:

2M. R. Ebert, M. Reissig, Methods for Partial Differential Equations,
Qualitative properties of solutions - Phase space analysis - Semi-linear
models, Birkhauser, Cham (2018).



Introduction

A general problem

Let us consider the semilinear Cauchy problem
L(at’ 6X7 ta X)U = f(U), U(Oa X) = UO(X)7 Ut(07 X) = Uy (X)a

where f(u) = |u|P and L is a linear partial differential operator.
In the literature 2 several authors devoted to find a critical
exponent p¢ in the scale {|u|P},-0, a threshold between two
different qualitative behaviors of solutions:
@ The existence of global (in time) small data solutions.
Since f(ug) becomes small for large p, one is often able to
prove global existence result for some p > pg;

2M. R. Ebert, M. Reissig, Methods for Partial Differential Equations,
Qualitative properties of solutions - Phase space analysis - Semi-linear
models, Birkhauser, Cham (2018).



Introduction

A general problem

Let us consider the semilinear Cauchy problem
L(at’ 6X7 ta X)U = f(U), U(Oa X) = UO(X)7 Ut(07 X) = Uy (X)a

where f(u) = |u|P and L is a linear partial differential operator.
In the literature 2 several authors devoted to find a critical
exponent p¢ in the scale {|u|P},-0, a threshold between two
different qualitative behaviors of solutions:

@ The existence of global (in time) small data solutions.
Since f(ug) becomes small for large p, one is often able to
prove global existence result for some p > pg;

© Nonexistence of global (in time) solution, Blow up results
and life span for 1 < p < pg;

2M. R. Ebert, M. Reissig, Methods for Partial Differential Equations,
Qualitative properties of solutions - Phase space analysis - Semi-linear
models, Birkhauser, Cham (2018).



Introduction

A general problem

Let us consider the semilinear Cauchy problem
L(ab 6X7 ta X)U = f(U), U(Oa X) = UO(X)7 Ut(07 X) = Uy (X)a

where f(u) = |u|P and L is a linear partial differential operator.
In the literature 2 several authors devoted to find a critical
exponent p¢ in the scale {|u|P},-0, a threshold between two
different qualitative behaviors of solutions:

@ The existence of global (in time) small data solutions.
Since f(ug) becomes small for large p, one is often able to
prove global existence result for some p > pg;

© Nonexistence of global (in time) solution, Blow up results
and life span for 1 < p < pg;

Depending on the regularity of initial data, p = p. belongs to the

2M. R. Ebert, M. Reissig, Methods for Partial Differential Equations,
Qualitative properties of solutions - Phase space analysis - Semi-linear
models, Birkhduser, Cham (2018).



Introduction

Semilinear heat model

Let us consider the semilinear heat model with power
nonlinearity

ur— Au = |ulP'u, u(0, x) = up(x).

Fuijita 3 shown that Pryi(n) =1+ % is the threshold between
global existence of small data solutions for exponents larger
and blow up behavior of solutions for exponents smaller or
equal to the Fuijita exponent.

SH. Fujita, On the blowing up of solutions of the Cauchy problem for
U = Au+ u™®. J. Fac. Sci. Univ. Tokyo Sect. | 13 (1966), 109—124.



Introduction

Semilinear wave equation

Much has been devoted to the Cauchy problem
{utt+(—A)"u=u\P, t>0, xeR" )
U(O,X) = UO(X)v Ut(O,X) = Uy (X)
@ If o = 1, it was proved # that the critical index py(n) to (1) is
the Strauss exponent, i.e., the positive root of

(n—1p?> = (n+1)p—2=0.

@ If ¢ > 1, then the critical exponent to (1) is given by E. &
Lourenco (2019)

20
[n—o],

pc=1+

V. Georgiev, H. Lindblad, and C. Sogge, Weighted Strichartz estimates
and global existence for semilinear wave equations. Amer. J. Math. 119
(1997), no. 6, 1291-1319.



Introduction

Semilinear exterior damped wave equations: 1/3

A priori estimates for solutions to the associate linear problem °
may be applied to look for global-in-time small data solutions to

up — Au+ur=1f(u), (U, u)(0,x) = (Lo, u)(x),

where |f(u)| ~ |u|P for some p > 1.

°A. Matsumura, On the asymptotic behavior of solutions of semi-linear
wave equations, Publ. Res. Inst. Math. Sci. 12, 169—-189 (1976).
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Semilinear exterior damped wave equations: 1/3

A priori estimates for solutions to the associate linear problem °
may be applied to look for global-in-time small data solutions to

up — Au+ur=1f(u), (U, u)(0,x) = (Lo, u)(x),

where |f(u)| ~ |u|P for some p > 1.
By using comp. supp. data in H' x L2, Todorova & Yordanov
(2001) showed that critical exponent is given by Fujita
index p. =1+2/nforany n> 1:
@ Global existence for small data if p > 1 +2/n (and
alsop<1+2/(n—2)if n>3),

@ Nonexistenceifp<1+2/n(p=1+2/n,in Zhang (2001))

°A. Matsumura, On the asymptotic behavior of solutions of semi-linear
wave equations, Publ. Res. Inst. Math. Sci. 12, 169—-189 (1976).
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Removing compact support: 2/3

@ In 8 the authors showed that comp. supp. is not necessary.
If data are small in H' x L? and in L', critical exponent
remains 1 +2/n in space dimension n=1,2. For n=3,
they could proved a Global existence only for 2 < p < 3.

®R. Ikehata, Y. Mayaoka, T. Nakatake, Decay estimates of solutions for
dissipative wave equations in RN with lower power nonlinearities, J. Math.
Soc. Japan 56, 365-373 (2004).
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@ In 8 the authors showed that comp. supp. is not necessary.
If data are small in H' x L? and in L', critical exponent
remains 1 +2/n in space dimension n=1,2. For n=3,
they could proved a Global existence only for 2 < p < 3.

@ Then Narazaki (2004) introduced estimates on LP — L9
basis, extending to space dimension n < 5 if data are small
in: energy space, L' and W'P x LP when p < 2.

@ lkehata & Ohta (2002) for n = 1,2, proved that if one
removes the assumption that the initial data are in L' (R")
and only assume that they are in the energy space, then
the critical exponent is modified to 1 + 27’" under additional
regularity L™(R"), with m € [1,2].

®R. Ikehata, Y. Mayaoka, T. Nakatake, Decay estimates of solutions for
dissipative wave equations in RN with lower power nonlinearities, J. Math.
Soc. Japan 56, 365-373 (2004).
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Recently: 3/3

@ In’, under additional regularity L™(R"), with m € (mg, 2],
mg > 1, the authors derived LP — Lq estimates and proved
global existence results for p >1 + 22 T and n < np.

M. Ikeda, T. Inui, M. Okamoto, Y. Wakasugi, LP — L9 estimates for the
damped wave equation and the critical exponent for the nonlinear problem
with slowly decaying data, Communications on Pure and Applied Analysis, 18
(2019), 1967—2008.
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Recently: 3/3

@ In’, under additional regularity L™(R"), with m € (mg, 2],
mg > 1, the authors derived LP — L9 estimates and proved
global existence results for p >1 + 27’” and n < ng.

@ E.& Girardi & Reissig (Math. Ann. 2019) considered

Uy — AU+ ut = ’U‘1+%M(|U|), (U, Ut)(O,X) = (UO7 U1)(X)7

where p is a modulus of continuity. Under additional
regularity L'(R") for initial data, the threshold between
global (in time) existence of small data solutions and
blow-up behavior even of small data solutions is given by

/ ”(SS) ds < oo or / “gs) ds = oo, ¢ > 0 sufficiently small.
0 0

M. Ikeda, T. Inui, M. Okamoto, Y. Wakasugi, LP — L9 estimates for the
damped wave equation and the critical exponent for the nonlinear problem
with slowly decaying data, Communications on Pure and Applied Analysis, 18
(2019), 1967—2008.



Introduction Semmnear damped wave equation Open problems

Non-existence result via Test function method

Let us consider the Cauchy problem for the classical damped
wave equation with power nonlinearity

U — Au+ up = [ulP, w(0,X) = o(x), ur(0, x) = ¥(x)

in[0,00) x R" withn > 1 and p € (1,1 + 2]. Let (¢, ) € A 1
satisfy the assumption

|, (600 + 600 ox > 0,
Then there exists a locally (in time) defined energy solution

ue C([0, T), H'(R™) n C' ([0, T), L3(R")).

This solution can not be continued to the interval [0, co) in time.



Semilinear damped wave equation
(o] Jelele]

Proof of Theorem 1: 1/4

We first introduce test functions n = n(t) and ¢ = ¢(x) having the
following properties:

Q 1€ C5°[0,00), 0 < n(t) <A1,

1 for x| < 4,
gZ)(X)‘{o for |x| > 1,

(s JEUS <Cfor2<t<1 and VUL ' < Cfor} <|x] < 1.
Let R e [0 o0) be a large parameter We define the test function

Xt X) = na(00a(0) = n( g )0 ().



Semilinear damped wave equation
[e]e] le]e]

Proof of Theorem 1: 2/4

We put

We suppose that the energy solution u = u(t, x) exists globally
in time. We define the functional

I = /Q e, X)Pxa(t 07 dx, 0 = /O (u— D) xalt, )7 dlx 1)

Here q is the Sobolev conjugate of p, that is, 2—) + - = 1. After

integration by parts we obtain
= [ (p+v)ohax+ [ uoffax.n
Bg Qr

- /Q udi(xE) o, )~ /Q U)ol

:=—/ (p+¥)ph aX +Jp + Jo + Ja.
Br

1
q



Semilinear damped wave equation
[e]e]e] Je]

Proof of Theorem 1: 3/4

We shall estimate separately J;, J> and J;. Here we use the
notations

R R2 .
Qr, = [?, Rﬂ x Bp, Qrx:=[0,R?] x (Br\ Be).
Application of Hélder’s inequality implies

bl <CA2( [ uPxt 0 deet) ([ 1)

R,x QH,X

1 1 1 n+
< CR—Q/gx(f 1d(x,1)) "< cip %2,
El QH,X )

where
Iax = / uPx(t, x) d(x, 1).
OR,X

1
Since 1 < p < 1+ 2/nthe last inequality gives |J3| < Cl,é’,’x.



Semilinear damped wave equation
[e]e]ele] ]

Proof of Theorem 1: 4/4

By

1 -
OUE) = @0l (0 ().

we have

1 -
bl < Gy [ Julxg d(x,
ol

< CF1?2(/QR,, ulPx% d(x, t))”p(/oﬂj d(x, t))1/q

11 o (R 1/q I ome z
CIf iz A3 /Fﬁ 1at) " < crp,R% 2 < Clp,
2

IA

Putting the estimates of J;, J> and J3 together we obtain
In < CI{P +I{P — 0

as R — oo. Hence u = 0, a contradiction with the assumptions
on initial data.



Introduction Semilinear damped wave equation Open problems

Global existence small data solutions

Consider the Cauchy problem

Uy — Au+ug = |ulP, u(0, x) = p(x), U0, x) =(x).

Letn < 4, pgn(n) = 7% for n > 3 and let

p > pFUj(n) ifn: 1721
2<p<3=pan@) ifn=3,
p=2=pgn(4) ifn=4.

Let A := (H'(R") N L"(R") x (L2(R") N L'(R")). Then the

following statement holds with a suitable constant eq > 0: if
(e, V)| a < e, then there exists a unique globally (in time)
energy solution u € C([0, oc), H'(R")) N C' ([0, 00), L2(R")).




Introduction Semlllnear damped wave equation

Open problems

)O®@0000

There exists a constant C > 0 such that the solution and its

energy terms satisfy the same decay estimates as the solutions
to the associate linear problem

lut, Mz < CA+ 174 |(, %) 4,
IVu(t, )z < CH+1)~1 2|
—a1|(

”Uzl HLZ §C1+t

(2, ¥)la,
(e

V)| 4
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)O®@0000

Remark

There exists a constant C > 0 such that the solution and its
energy terms satisfy the same decay estimates as the solutions
to the associate linear problem

lut, Mz < CA+ 174 |(, %) 4,

n_1

IVu(t, )z < C(1+1)"22|(0, %) 4,
urt, e < C(1+ 874 (@, ¥)]|.a-

Remark
Let us consider the corresponding linear Cauchy problem

Wit — AW + Wp = f(t7 X): W(O7X) = QO(X)7 Wt(O,X) = 1/1()()

Using Duhamel’s principle w = w(t, x) can be written as

w(t,x) = Ko(t, X) *(x) p(X) + Ki (L, X) *(x) P(X)
+ o Ki(t — 8, X) *(x) f(s, X) ds.




Semilinear damped wave equation
0O0e000

Proof of Theorem 2: 1/4

The space of energy solutions is
X(t) = C([0, 1], H'(R™) n C'([0, ], L*(R"))
equipped with the norm

n n+2
lullxq) = OS<UF<)t (A +7)a]ulr, e+ +7)+ |Vu(r, )2

+(1+7) % U (7, )| 2).-



Semilinear damped wave equation
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Proof of Theorem 2: 1/4

The space of energy solutions is
X(t) = C([0, 1], H'(R™) n C'([0, ], L*(R"))
equipped with the norm

n n+2
lullxq) = OS<UF<)t (A +7)a]ulr, e+ +7)+ |Vu(r, )2

+(1+7) % U (7, )| 2).-

We define the operator
N :u e X(t) = Nu = Ky(t, x) *(x) @(X) + K1 (t, X) *(x) ¥(X)

/K1t—sx x lu(s, x)|P ds.

Then we show that the following estimates are satisfied:
INUllx(t) < Coll(#,¥) |4+ Cr()lully,

—1 —1
INu = NVl < Cal®)llu = Viixe (1% + V).



Semilinear damped wave equation
000e00

Proof of Theorem 2: 2/4

Let u and v be elements of X(t). Then under the assumptions
of Theorem 2 the following estimates hold forj+ 1 =0,1:

(1+0)(1+0)% ZHV’@tNU Nz < Cllte, )lla+ Cllully.
(1+ t) (1+ t)1+§||V/8t(Nu( ) — Nv(t, )]l 2

1
< Cllu— Vlxgen (Ul + ||v||x<t ).

Here the nonnegative constant C is independent of t € [0, o).

v

The derived estimates for solutions to the linear problem implies
IV/01Ko(t, 0, X) #(x) (X) + VK1 (£, 0, X) #(x Y(X)]| 2
S CH+1)7(1+ 742 (i, ¥)|a.



Semilinear damped wave equation
000080

Proof of Theorem 2: 3/4

Using Ki(0,0, x) = 0 it follows

. t
VJa{/ Ki(t — 5,0, %) %) |U(s, X)|P ds
/Vfatm(t—sOx x) [u(s, x)|P ds,

H/Otvfa{m —5,0,%)

) .
< C [0+ t= 8 EAuts, )P 2oy s

+c/ (1+t— 8 |u(s, )| 2 0.

We use
u(s, X)IP|l 12 < Cllu(s, ITs + lu(s, )0,
H‘U(va)’pHLZ < C”U HLZp



Semilinear damped wave equation
0O0000e

Proof of Theorem 2: 4/4

Applying Gagliardo-Nirenberg inequality with 6(q) = 29-2):

(1—6(q —1)n
lu(s, )5 < Clluts, )P~ |V u(s, )||P)@ < Cllullg(1+5)~ 2

We remark that the restriction 6(p) > 0 implies that p > 2,
whereas the restriction 8(2p) < 1 implies that p < pgn(n)
if n> 3. Hence, thanks to p > pgy;(n) we conclude

H/Otvfalm — 5,0, ) %y |u(S,

(p=1)n

1 .
< Cllulk /02<1+t—s)*<?+%+’>(1+s)* > ds

(2p—1)n
4

t )
+CHUH’)’((t)/t (1+t—8) 51 +s)"

2

< C(1 + )~ F D)),

ds



Open problems

Open problem 1: Klein-Gordon

For the Cauchy problem to semi-linear Klein-Gordon equation
Uﬁ—AU+m2U= |u|p7 U(O?X) = UO(X)a Ut(O,X) = U1(X),

Lindblad-Sogge & proved global existence in time for small data
energy solutionforn<3andp > 1+ %(Fujita). For n < 3 and
p<1+ % blow-up results are established.

In ® Keel-Tao conjectured that for sufficiently large dimensions
the solution for the semi-linear Cauchy problem has a blow-up
forp<1+2+e¢€>0.

8H. Lindblad and D. Sogge. Restriction theorems and semilinear
Klein-Gordon equations in (1 + 3)—dimensions. Duke Math. J. 85 (1996) 227
—252.

%M. Keel and T. Tao. Small Data Blow-up for Semi-linear Klein-Gordon
Equations. Amer.J.Math. 121 (1997) 629 — 669.
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Open problem 1: Klein-Gordon

For the Cauchy problem to semi-linear Klein-Gordon equation
Uﬁ—AU+m2U= |u|p7 U(O?X) = UO(X)a Ut(O,X) = U1(X),

Lindblad-Sogge & proved global existence in time for small data
energy solutionforn<3andp > 1+ %(Fujita). For n < 3 and
p<1+ % blow-up results are established.
In ® Keel-Tao conjectured that for sufficiently large dimensions
the solution for the semi-linear Cauchy problem has a blow-up
forp<1+2+e¢€>0.
Question: What about the critical exponent for large
dimensions?

8H. Lindblad and D. Sogge. Restriction theorems and semilinear
Klein-Gordon equations in (1 + 3)—dimensions. Duke Math. J. 85 (1996) 227
- 252,

%M. Keel and T. Tao. Small Data Blow-up for Semi-linear Klein-Gordon
Equations. Amer.J.Math. 121 (1997) 629 — 669.




Open problems

Open problem 2: Nakao problem

Let us consider the Cauchy problem for the weakly coupled
system of wave equations

Uy — Au+bus = VP, vg— Av =ul9. 2

If b= 0, the critical behavior (a curve in the p-q plane) of this
system is described by the relation

—1 —1

q+2tp ;p+2iq }zn 1' 3)
pgq—1 pq—1 2

If in (3) the left-hand side is smaller than the right-hand side,

then we have GESDS. If in (3) the left-hand side is larger or

equal than the right-hand side, then we have, in general,

blow-up under some restrictions to the data 1°.

max {

1°D, del Santo, V. Georgiev, E. Mitidieri, Global existence of the solutions
and formation of singularities for a class of hyperbolic systems, Geometrical
Optics and Related Topics, Eds. F. Colombini and N. Lerner, Progress in
Nonlinear Differential Equations and Their Applications: 32 (1997).
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Open problem 2: Nakao problem

Let us consider the Cauchy problem for the weakly coupled
system of wave equations

Uy — Au+bus = VP, vg— Av =ul9. 2

If b= 0, the critical behavior (a curve in the p-q plane) of this
system is described by the relation

q+2+p—1_p+2+q—1}_n—1 @)
pa—1 " pq—1 2
If in (3) the left-hand side is smaller than the right-hand side,
then we have GESDS. If in (3) the left-hand side is larger or
equal than the right-hand side, then we have, in general,
blow-up under some restrictions to the data 1°.
iti ntfor b #0in (2)7?

1°D, del Santo, V. Georgiev, E. Mitidieri, Global existence of the solutions

and formation of singularities for a class of hyperbolic systems, Geometrical

Optics and Related Topics, Eds. F. Colombini and N. Lerner, Progress in
Nonlinear Differential Equations and Their Applications: 32 (1997).

max {



Open problems

Open problem 3: Damped wave Scale invariant model

There exists a class of damped wave models for which the
critical exponent depends somehow on the Fujita exponent and
the Strauss exponent as well. This class is described by the
following scale—irhvariant linear damped wave operators:

Uy — AU+ mut = ’u’p7 U(O,X) = QO(X)a UT(OaX) = ¢(X)v

where p > 0 is a real parameter. It was recently shown by
D’Abbicco’14 that pr,;(n) is still the critical exponent when

w > po(n), with uo(n) sufficiently large.

M. D’Abbicco, S. Lucente, M. Reissig, A shift in the Strauss exponent for
semilinear wave equations with a not effective damping. J. Differ. Equ. 259,
5040-5073 (2015)



Open problems

Open problem 3: Damped wave Scale invariant model

There exists a class of damped wave models for which the
critical exponent depends somehow on the Fujita exponent and
the Strauss exponent as well. This class is described by the
following scale- ”L variant linear damped wave operators:

ug — AU+ Tl = lulP, u(0, x) = p(x), U0, x) =1p(x),

where > 0is a real parameter. It was recently shown by
D’Abbicco’14 that pr,;(n) is still the critical exponent when

w > po(n), with uo(n) sufficiently large.

If u =2, it was proved 1" that pi(n) = po(n + 2), so we have a
shift of the Strauss exponent. We still feel the influence of the
dissipation term because of pr,;(2) = po(4) =2 < po(2) for n =2
and pryi(3) < pPo(5) < po(3) for n = 3.

M. D’Abbicco, S. Lucente, M. Reissig, A shift in the Strauss exponent for
semilinear wave equations with a not effective damping. J. Differ. Equ. 259,
5040-5073 (2015)
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Open problem 3: Damped wave Scale invariant model

There exists a class of damped wave models for which the
critical exponent depends somehow on the Fujita exponent and
the Strauss exponent as well. This class is described by the
following scale—irhvariant linear damped wave operators:

Uy — AU+ mut = ’u’p7 U(O,X) = QO(X)a UT(OaX) = ¢(X)v

where p > 0 is a real parameter. It was recently shown by
D’Abbicco’14 that pr,;(n) is still the critical exponent when

w > po(n), with uo(n) sufficiently large.

If u =2, it was proved 1" that pi(n) = po(n + 2), so we have a
shift of the Strauss exponent. We still feel the influence of the
dissipation term because of pr,;(2) = po(4) =2 < po(2) for n =2
and pryi(3) < pPo(5) < po(3) for n = 3.

It seems to be a challenge to determined the critical exponent

"'M. D’Abbicco, S. Lucente, M. Reissig, A shift in the Strauss exponent for
semilinear wave equations with a not effective damping. J. Differ. Equ. 259,
5040-5073 (2015)



Open problems

Open problem 4: Evolution equations with structural

damping

Let us consider the CP

Ug + (=2)7u+(=0)ur = [ulP, (U, )0, X) = (o, ur)(X),

with p > 1 and 20 € (0, o]. Several papers are devoted to
determined the critical exponent to this problem:

D’Abbicco & Reissig (2014), D’Abbicco & E. (2014), Duong &
Kainane & Reissig (2015), D’Abbicco & E. (2017).
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Kainane & Reissig (2015), D’Abbicco & E. (2017).

Under additional regularity L'(R") for initial data, it was proved
that the critical exponents p. is

. 20
pc=1+m, 29<n
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that the critical exponents p; is
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Open problem 4: Evolution equations with structural

damping
Let us consider the CP
U + (=27 u+ (=0)ur = [ulP, (U, ur)(0,X) = (up, ur)(X),

with p > 1 and 20 € (0, o]. Several papers are devoted to
determined the critical exponent to this problem:

D’Abbicco & Reissig (2014), D’Abbicco & E. (2014), Duong &
Kainane & Reissig (2015), D’Abbicco & E. (2017).

Under additional regularity L'(R") for initial data, it was proved
that the critical exponents p; is

20

28 20 < n.

Pc=1+

What about the critical exponent for o < 20 < 20? (c=1=101is
well known as viscoelastic damped wave eq.)



Thanks for your
attention!
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