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The nonautonomous 2D Navier-Stokes equations with
impulses

(9
6;’ (u-V)u—vAu+Vp=f(t,u), (tx)e(0,+c0)xQ,

0
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
u(0,) =u €V,
I -MCV—=V.

\
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for a nonautonomous 2D Navier-Stokes equations with impulses at
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801-818.
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Impulses
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The theory of impulsive differential equations describes the
evolution of systems where the continuous development of a pro-
cess is interrupted by abrupt changes of state (impulses).
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The theory of impulsive differential equations describes the
evolution of systems where the continuous development of a pro-
cess is interrupted by abrupt changes of state (impulses).

These systems are modeled by differential equations which
describe the period of continuous variation of state and
external conditions which describe the discontinuities of the so-

[ution.
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The theory of impulsive differential equations describes the
evolution of systems where the continuous development of a pro-
cess is interrupted by abrupt changes of state (impulses).

These systems are modeled by differential equations which
describe the period of continuous variation of state and
external conditions which describe the discontinuities of the so-

[ution.

Many real world problems are subject to abrupt external forces
which can change completely their dynamics.
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Billiard-type systems
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Billiard-type systems

“The positions of the colliding balls do not change at the moments
of impact, but their velocities gain finite increments (the velocity
will change according to the position of the ball)".
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Billiard-type systems

“The positions of the colliding balls do not change at the moments
of impact, but their velocities gain finite increments (the velocity
will change according to the position of the ball)".

moment of impact <= impulse.
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Billiard-type systems

“The positions of the colliding balls do not change at the moments
of impact, but their velocities gain finite increments (the velocity
will change according to the position of the ball)".

moment of impact <= impulse.

Billiard-type systems can be modeled by differential systems with
impulses acting on the first derivatives of the solutions.
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Medicine Intake
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Medicine Intake

In medicine intake, the user must take regular doses of the medi-
cine, which causes abrupt changes in the amount of medicine in
their body, to control the disease or making it disappear.
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Medicine Intake

In medicine intake, the user must take regular doses of the medi-
cine, which causes abrupt changes in the amount of medicine in
their body, to control the disease or making it disappear.

x'(t)=—ax(t), t>0, t#t, k=1,2,...r,
x(6)=m+d, k=1,2,...,r,

x(t,)=m, k=12,...r,

x(0) = m,
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Medicine Intake

In medicine intake, the user must take regular doses of the medi-
cine, which causes abrupt changes in the amount of medicine in
their body, to control the disease or making it disappear.

x'(t)=—ax(t), t>0, t#t, k=1,2,...r,
x(6)=m+d, k=1,2,...,r,

x(t,)=m, k=12,...r,

x(0) = m,

x(t) : amount of medicine in the body at the moment t > 0;
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Medicine Intake

In medicine intake, the user must take regular doses of the medi-
cine, which causes abrupt changes in the amount of medicine in
their body, to control the disease or making it disappear.

x'(t)=—ax(t), t>0, t#t, k=1,2,...r,
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x(t) : amount of medicine in the body at the moment t > 0;

m : minimum amount of medicine necessary in the body;
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Medicine Intake

In medicine intake, the user must take regular doses of the medi-
cine, which causes abrupt changes in the amount of medicine in
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m : minimum amount of medicine necessary in the body;

d : dose to maintain the concentration of medicine in the body;
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Medicine Intake

In medicine intake, the user must take regular doses of the medi-
cine, which causes abrupt changes in the amount of medicine in
their body, to control the disease or making it disappear.

x'(t)=—ax(t), t>0, t#t, k=1,2,...r,
x(6)=m+d, k=1,2,...,r,

x(t,)=m, k=12,...r,

x(0) = m,

x(t) : amount of medicine in the body at the moment t > 0;
m : minimum amount of medicine necessary in the body;

d : dose to maintain the concentration of medicine in the body;
« : drug elimination rate by the body;
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Medicine Intake

In medicine intake, the user must take regular doses of the medi-
cine, which causes abrupt changes in the amount of medicine in
their body, to control the disease or making it disappear.

"(t) = —ax(t), t>0, t#t, k=1,2,...,r
xtj) +d k=1,2,...,r,

,:) k=1,2,...,r

x(0) =

x(t) : amount of medicine in the body at the moment t > 0;
m : minimum amount of medicine necessary in the body;

d : dose to maintain the concentration of medicine in the body;
« : drug elimination rate by the body;

0=1t; < tp <...<t: instants of applications of the drug.
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Impulses that vary in time are more attractive due to their com-
plexity, applicability in real world problems, and, moreover, the
impulses may occur due to conditions on the phase space and not
in time.

V. Lakshmikantham, D.D. Bainov, P.S. Simeonov, Theory
of Impulsive Differential Equations, World Scientific, Singa-
pore, 1989.
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Autonomous Impulsive Systems
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Autonomous Impulsive Systems

S. K. Kaul, On impulsive semidynamical systems, J. Math.
Anal. Appl., 150 (1990), 120- 128.

K. Ciesielski, On semicontinuity in impulsive dynamical
systems, Bull. Polish Acad. Sci. Math., 52 (2004), 71-80.
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e Let (X,d) be a metric space. The pair (X, 7) is a dynamical
system on X if the mapping 7 : X x R — X satisfies:

(i) m(x,0) = x, for all x € X;

(ii) 7(x,t+s) = 7n(m(x, t),s), for all t,s € R and all x € X;
(iii) the map X x R > (x,t) — 7m(x, t) € X is continuous.
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e Let (X,d) be a metric space. The pair (X, 7) is a dynamical
system on X if the mapping 7 : X x R — X satisfies:

(i) m(x,0) = x, for all x € X;

(ii) 7(x,t+s) = 7n(m(x, t),s), for all t,s € R and all x € X;
(iii) the map X x R > (x,t) — 7m(x, t) € X is continuous.

e An impulsive dynamical system (X, 7, M, /) consists of a dy-
namical system (X, ), a nonempty closed subset M C X such
that for every x € M there exists €x > 0 such that

U {(=()x}nM=2 and | {n(t)x}nM=g,

te(—ex,0) te(0,ex)

and a continuous function /: M — X.
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o Let f € C}(R",R") and consider the autonomous differential
equation x = f(x) which defines a dynamical system (R", ).
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o Let f € C}(R",R") and consider the autonomous differential
equation x = f(x) which defines a dynamical system (R", ).

e Let M C R” be a hypersurface in R” of class CK, k > 1,
satisfying the following transversality condition:

for each p € M we have (np, f(p)) #0,

where 1, denotes the normal vector of M at p, and (,-) is the
scalar product in R”.
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o Let f € C}(R",R") and consider the autonomous differential
equation x = f(x) which defines a dynamical system (R", ).

e Let M C R” be a hypersurface in R” of class CK, k > 1,
satisfying the following transversality condition:

for each p € M we have (np, f(p)) #0,

where 1, denotes the normal vector of M at p, and (,-) is the
scalar product in R”.

Theorem: The set M is an impulsive set in R".
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o Let f € C}(R",R") and consider the autonomous differential
equation x = f(x) which defines a dynamical system (R", ).

e Let M C R” be a hypersurface in R” of class CK, k > 1,
satisfying the following transversality condition:

for each p € M we have (np, f(p)) #0,

where 1, denotes the normal vector of M at p, and (,-) is the
scalar product in R”.

Theorem: The set M is an impulsive set in R".

E. M. Bonotto, M. C. Bortolan, T. Caraballo and R. Collegari,
Impulsive surfaces on dynamical systems, Acta Math. Hungarica,
209-216, (2016).
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The abstract nonautonomous Navier-Stokes equation

%"‘AU‘F@(U(LW»(’J: u)zﬁ(t,a(t,w),u), teJ,
u(0) =up € V.
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The abstract nonautonomous Navier-Stokes equation

% + Au+ Blo(t,w))(u,u) = F(to(t.w) ), ted,
u(O) =uy € V.
du
E + Au + ‘%(a(taw))(% U) = 'g:(a(taw))v tc J’
u(0) =ug € V.

D. N. Cheban, Global attractors of non-autonomous dissipative
dynamical systems, Interdiscip. Math. Sci., vol. 1, World Scientific
Publishing, Hackensack, NJ, 2004.
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e (H,(-,-)n) is a separable real /complex Hilbert space.
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e (H,(-,-)n) is a separable real /complex Hilbert space.

e A: D(A) C H— H is a self-adjoint operator such that, for some
a>0,
Re (Au, u)y > al|ull?, u € D(A).
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e (H,(-,-)n) is a separable real /complex Hilbert space.

e A: D(A) C H— H is a self-adjoint operator such that, for some
a>0,
Re (Au, u)y > al|ull?, u € D(A).

4

—A generates an analytic semigroup {e 4t};>0 C Z(H) satisfying

le | ) < Ke™t,  t>0.
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e (H,(-,-)n) is a separable real /complex Hilbert space.

e A: D(A) C H— H is a self-adjoint operator such that, for some
a>0,
Re (Au, u)y > al|ull?, u € D(A).

4

—A generates an analytic semigroup {e 4t};>0 C Z(H) satisfying
|]e_At||$(H) < Ke 2, t > 0.
e (V,(-,-)v) and (E, (-, )g) are separable Hilbert spaces such that
va HSE,
e At e L(E, V), t>0,
le ™| e v) < Kit e ™, 0<a1 <1, Ky >0,t>0,

HeiAtHg(Vvv) < Kzeiat, Ky>0, t>0.
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e Z?(V, E) denotes the space of all continuous bilinear operators
B:V xV — E equipped with the norm

1Bl z2(v,g) = sup{l|B(u, v)l|e : lullv, [Iv]lv < 1}.
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e Z?(V, E) denotes the space of all continuous bilinear operators
B:V xV — E equipped with the norm

1Bl z2(v,g) = sup{l|B(u, v)l|e : lullv, [Iv]lv < 1}.

e (M, d) is a metric space and (M, o) is a dynamical system on
M, i.e., a continuous map o : R x M — M which satisfies:

i) o(0,w)=w, weM,
i) o(t+s,w) =o0(s,0(t,w)), t,seR, we M.
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e #: M — £?(V,E) is a continuous map such that

[Bllsc = sup [[Z(w)l| z2(v,E) < o0
weM
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e #: M — £?(V,E) is a continuous map such that
[Bloc = sup [|[B(w)l22(v,E) < o0
weM

For all u,v,w € V and w € M,
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e #: M — £?(V,E) is a continuous map such that
|50 = sup [|B(w)l22(v,g) < o0
weM
For all u,v,w € V and w € M,

[#(w)(u, u) = B(W)(v, V)l[e < | Blloc(llullv + [IVIv)lu = viv,
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e #: M — £?(V,E) is a continuous map such that
[Bloc = sup [|[B(w)l22(v,E) < o0
weM

For all u,v,w € V and w € M,

[#(w)(u, u) = B(W)(v, V)l[e < | Blloc(llullv + [IVIv)lu = viv,

12(w)(u; V)lle < | Bllool[ullvIviiv
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e #: M — £?(V,E) is a continuous map such that
|50 = sup [|B(w)l22(v,g) < o0
weM
For all u,v,w € V and w € M,

[#(w)(u, u) = B(W)(v, V)l[e < | Blloc(llullv + [IVIv)lu = viv,

12(w)(u; V)lle < | Bllool[ullvIviiv

and
Re (#B(w)(u,v),w)e = —Re (B(w)(u, w), v)E,
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e #: M — £?(V,E) is a continuous map such that
[Bloc = sup [|[B(w)l22(v,E) < o0
weM

For all u,v,w € V and w € M,

[#(w)(u, u) = B(W)(v, V)l[e < | Blloc(llullv + [IVIv)lu = viv,

12(w)(u; V)lle < | Bllool[ullvIviiv

and
Re (#B(w)(u,v),w)e = —Re (B(w)(u, w), v)E,

which implies the orthogonality condition

Re(%(w)(uv V)?V)E =0, uyveV,weM.
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o F JxXxMxV—=E
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o7 :JxMxV—=E
(C1) For each fixed t € J, .#(t,-,-) is continuous on M x V.
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o7 :JxMxV—=E
(C1) For each fixed t € J, .#(t,-,-) is continuous on M x V.
(C2) For each w € M and u € V, we have Z(-,w,u) € G(J, E).
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o7 :JxMxV—=E

(C1) For each fixed t € J, .#(t,-,-) is continuous on M x V.
(C2) For each w € M and u € V, we have Z(-,w,u) € G(J, E).
(C3) IM € B(R,Ry), such that for all interval [a, b] C J,

b b
/ ()7 (s, w, u)||eds < / M(s)|(s)|ds

for all ¢ € L1[a, b], w € M and u € V.
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o7 :JxMxV—=E

(C1) For each fixed t € J, .#(t,-,-) is continuous on M x V.
(C2) For each w € M and u € V, we have Z(-,w,u) € G(J, E).
(C3) IM € B(R,Ry), such that for all interval [a, b] C J,

b b
/ ()7 (s, w, u)||eds < / M(s)|(s)|ds

for all ¢ € L1[a, b], w € M and u € V.
(C4) 3L € B(R,Ry), such that for all interval [a, b] C J,

b
[ 10617 (5.01,00) = 7 (5,02 2) e s <
a

b
< [ s o) (den ) + s — )

for all ¢ € L[a, b], wi,wz € M and uy,ur € V.
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o F :JxMxV = E
(C1) For each fixed t € J, .#(t,-,-) is continuous on M x V.
(C2) For each w € M and u € V, we have Z(-,w,u) € G(J, E).
(C3) IM € B(R,R,), such that for all interval [a, b] C J,
b b
| 10017 (5.0 wlleds < [ m(s)]os)los
for all ¢ € L1[a, b], w € M and u € V.
(C4) 3L € B(R,Ry), such that for all interval [a, b] C J,

b
[ 10617 (5.01,00) = 7 (5,02 2) e s <
a

b
< [ s o) (den ) + s — )

for all ¢ € L[a, b], wi,wz € M and uy,ur € V.
(C5) [|Z# |1 = sup{||Z (t,w,u)|lg: t € Jywe M,uec V} < .
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du
dt
u(0) =up € V.

+ Au+ B(o(t,w))(u,u) = F(t,o(t,w),u), teJ,

(1)
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du
dt
u(0) =up € V.

+ Au+ B(o(t,w))(u,u) = F(t,o(t,w),u), teJ,

(1)

A function u : J — V is a mild solution of (1) if u satisfies the
following integral equation:
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du
dt
u(0) =up € V.

+ Au+ B(o(t,w))(u,u) = F(t,o(t,w),u), teJ,

(1)

A function u : J — V is a mild solution of (1) if u satisfies the
following integral equation:

t
u(t) = e *ug +/ e At=%) Z (s, 0(s,w), u(s))ds
0

— /t e_A(t—s)@(U(S, w))(u(s), u(s))ds,

0
for all t € J.
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Theorem 1

Let uy € V and r > 0. Then there exist positive num-
bers § = 6(ug,r) > 0, T = T(uo,r) > 0 and a function
¢ :[0, T] x B(ug,0) x M =V (B(up,d) C V) satisfying:

i) (0, up,w) = up, for all w € M;

i) le(t,u,w) —wollv <r,  (t,u,w) € [0, T] x B(up,d) x M;

i) ¢ € C([0, T] x B(ug,d) x M, B(uo, r)).

Moreover, the function u : [0, T] — V defined by u(t) = p(t, up, w)
is the unique mild solution of the system (1).
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Proof: Let § > 0 and T > 0 be such that [0, T] C J.
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Proof: Let § > 0 and T > 0 be such that [0, T] C J. Given
p € C([0, T] x B(up,d) x M, V), we define

t
Sip(t uw) = e My [ e A g(s, . 0(5))ds,
0

where
o(s) = (s, u,w)

and

g(s,w,9(s)) = =HB(o(s,w))(#(s), p(s)) + F (s, 0(s, ), p(s))-
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Proof: Let § > 0 and T > 0 be such that [0, T] C J. Given
p € C([0, T] x B(up,d) x M, V), we define

t
Sip(t uw) = e My [ e A g(s, . 0(5))ds,
0

where
90(5) = 90(57 U?“)
and
g(s,w,¢(s)) = =HB(a(s,w))(p(s), p(s)) + F(s,0(s,w), (s))-

e (5, T,r)= C([0, T] x B(uo,d) x M, B(ug, r))

S:T(0, T,r)—=T(0,T,r).
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Lemma 2

The inequality

Z |1
et un,)ly < max ol 1212

holds for all t € [0, a(yy)), w € M and ug € V, where [0, oy, )
denotes the maximal interval of existence of the solution

o(t, ug,w) of (1).
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Lemma 2

The inequality

F 1
et un,)ly < max ol 1212

holds for all t € [0, a(yy4,)), w € M and up € V, where [0, oy, o))
denotes the maximal interval of existence of the solution

o(t, ug,w) of (1).

If J =R, then the mild solution of system (1) may be prolonged
onR,.
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e p: Ry XV xM— Visa cocycle, that is:

(1) (0, up,w) = up for all up € V and w € M,
(i) p(t+s,up,w) = @(t,p(s, up,w),o(s,w)) for all t,s € Ry
and w e M,
(iii) the map Ry x V x M 3> (t,up,w) — @(t, ug,w) € V' is
continuous.
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e p: Ry XV xM— Visa cocycle, that is:
(1) ¢(0,up,w) = up for all up € V and w € M,
(”) So(t +s, anw) = QO(t, 90(55 Uo,L«)),O’(S,OJ)) for all t,s € RJr

and w € M,
(iii) the map Ry x V x M 3> (t,up,w) — @(t, ug,w) € V' is
continuous.
) Ed
. 11
lim sup ||80(ta UO,W)HV S 5
B0 |l ug |y <r, weM a
for all r > 0.
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e p: Ry XV xM— Visa cocycle, that is:

(1) ¢(0,up,w) = up for all up € V and w € M,
(”) So(t +s, anw) = Qﬂ(t, 90(55 Uo,Ld),O'(S,OJ)) for all t,s € RJr

and w € M,
(iii) the map Ry x V x M 3> (t,up,w) — @(t, ug,w) € V' is
continuous.
) Ed
. 11
lim sup ||80(ta UO,W)HV S 5
B0 |l ug |y <r, weM a
for all r > 0.

Consequently, the set

F
By = {UE V. ||u||\/ < HaHl}
is a bounded attractor for the system (1). Hence, system (1) is
bounded dissipative.
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The nonautonomous 2D Navier-Stokes equations

ou

a—i—(u'V)u—VAu—i—Vp:f(t,u), (t,x) € (0,+00) x Q,
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
u(0,-) = up
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ou

E—F(U'V)u—yAu—i—Vp:f(t,u), (t,x) € (0,+00) x Q,
divu =0, (t,x) € (0,+00) x £,
u=0, (t,x) € (0,+00) x 09,

u(0,-) =up € V.
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ou

E—F(U'V)u—yAu—i—Vp:f(t,u), (t,x) € (0,+00) x Q,
divu =0, (t,x) € (0,+00) x £,
u=0, (t,x) € (0,+00) x 09,

u(0,-) =up € V.

e Q) is a bounded smooth domain in R?:
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ou

E—F(U'V)u—vAu—i—Vp:f(t, u), (t,x) € (0,4+00) x Q,
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
u(0,-) =up € V.

e Q) is a bounded smooth domain in R?:
o u=(uy,u) = (ui(t,x), u(t,x)) denotes the velocity field of a
newtonian fluid filling the domain ;
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ou

E—F(U'V)u—vAu—i—Vp:f(t, u), (t,x) € (0,4+00) x Q,
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
u(0,-) =up € V.

e Q) is a bounded smooth domain in R?:
o u=(uy,u) = (ui(t,x), u(t,x)) denotes the velocity field of a
newtonian fluid filling the domain ;

e p = p(t, x) is its scalar pressure and v > 0 its viscosity.
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ou

E—F(U'V)u—vAu—i—Vp:f(t, u), (t,x) € (0,4+00) x Q,
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
u(0,-) =up € V.

e Q) is a bounded smooth domain in R?:

o u=(uy,u) = (ui(t,x), u(t,x)) denotes the velocity field of a
newtonian fluid filling the domain ;

e p = p(t, x) is its scalar pressure and v > 0 its viscosity.

o f =(f1,H) = (f(t,u), (t,u)) is the external force applied to
the fluid which is a time dependent nonlinear vector function.
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ou

E—F(U'V)u—vAu—i—Vp:f(t, u), (t,x) € (0,4+00) x Q,
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
u(0,-) =up € V.

e Q) is a bounded smooth domain in R?:

o u=(uy,u) = (ui(t,x), u(t,x)) denotes the velocity field of a
newtonian fluid filling the domain ;

e p = p(t, x) is its scalar pressure and v > 0 its viscosity.

o f =(f1,H) = (f(t,u), (t,u)) is the external force applied to
the fluid which is a time dependent nonlinear vector function.
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(H1) f: R, x R? — R? is a bounded function such that for each
fixed t € Ry, f(t,-) is continuous on R?.

(H2) For each x € R?, f(-,x) € G(R,,R?).

(H3) There is C > 0 such that |f(s,x) — f(s,y)| < C|x — y| for all
s € Ry and for all x,y € R?.
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Let L2(Q) = (L2(2))2 and HE(Q) = (HL(Q))>.

E={ve(C(R)?: divv=0inQ}.

H = closure of £ in L?(Q) and V = closure of £ in H}(Q).
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Let L2(Q) = (L2(Q))? and HY(Q) = (H3(Q))>.
E={ve(C(R)?: divv=0inQ}.
H = closure of £ in L?(Q) and V = closure of £ in H}(Q).

o (H,(-,)r2) and (V. (-, -)g) are Hilbert spaces and

VAH=H % v,
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We can rewrite the 2D Navier-Stokes equations as the abstract
evolution equation

du i !
a+Au+8(t)(u, u) = F(t)(u), in V', t>0, (2)
u(0) =wp €V,
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We can rewrite the 2D Navier-Stokes equations as the abstract
evolution equation

du ) ,
E+Au+8(t)(u, u) = F(t)(u), in V', t>0,
u(0) =u €V,

(2)

where:

e A:D(A)C H—H, D(A):{ueHz(Q)ﬂH: u=0in 0Q},
Au = —vllAu.

o F(t):V — V/
F(t)(u) = Nf(t, u).

¢ B(t) :VxV =V
B(t)(u,u) =MN((u-V)u).

M:L%(Q) — H is the Leray's ortogonal projection.
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e E = D(A") for some —1 < v < 0.
B e C(R+7$2(V7 E))

and
F e G(R4, C(V,E)).
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e E = D(A") for some —1 < v < 0.
B e C(R+7$2(V7 E))
and
F e G(R4, C(V,E)).
oY =C(Ry, #?V,E)) x G(Ry, C(V,E)) and (Y, o) is the
dynamical system of translations, that is,

o(r,g)=g-=g(t+:), geY,t>0.
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e E = D(A") for some —1 < v < 0.
B e C(R+7$2(V7 E))
and
F e G(R4, C(V,E)).
oY =C(Ry, #?V,E)) x G(Ry, C(V,E)) and (Y, o) is the
dynamical system of translations, that is,

o(r,g) =g =g(t+-), g€Y,t>0.

e M=H(B,F)={(B;,F;): Te Ry} CY, where
B:(t) = B(t+7) and F:(t)(v) = F(t+7)(u), Vt,7 € Ry,ue V.
We set (M, o|pr) the dynamical system of translations on M,

U’M(T’ (B"’r)) = O-(T) (B’F)) = (B-,-,.FT), (B"F) e M.
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The equation

du
- FAuFB(6)(u, u) = F(t)(u),

where (B, F) € M, is called the H{—class along with the equation

du
o H AU+ B(D)(u,u) = F(t)(u).
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Now, we define the mappings
B: M — Z%V,E)

by
B(c(t,w)) = B(Be, ) = B¢(0),

for allw=(B,F) € M and t >0, and

F:R, x MxV—E

by
F(t,o(s,w),u) = F(t,(Bs, Fs), u) := Fs(0)(uv),

forallueV, w=(B,F) e M and t,s > 0.
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Then equation

du
- FAuFB(6)(u, u) = F(t)(u),

can be rewritten in the form

du

T Au+B(o(t,w))(u,0) = F(t,0(t,w), u).

Everaldo de Mello Bonotto Universidade de Sao Paulo - USP Global mild solutions for a nonautonomous 2D Navier-Stokes e



ou

E—F(U'V)u—yAu—i—Vp:f(t,u), (t,x) € (0,+00) x Q,
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
u(0,-) = up

d
(TL; + Au+ B(o(t,w))(u, u) = F(t,o(t,w),u), t>0,

U(O) =uy € V.
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du

g + Au + B(o(t,w))(u, u) = F(t,o(t,w),u), t>0, (3)
u(0) =up € V.

The system (3) admits a unique mild solution o(-, up,w) : Ry — V
satisfying (0, ug,w) = up.

Theorem 5

| A

The mild solution p(t, uy,w) of (3) satisfies the boundedness

F
llo(t, uo, w)|lv < max{HuOHw I aH1 } |

for all t >0, w € M and uy € V. Moreover, system (3) is
bounded dissipative and generates a cocycle.

Global mild solutions for a nonautonomous 2D Navier-Stokes e
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Ou +(u-V)u—vAu+Vp=1f(t,u), (t,x)e (0,4+00)xQ,

ot

divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,400) x 09,
u(0,-) = up

Theorem 6

—~~
N
N—r

Assume that conditions (H1)—(H3) hold. Then there exist
functions p = p(t,x) and u = u(t,x) on [0,4+00) X Q, satisfying
system (4). Moreover, [0,+00) > t — p(t,-) € HY(Q) and

[0, +00) > t — u(t,-) € H}(RQ) are continuous functions and

n 2
||u(tf>||§%(mSmax{uu(o,»uﬁém),(a)} for all > 0.
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It is well known that many relevant phenomena, including some
from fluid dynamics, have their behavior drastically modified so-
mehow after an instantaneous change on their state, which may
introduce in the model several discontinuities.
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It is well known that many relevant phenomena, including some
from fluid dynamics, have their behavior drastically modified so-
mehow after an instantaneous change on their state, which may
introduce in the model several discontinuities.

Jeong Mo Hong and Chang Hun Kim, Discontinuous fluids,
ACM Transactions on Graphics, vol. 24, 3. ed., (2005),
915-920.
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It is well known that many relevant phenomena, including some
from fluid dynamics, have their behavior drastically modified so-
mehow after an instantaneous change on their state, which may
introduce in the model several discontinuities.

Jeong Mo Hong and Chang Hun Kim, Discontinuous fluids,
ACM Transactions on Graphics, vol. 24, 3. ed., (2005),
915-920.

Properties as velocity, density and viscosity are discontinuous at
interfaces between different fluids.
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It is well known that many relevant phenomena, including some
from fluid dynamics, have their behavior drastically modified so-
mehow after an instantaneous change on their state, which may
introduce in the model several discontinuities.

Jeong Mo Hong and Chang Hun Kim, Discontinuous fluids,
ACM Transactions on Graphics, vol. 24, 3. ed., (2005),
915-920.

Properties as velocity, density and viscosity are discontinuous at
interfaces between different fluids.

Despite of the extensive literature on NSEs and the recents pro-
gress on the impulsive dynamical systems, surprisedly models from
fluid dynamics incorporating impulse effects on its structure are
somewhat scarce.

Everaldo de Mello Bonotto Universidade de Sdo Paulo - USP Global mild solutions for a nonautonomous 2D Navier-Stokes e



The nonautonomous 2D Navier-Stokes equations with
impulses
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The nonautonomous 2D Navier-Stokes equations with
impulses

(9
6‘; (u-V)u—vAu+Vp=f(t,u), (tx)e(0,+00)xQ,

0
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,

u(0,) =u €V,
I-MCV—=V.

\
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ou

5 +(u-V)u—vAu+Vp="~(t,u), (t,x)e(0,+00) x Q,
divu =0, (t,x) € (0,+00) x Q,
u=0, (t,x) € (0,+00) x 09,
U(O, ) = Ug € V, X Qa
I:MCV =V,

du

p + Au+ B(o(t,w))(u,u) = F(t,o(t,w),u), t>0,

U(O) = Ug € V,

I -MCV —=V.
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For each D C V, J C R, and w € M we define

Fo(D, J,w) = {uo € V: ¢(t, ug,w) € D, for some t € J}.
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For each D C V, J C R, and w € M we define
Fo(D, J,w) = {uo € V: ¢(t, ug,w) € D, for some t € J}.

e Impulsive set: is a nonempty closed subset M C V satisfying the
property: for each ug € M and each w € M, Je =€, ,, > 0 with

U Foluo, t,o )M =0 and {p(s, up,w): s € (0,€)}NM = 0.
te(0,¢€)
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For each D C V, J C R, and w € M we define
Fo(D, J,w) = {uo € V: ¢(t, ug,w) € D, for some t € J}.

e Impulsive set: is a nonempty closed subset M C V satisfying the
property: for each ug € M and each w € M, Je =€, ,, > 0 with

U Foluo, t,o )M =0 and {p(s, up,w): s € (0,€)}NM = 0.
te(0,¢€)

e Impulse function: /: M — V is continuous and [(M) N M = .

Everaldo de Mello Bonotto Universidade de Sao Paulo - USP Global mild solutions for a nonautonomous 2D Navier-Stokes e



For each D C V, J C R, and w € M we define
Fo(D, J,w) = {uo € V: ¢(t, ug,w) € D, for some t € J}.

e Impulsive set: is a nonempty closed subset M C V satisfying the
property: for each ug € M and each w € M, Je =€, ,, > 0 with

U Foluo, t,o )M =0 and {p(s, up,w): s € (0,€)}NM = 0.
te(0,¢€)

e Impulse function: /: M — V is continuous and [(M) N M = .
e O(,w): V — (0, +0cq]

, if (s, up,w) € M and ¢(t, up,w) ¢ M for 0 <t <s,
+oo, if p(t,up,w) ¢ M for all t > 0.

S

®(ug,w) = {
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For each D C V, J C R, and w € M we define
Fo(D, J,w) = {uo € V: ¢(t, ug,w) € D, for some t € J}.

e Impulsive set: is a nonempty closed subset M C V satisfying the
property: for each ug € M and each w € M, Je =€, ,, > 0 with

U Foluo, t,o )M =0 and {p(s, up,w): s € (0,€)}NM = 0.
te(0,¢€)

e Impulse function: /: M — V is continuous and [(M) N M = .
e O(,w): V — (0, +0cq]

, if (s, up,w) € M and ¢(t, up,w) ¢ M for 0 <t <s,
+oo, if p(t,up,w) ¢ M for all t > 0.

S

®(ug,w) = {

o M (uo,w) = {e@(7, up,w): 7 >0} N M.
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o If M (uo,w) # & then we define @(-, ug,w) on [0, ®(uo,w)] by

~ So(ta Uo,w), if 0<t< CD(UQ,UJ),
@(t, up,w) = _
I(o(P(up,w), ug,w)), if t=&(up,w).
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o If M (uo,w) # & then we define @(-, ug,w) on [0, ®(uo,w)] by

o(t, ug,w), if 0<t<®d(u,w),

Pt o) = {/(@(¢(uo,w), up,w)), if t=®(uo,w).

Let up = ug, so = P(ug ,w), ur = p(s0, ug ,w) and v = I(uy).
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o If M (uo,w) # & then we define @(-, ug,w) on [0, ®(uo,w)] by

o(t, ug,w), if 0<t<®d(u,w),

Pt o) = {/(@(¢(uo,w), up,w)), if t=®(uo,w).

Let up = ug, so = P(ug ,w), ur = p(s0, ug ,w) and v = I(uy).
o If M} (uf,05w) # @ we define

o(t — s, uf,ascw), if so<t<sy+ d)(uf,as(,w),
I(u2), if t= ¢(uf,asow).

&(t, up,w) = {

where uy = p((uf", o5w), Uy, T5w).
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95(0’ UO,(.U) = Uo
and
¢(t F S; UO?UJ) = 35(1', ()5(57 anw)a Usw)a

forall up eV, we M and t,s e R,.
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Theorem 8

Assume that there is K > 0 such that ||I(u)|lv < K for all u € M.
Then

F
15(¢.un.)lv < max ol €, 1T

forall t >0, w € M and uy € V. Moreover, system (5) is
bounded dissipative.

d
‘£+Au+HdLMXm®:FUJUMLM,t>Q

u(0) = uwp €V, (5)
I:MCV V.
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Theorem 9

Let up e V\ M, w € M and {v,}nen C V be a sequence such that

|vn — uo|lv 2% 0. Given t > 0, there exists a sequence {Nn}nen
in R such that 7, %0 and

H@(t =+ Nn, anw) - Sa(ta UO’W)HV "30 0.
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Thank you for your attention!!
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