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ON A NONLINEAR THERMOELASTIC SYSTEM WITH NONLOCAL COEFFICIENTS

HAROLDO R. CLARK!T & RONALD R. GUARDIA:#

!Universidade Federal Fluminense, IME, RJ, Brasil.
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Abstract

This paper deals with the global existence and uniqueness of solutions, and uniform stabilization of the
energy of an initial-boundary value problem for a thermoelastic system with nonlinear terms of nonlocal kind.
The asymptotic stabilization of the energy of system is obtained without any dissipation mechanism acting

in the displacement variable u of the membrane equation.

1 Introduction

Suppose that €2 is a bounded and open set in R™ having a smooth boundary I' and lying at one side of I'. Let
Q=0 x(0,00) and ¥ =T x (0,00) its lateral boundary.
The motivations significants to our article are contained in Chipot-Lovar [I] and Limaco et al [2], and we

investigate the following nonlinear coupled initial-boundary value system

' — M (-, |Vul?) Au+ (a- V) =0 in Q,
0 +B0+(a-V)u' =0 in  Q, 1)
u=60=0 on X,

U(I,O) = UO(I)v ’U/(JE,O) = ul(gj)a 9(1’,0) = 00(1') in

where M = M(z,t,\) = M;(x,t) + Ma(x,t,\) is a real function defined on 2 x [0,00) x [0,00), |- | denotes the
norm of the Lebesgue space L?(£2), the operator a-V is given by > a;0,,, being a = (a1, ..., a,) a constant vector
i=1

of R™ and the operator B is defined by

B)O(1) = — 32 By (0(50),6) 82, (1) with By : LY(Q) x [0, 00[— R.

T, T
i,j=1

The existence of global solutions for the mixed problem is established imposing some restrictions on the
norm of the initial data ug, u; and 6y. Actually, we suppose ug € H}(Q) N H?(2), u1, Oy € HE(2), and define the
following positive real constant

1
Ky = 2 [[Vur|* + [VOo|* + Cof (IVuol?)] |Augl?,

which will have some restrictive conditions to be imposed later. Moreover, we also assume some hypotheses on the
function M, and on the functionals B;;. Namely, there are positive real constants mg, L, By and C}, for k = 0,1, 2,
and a negative real constant p, such that

Me Ct (2 x[0,00) x [0,00)), 0<mg< Mz, t,\)<Cof(N), Mz t,A):=M/z,t)+ M(z,t,N),
O My < p <0, |0:Malp <Crg(X), [|0aM|g < Csyh(N), (2)

f, g, h € C'([0,00);[0,00)) are strictly increasing,
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B..: Ll(Q) x [0, 00[— R, \Bij(w,t) — Bij(278)|]R < L(jw — Z|L2(Q) + |t — s|r),

k¥

YV (w,t),(z,8) € L2(Q) x [0,T], > Bij(2,t)&&; > Bol€[gn, Y(2.t) € L'(Q) x (0,T), V& € R™.

ij=1
2 Main Results

Definition 2.1. A global strong solution to the initial-boundary value problem is a pair of functions {u,0}
defined on Q2 x [0,00) with real values, such that

u € L5, (0,00 HY(Q) N H?*(Q)), ' € Ly (0,00, Hy (), u” € LS, (0,00; L*()),
0 € L, (0,00; Hy () N LY, (0,00; H*()), 0" € L7,.(0,00; L*()),

loc loc

and the functions {u, 0} satisfy the system almost everywhere.

In these conditions we can state the main results of this paper.

2Cq K 2Cq K
Theorem 2.1. Suppose ug € HL(Q) N H?(Q), u1, 6y € HL(Q) and Cs [g( Ca 0) + h( Ca O)Ko} < —g,
m mo

where C3 and Cq are positive real constants. Then there exists at least a global strong solution of system ,
provided the hypotheses and hold. Moreover, if £ is a real-valued continuous and increasing function defined
on [0,00(, and there exists a positive real constant Cy such that |VM(x,t,\)|g < C4l(N), then the solution of
problem 18 unique.

The energy defined by the strong solution of system is given by
1
B = 5{l/OF + 0P + | M.t Vu0))[Vu)pdo}.
Q
On the uniform stabilization of the energy we have the following result.
Theorem 2.2. Let {u,0} be a global strong solution pair of system . Then the energy of system satisfies
4T
E(t) < 3CqK(0) exp{ - ?t} for all t>0,
where the constant K (0) is the value at t =0 of the function

K(t) = {1V (OF + (V80P + [ M(.t Va0 Au(o)ds .

B 1 1 4
T:min{d, 0 }, 0<5<min{ %o/

0
2 ’ 40005 2’ 206’ Cof(QCQKo/mo) + ( |a||2n2)/(4BO) } ’

Yo 15 a positive constant, Cs = sup {f((p); |‘p|L;>§C(0,oo,Hg(sz)) < C’} and Cg = Cq + 1/my.
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Abstract

In this paper we study the existence of bound state solutions for stationary Schrédinger systems of the form

K(x)Fy(u,v) in RY,

S
K(z)F,(u,v) in RY, )

{ —Au+V(z)u
—Av+ V(x)v

where N >3,V and K are bounded continuous nonnegative functions, and F(u,v) is a C* and p-homogeneous
function with 2 < p < 2N/(N — 2). We give a special attention to the case when V may eventually vanishes.
Our arguments are based on penalization techniques, variational methods and Moser iteration scheme.
Mathematics Subject Classification: 35J60, 35J20, 35Q55.

Key words. Elliptic systems, variational methods, vanishing potential, nonlinear Schrédinger equations, bounded

states.

1 Introduction

Our work was motivated by some papers that have appeared in the recent years concerning the study of nonlinear
Schrodinger equations by using purely variational approach since the seminal work [6]. We refer the reader to
[T, 2 [ [5, [7] and their bibliography for further studies. In order to apply variational arguments and to overcome
the lack of compactness of the associated energy functional some authors have assumed that the potential is coercive
and bounded away from zero. Here, in this paper our main purpose is to extend and complement the results in [3]
to System with possible vanishing potential.

In the rest of this paper we will assume that V, K : R — R are bounded, nonnegative and continuous functions

satisfying:
(Vo)

caapn SNl Ed
where

H = {(u,v) € H'(RY) x HY(RY) : /RN V(z) (u® +v?) dz < —l—oo}
is a Hilbert space when endowed with the inner product
{(u,v), (¢, <p)>H = /}RN (VuVe + V(z)up + VoV + V(z)vp)dz, V (u,v),(d,¢) € H
and its correspondent usual norm and L := L?(RY) x L?(RY) equipped with the usual norm.

For the potential V' and the function K, firstly, we assume that

11
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(V1) There exist A > 0 and R > 0, such that

3z, € Bg(0) such that K(z,) > 0 and

2
0O<p< K(x)SV(x)§A<kp::]fpz, V|z| > R.

We also impose for K, a similar hyphotesis used in [3], namely,

R2(N-2)

(V3) There exist v > p and R > 0, such that sup K(z)———— <7 .
|22V =2)

lz|>R

In order to state our main result let us introduce the assumptions on the nonlinearity F' that we assume

throughout this article:

0 : ,00) X |0,00)) — R 1s a p—homogeneous tunction ot class wit < p < 2% and there exists
Fy) F: (0 0 R i h fi i fcl C' with 2 2% d th i
0<cy < pp/z such that

| Fy(u,v) | + | Fy(u,v) | < co (uP™t + 0P, Yu, v>0.

(Fl) Fu(ov 1) = EJ(LO) =0.
(Fb) Fu(1,0) = F,(0,1) = 0.

(F3) Fuy(u,v) >0, Vu,v>0.

2 Main Result

Theorem 2.1. Suppose that (Vo) and (Fo) — (F3) are satisfied. Then, there exists v* > 0 such that has a
positive weak solution for any potentials that satisfy (V1) — (Va) with v < ~*.
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Abstract

We discuss the sharp global well-posedness in the energy space for some dispersive models in the supercritical
regime. The main results are established in view of the best constant appearing in the standard Gagliardo-

Nirenberg inequality. The ideas can also be applied to non-local models and systems.

1 Introduction and Main Results
We study global well-posedness for some nonlinear dispersive models of the form
ug + Au+ f(u) =0, (1)
where A is a linear operator and f is a nonlinearity. Equations as include the well-known
iug + Au+ |[ulPu =0 (Schrédinger),

Ut + Ugppe + uFuy =0 (Korteweg-de Vries),
uy + D+ uFu, =0 (Benjamin-Ono),
Up + Hugs + Ugyy + wFu, =0 (BO-ZK),

and many others arising in mathematical physics. Our plan is to present some recent developments for the above
equations providing the global well-posedness in the energy space. The kind of results we are interested in are of
the form.

Theorem 1.1. Let E and M be the energy and mass associated with the Korteweg-de Vries equation and Q a
ground state solution. Let k >4 and 0 < s = (k —4)/2k < 1. Suppose that
Elug)® Mup)' % < E[Q]** M[Q]*~**, Elug] >0 (2)

If (@ holds and

1920l o lluol 12 < 10:QU75 Q1 2™ 3)

then for any t as long as the solution exists,

102 u(®) |35 lu(t) | 12 < 10:QUI 5 1l (4)

and thus the solution exists globally in time.

13
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The main idea to establish the above theorem is to use the Gagliardo-Nirenberg inequality

k k H 2+%
||u||Lj§32(R) < Ko;f ||VUH22(R)||U||L2(TR)»

with the optimal constant Kype > 0 given by

2 _ k+2
2yl

where v is the unique non-negative, radially-symmetric, decreasing solution of the equation

k k
“AY—[1—-- k+1 _ .
TAv ( 4) v+
We can also obtain similar results for systems. For instance, if we consider the following 3D Schrodinger system

iug + Au+ (Jul? + Blv[*)u =0,
vy + Av + ([v]? + Blul*)v = 0,

()

then we can establish the following.

Theorem 1.2. Let (u,v) € O((=T,,T*); H* x H') be the solution of with initial data (ug,vo) € H* x H1,
where I := (=T, T*) is the maximal time interval of existence. Assume that

M(U,O7’U0)E(U0,’U0) < M(Pa Q)E(P7Q) (6)
The following statements hold.
(i) If
M (ug,v0)([[Vuol3 + [|Vwol3) < M(P,Q)(IVP3 + [IVQII3) (7)
then
M (ug, vo)([Vu(t)[I5 + [[Vo(®)]3) < M(P,Q)(IVPI3 +[IVQII3) (8)

and the solution exists globally in time, that is, I = (—o0, 00).
(i) If
M (uo,v0)([Vuoll3 + [[Vuoll3) > M(P,Q)(IVP3 + [VQIl3) (9)

then
M (ug, vo)([Vu(®)[I3 + [Vo(®)[3) > M(P,Q)(IVPI3 + [VQ]3). (10)

Moreover, if ug and vy are radial then I is finite and the solution blows up in finte time.
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METODO DE DIFERENCAS COM USO DE SPLINE INCONDICIONALMENTE ESTAVEL DE
O(K? + H*) PARA RESOLVER A EQUACAO HIPERBOLICA LINEAR DE SEGUNDA ORDEM
COM UMA VARIAVEL ESPACIAL
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Resumo

Neste trabalho, a equagao hiperbdlica linear de segunda ordem é resolvida usando um novo método de
diferengas de trés niveis baseado na interpolacao spline quartica na dire¢ao espacial e discretizagao de diferengas
finitas na direcdo temporal. A andlise de estabilidade do regime é realizada. O método proposto é de precisio

de segunda ordem na varidvel temporal e de precisdo de quarta ordem na varidvel espacial.

1 Introdugao
Considere uma equagao hiperbdlica linear de segunda ordem em uma varidvel espacial dada por
u(z,t) + 20us(z,t) + f2u(z,t) = uge(z,t) + f(z,t), talque a > B> 0. (1)
sobre uma regidao Q = [a < x < b] X [t > 0], com condi¢des iniciais
Wz,0) = 6(x), ww,0) = W), (2)
e condigoes de fronteira
w(at) = golt)  u(bt) = gi(b), (3)

onde « e B sdo constantes.

Assumimos que ¢(x) e ¥ (z) sdo fungdes continuas e deriviveis em . Paraa >0, 8 =0e a > § > 0, a equagao
(1) representa uma equagéo de onda amortecida e uma equagio de telégrafo, respectivamente, veja [I].

Nos tltimos anos, uma enorme quantidade de pesquisas tem sido feitas no desenvolvimento e implementacao de
métodos modernos de alta resolugao para a solugao numérica da equagao hiperbdlica linear de segunda ordem ,

veja [I]-[3], por exemplo.

2 Resultados Principais

Considere (z;,t;) os pontos da malha onde z; = a+ih, i =0,1,--- ,N e t; = jk, j = 0,1,2,.... Para cada z;,

i=1,..., N — 1 usando a expansao de Taylor na varidavel temporal, obtém-se os seguintes métodos de diferengas
u(z;, t; 2u(x;, t; u(x;, ti_
B e )] (4)

T iat’ T Z‘,t‘,
uwz(xhtj) _ U (LL’ J+1)—;u (LL’ 7 1) +O(/€2), (5)
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u(zi, tjp1) —u(witj—1)

ug(zs,t5) = o +O(k?),
walesty) = ATt ZRELL) T b) o)

Substituindo as equagoes , , @ e em e observando que
1 1
(14 5302 (o t00) + ity = 302 it yn) + )]+ O(B)

tem-se

1
82 [u(ziytjrr) +ulzistj—1)]

127 2h2

+— <1+152
= (14 L5 f(xi,ty)
- 12 x L, 7))

) [U(Z‘i,tj+1) + QU(Q?i,tj) + u(xi,tj_l)] —

com ordem de precisao O(k% + h*), ondei=1,...,N—-1ej=1,2,..., sendo

(@i, t;) = w@i,tj1) — w(wi, tj-1)

(@i,tj) = wl@itj1) —ul@it;_1)

SZu(mi,ty) = 8i(Spulzity)) = u(wi, tivr) — 2u(wi, ty) +ulz, ti—1)
(i, t;) = S(I‘i-i-%’tj)_s(xi—%’tj)

tj) = 0u(0u(wisty)) = s(xiv1,t;) + s(wi-1,tj)

Note-se que o método (8) é um método implicito de trés niveis. Para iniciar qualquer cdlculo, é necessério saber

o valor de u(z;,t;) nos pontos nodais do primeiro nivel de tempo, isto é, no instante ¢t = t; = k. Expandindo em

série de Taylor em ¢t = k, tém-se
kQ 3
u(z, k) = wu(z,0)+ kug(x,0) + ?utt(x,O) + Fum(a:,O) +O(kY).

Utilizando os valores iniciais, a partir de ([I)), pode-se calcular

U (1,0) = ¢uu(x,0) + f(2,0) — 2014 (z,0) — B2u(x,0)

e (2,0) = —20us(x,0) + Pue(x,0) + fi(x,0) — B2us(x,0)

Assim, usando os valores iniciais, @, (10) e (11), pode-se obter a solu¢do numérica de u em t = k.
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ON THE DEFINITION OF ALMOST SUMMING OPERATORS
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Abstract

We give a final solution to the problem concerning the equivalence, in the definition of almost summing

operators, between the inequality and the transformation of vector-valued sequences.

1 Introduction

For 1 < p < +o00, it is well known that the following conditions are equivalent for a bounded linear operator
u: B — F between Banach spaces:

e y sends weakly p-summable sequences in E to absolutely p-summable sequences in F’;

e There is a constant C' > 0 such that, for all n € N and z1,...,z, € E, the following holds:

1/p 1/p

k k
Z [[ulz;)[1P <C- sup > L)l

e ligl<1 \ i

In this case the operator is said to be absolutely p-summing. The class of all absolutely p-summing operators is
one of the most successful classes of linear operators ever studied. Let us explain how a close relative of this class
was introduced in [2]: an E-valued sequence (z;)32; is said to be almost unconditionally summable if the series
> iy rjzj converges in Lo([0,1], X), where (r;)32; are the usual Rademacher functions. In [2, p.234] it is stated
that the following are equivalent for an operator u: E — F:

e u sends weakly 2-summable sequences in FE to almost unconditionally summable sequences in F;

e There is a constant C' > 0 such that, for all n € N and z1,...,z, € E, the following holds:

1/2
2 1/2
i /

1 k
/0 S oritulay)| dt]| <c- sup o (ay)?

PEE |lplI<1 j=

In this case the operator is said to be almost summing. It just so happens that the two conditions above are
not equivalent in general. This was first noted in [I]. Considering that [2] is the bible of the area, this mistake has
caused a lot of trouble; a situation that remains to this day because a second corrected edition of [2] has never
appeared. As a rule, almost summing linear and nonlinear operators have been studied with the definition based on
the inequality. The problem of the equivalence of the inequality with the transformation of vector-valued sequences
was partially solved in [I]: the inequality holds if and only if u sends weakly 2-summable in E to unconditionally
2-summable sequences in F (see the definition below). But the transformation of weakly 2-summable sequences

remains unsolved. The purpose of this work is to settle this question.

2 Main Result

Given a Banach space E and p > 1, let (£;)(E), || - |lw,p) and (Rad(E), || - ||r,) denote, respectively, the Banach
spaces of weakly p-summable and almost unconditionally summable FE-valued sequences. In order to accomplish

17
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our task we have to consider two other sequence spaces that are related to the former spaces: a sequence (a:j);?‘;l

in F is said to belong to:
o (4(E) it T [[(25)3llup =0,

k
> Ty

j=1

< +00.

e RAD(E) if sup
k L2((0,1],E)

A sequence belongs to ¢§(F) if and only if it is unconditionally summable [3, Proposition 8.3]. For this reason,
sequences in £} (E) are called unconditionally p-summable. It is well known that £ (E) is a closed subspace of £} (E),
Rad(E) € RAD(E) and that Rad(E) = RAD(E) if and only if E does not contain a copy of ¢y (see [4, Section
V.5]).

Our main result, which makes clear how almost summing linear operators transform vector-valued sequences, is
the following:

Theorem 2.1. The following conditions are equivalent for a bounded linear operator u: EE — F between Banach
spaces:

(a) (u(z;))52, € Rad(F') whenever ()32, € (3(E).

(b) (u(x;))32, € RAD(F) whenever (x;)52, € €5 (E).

(¢) There is a constant C > 0 such that, for alln € N and x1,...,x, € E, the following holds:

1/2
2 1/2
k /

1 k
[ roue| a) <c sw ez | 1)

pel lloli<1 \ 52

In this case, the linear operators

u: £y(E) — Rad(F) , ﬂ((xj)oo ) = (u(z;));2,, and

u: (5 (E) — RAD(F) , @ ((2;)52,) = (u(=;));2

are continuous and
|lull = ||| = inf{C > 0: (1) holds}.

Remark 2.1. (a) The theorem above holds, mutatis mutandis, for continuous multilinear operators. We stated the
linear case for simplicity.

(b) The whole problem was caused by the fact that the space Rad(E) fails the condition of being finitely determined,
and the space RAD(FE) solves the problem because it is finitely determined.
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Abstract

We present recent results on a minimizing problem associated with the singular problem

—div (|Vu/’?Vu) = Au™" inQ
u >0 in 2
u=0 on 0f,

where p > 1, A > 0 and Q is a bounded and smooth domain of RY, N > 2,

1 Introduction

Let p > 1 be fixed and let Q@ C RY, N > 2, be a bounded and smooth domain. For each 0 < ¢ < 1 let us define
A(Q) :=inf {||Vu||§ cu € WyP(Q) and / |u|? do = 1} ,
Q

where |-||,. denotes the standard norm of the L™(£2), 1 <r < 0.
As proved in [I], A,(Q) is achieved by a positive function u, € W, () N C'(Q) satisfying

—div <|Vu|p*2 Vu) =2 [u|"?u inQ
u=20 on 0,

in the weak sense. It follows from [5, Theorem 1.1 (i)] that u, € C*(Q) for some a € (0, 1).

2 Main Results

We report recent results, that we have obtained in [4], on a minimizing problem associated with the limit problem
of (), as ¢ — 07 . In that paper we first showed that

0 < u(Q) = lim A\,(Q)]Q]" < oc. (1)
q—0t

Then, by combining with the results of [I], we proved that
) 1
1(2) = min { [Vul? : uw € WyP(Q) and lim —/ lu|dz) =1 (2)
P a0+ \ |2 Jo
and that the minimum is reached by a function u € W, ?(Q) N C%*(Q), for some a € (0,1), which is positive

in  and satisfies: (i) v = lim,_,+ |Q|% ug in Wy P(Q); (i) — div (\Vu\p*2 Vu) = 2(Q)]Q " 'wt in Q and (iii)
Jo logudz = 0.
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Exploring we proved that p(Q)~! is the best constant C' in the following log-Sobolev type inequality

1
exp <|Q|/ log |v|” dx> <C|Volly, wve WyP (),
Q

and that p(Q) ™! is reached if, and only if, v is a scalar multiple of u, which is the unique case where the inequality

becomes an equality.

Al
w($2)

1
It is easy to check that for each fixed A > 0 the function uy := ( ) " u is a positive weak solution of

3
v=0 on 0f2. 3)

{ —div <|Vv|pf2 Vv) =1 inQ,
The function wu) is, in fact, the unique positive solution of . This uniqueness result follows from a simple and
well-known inequality involving vectors of RY. Existence and regularity of weak solutions for (3)) were first studied
in the particular case p = 2 (see [3], [0} [§]), whereas the case p > 1 has received more attention in the last decade
(see [2} Bl [7] and references therein). Since the differentiability of the functional v — A / log |v] dz is a delicate
question, existence of u) has been obtained by nonvariational methods, as fixed point the%rems or the sub-super
solution method. As for regularity, it is proved in [5, Theorem 2.2 (ii)] that uy € C%(€Q), for some « € (0, 1).
Another consequence of , obtained in [4], is that the formal energy functional Jy : Wy (Q) — (—o0,00],
defined by

1
f/ |Vol? do — )\/ log |v|dex, if / log |v] dz € (—o0, 00)
PJa Q Q

00, if | loglv|dx = —o0,
Q

AQ
attains its minimum value it (1 — log (%)) only at the functions uy and —uy.
p
The last result in [4] is the determination of when A, (€2) and ||lug|| either go to 0 or go to oo or remain bounded

from above and from below, as ¢ — 0%.
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Abstract

In this work we study the existence, uniqueness and decay for solutions of the Problem (*). In our approach,

we employ Faedo-Galerkin method associated with Tartar methods [8] argument of compactness cf. [I] and [7].

1 Introduction

In the present work we investigate the following nonlinear mixed problem of Carrier type:
0%u ou|” ou
— - M 2dr ) Au+6|—=| = =0 in Q;
ot ( /Q “ $> YOS B in @
u=0 on X;

u(0) = u, u'(0) = u' in Q, when 0 < p<1,6>0.

(%)

with 0 < p < 1 and § > 0 a parameter. The above mixed problem (*) was investigated from mathematical point of

view in [4], [3] among others.

2 Notation, Hypothesis and Main Results

We represent by L?(€) the Lebesgue space of real functions u which has square integrable in 2, with scalar product
and norm defined by:

(u,v):/uvdx and |u|2:/ lu|? da.
Q Q

By H™(£2) we denote the Sobolev space of order m € N. By H{(2) we represent the distributions of H!({2)

which has trace zero on I'. The scalar product and norm in H}(Q), are given by:

((u,v)):/Vu~Vvdx and ||u||2:/ \Vu|? da.
Q Q

We also consider the Banach space LP(2), p € R, p > 1; in particular we consider p = p+2, 0 < p < 1. We also
consider the Banach space LP(Q)), p € R, p > 1; in particular we consider p = p + 2, 0 < p < 1. We have the know
results:

v < aol|v|| gty , Vv € LPT3(Q)

and
o] < aqllv]|, Vv e Hg(Q).

To proceed we will consider the following hypotheses:
(H1) 0<p<1,d>0;
(H2) M € C*([0,00)), M(X) > mg > 0, for all A > 0.
[M' M)V

———— < ko, for all A > 0 (ko constant).
M(X)
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p+2

o M(X) <LyM™ (M), for all A >0 (Lg constant).
(H3) Restriction on Initial Data: u° € H}(Q) N H?(Q), u' € H(Q) N L2 P+1)(Q) satisfying:

1

12 (p+2)5s |77

6512 Loko

|u

012 *\2 -
W"‘HU [ < ()%, where A* =

Theorem 2.1. Assume that I' € C*™, m an integer with 2m > % and that hypotheses (H1)-(H3) are satisfied.
Then, there exists a unique function u in the class

u € L5, (0,00; Hy () N H?(2)) N L>®(0,00; Hy()); (2.2)
W' € L (0,00 HY (@) 1 L(0, 003 LA(Q)); (2.3)
W € L3 (0, 00 L3()) (2.4)
such that u satisfies
u” — M(|u|?)Au + 0/ |Pu’ = 0 in L52,(0, 00; L2(Q)) (2.5)
u(0) = u°, «/(0) = u' (2.6)

3 Proof of Theorem 2.1

In our approach, we employ Faedo-Galerkin method associated with Tartar methods [§] argument of compactness
cf. [ and [7]. We employ Galerkin’s method with a special basis for [Hg(Q) N H?(Q)] N L2**+D(Q), that is a
spectral basis [7].
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Abstract

We are concerned with the study of the local existence, uniqueness, regularity, positivity and continuous
dependence of solutions to a logistic equation with memory whenever initial datum is taken in Bessel potential

spaces.

1 Introduction

The logistic equation subjected to memory effects is an interesting model in populational dynamics. Gopalsamy [2]

investigated the asymptotic behavior of nonconstant solutions of:

® o) [a - b/; Hit - s)x(s)ds} (1)

There, a and b are positive numbers, and H is a delay kernel representing the manner in which the past history of
the species influences the current growth rate.

Taking into account dispersal effects, the logistic equation with the memory starting from the starting point is
given by

ui(t, ) = Au(t, z) + u(t, ) [a — b/ot At — s)u(smc)ds} , (2)

where A denotes the spatial Laplace operator and wu; is the temporal derivative. Nevertheless, we consider a more
general Cauchy-Dirichlet problem:

ue(t, x) = Au(t, z) + u(t, ) [a — b/o At — s)(—A)ﬁu(s,m)ds] , in (0,00) x Q; (3)
u =20, on (0,00) x 9; (4)
u(z,0) = up(x), in Q; (5)

in a sufficiently regular domain  C R™. Here, (—A)? denotes the fractional power of the sectorial operator —A (see
[]). Notice that reduces to whenever 8 = 0. Moreover, A : R — R performs as a delay kernel representing
the manner in which the history of the species influences the current growth rate.

Under certain conditions, the existence of solutions to the problem

ue(t, ) = Au(t, x) + u(t, z) [a —bu — /0 At — s)u(s,z)ds| , (6)
Ou/on =0 (7)
u(z,0) = up(z), (8)

for (t,xz) € (0,00) x Q was proved by Schiaffino [5] and Yamada [7]. In [5] the initial datum was taken in
{p € CHQ): du/On =0 on 9N} whereas initial datum in {¢ € W2P(Q2) : Ju/On =0 on O} was considered in
p
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We rather take the initial datum in the Bessel potential space HJ? = {¢ € H7P(Q) : plso = 0}, with
1 < p < oo and some 0 < o < 2. Since it can be regarded as the complex interpolation space [W?2? N Wy, LP(Q)] g
for0<o <2, 0# % (see 6, Section 4.3.3]), we allow more irregular initial data than those considered in the works
by Schiaffino [5] and Yamada [7].

For technical reasons we assume that
1 N
l<p<oo, c€(0,2)\{-}eoc>20+ —. (H)
p 2p
Under this condition we use the results contained in [6l, Section 4.6] to obtain the following imbeddings:
HJP < HOP(Q) — H?P2(Q) — L?P(Q) — LP(Q). (9)

By a mild solution for — we mean a continuous function u : [0,7] — Hy* that is a solution of the

following integral equation:

t s
u(t) = ePtug —|—/ A=)y (s) {a — b/ A(s — T)(—A)BU(T’)dT:| ds, (10)
0 0
where (e2!);>0 stands for the heat semigroup.

Our main result is stated as follows:

Theorem 1.1 ([2]). Let A : R — R be a locally integrable function. Assume that (@ holds. Given vy € HJ'?, there
exist T > 0 and r > 0 such that for every uy € BHg>P (vo,r) the Cauchy-Dirichlet problem @—@ POSSESSES G UNIGUE

mild solution w : [0,7] — HG'P. Furthermore, u € C((O,T];Hg/’p>, for every o' € [0,2) \ {%}, and the solutions

depend continuously on the initial data.

Roughly speaking, the proof of Theorem is performed by using semigroup estimates, nonlinear estimates
and the contraction principle. Therefore, in the case of 8 = 0, we rely upon the fact of e*tp > 0, whenever ¢ > 0,
and use a contradiction argument to conclude that: if ug is positive then the solution u obtained in Theorem is

also positive as long as it exists.
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Resumo

Neste trabalho apresentamos resultados de multiplicidade para uma equagao anisotrépica estacionaria com
termo de reagao do tipo concavo-convexo e crescimento subcritico ou critico em um dominio limitado. Nossa
abordagem estd baseada na teoria de Género e em uma versdo do Principio de Concentragdo de Compacidade

de Lions para espagos de Sobolev Anisotrépicos.

1 Introducao

Neste trabalho estamos interessados em resultados de multiplicidade de solucoes nao-triviais para as seguintes

classes de problemas anisotrépicos

N =2
O [|oul|’"* ou
_ = Aula—2 O
(Pl ) Zl 833% <‘61}Z 8.%1) ‘u| uem ’
A =
we DyP(Q), g€ (Lpy)
e
N pi—2
S K e B T )
N —

1
1<p1§p2§§pN> Z;>17
i=1 1"
- ou ‘ .
DYP(Q) = {ue LV (Q) : 5o € L7 ()i =1, N}, 7 = (01, pw)
€
" N Np
phi= = =,
N_
1
(X))
= Pi
1

onde P denota a média harménica p = N/ <Z

> . Ao longo de todo o trabalho, assumimos que py < p*.
i=1

Di
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Observe que o operador anisotrépico é uma generalizagao do operator laplaciano. De fato, quando p; = 2 para

todoi=1,..., N, entao
pi—2 8
Y >— Au.

8:}51»

XN: 8 (| ou
o1 6331 89@

Nos ultimos anos um esforco consideravel tem sido devotado ao estudo de problemas anisotrépicos. Sem qualquer

esperanca de ser completos, mencionamos as referéncias [1], [2], [3], [4], [5], [6] and [7].

2 Resultados Principais

Nossos principais resultados associados ao problema (P1)) sdo os seguintes:

Teorema 2.1. Assumimos que q € (1,p1). Entao, o problema (P1)) tem infinitas solugées, para todo A € (0, 400).

Teorema 2.2. Assumimos que q € [p1,pn). Entdo, para cada k € N, existe Ay > 0 tal que o problema (P1))

admite ao menos k pares de solugdes, para todo X € (A, +00).
Com relagao ao problema (P2)) temos o seguinte resultado:
Teorema 2.3. Assumimos que q € (1,p1). Entao, existe \* > 0 tal que o problema (P2y) admite infinitas solugdes,

para todo A € (0, A*).
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Resumo

Propomos neste trabalho uma extensao da metodologia residual free bubble para o estudo do problema de
homogeneizacao numérica associado a uma classe de problemas elipticos néo lineares com coeficientes oscilatorios.

Para validar nossa proposta numérica, apresentaremos um resultado de convergéncia.

1 Introducao

Em muitos problemas em ciéncias e engenharia, por exemplo, o processo de condugao de calor em um material

composito, € necessario resolver o problema nao linear a seguir.
—div]a(x)b(u)Vu] = f em Q, u® =0 sobre 99, (1)

onde a.(z) pode ser oscilatério, e Q C R? é uma regido poligonal.

Note que o modelo representa uma extensao natural do problema eliptico linear com coeficientes oscilatérios,
quando o fluxo em ¢é dado por a.(z)Vue.

Mostra-se [I] que o problema homogeneizado associado a tem a formas:

—div[b(u)AVu] = f em €, u=0 sobre 01, (A é matriz constante) (2)

Como o método tradicional de Galerkin nao é indicado para o estudo numérico das equagodes lineares ou nao lineares
com coeficientes oscilatdrios [2] e [3], resulta natural a procura de procedimentos numéricos eficientes para tratar
este tipo de equacoes. Dentre os métodos que se mostraram eficientes, destacamos o Multiscale Finite Element
Method (MSFEM) [3], por ter mais afinidade com a nossa proposta numérica.

O método residual-free bubbles (RFB) é um técnica de elementos finitos de dois niveis introduzido por Brezzi, Franca
e Russo através dos artigos [2] e [4], inicialmente proposto para a procura de solugbes numéricas estéveis e acuradas
em problemas de difusao-convecgao com a parte convectiva dominante. Mais tarde, o método RFB foi utilizado
para o tratamento de outros tipos de equacoes, tais como a equagao de difusao linear com coeficientes oscilatorios,
desenvolvido por [I]. Uma vez que o RFB funcionou com éxito para o caso linear multiescala (ver [I]), resulta
natural pensar em sua extensao para o tratamento do caso multiescala nao linear .

O problema variacional associado a consiste em achar u¢ € H}(Q2) de maneira que

/ae(x)b(ue)VuE.Vvdx:/fvdx Vv € Hy(Q). (3)
Q Q

Assumiremos que a.(.) : @ — R é mensurdvel, e que existem constantes positivas ag e a1 tai que: 0 < ap < a(z) <

a1 quase sempre em ). Assumiremos também que b : R — R é continua e pertencente a W2°°(R) e que é limitada
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inferiormente por uma constante positiva bg.
Sejam T}, = { K} uma particdo de 2 em elementos finitos K, e, associado a T}, o subespaco Vj, C H}(Q) das fungdes
continuas seccionalmente lineares. O método de elementos finitos cldssico de Galerkin consiste em procurar uma
solugao numérica para no espago V4. Ja o método RFB procura a solugao no espago aumentado, ou enriquecido,
V, = Vi, ® V,, onde o espago bolha é dado por: Vj, = {v € Hi(Q);v|x € H}(K),VK € Ty}. Isto significa encontrar
Uy = up + up € V., onde up, € Vi € up € Vj, resolve
/ ae()b(up, + up)V(up + up). Vo, de = / fon Yo eV (4)
Q Q
—div[ae(z)b(up + up)V(up +up)| = f em K, VK €T, (5)

2 Resultados Principais

A partir de e , na linha do RFB, propomos a seguir uma formulacao numérica que irad resolver o problema

de homogeizacao numérica associado ao problema . Seja up, € Vj, tal que

Z/Oze b(up)Vuy. Vo + Z/% b(up Vuvadx—/fvdevth, (1)

KeTy,

onde uj, € H}(K) é solugdo do problema local sobre o elemento K:
—div[ae(z)b(un)Vup] = f + div[ae(2)b(up)Vup] em K, up =0 sobre O0K.

Teorema 2.1. Seja u € HE(2) N W?2>(Q) a solugdo fraca do problema homogeneizado (@, seja up, a solucdo de

, e sejam a(.) e b(.) como acima. Entao, para h > 0 suficientemente pequeno, existe uma constante C, que

lu —upllio < C(M ﬂ/ 34— Jr\/> + hj. (2)

independe de h, tal que
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Abstract

In this work we study continuous kernels on compact two-point homogeneous spaces which are positive
definite and zonal (isotropic). Such kernels were characterized by R. Gangolli some forty years ago and are very
useful for solving scattered data interpolation problems on the spaces. In the case the space is the d-dimensional
unit sphere, J. Ziegel showed in 2013 that the radial part of a continuous positive definite and zonal kernel is
continuously differentiable up to order |(d —1)/2] in the interior of its domain. The main issue here is to obtain

a similar result for all the other compact two-point homogeneous spaces.

1 Introduction

Let M? denote a d dimensional compact two-point homogeneous space. It is well known that spaces of this type
belong to one of the following categories ([5]): the unit spheres S¢, d = 1,2,..., the real projective spaces
PY(R), d = 2,3,..., the complex projective spaces P¢(C), d = 4,6,. .., the quaternionic projective spaces P¢(H),
d=8,12,..., and the Cayley projective plane P?(Cay), d = 16. Standard references containing all the basics about
two-point homogeneous spaces that will be needed here are [4] and others mentioned there.

In this work, we will deal with real, continuous, positive definite and zonal (isotropic) kernels on M¢. The

positive definiteness of a kernel K on M? will be the standard one: it requires that

n

Z cuc K (2, 2,) >0,

pv=1
whenever n is a positive integer, z1,zo,...,z, are distinct points on M? and c1,ca,...,c, are real scalars. The
continuity of K can be defined through the usual (geodesic) distance on M?, here denoted by |zy|, =,y € M?. We
will assume such distance is normalized so that all geodesics on M? have the same length 2. Since M? possesses a
group of motions Gy which takes any pair of points (z,y) to (z,w) when |zy|=|2w|, zonality of a kernel K on M?
will refer to the property

K(z,y) = K(Az, Ay), z,yeM? AecGy
A zonal kernel K on M? can be written in the form

K(z,y) = K!(cos|zy|/2), x,y €M,

for some function K¢ : [-1,1] — R, the radial or isotropic part of K. A result due to Gangolli ([2]) established that
a continuous zonal kernel K on M is positive definite if and only if

K1) =Y o PRI, e 1),
k=0
in which a,gd_z)/Z’ﬁ € [0,00), k € Zy and Y, aéd_z)/Z’ﬁP,id_Q)/z’ﬁ(l) < oo. Here, 8 = (d —2)/2,-1/2,0,1,3,
depending on the respective category M¢ belongs to, among the five we have mentioned in the beginning of this

p-2/28

section. The symbol stands for the Jacobi polynomial of degree k associated with the pair ((d —2)/2, ).
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2 Main Result

Gneiting ([3]) conjectured that the radial part of a continuous, positive definite and zonal kernel on S is continuously
differentiable in (—1,1) up to order |(d — 1)/2] (largest integer not greater than (d — 1)/2). The conjecture was
ratified by Ziegel ([6]).

The main result to be proved in this work is described below. It is the first step extension of Ziegel’s results to

compact two-point homogeneous spaces.

Theorem 2.1 ([1]). If K is a continuous, positive definite and zonal kernel on M¢, then the radial part K& of K
is continuously differentiable on (—1,1). The derivative (K¢) of K& in (—1,1) satisfies a relation of the form

(1=K () = f(t) = f(t), te(-11),

in which fi and fo are the radial parts of two continuous, positive definite and zonal kernels on some compact
two-point homogeneous space M which is isometrically embedded in M®. The specifics on d and M in each case are
these ones: M? = S4: d > 3 and M = S92, M¢ = PYR): d > 3 and M = P4~ 2(R); M? = P4(C): d > 4 and
M = P?=2(C); M¢ = P4(H): d > 8, M = P¥2-2(C), when d € 8Z, + 8 and M = P¥?(C), when d € 8Z, + 12;
M? = P¢(Cay): M = S2.

After we apply the previous theorem to a certain kernel, the resulting functions f; and f5 in the decomposition
of the derivative of the radial part of the kernel end up being the radial parts of positive definite kernels on a
compact two-point homogeneous space of dimension lower than the dimension of the original one. In particular, we
may apply the theorem to the functions f; and f5 in order to reach higher order derivatives for the radial part of
the original kernel and so on. The process ends with the exhaustion of the dimension of the original compact two
point homogeneous space. A careful analysis of this procedure leads to the following extension of Theorem (the

symbol |- ] stands for the usual ceiling function).

Theorem 2.2 ([1]). The following properties regarding the differentiability on (—1,1), of the radial part K¢ of a
continuous, positive definite and zonal kernel K on M?, hold: M¢ = S: K% is of class cld=1/2] .\ = PYR): K¢
is of class CL@=D/21 - M = P4(C): K2 is of class C\=2/2; M4 = PY(H): K2 is of class C\*=D/4 ifd € 87, +38,
and of class C¥* if d € 87, +12; M? = P*S(Cay): K6 is of class C*.
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Abstract

Surjectivity plays a fundamental role in the theory of ideals of linear operators (see [3, Section 4.7]). The
widest theory of ideals of polynomials was born as a generalization to the non linear context of the successful
linear theory of operator ideals, and has been developed in the last decade. While the surjectivity of ideals
of linear operator is a very well-known matter, the surjectivity of ideals of polynomials has not been studied
yet. Our aim is to introduce surjective ideals of homogeneous polynomials between Banach spaces. To do so
we define the surjective hull of a polynomial ideal and prove the main properties of this hull procedure. As an
application we prove some properties related to surjectivity of multiple p-summing polynomials and p-dominated
polynomials.

1 Results

Throughout the work F, F, G and H are Banach spaces. The symbol P("E; F) stands for the space of continuous
n-homogeneous polynomials from F to F.

A polynomial ideal is a subclass Q of the class of all continuous homogeneous polynomials between Banach
spaces such that, for every n € N and Banach spaces E and F', the component Q("E; F') := P("E; F) N Q satisfies

(a) Q("E; F) is a linear subspace of P("E; F) which contains the n-homogeneous polynomials of finite type,
(b) Ifue L(G;E), Pe Q("E;F) and v € L(F;H), thenvo Pou € Q("G; H).

Given a Banach space E, we shall consider the canonical surjection

Qp: 1(Bp) — B, Qe ((\a)rens) = Y, Aot
rx€EBE
Definition 1.1. Let Q be a polynomial ideal. A polynomial P € P("E; F') belongs to the surjective hull Q" of
Qif PoQp € Q("¢1(Bg); F). The polynomial ideal Q is said to be surjective if @ = Q%"

Proposition 1.1. The following assertions are equivalent for a polynomial ideal Q:

(a) Q is surjective.

(b) If E and F are Banach spaces and P € P("E; F) is such that Po Qg € Q("¢1(Bg); F), then P € Q("E; F).
(¢) If E,F and G are Banach spaces, P € P("E; F) and uw € L(G; E) is a surjective linear operator such that
Poue Q("G;F), then P € Q("E; F).

Proposition 1.2. The rule sur: Q +— Q%" is a hull procedure in the sense that:
(a) Q°"" is a polynomial ideal whenever Q is a polynomial ideal.

(b) Q" C R*“" whenever Q C R.

(c) (Qur)sur = Q3" for every polynomial ideal Q.

(d) @ C Q¥ for every polynomial ideal Q.
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Corollary 1.1. Let Q be a polynomial ideal. Then Q%"" is the (unique) smallest surjective polynomial ideal con-
taining Q.

Example 1.1. It is easy to check that the following polynomial ideals are surjective: P/ = finite rank polynomials
(the range generates a finite-dimensional subspace of the target space), P* = compact polynomials (the range of
the closed unit ball is relatively compact) and P"Y = weakly compact polynomials (the range of the closed unit ball

is relatively weakly compact).

Of course, different polynomial ideals can have the same surjective hull. The following simple remark will help

us giving interesting concrete examples:

Remark 1.1. If Q and Q' are polynomial ideals such that Q("E; F) = Q'("F; F') regardless of the positive integer
n, the Ly-space F and the Banach space F, then Q%" = (Q’)%".

The examples we are about to give concern two of the most studied (perhaps the two most studied) polynomial
generalizations of the ideal of absolutely p-summing linear operators; namely, the ideals P, , of multiple p-summing
polynomials and Py, of p-dominated polynomials (in both [I] and [2] one can find the two definitions).

In order to study the surjective hull of Py, 1 < p < 2, we introduce the class P? of all homogeneous polynomials
P € P("E;F) that factor through a Hilbert space in the sense that there are a Hilbert space H, an operator
u € L(E; H) and a polynomial @ € P("H; F) such that P = Q o u. It is routine to check that P? is a polynomial
ideal.

Given a polynomial ideal Q, by Q™ we mean its n-linear component, that is Q"(F; F) := Q("E; F) for all
Banach spaces E and F. Sometimes Q" is called an ideal of n-homogeneous polynomials, and, of course, Q' is an

operator ideal.

Theorem 1.1. (a) (Pg,p)™ and (Pmsp)™ are not surjective for any n and any p > 1.
(D) (Pap)s™ = (P for 1 < p < 2. In particular, (Pap)*"" = (Pa,q)*" for 1 <p,q < 2.
(c) (PmS,p)sur = (Pms,q)sw Jor1<p,q<2.
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Abstract

It is establish existence and multiplicity of solutions for a quasilinear elliptic problem drive by the ¢-Laplacian
operator. These solutions are also ground state solutions. In order to prove our main results we apply the Nehari
method.

1 Introduction

In this work we consider the quasilinear elliptic problem

(1)

—div ((IVul) V) = f(,u) in Q,
u=0on 09,

where Q@ C RY is bounded and smooth domain, f : R — R is function of class C! and ¢ : (0,00) — (0, 00) satisfies

the following conditions
(¢1) ¢ is a function of class C?;
(¢2) t+— to(t) is strictly increasing.
We point our that if ¢(t) = t?=2 with 2 < p < oo, problem reads as
—Apu = f(z,u) in Q, v =0 on 0. (2)

In this case the function ¢(t) = t*~2 verifies hypotheses (¢1) — (¢2). In the same way, for ¢(t) = tP + t9 with
1 < ¢ < p < oo the function ¢ satisfies hypotheses (¢1) — (¢2) and problem becomes

—Apu—Ayu= f(z,u) in Q, v =0 on IN. (3)

In the model case f(s) = |s|[P~2s it is well-know that Ambrosetti-Rabinowitz [I] conditon play a crucial tool in
order to prove the compactness required in variational methods. Namely, the Ambrosetti-Rabinowitz conditon, in
short (AR) condition, says that: There exist 8 > 2, R > 0 such that

OF (z,t) <tf(z,t),z €t 2 R (AR)

However, there a lot of functions such that is not verified. For example f(t) = tin(1 + |¢|),t € R does not
satisfy the Ambrosetti-Rabinowitz condition.

It is important to emphasize that the main role of (AR) was to assure compactness ((PS) condition) required
by minimax arguments. The main feature in the previous works since the pioneer paper of Ambrosetti-Rabinowitz
[1] were the prove of existence and uniqueness under several conditions on the nonlinear therm at infinity and at
the origin.

We shall assume also the following assumptions
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(¢3) 1—2:=inf (GS0) S P (1) S AP S VY

0 (D) = b (19(0)
(fo) There exist a N-function ¢ : [0,00) — [0,00) and a constant C' > 0 such that
@t <CO+9t) VieRzen,

where W(t) = fg 1 (s)ds and

() t(t) N
() L<lsm<ly=info s <suwp o N-&

(f1) The function
f(z,1)
‘t|m72t

is increasing on R\{0}.

(f2) The following limit holds uniformly in z €

lim f@?)
o

<M

(fs) The following limit holds uniformly in z €

fat)

ltl—oo |t|m—2t

Under hypotheses (f1) — (f3) the problem is a quasilinear superlinear elliptic problem. This kind of problem
have been studied during the last years, see [2], [3].

2 Main Results

Now we state our first result which can be read as

Theorem 2.1. Suppose (¢1), (¢2), (¢3) and (fo) — (f3). Then the problem admits at least one ground state
solution u € W,'*(Q).

The second result in this work can be read as

Theorem 2.2. Suppose (¢1), (p2), (63) and (fo) — (f3). Then the problem admits at least two ground state
solutions uy,us € Wol’q)(Q) satisfying w1 < 0 and uy > 0 in Q. Furthermore, the problem admits one more

solution us which is a sign changing solution.

Existence of positive and negative solutions have been studied during the last years, see [1], [2], [3]. In these
works the authors have used many techniques in order to get multiplicity results on the problem . However,

there are not results for sign changing solutions for elliptic problems involving the ®-Laplacian operator.
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AN ELLIPTIC EQUATION INVOLVING EXPONENTIAL CRITICAL GROWTH IN R?
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Abstract

In this work, minimax procedures and a Trudinger-Moser type inequality in weighted Sobolev spaces obtained
in [I] are employed to establish sufficient conditions for the existence of solutions for a class of nonhomogeneous
Schrodinger equations with critical exponential growth and involving potentials which are singular and/or va-

nishing. The solutions are obtained by suitable control of the size of the perturbation.

1 Introduction
This work is concerned with the existence and multiplicity of solutions for nonlinear elliptic equations of the form
= Au+ V(|z)u = Q(lz)f(u) + h(z), = eR? (1)

when the nonlinear term f(s) is allowed to enjoy the exponential critical growth by means of the Trudinger-Moser
inequality (see [4] [5]), the potential V' and weight @Q are radial functions whose may be unbounded, singular at
the origin or decaying to zero at infinity and h belongs to the dual of a functional space. Explicitly, we make the
following assumptions on the potential V' (|z|) and the weight function Q(|z|):

(V0) V € C(0,00), V(r) > 0 and there exists a > —2 such that lim inf V(j) > 0.

r—+oco r

(Q0) Q € C(0,00), Q(r) > 0 and there exist b < (a — 2)/2 and —2 < by < 0 such that
Qr) Q(r) Q(r)

0 <liminf ——= <limsup —— < oo and limsup —;
r—0+ 1r° ro+ T0 r—-+oo T

< 00.

In order to state our main results, we need to introduce some notation. We write [u instead of [, u(x)da.
Let C§°(R?) be the set of smooth functions with compact support and C§%,4(R?) = {u € C5°(R?) : u is radial}.

If 1 < p < oo we define Lg, 4 := {u:R2 — R | u is measurable, radial and [ Q(|z|)|ul? < oo}. Similarly
we define LY, ;. Then we set Hy 4 := Cg5,4(R?) under the norm |[lu] := [f (|Vu|2+V(|x|)|u|2)}l/2.

Equivalently, H%,wad can be consider as the Sobolev space modeled in the Lebesgue space L%,ﬁmd defined by

H\l/,rad = {u € L‘Q/’rad :|Vu| € L2, (RQ)} , where the derivative above is understand in the sense of distributions.

We use the notation E = Hy, 4. Finally, by E* we denote the dual of space E with the usual norm || - [|...

2 Main Results

Here, we are interested in the case where the nonlinear term f(s) has maximal growth on s which allows us to treat
problem variationally. Explicitly, in view of the classical Trudinger-Moser inequality and following [3], we say
that f(s) has exponential critical growth if there exists ag > 0 such that
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(fo) lim |f<8>|{0’ Ya > ao,

|s|+o0 €25 + 00, Va < ag.
We will assume that the nonlinearity f(s) is continuous and satisfies:
(f1) f(s) = o(s) as s = 0;
(f2) there exists § > 2 such that 0 < §F(s) := 6 [, f(t)dt < sf(s) for all 5 # 0.
Now, we are ready to state our existence result.

Theorem 2.1. Suppose that (V0) — (Q0) hold. If f satisfies (fo) — (f2), then there exists 61 > 0 such that if
0 < ||h|l« < 1, problem has a weak solution uy, in E.

In order to establish our multiplicity result, we need the following additional hypotheses on V(|z|) and f(s):

Vi)

(V1) there exists ag > —2 such that limsup —— < o0
r

r—0+t

Remark 2.1. Notice that (V1) implies that there exist ro > 0 and Co > 0 such that V(|z|) < Coplz|* for all
0 < |z] <7p.

(f3) there exist constants Ro, My > 0 such that 0 < F(s) < My|f(s)| for all |s| > Ro;

4 eQm(ro)
-, ifby=0
C 27
(f4) there exists By > 0 such that liminf sf(sz) > B > 0% 7o
|s|—o0 €%0S bo+2 1 .
if —2 < by <0,

Coag rhoT2’
where m(r) := 2Cor®*2/(ag + 2)3, with 0 < r < ry and r given in Remark

Our multiplicity result can be stated as follows.

Theorem 2.2. Suppose that (V0O) — (Q0) and (V1) hold. If f satisfies (fo) — (fa), then there exists 02 > 0 such
that if 0 < ||h||« < 2, problem has at least two weak solutions in E.

Remark 2.2. This work is part of the first named author’s Ph.D. thesis at the UFPB Department of Mathematics

under the second named author’s advisor and is contained in the paper [2].
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Abstract

In this talk we present a recent result on a Nonlinear Fractional Schrodinger equation in RY in presence of
an external potential V' under suitable assumptions (see below). In particular we show that, in the so-called
semiclassical limit, the number of solutions is affected by the topological properties of the set of (positive) minima
of the potential V.

1 Introduction and main results

In recent years problems involving fractional operators are receiving a special attention. In particular after the
Fractional Schrédinger Equation formulated by Laskin [5] there has been a great mathematical literature involving
fractional spaces and nonlocal equations. Indeed they appear in many sciences (other then in Fractional Quantum
Mechanics) and have important applications optimization and finance [2, [3], phase transition [II, [§], anomalous
diffusion [4, [6l [7]. The list may continue with applications in material sciences, crystal dislocation, soft thin
films, multiple scattering, quasi-geostrophic flows, water waves, conformal geometry and minimal surfaces, obstacle
problems and so on. The interested reader may consult also the references in the cited papers.

In this work we consider the following equation in RN, N > 2s
2 (=A)u+V(2)u= f(u), uz) >0 (1)

where 0 < s < 1, (—A)? is the fractional Laplacian, ¢ is a positive parameter, and the potential V : R — R and
the nonlinearity f : R — R satisfy the following:

V1. V:RY — R is a continuous function and satisfies

0< rﬁ]ivn V(z) =: Vo < liminf V(x) =: V, € (0, +00];

|z] =00

fl. f:R — R is a function of class C* and f(u) = 0 for u < 0;
2. lim, o f'(u) = 0;

f3. 3¢ € (2,2 — 1) such that lim, o f/'(u)/u?"! = 0, where 2% := 2N/(N — 2s);
f4. 36 > 2 such that 0 < 0F(u) := 9/ f@)dt < uf(u), for all u > 0;
0

£5. the function u — f(u)/u is strictly increasing in (0, 4-00).

The above assumptions allow us to use variational methods and in particular the “photography method” of

Benci and Cerami to prove the following
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Theorem 1.1. Under the previous assumptions, there exists €* > 0 such that for every e € (0,e*] problem has

at l

east

1. cat(M) solutions;

2. cat(M) + 1 solutions, if M is bounded and cat(M) > 1.

Here cat(M) is the Ljusternick-Schnirelmann category of M in itself.

On the other hand, with the use of Morse theory we are able to deduce the next result.

Theorem 1.2. Under the previous assumptions, there exists €* > 0 such that for every e € (0,e*] problem has

at least 2P (M) — 1 solutions, if non-degenerate, possibly counted with their multiplicity.

The author is supported by Fapesp and CNPq.
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Resumo
Este trabalho trata da aplicacdo de um método de elementos finitos descontinuo hibridizado visando a solugao
de problemas elipticos, em particular aqueles associados ao escoamento miscivel em meios porosos heterogéneos.
A proposta foi desenhada considerando-se uma aproximacgao descontinua entre os elementos, com a continuidade
ao longo das interfaces imposta fracamente através do uso de um multiplicador de Lagrange. A metodologia é
entao empregada em um sistema eliptico dado pela lei de Darcy e a equagao de conservagao de massa. Simulagoes
numéricas demonstram a eficiéncia e robustez do método, quando comparado com outros usualmente encontrados

na literatura.

1 Introducao

Aproximagoes de elementos finitos para problemas elipticos lineares e/ou com solugdes suaves apresentam, em geral,
taxas de convergéncia 6timas sendo a mais conhecida dada pelo método de Galerkin [6], onde sdo empregados espagos
conformes de fungoes continuas, i.e, se a solugao exata do problema, p, é tal que p € V, V um espago de dimensao
finita, entdo tem-se a solucao aproximada py, € fo , onde V,{“ C V é um espago de fungoes polinomiais de ordem
menor ou igual a k > 0 (espago de elementos finitos de dimensao finita). No entanto, quando tratamos de solucionar
problemas multiescala o método de Galerkin falha e novas metodologias, tais como os métodos multiescalas [2] e/ou
métodos de Galerkin descontinuos [I] devem ser consideradas. No estudo de problemas que modelam, por exemplo, o
deslocamento miscivel em meios porosos visando a simulagao de processos terciarios na recuperacao de reservatérios

de petroleo, como aqueles definidos pelo sistema eliptico

divu= f em Q, (1)
u=-KVp em Q, (2)

onde 2 € R?, com condigoes de fronteira u-n = 0 sobre 9Q. K = K(x)I é o tensor de permeabilidade, com K(x) a
permeabilidade do meio, e u = u(x) é o campo de velocidades de Darcy. Tem-se que a varidvel primal é a pressao
p = p(x), porém a de maior interesse fisico é o campo de velocidades. Nesse caso, a solugdo pelo método de Galerkin
pode levar & taxas de convergéncia sub-Gtimas e a nao conserva¢ao da massa. Desse modo, métodos mistos (onde
pressao e velocidade s@o resolvidas simultaneamente) [3] ou técnicas de pds-processamento [4] conseguem recuperar
solugoes estaveis e com boas taxas de convergéncia. Porém, para meios porosos altamente heterogéneos essas opgoes
tornam-se ineficientes [4], 5]. Desse modo, é apresentado aqui uma método de elementos finitos misto hibrido dual
estabilizado o qual é descontinuo e nao-conforme pois utiliza fungoes de aproximacao localmente definidas (em cada
elemento finito) [5]. Portanto, o método é resolvido em nivel de elemento ¢ as varidveis locais sdo eliminadas em
favor do multiplicador de Lagrange, definido nas interfaces dos elementos. Consequentemente, o sistema global
resultante é montado a partir dos graus de liberdade associados ao multiplicador de Lagrange, reduzindo assim o
seu custo computacional e tornando-se semelhante aos métodos de elementos finitos continuos (e conformes!). O

multiplicador de Lagrange ¢é identificado com o trago da pressao nas interfaces dos elementos.
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2 Resultados Principais

Sejam U = {v € Us : V[x € R" xR™ VK € Tp}, QL = {qg € Qs : qlx € R! VK € Tp} e
M ={peM: pe P Vec 52} espagos de elementos finitos lagrangeanos onde R"™ é o conjunto de
polinémios com grau menor ou igual a r se K é um triangulo, ou menor ou igual a r em cada varidvel cartesiana
se £ é um quadrildtero (r = [ ou m), e P* é o conjunto de polinémios de grau menor ou igual a s sobre cada
lado/aresta e. Considerando que {vy,pp}, pertencentes aos espagos de fungoes, sdo definidos independentemente
sobre cada elemento K € T, o problema — pode ser escrito como um conjunto de problemas locais definidos
sobre cada elemento K acoplado ao um outro problema sobre o conjunto das arestas/lados &, como segue:

m

Problemas Locais - Pressao e Velocidade: Encontrar u, € Uy, py, € Qﬁl, para cada K € T, tal que

, 1,4 .. .
(K‘luh,vh),g — (pp,divvp)c + A (Ve -ng)ds + §(K 1(dlv u, — f),divvy)c

oK
1 1
—E(K—luh + Vpn, Vi) + 5(V xup, Vx K v =0 Yv, e U™ (3)
. 1,
—(divun, qn)x + (f.an)xc — §(K Yy, + Vpr, KVan)c + | KB(pr — An)gnds = 0, Vg, € Q) (4)
oK

Problema Global - Multiplicador: Encontrar A\, € M3, satisfazendo

> [/ pn(ay, - Il/Cic)d$+/ KB(An —ph)uhds] =0, pn € Mj, (5)
KeTh oK

Para solugoes regulares e supondo interpolacoes de igual ordem para os campos de pressao e velocidades,
diferentemente das formulagoes mistas duais usuais, como ilustrado em [3], o método - é estavel, conservativo
e apresenta taxas de convergéncia étimas. Essas boas propriedades podem ser verificadas nos resultados numéricos

que serao apresentados nesse estudo.
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Abstract

The paper is concerned with a Spectral Colocation Chebyshev approximation of the Generalized Stokes
problem with pressure and filtration boundary conditions. The method uses the influence matrix method to

overcome the coupling between velocity and pressure on the permeable boundary.

1 Introduction

Let Q be the plane square | —1,1[x] —1, 1] with boundary I' = 92 divided in two parts: I'! = {z = +1, -1 <y < 1}
and I'? = {-1 <z <1, y = +1}. We consider on © the system of partial differential equations

cu—Au+Vp = F in Q (1)

V-u = 0in Q (2)

where u = (u,v) stand for the velocity of the flow and p for it’s pressure. The term F is known an o > 0 is a
constant. This problem is known as the Generalized Stokes problem and is an important step in the numerical

resolution of the Navier-Stokes equations. The following boundary conditions are considered: At the boundary I'!

pressure boundary condition is considered
u-t=v=or, p=yponl! (3)
At the boundary I'? filtration condition is imposed
u-t=wu=upr, u-n=-yponI'? withy>0 (4)

where n and t are the unit vectors normal and tangent to wall, respectively. The filtration condition coupling
the velocity and pressure corresponds to the Darcy law for flow where part of the boundary corresponds to a thin
porous wall(or membrane).

We consider the simplest Chebyshev collocation approximation of the generalized Stokes problem f (cf.[I]).
The scheme uses a single grid for both the momentum and the continuity equation , the grid being given by
the cartesian product of the Gauss—Lobatto points defined by

x;; = (&,&;), where & = cos(im/N) (5)

The Gauss-Lobatto points &; are the extrema of the Chebyshev polynomial of order N, T (&) = cos(N arccos¢).

The resolution of the discrete problem is based on the influence matrix technique([2]).
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2 Numerical results

To validity of the numerical approach is tested against the following exact solution

1 -1

== =2 =~ C-2)y-2) 6
! y—2e P U= T 7 ©)
—1
" ﬁ cos(2my){(1+y)e”* — (1 — y)e** 7%} (7)

In table 1 and table 2 we show the popintwise error E, on the pressure p, the pointwise errors F, and E, on the

velocity components v and v respectively and the magnitude of the discrete divergence V - u.

N 8 16 32 64
E, | 4.865x 107 | 7.496 x 107 | 1.249 x 10~ | 2.415 x 10~
E, | 1125 x 1076 | 7.551 x 10~ | 5.162 x 10~® | 1.787 x 10~ 4
E, | 1.227x1076 | 7.541 x 10~ | 6.106 x 10715 | 1.508 x 10~ !4
V-u | 9508 x 1079 | 1.907 x 10712 | 3.499 x 10713 | 1.045 x 1072

Table 1: Numerical results with ¢ = 1000, v =1

8 16 32 64
3.649 x 107 | 1.269 x 1078 | 7.434 x 10~'' | 1.787 x 10~10
1.349 x 1076 | 9.248 x 10~11 | 3.843 x 10~13 | 2.353 x 10~12
9.029 x 10~7 | 7.688 x 10~ | 2.563 x 10~13 | 2.809 x 10~12
V-u | 1.110 x 107° | 2.603 x 10~ | 2.3250 x 10~ | 8.857 x 10~ !!

ngjgjz

<

Table 2: Numerical results with ¢ = 1000, v = 104

The results show the high precision of the numerical approximation.
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Resumo

Seja F' um espago de Banach. S&o estabelecidas condicbes necessarias e suficientes para o operador de
integracdo de Dunford, do espaco das funcdes com valores em F Dunford integraveis ao bidual F” de F, pertencer
a um dado ideal de operadores. E mostrado também como tal fato por ser utilizado para caracterizar importantes
espagos de Banach, como os espagos de Banach com a propriedade de Banach-Saks, espagos de Banach separaveis

nao contendo co, espagos de Banach néo contendo ¢p ou ¢; e espagos de Asplund néo contendo co.

1 Introducao

Neste trabalho, F' sempre denota um espago de Banach real ou complexo, F’ o seu dual topoldgico, (€2, %, 1) um
espaco de medida finita, Idp: FF — F o operador identidade em F e Jr: F — F” o0 mergulho canonico.

Definition 1.1. Consideramos os seguintes espagos:
LY, F)y ={f: Q—F; pofeli(n),VoeF'} e MY uF)={f€L'(u,F)y: fépmensurivel}

M*(u, F) é um espago normado, ndo completo, com a norma de Pettis definida por

|fli = sup /Q\wfldu-

pEB L/

Lemma 1.1. (Diestel e Uhl [I, Lema I1.3.1], Ryan [3, p. 52]) Sejam f € L'(u, F)y, ¢ X € Q um conjunto
mensurdvel. Entdo exite um elemento de F”, denotado por [y fdu, satisfazendo (¢, [ fdu) = [y ¢ o fdu, para
todo p € F.

Definition 1.2. O vetor fx fdu do Lemaé denominado Integral de Dunford de f sobre X. Quando fX fdpeF
para todo conjunto mensurdvel X € €, dizemos que f é integrével segundo Pettis e, neste caso, [ « Jdp é chamado
de integral de Pettis de f sobre X.

Denotamos por D(u, F) o completamento do espaco normado (M (i, F),|-|1) e, por P(u, F) o completamento
de M (u, F) formado por todas as funcdes p-mensurdveis, integraveis segundo Pettis, com respeito a norma | - |;.

Com base em tudo que foi escrito acima, faz sentido a
Definition 1.3. (i) O operador Dunford é definido por
Ip: D, F) — F"

f — fQ fdpu.
(ii) O operador Pettis é definido por

Ip: P(u,F) — F”
f — fodﬂ'

Ip e Ip sdo lineares e continuos de norma unitaria.
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2 Resultados Principais

No que segue, 2 denota um ideal de operadores. Sendo E um espago de Banach real ou complexo, L(E;F)

representa o espaco das transformacoes lineares continuas de F em F, e

vl — 4 € L(BE,F) :u/ € A(F', E')}.
Para a defini¢ao de ideal de operadores regulares ver [2], 4.5.5)
Teorema 2.1. Considere as seguintes afirmacgoes:
(a) DF e (D(p, F), F").
(b) PF e A(P(u,F),F).

)

)

(c) Idp € A(F, F).

(d) Jr € AF, F").
)

(e) Idps € A(F",F").

i) As seguintes implicagoes sdo verdadeiras: (b)<= (¢) = (d) <= (e)= (a) = (d).
ii) Nenhuma das implicagdes restantes sdo vélidas em geral.

(
(
(iii) Se F ndo contém cdpia de ¢p e 2 é regular, entdo as condigoes (a)-(d) sdo equivalentes para todo (2, %, ).
(iv) As hipéteses de (iii) nao implicam que as condigdes (a)-(e) sejam equivalentes para todo (2, %, ).

(

v) Se A = (Adualydual "ent3o as condigdes (a)-(e) sdo equivalentes para todo (€2, 3, ).
Vamos fazer agora uma conexao com lineabilidade/espagabilidade. Um subconjunto A de um espago vetorial

topoldgico V é espagdvel se AU {0} contém um subespaco de dimensao infinita de V. Prosseguindo,

Um ideal de operadores 2 é proprio e tem contradominio hereditdrio se, e somente se, operadores em 2 nunca

tem contradominio espagdvel.

Proposicao 2.1. Seja 2 um ideal de operadores regulares que tem contradominio hereditario. Se I'dy. ¢ (oo, o),
entao as seguintes afirmagoes sao equivalentes para um espago de Banach F:

(a) F' ndo contém um cépia de ¢y e Idp € A(F, F).

(b) DF € A(D(p, F), F""), para todo espago de medida finita (2, %, ).

(c) DF € A(D(u, F), F"), para algum espaco de medida finita (2, %, 1) contendo uma sequéncia (A4,)%; de
conjuntos mensuraveis de medida positiva, tais que {n € N: w € A, } é finito para todo w € Q.

A partir do Teorema [2.I] e da Proposigao interessantes caracterizagoes de espagos de Banach com a
propriedade de Banach-Saks (ver Beauzamy e Lapresté [4]), espacos de Banach separdveis nao contendo ¢y, espagos
de Banach néo contendo ¢y ou ¢; e espagos de Asplund (ver Pietsch [2, 24.4.2]) ndo contendo ¢y sdo obtidas, todas

relacionadas ao respectivo operador de Dunford DF.
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Abstract

We provide a unifying approach to the study of Banach ideals of multilinear operators defined, or

characterized, by the transformation of vector-valued sequences.

1 Introduction

Important classes of linear and nonlinear operators between Banach spaces are defined, or characterized, by the
transformation of vector-valued sequences. One of the most popular example is the ideal of absolutely p-summing
operators: a linear operator u: E — F is absolutely p-summing if u sends weakly p-summable sequences in E to
absolutely p-summable sequences in F.

The notion of multi-ideals was introduced by Pietsch [4] and has been developed by several authors (for recent
contributions, see, e.g., [1l 2] 4] [5]). Our purpose is to synthesize the study of Banach multi-ideals by introducing
a general method of generating these multi-ideals by means of transformation of vector-valued sequences that
accommodates the already studied ideals as particular instances.

The letters E, Ey, ..., E,, F shall denote Banach spaces over K = R or C. By BAN we denote the class of all
Banach spaces over K and by L(FE1,..., E,;F) the Banach space of n-linear operators A: F; X --- x E,, — F
endowed with the usual sup norm.

2 Main Results

Definition 2.1. A class of vector-valued sequences X, or simply a sequence class X, is a rule that assigns to
each E € BAN a Banach space X (E) of E-valued sequences, that is X(E) is a vector subspace of EN with the
coordinatewise operations, such that:

coo(E) € X(E) < lo(E) and |le;]| xx) = 1 for every j.

A sequence class X is finitely determined if for every sequence (z;)52, € EV, (2;)52, € X(E) if and only if

Sl;p || x; jzl”X(E) < 400 and, in this case, || Z; j:1||X(E) = supy H Z; j:1||X(E).
The following result describes how the transformation of vector-valued sequences by multilinear operators works:

Proposition 2.1. Let X1,..., X, and Y be sequence classes. The following conditions are equivalent for a given
multilinear operator A € L(Ey,...,E,; F):

(a) (A(x§7,m?));’°;1§ Y(F) whenever( )51 € Xon(Em), m=1, 1,...,n.

(b) The induced map A: X;(F1) X -+ X Xn(En) — Y(F), A((= ]1 X (@)52) = (Ale),. . a]))52,, is a

well-defined continuous n-linear operator.

45



46

The conditions above imply condition (c) below, and they are all equivalent if the sequence classes X1, ..., X,
and Y are finitely determined.
(¢c) There is a constant C > 0 such that

A, eiaally e < € TLIEM x5, (1)
m=1
for every k € N and all finite sequences 7" € Ep,,j=1,....k,m=1,...,n.

In this case, ||A| = inf{C : holds}.

A multilinear operator A € L(Ey,...,E,;F) is (Xy,...,X,;Y)-summing if the equivalent conditions of
Proposition hold for A. If this occurs, we write A € Lx, _x,.v(E1,...,Ey; F) and define

1Al x1 X0y = Al (X1 (B, X (B)sY (F))-

A sequence class X is said to be linearly stable if Lx(FE; F) = L(E; F) and ||u: X(E) — X(F)| = |Ju|| for all
Banach spaces E and F and operators u € L(E; F).

Given sequence classes X1, ..., X,,Y, we say that X;(K)--- X, (K) N Y (K) if
(AL AM22 € Y(K) and

n
1 n\ 0o m\ oo
I Ay g < TT IOl 5, )
m=1

whenever (A]")32; € X, (K),m=1,...,n.

Now we are able to state our main result:

Theorem 2.1. Let X;,..., X, andY be linearly stable sequence classes such that X;(K)--- X, (K) = Y (K). Then

(Lxy,..x,vs |- Ix1....x,:v) is a Banach ideal of n-linear operators.
Important ideals of multilinear operators that have been studied individually in the literature are particular

cases of the ideals generated by Theorem as, for instance, the multi-ideals defined in [I] and [2].
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Abstract

In our research we will study the existence of weak solutions for a class of quasilinear elliptic problems
involving p-Laplacian and nonlocal source term. Our result is obtained by the variational method and the

theory of Sobolev spaces with variable exponent .

1 Introduction

In this work we study the problem described by the equation

—Apu — (a— b/Q |Vul?)Au = B </Q F(x,u) dx) flxz,u) in Q,
u(z) =0, z €0,

where (2 is a bounded domain in RY, with smooth boundary 9.
—Apu is the p-Laplacian: Ayu := div(|Vu[P7?Vu),1 < p < oo, a,b > 0 are constants.
f(x,t) : @ x R — R is a Carathéodory function , F(x,u) = fou f(z,t)dt and B is a continuous function.

Liu et al [4], Yang and Chang [5], Correa and Figueiredo [2] and recently Molica Bisci and Radulescu [3] studied
questions on the existence of weak solutions of ,with @ = b = 0. Bartolo [I] investigated the case b = 0.
Differently from usual works, where the nonlocal term is (a+b [, [Vu|*)Au , we put forward a new nonlocal term
(a—b [, |Vu|?)Au which presents interesting difficulties (See [6]) .

2 Main Results

Our main result is given by the following theorem

Theorem 2.1. If
(F1) f:Q xR —= R is a Carathéodory function and there exist positive constants ¢1 and co such that

|f(z,8)] <1 +eals|®@7L VaeQseR,

for some a € C(Q) such that 1 < a(x) < p*(z) for z € Q.
(F2) There exist 0 > 0 and M > 0 such that

0<O0F(x,t) < f(z,t)t for all |t| > Mand z € Q

47



48

(B) There exist 8 > 0 and M > 0 such that
0 < 60B(t) < B(t)t for all |t| > M.

Then has a weak solution in Wol’p(z)(Q) .

Proof: We get our conclusion by applying the Mountain pass theorem. =
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Abstract

We investigate T-periodic parametrized first and second order retarded functional equations on (possibly)
noncompact manifolds. We prove existence and global continuation results for T-periodic solutions. The
approach is topological and is based on the degree theory for tangent vector fields as well as on the fixed

point index theory.

1 Introduction

Let M C R* be a boundaryless smooth manifold and denote by BU((—o0,0], M) the metric space of bounded
and uniformly continuous maps from (—oo, 0] into M with the topology of the uniform convergence. Consider the

following parametrized retarded functional motion equation on M:
() = M(ta), A0, (1)
where:

i) 2/(t) stands for the tangential part of the acceleration z”(t) € R at the point z(t) € M,

ii) f: R x BU((—o0,0], M) — R¥ is such that f(t,¢) € Ty)M for all (t,p), where T,M C R¥ is the tangent
space of M at a point p of M; we call such a map functional field;

iii) x; denotes the function 6 — z(t + 0).

We obtain global continuation results for . More in detail, we assume that f is T-periodic in the first variable
and locally Lipschitz in the second one. We denote by C}(M) the space of the T-periodic C! maps z: R — M with
the standard C! metric, and we call (\,z) € [0,4+00) x CL(M) a T-forced pair of the equation ifz:R—> M
is a T-periodic solution of corresponding to A. Among these pairs we distinguish the t¢rivial ones; that is, the
elements of the form (0,p™), where, given p € M, p~ denotes the constant p-valued function defined on R. A point
p € M is called a bifurcation point of if any neighborhood of (0,p~) in [0, +00) x CL(M) contains nontrivial
T-forced pairs. Theorem below is a global continuation result for T-forced pairs of problem .

The prelude of our approach can be found in some papers of the last two authors (see e.g. [3, []). In [4] Furi

and Pera proved a global continuation result for the second order parametrized motion equation

:I,‘;/,(t) = )\f(t,x(t),x’(t)), A>0,
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where f: R x TM — R¥ is a continuous, T-periodic tangent vector field on M. Our results improve those of [4] in a
natural sense, since differential equations with delay include ODEs as particular cases. The proof of Theorem

is topological. It is based on a relation, proved in [2] Lemma 3.8], between the degree of the tangent vector field

T
fo) =5 [ resd pen

and the fixed point index of a sort of Poincaré T-translation operator acting inside the Banach space C'([—T, 0], R?*).
Notice that is equivalent to a first order retarded functional differential equation on the tangent bundle T'M.
We prove Theorem by transforming into the first order system, where r: TM — R is the inertial reaction:

{ 2 (t) = y(t),

Y (1) = r(@(), y(1) + Af(tm), A >0, @)

2 Main Results

Theorem 2.1. Let M C R* be a boundaryless smooth manifold, f: Rx M — RF a functional field on M, T-periodic

in the first variable and locally Lipschitz in the second one, and f: M — R¥ the autonomous tangent vector field

T
fa) =5 [ s,

Let Q be an open subset of [0,+00) x Ch(M) and let j: M — [0,+00) x CL(M) be the embedding q — (0,q7).
Assume that deg(f,j~1(Q)) is defined and nonzero. Then, Q contains a connected subset of nontrivial T-forced
pairs of the equation

va(t) = Af(t,ze), A =0, (1)

whose closure in £ is noncompact and meets the set {(O, ) EQ: flq) = O}.

As a byproduct of Theorem [2.1] we obtain a Rabinowitz-type bifurcation result, assuming that the degree
of f is nonzero on an open subset of M. Another corollary is a Mawhin-type continuation principle. A principal
motivation in [4] was to investigate the problem about the existence of forced oscillation for constrained systems with
compact, topologically nontrivial constraint, such as the spherical pendulum, whose constraint M is S?. Concerning
the retarded spherical pendulum, an existence result for forced oscillations has been proved by the authors in [I],
assuming the continuity of the functional field f on the space R x C((—o00,0],8?), with C((—o0, 0], 5?) having the
too weak topology of the uniform convergence on compact intervals, making the continuity assumption of f a heavy
hypothesis. Our main result allows us to extend this existence theorem to the case in which the functional field is
continuous on R x BU((—o00, 0], 5?)
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Abstract

We obtain a characterization result for the problem of almost periodicity of the hyperbolic nonautonomous

difference equations in Banach spaces using the theory of separation of solutions.

1 Introduction
Let X be a Banach space and consider the equation
u(n+1) =T(n)u(n) + f(n), n € Z, (1)

where (T'(n))nez is a family of bounded linear operators on X and f : Z — X is a sequence. The problem of almost
periodicity of is the following: suppose that n — T'(n) and n — f(n) are almost periodic. If u: Z — X is a
solution of , is u a almost periodic sequence? Our results allow us to answer this question if the discrete evolution
family U : {(n,m) € Z x Z;n > m} — B(X) generated by (T'(n))nez

A , ifn=m
T(m—1)o---0T(n) , ifn>m.

U(n,m) = { (2)

has exponential dichotomy:

Definition 1.1. A discrete evolution family U(n,s) is called hyperbolic (or has a exponential dichotomy) with
constant M > 1 and exponent w > 0 if there are projections Q(s) € B(X), s € Z, such that

(i) foralln € Z, Un+1,n)Q(n) = Qn+ 1HU(n+1,n);

(ii) For allm >n € Z, U(m,n) : Im(Q(n)) — Im(Q(m)) is a isomorphism with inverse U(n,m) := U(m,n)~":

Im(Q(m)) = Im(Q(n));
(iii) ||U(n,m)(Z — Q(m))|lex) < Me™*™™) if n > m;
(i) [|U(n,m)Q(m)||cce) < Me* =™ if n < m.
To study almost periodicity of the equation , we will study the general equation
u(n+1) =h(n,u(n)), n€Z (3)

following the Amerio’s theory of separation of solutions (see [1] for more details). More precisely, we need the
concept of hull of a sequence (or a function). Given u : Z — X and h : Z x X — X, we define

H(u):={v:2Z — X ; exists a sequence (si)ren C Z such thatklim u(n + s;) = v(n) uniformly in n € Z}.
— 400
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H(h) = {p:ZxX— X exists a sequence (si)ren C Z such that lim h(n+ si,x) = p(n, z) uniformly in

k—+o00

(n,z) € Z x K, for each K C X compact}.
For each p: Z x X — X in the H(h), we consider the equation
v(n+1) =p(n,vn)),n € Z. (4)
Fix a compact subset K C X andlet D =7 x K.

Definition 1.2. A family F of sequences in X is separated in D if the graph of each u € F belongs to D and if
there exists v > 0 such that
[u(n) = v(n)|| > r,Vn € Z

for all u,v € F.
Then, we prove the following result:

Theorem 1.1. If F # 0 is separated in D, then F is finite.

2 Main Results

Lemma 2.1. Let h € AP(Z x X;X). If any system has separated solutions on D, then we can find o > 0 such
that, for each p € H(h) and for each couple of solutions vi,vs of (@), we have inf,ez [|vi(n) — va(n)|| > 0. In
particular, the equations and , for all p € H(h), have the same number of separated solutions in D.

Theorem 2.1. Suppose that h € AP(Z x X;X). If, for each p € H(h), the equation possess separated solution
in D, then all the solutions of are almost periodic.

As a consequence of the Theorem [2.1] we give the following characterization of almost periodicity of :

Corollary 2.1. Suppose that {T'(n)}nez is almost periodic and generates a hyperbolic evolution family
(U(n,m))n>m- If f € AP(Z;X), then the solution of u: Z — X of is almost periodic if, and only if, Im(u) C X

is relatively compact.

References

[1] CORDUNEANU, C. - Almost Periodic Functions. Interscience Publishers [John Wiley & Sons], New York-
London-Sydney, 1968. With the collaboration of N. Gheorghiu and V. Barbu, Translated from the Romanian
by Gitta Bernstein and Eugene Tomer, Interscience Tracts in Pure and Applied Mathematics, No. 22.

[2] DANTAS, F., CUEVAS, C. AND SOTO, H. - Almost periodicity for a nonautonomous discrete dispersive population

model, submitted.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UNIOESTE - Universidade Estadual do Oeste do Parana
IX ENAMA - Novembro 2015 53154

ALMOST AUTOMORPHIC SOLUTIONS OF DYNAMIC EQUATIONS ON TIME SCALES

C. LIZAMAYT & J. G. MESQUITAZ23:f

!Universidad de Santiago de Chile, Santiago, Chile, ?Universidade de Sao Paulo, Ribeirdo Preto-SP, Brasil,
3Supported by CAPES grant 5811/12-0 and FAPESP grant 2013/17104-3.

fcarlos.lizama@usach.cl s ijgmesquita@ffclrp .usp.br

Abstract

In the present work, we introduce the concept of almost automorphic functions on time scales and present
the first results about their basic properties. Then, we study the nonautonomous dynamic equations on time
scales given by 22 (t) = A(t)z(t) + f(t) and = (t) = A(t)z(t) + g(t, z(t)), t € T where T is a special case of time
scales that we define in this article. We prove a result ensuring the existence of an almost automorphic solution
for both equations, assuming that the associated homogeneous equation of this system admits an exponential
dichotomy. Also, assuming the function g satisfies the global Lipschitz type condition, we prove the existence
and uniqueness of an almost automorphic solution of the nonlinear dynamic equation on time scales. Further,
we present some applications of our results for some new almost automorphic time scales. Finally, we present

some interesting models which our main results can be applied.

1 Introduction

The theory of time scales is a recent theory which started to be developed by Stefan Hilger, on his doctoral thesis
(see [6]). This theory represents a powerful tool for applications to economics, populations models, quantum physics
among others. See, for instance, [I, Bl [7].

Since time scale is any closed nonempty subset of R, the theory of dynamic equations on time scales allows to
unify several developments in evolution equations, depending on the chosen time scale. For instance, if T = Z, we
have a result for difference equations. On the other hand, taking T = R, we obtain a result for differential equations.
We point out that this theory can also describe continuous-discrete hybrid processes, which have several important
applications. For instance, the continuous-discrete hybrid processes can be used to investigate option-pricing and
stock dynamics in finance, the frequency of markets and duration of market trading in economics, large-scale models
of DNA dynamics, gene mutation fixation, electric circuits, populations models, among others. See, for instance,
[4, 5l [8, 13l [7] and the references therein. Moreover, this theory can be used to study quantum physics. Choosing
the time scale equal to ¢Z U {0}, ¢ > 1, we obtain a result for quantum calculus, which is a fundamental tool to
study quantum physics. See [2] and [3] for more details.

In this work, we introduce the concept of almost automorphic functions on time scales and to start the
investigation of existence and uniqueness of almost automorphic solutions of dynamic equations. More precisely,

we study the non-autonomous dynamic equations on time scales given by
a®(t) = A(t)e(t) + f(t), teT, (1)

where A € R(T,R™*") and f € C,q(T,R™).

We prove the existence of an almost automorphic solution of , assuming the associated homogeneous equation
of admits an exponential dichotomy and T is an invariant under translations time scale, concept that we introduce
here for the first time. Also, we suppose A € R(T,R"*") is almost automorphic and nonsingular matrix function,
the sets {A71(t) }rer and {(I + p(t)A(t)) "1 }ier are bounded and f € C.q(T,R™) is almost automorphic function.
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After that, we consider the semilinear dynamic equation on time scales given by
z2(t) = A()z(t) + f(t,2(¢), teT, (2)

where A € R(T,R™*"), f € Crq(T x R™,R™) and T is an invariant under translations time scale.

We also obtain the existence and uniqueness of an almost automorphic solution of , we assume the associated
homogeneous equation of admits an exponential dichotomy and A € R(T,R"*") is almost automorphic and
nonsingular matrix function, the sets {A™1(¢)}ier and {(I + u(t)A(t)) "' et are bounded and f € Cp.q(T x R, R™)
is almost automorphic function with respect to first variable and satisfies the global Lipschitz condition with respect
to the second variable.

References

[1] ATICI, F. M., BILES, D. C., LEBEDISNKY, A., An application of time scales to economics, Mathematical and
Computer Modelling, 43, (2006) 718-726.

[2] BOHNER, M., PETERSON, A., Dynamic Equations on Time Scales: An Introduction with Applications,
Birkhauser, Boston, 2001.

[3] BOHNER, M., PETERSON, A., Advances in Dynamic Equations on Time Scales, Birkhauser, Boston, 2003.

[4] BRIGO, D., MERCURIO, F., Discrete time vs continuous time stock-price dynamics and implications for option
pricing, Finance and Stochastics 4 (2000), 147-159.

[5] CHRISTIANSEN, F.B., FENCHEL, T.M., Theories of populations in biological communities, vol. 20 of Lectures
Notes in Ecological Studies, Springer-Verlag, Berlin, 1977.

[6] HILGER, S., Ein MaSkettenkalkil mit Anwendung auf Zentrumsmanningfaltigkeiten, PhD thesis, Universitét
Wiirzburg, 1988.

[7] KELLER, S., Asymptotisches Verhalten invarianter Faserbiindel bei Diskretisierung und Mittelwertbildung in
Rahmen der Analysis auf Zeitskalin, PhD thesis, Universitat Augsburg, 1999.

[8] KLAPPER, I., QIAN H., Remarks on discrete and continuous large-scale models of DNA dynamics, Biophysical
Journal, 74 (1998), 2504-2514.

[9] LI, Y., WANG, C., Pseudo almost periodic functions and pseudo almost periodic solutions to dynamic equations
on time scales, Adv. Difference Equ., 2012, 2012:77, 24 pp.

[10] LIZAMA, C., MESQUITA, J. G., Almost automorphic solutions of dynamic equations on time scales, J. Funct.
Anal. 265 (2013), no. 10, 2267-2311.

[11] LIZAMA, C., MESQUITA, J. G., Addendum to “Almost automorphic solutions ofdynamic equations on time
scales” [J.Funct. Anal. 265 (10) (2013) 2267-2511], J. Funct. Anal., to appear.

[12] LIZAMA, C., MESQUITA, J. G., PONCE, R., A connection between almost periodic functions defined on time
scales and R, Appl. Anal. 93 (2014), no. 12, 2547-2558.

[13] TISDELL, C.C., ZAIDI, A., Basic qualitative and quantitative results for solutions to nonlinear, dynamic equations
on time scales with an application to economic modelling, Nonlinear Anal., 68 (2008), no 11, p. 3504-3524.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UNIOESTE - Universidade Estadual do Oeste do Parana
IX ENAMA - Novembro 2015 55156

ESTABILIDADE LINEAR DE ONDAS VIAJANTES PERIODICAS PARA A EQUACAO
INTERMEDIARIA DE ONDAS LONGAS

ELEOMAR CARDOSO JR.I't & FABIO NATALI%f

'UFSC, Blumenau-PR, Brasil, ?DMA, UEM, Maringa-PR, Brasil.

Teleomarj uniorQutfpr.edu.br, ‘fmanataliQuem.br

Resumo
A equagdo Intermedidria de Ondas Longas é uma equagao integro-diferencial que descreve a propagacdo de
ondas gravitacionais internas longas em um fluido estratificado de profundidade finita. Além disto, esta equagao
também modela o movimento de ondas longas no contexto atmosférico e ocednico e o “fenémeno de dguas
mortas” introduzido por Ekman [3]. Neste trabalho, investigamos a estabilidade linear de ondas periédicas, em
um espaco de Sobolev de média zero, para a equacao Intermediaria de Ondas Longas. Nesta abordagem, sao

usadas técnicas associadas ao estudo do indice Hamiltoniano de Krein vinculado ao operador linearizado.

1 Introducao

Consideremos que as constantes L > 0 e § > 0 sejam fixadas. A equagao
up + 2uuy — (Msu), =0, (z,t) € R x R, (1)

onde

(Mag)(x) = FZ” coth (2’17“5) - (15] G(5), V k€ Z,

¢ denominada a equagao Intermediaria de Ondas Longas.
A funcdo u : R x Rt — R ¢ dita uma solucao do tipo onda viajante periédica de periodo L para a equacdo
se existirem c € R, ¢ > 0 e ¢ : R — R, uma fungao suave e L-periddica, tais que

u(z,t) = oz —ct), (z,t) € RxRT,

soluciona no sentido pontual.

Seja o espago de Hilbert
Ho = {f € Ly..([0. L]); /OL f(z) do = 0}
e o operador linearizado
L:=(M;s+c)—2p. (2)
Consideremos o problema de obter um par (A, 1) € C x Hy, de tal forma que
JL| b = M, (3)

onde J = 0,. A onda viajante periddica associada & funcido ¢ é dita ser linearmente instdvel em Hy se existir
um par (A, ¢) € C x Hy, com Re(\) > 0 e ¢ # 0, para o qual a identidade (3)) é vdlida. Caso contrério, a onda
viajante é dita ser linearmente estdvel em Hy. Parker (ver [4]) deduziu uma classe de ondas viajantes periddicas
para a equagao . Neste trabalho, investigamos a estabilidade linear das ondas viajantes periédicas deduzidas por
Parker.
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2 Resultados Principais

Definamos k, como o nimero de autovalores reais positivos (contando as devidas multiplicidades) do operador
0:L|p,. Entendemos k. como o nimero de autovalores complexos (ndo-reais) de 9,L|g, cuja parte real é
estritamente positiva (contando as devidas multiplicidades). Se A for um operador auto-adjunto, entao, n({w, Aw))
denota a dimensao maximal do subespagco que satisfaz (w, Aw) < 0. Suponhamos que \ seja um autovalor imagindrio
puro do operador 0, L e que E) seja o autoespago associado a A. Definamos a assinatura de Krein negativa de A
por

ki (A) = n({(w, (£L]a,)|Byw))-

Finalmente, definamos

AEiR—{0}

como a assinatura de Krein total e o nimero inteiro nao-negativo
Kuam =kr + ke +k;

define o indice Hamiltoniano de Krein associado ao operador 0, L.
Baseados no indice Hamiltoniano de Krein, em vista da teoria detalhada por Deconinck e Kapitula (ver [2]) e

por Kapitula e Promislow (ver [3]), enunciamos o seguinte resultado:

Teorema 2.1. As ondas viajantes periddicas, obtidas em [J|], sdo solugdes linearmente estdveis para a equagao
Intermedidria de Ondas Longas .

A prova do teorema acima enunciado requer o conhecimento de caracteristicas do espectro do operador £, dado
em . Para tal estudo, entretanto, sdo usados resultados relativos & positividade do operador abordados por
Angulo e Natali (ver [I]).
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Resumo

Neste trabalho provaremos que, no caso particular que um espago localmente convexo FE é um espago DFN,
todo operador de convolugéo néo trivial sobre H(F) é mixing, em particular hiperciclico. Mostraremos também
que nao se pode esperar resultados deste tipo para um espaco localmente convexo arbitrario, pois provaremos

que os operadores translagao sobre o espago H(CN ) nunca sao hiperciclicos.

1 Introducao

Se X é um espago vetorial topoldgico, dizemos que um operador linear continuo 7: X — X é hiperciclico se sua
orbita {x,T(z), T?(x),...} é densa em X, para algum z € X. Dizemos que X é mizing se dados abertos nao-vazios
U,V C X, existe ng € N tal que T"(U) NV # 0, para todo n > ng. E facil ver que todo operador mixing é
hiperciclico.

Neste trabalho estamos particularmente interessados em estudar a propriedade mixing para operadores de
convolucdo em espagos de fungoes inteiras. Godefroy e Shapiro [4] provaram que todo operador de convolugao nao
trivial sobre o espago H(C™) das fungoes inteiras definidas em C™ é hiperciclico. Por um operador de convolugdo
ndo trivial estamos referindo a um operador de convolugao que nao é multiplo escalar da identidade. Este resultado
generaliza resultados cldssicos de Birkhoff [2] e MacLane [5] sobre hiperciclicidade dos operadores translacao e
diferenciagao sobre H(C).

Em [I], os autores provaram um resultado geral de hiperciclicidade para operadores de convolugao sobre o espago
Heow(E) das fungoes inteiras de ©-tipo limitado definidas sobre o espago de Banach complexo E. Os resultados de
[1] e [4] sdo baseados no critério de Kitai (também conhecido como critério de hiperciclicidade). Atualmente, sabe-se
que o critério de Kitai prova mais do que hiperciclicidade, prova mixing. Logo as demonstracgoes dos resultados de
[1] e [4] garantem que os referidos operadores de convolugdo sdo mixing,.

Neste trabalho provaremos que se E é um espago DFN arbitrario, entao todo operador de convolugao nao trivial
sobre o espago de Fréchet H(E) é mixing. Relembre que um espaco DFN é um espago que é o dual forte de um
espago de Fréchet nuclear. Nossa prova combina os resultados de hiperciclicidade para Hep(E) (com E normado)
explorados em [I] com um método de fatoracdo introduzido por Colombeau e Matos [3] para o espaco H,np(E)
(com E localmente convexo).

Provaremos também que nao podemos obter hiperciclicidade de operadores de convolugao quando E é um espago
localmente convexo arbitrario. Em contraste com o fato que todo operador de convolugdo néo trivial sobre H(C™)
é hiperciclico, provaremos que todo operador translagio sobre H(CY) nio é hiperciclico, considerando em H(CY)
qualquer uma das trés topologias usuais: a topologia compacto aberta 7y, a topologia portada de Nachbin 7, ou a

topologia bornolégica 7.
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2 Resultados

Definicao 2.1. Seja F um espago localmente convexo. Um operador de convolugao sobre H(E) é um operador
linear continuo

L: H(E) = H(E)
tal que L(7,f) = 7o(Lf) para toda f € H(F) e a € E, onde (1,f)(z) = f(x — a) para todo z € E.
Abaixo enunciamos o principal resultado do trabalho.

Teorema 2.1. Seja E um espago DFN e L um operador de convolugdo nao trivial sobre H(E). Entdo L é mixing,

em particular hiperciclico.
O proximo resultado da o contraexemplo que mencionamos anteriormente.

Teorema 2.2. (a) (H(CY),7p) = (H(CY),7,) # (H(CN), 75).
(b) Para cada a € CV, o operador translacio 7, é um operador de convolucdo sobre (H(CN),7) que ndo é

hiperciclico, para T = 1y, T, ou Ts.
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Abstract

We obtain a new class of compact Hausdorff spaces K for which ¢g can be nontrivially twisted with C'(K),

making significant progress on a problem studied in many articles.

1 Introduction

In this work, we present a broad new class of compact Hausdorff spaces K such that Ext (C’ (K ),co) # 0, where
C(K) denotes the Banach space of continuous real-valued functions on K endowed with the supremum norm.
For Banach spaces X and Y, one can define the spaces Ext,(X,Y) following the standard procedure used in the
category of modules over a ring. The space Fzt;(X,Y), which we denote simply by Ezt(X,Y), can be identified
with the set of equivalence classes of short exact sequences 0 -+ Y — Z — X — 0 of Banach spaces and bounded
linear operators. More precisely, given Banach spaces X and Y, the space Ext(X,Y) is identified with the set of all
short exact sequences of the form 0 - Y — Z — X — 0, where Z is another Banach space and the morphisms are
bounded linear operators, modulo the following equivalence relation: two exact sequences 0 — Y it Z x50
and0 - Y 32 Zo 52 X 5 0 are related if and only if there exists an isomorphism R : Z; — Z5 such that RoT; = T5
and Sy 0 R = S57. A short exact sequence 0 -+ Y — Z — X — 0 of Banach spaces is also called a twisted sum of Y
and X. This twisted sum is called trivial if the exact sequence splits, i.e., if the map Y — Z admits a bounded linear
left inverse (equivalently, if the map Z — X admits a bounded linear right inverse). In other words, the twisted sum
is trivial if the range of the map Y — Z is complemented in Z; in this case, Z &£ X @Y. Many problems in Banach
space theory are related to the quest for conditions under which Fxt(X,Y) = 0, i.e., under which every twisted sum
of Y and X is trivial. For instance, an equivalent statement for the classical Theorem of Sobczyk is that if X is a
separable Banach space, then Fxt(X,cg) = 0. The converse of the latter statement clearly does not hold in general:
for example, Ext((l (1), co) = 0, since ¢1(I) is a projective Banach space. However, the following question remains
open: is it true that Ext(C(K),co) # 0 for any nonseparable C(K) space? This problem was stated in [I} 2] and
further studied in the recent article [3]. In this work, we develop a technique involving biorthogonal systems that
allows one to conclude the existence of nontrivial twisted sums of ¢y and certain Banach spaces. The application
of this technique to C(K) spaces yields a large class of compact Hausdorff spaces K such that Ext (C (K), co) #0.
Thanks to the existence of nice biorthogonal systems in the space of continuous real-valued functions defined on
a Valdivia compactum, our results are a huge advance towards the solution of the open problem of determining
whether ¢y can be nontrivially twisted with C(K) for any nonmetrizable Valdivia compact space K ([3]).

2 Main Results

The technique involving biorthogonal systems is presented in Theorem and the key to its proof is Lemma [2.1
below. Recall that a family of sets (A4;)ics is said to be almost disjoint if each A; is infinite and A; N A; is finite, for

all 4,7 € I with i # j. Here, we denote by w the set of natural numbers and by ¢ the cardinality of the continuum.
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Lemma 2.1. There ezists an almost disjoint family (Ap o)new,ace 0f subsets of w satisfying the following property:
for every family (A, ,)new.acc with each A}, , C Apn o cofinite in A, o, it holds that sup,¢,, |[My| = +oo, where
M,={necw:peUjec Ao} and |M,| denotes the cardinality of the set M.

Let X is a Banach space. A biorthogonal system in X is a family (x;,7;)icr with 2; € X, v; € X*, vi(2;) =1
and ;(xz;) = 0 for ¢ # j. We call this biorthogonal system bounded if sup,c; [|x;|| < +oo and sup;c; [|7: || < 4o0;

weak*-null if (v;)icr is a weak*-null family, i.e., if (v;(z)),_, is in co(I), for all z € X.

iel
Theorem 2.1. Let X be a Banach space.  Assume that there exist a weak*-null biorthogonal system

< C for all ny,...,np € w pairwise

(T, Yo )new,ace in X and a constant C > 0 such that H Zle Ty s
distinct, all aq,...,ap € ¢, and all k > 1. Then Ext(X,cy) # 0.

If X is a C(K) space, then Theorem has an interesting consequence, stated in Corollary

Corollary 2.1. Let K be a compact Hausdorff space. Assume that there exists a bounded weak*-null biorthogonal
system (fn.as Yn,a)new,ace in C(K) such that fnofmp =0, for alln,m € w with n # m and all o, 8 € ¢. Then
Ext(C(K),co) # 0.

Using Corollary and some technical results, we conclude that Ext (C’ (K), co) = 0 for many classes of compact
spaces K. In the next theorem, we state a few of them.

Theorem 2.2. If K is the space [0,w] X [0,¢] or K is a product of at least ¢ compact Hausdorff spaces with more
than one point, then Emt(C(K), co) # 0.

Now, we turn our attention to Valdivia compacta and its subclass of Corson compacta. Given an index set I,
we write X(I) = {x € R! : support of z is countable}, where the support of x € R’ is the set of points of I such
that x; # 0. Given a compact Hausdorff space K, we call A a X-subset of K if there exists an index set I and
a continuous injection ¢ : K — R! such that A = ¢~1[S(I)]. The space K is called a Valdivia compactum if it
admits a dense X-subset and it is called a Corson compactum if K is a X-subset of itself. The general problem
of determining whether ¢y can be nontrivially twisted with C'(K) for any nonmetrizable Valdivia compact space
remains open, but we solved it in several particular cases. The main results obtained are stated in Theorems

and [2.4] and Corollary

Theorem 2.3. Assume the Continuum hypothesis (CH). Let K be a Valdivia compact space. If K has a dense
S-subset A such that some point of K \ A is the limit of a nontrivial sequence in K, then Ea:t(C(K),co) #0.

Theorem 2.4. If K is a Valdivia compact space admitting a G§ point with no second countable neighborhoods,
then Ext(C(K),co) # 0.

Using Theorem we were able to establish the following result.

Corollary 2.2. Assume CH. Then Ext(C’(K), co) £ 0 for any nonmetrizable Corson compact space K.
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Resumo

Neste trabalho provamos resultados de hiperciclicidade para operadores de convolugao definidos sobre os
espagos de funcdes inteiras de tipo zero e ordem k£ > 1 definidos num espago de Banach complexo E. Tais
resultados estdo baseados nos conceitos de 71 e 72 i-tipos de holomorfia e generalizam resultados da mesma

natureza para espagos de fungdes inteiras de tipo limitado.

1 Definigoes e Resultados

Sejam E um espago de Banach sobre C e E’ o seu dual topoldgico. As definigdes deste trabalho fazem uso do

conceito de tipo de holomorfia. Para detalhes da teoria e terminologia usada, veja [5].

Definicao 1.1. [3, Definition 2.2] Seja (’P@(jE))?‘;O um tipo de holomorfia de E em C. Se p >0 ek > 1,
denotamos por B(’E)’p (E) o espago vetorial complexo de todas [ € H(E) tais que @f(O) € Po (jE), para todo
jENg=1{0,1,2,...} e

1
j!

N (4
loss =0 ()

que € um espago de Banach com a norma ||-[|g j , -

cijf(O)H < o0,
(]

Definicao 1.2. [3, Definition 2.4] Sejam (P@(jE))j‘?‘;O um tipo de holomorfia de E em C e k > 1. Denotaremos

por Ea:p’é,o (E) o espago vetorial complexo ﬂng (E) com a topologia limite projetivo localmente convexa. Aqui
p>0

estamos considerando a topologia limite projetivo com respeito as inclusdes naturais.
Definicao 1.3. Seja k > 1. Um operador de convolu¢do em Expgo (E) é uma aplicagao linear continua

(F Emp'ép (E) — Ewpg,o (E)

tal que 7, (O (f)) = O (7—of), paratodoa € E e f € Exp’é’o (E), onde 7_of (x) = f (x +a), para todo = € E.
Denotamos por Ag,o o conjunto dos operadores de convolugdo em Easpgo (E).

Agora estamos aptos a enunciar os dois resultados principais deste trabalho. O primeiro resultado faz uso do
conceito de mi-tipo de holomorfia que foi introduzido em [2] e refinado em [1]. J4 o segundo resultado utiliza o
conceito de 7 g-tipo de holomorfia. Tal conceito é uma variagdo do conceito de ma-tipo de holomorfia (veja [1,2])

e foi introduzido em [4].

Teorema 1.1. Sejam k > 1, E' separdvel e (Peg (jE));‘;0 um 1 -tipo de holomorfia de E em C. Entdo todo operador

de convolucdo em -A]é,o que nao € maultiplo da identidade € hiperciclico.
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Teorema 1.2. Seja k > 1, E' separdvel, (Po(? E))52 wm m1-ma i -tipo de holomorfia de E em C e T € [Emp’é)o (B))

um funcional linear que nao é maltiplo escalar de dg, onde &y € definido por do(f) = f(0). Entao o operador de

convolugao
Tx: Exp’é’o (E) — Exp](f)’o (E)

€ hiperciclico, onde T x f(x) = T(1—. f).
Como aplicagao do Teorema 1.1, temos o seguinte resultado:

Proposigao 1.1. Sejam k > 1, E' separdvel e (Po(’E))32, um mi-tipo de holomorfia de E em C. Entao todo
operador de convolugdo nao nulo em Alé,o tem imagem densa.
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Abstract

We study p-biharmonic problems dealing with concave-convex nonlinearities in the critical case with both
Navier and Dirichlet boundary conditions in a bounded, smooth domain and some f € C (), which is either
a positive or a change-sign function. By applying Nehari’s minimization method, we prove the existence of
two nontrivial solutions for the problems. If f is positive, both solutions of the problem with Navier boundary

condition are positive.

In this work we study the following fourth-order problems

A2u = A(|AuP72Au) = A f(x)|u?u+ ulP u in Q,
_ Ou 1)

—%:0 on 69,

u

and

(2)

AZu = A(|AuP72Au) = A f(@)|u]?%u + [ulP 2u in €,
u=Au=0 on 0,

where Q C RY is a bounded, smooth domain. We suppose that the exponents p and ¢ are such that 1 < p < oo,

N > 2p, 1 < q < p, and that p* = Nligp

parameter )\ is positive and f : 8 — R is either a positive or a changing-sign function.

denotes the Sobolev critical exponent for fourth-order problems. The

We consider the “energy” functional
1 A 1 .
Ia(w) =~ | [AufPdz — = [ f(z)lul?de — — [ [u’ dz. (3)
pPJa q Ja P Ja

In the case of problem (), Jy is defined in WZP(€); in @), J» is defined in W2P(Q) N WyP (). So, let E = E(Q)
stand for the space ng(Q) or the space WQ’J’(Q)ﬁVVol’p(Q)7 according to the problem we deal with, both considered
with the norm ||u|| = ||Aul|,, where || - ||, denotes the usual norm of L”((2).

We consider, for each A > 0, Nehari’s minimization problem:

ma(Q) = inf{Jx(u) : ue Ny(Q)},

where V() = {u € E\ {0} : (J{(u),u) =0}.
We define
i) = (.0 = P = [ j@lulrde— [ ju”az

and split NV, (Q2) into three components:
NY(Q) = {u e Ma(Q) = (Ph(u),u) >0}, NA(Q) = {u € Na(Q) : (¥4 (u),u) < 0}
and prove that, if A € (0, \1), is empty the third component

NR(Q) = {u € NA(Q) + (¥3(u),u) =0}
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By applying Lagrange multipliers, we conclude that, if ug is a local minimum for Jy in N)(2), then we have

Ji(up) = 0 em E*. In order to obtain two solutions, we define
mx(Q) = inf{Jy(u) : w € My}, m{(Q)=inf{J\(u) : u € N (Q)} and m; (Q) = inf{J\(u) : u € Ny (Q)}.

However, we noted that u € Ny () implies [, f(x)|u|/?%dz > 0. Since f can change sign, this relation might be
false. Therefore, we suppose
[(f+)] f: © — R is continuous and f* = max{f,0} # 0.

In order to find a solution in N, ;r (Q), we then restrict our problem to an open subset ' C Q where f is positive
and consider the functional Jo: W3P(') — R given by

1 1 .
Jo(u) = Z;/ |Au|Pdz — I?/ |u|? dx,
’ Q/

which is equal to the functional Jy in the level A = 0, restricted to §2'.

The mountain pass geometry satisfied by Jy implies that mo() = inf{Jo(u) : v € N(Q')} is positive, but the
infimum is not attained.

For u € WZP(Q'), by defining u = 0 over Q\ €', we have u € E \ {0}, since W2’ (Q) ¢ W2P(Q) N Wy P (Q). In
particular [, f(z)lu|%dz = [, f(2)|u|?dz and estimating we obtain that

mA(Q) <mi(9) < emp() <0,
where the constant ¢ < 0 is explicitely obtained. Another estimates yields
m, () > C > 0.

Since the immersion of E into LP” (Q) is not compact, we apply concentration-compacteness techniques, which
implies that Jy satisfies a local Palais-Smale (PS) condition below the level %S% — DM?. (We denote by 3 the
value pf’iq; the constant D is obtained in the paper.) In order to do that, we obtain estimates for m (€2) and

my ().

Theorem 0.1. If [ satisfies (f+), then there exists N\g > 0 such that, for all X € (0,)\g), problems and
have two distinct nontrivial solutions. If f is positive, the two solutions of problem are positive.
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Abstract

In this work we study some questions concerning to fractional heat equations with singular initial conditions.
Concretely, we analyze the existence of regular local mild solutions for the problem and its possible continuation

to a maximal interval of existence.

1 Introduction

Let Q C R™ be a bounded domain with smooth boundary. We will treat the fractional equation

OJu=Au+ululP~t  [0,00) x Q,
=0 0,00) x 9, 1)
u(0, ) = uo(x) Q,

where 9, is Caputo’s fractional derivative of order v € (0,1]. We will consider the above problem in the L7 setting.
More precisely, we assume that ug € L1(Q2), with 1 < ¢ < co and
n(p—1)
g="r"2 2)
If v = 1, this type of problem was considered by several authors. We just mention a few of these works.
By balancing the smoothing properties of the semigroup generate by the Dirichlet-Laplace operator against the
singularity of the nonlinear term, Weissler [4, 5] has proved interesting results on local existence and continuations
of solutions to the problem
up = Au+ |u|Ptu, [0,00) x Q,
u=0, [0,00) x 99, (3)
u(0,z) = up(z), = € Q.
Among other things, Brezis and Cazenave [3] have proved that the value plays a critical role in the study of ,
namely, if p > ¢ they obtain the existence and uniqueness of a local solution for any ug € LP(Q2). However, in case
p < ¢ it seems that there exists no local solution in any reasonable sense for some initial conditions uy € LP(f2).
Arrieta and Carvalho [2] developed a general theory of abstract parabolic problems with critical nonlinearities and,
particularly, they recovered several known results on existence and uniqueness of solutions for these equations,
including those from the paper by Weissler [4 5] and by Brezis and Cazenave [3]. Stimulated by these papers we
will investigate further the corresponding problem in the critical case. This work is based on joint work with
A. N. Carvalho, P. M. Carvalho-Neto and P. Marin-Rubio [IJ.

2 Main Results

Let L = A with Dirichlet boundary conditions in 2. Then, L can be seen as an unbounded operator in Yqo =L1(0Q)
with domain
D(A) = W>(Q) N Wy (Q).
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It is well-known that if {an}aeR is the scale of fractional power spaces associated to L and L., is the realization of

L in Y*, then we have that L, is an isometry from Yq‘)‘+1 into Y;* and
Lo :D(Lo) =Y CYr =YY
is a sectorial operator. Denote X := Yqo‘_l, a € R; particularly qu = L1(Q).
Definition 2.1. A continuous function u : [0,7] — X; is called an e-reqular mild solution to if u €

C((0,7]; X;7¢) and verifies

u(t) :E,Y(tVA)qur/O (t—s) " B, (¢ — s)Y A)|u(s)|" u(s)ds, t € [0,7].

Our main result is the following

Theorem 2.1. If p > -5 and vy € X; there exist positive values r and 19 such that for any ug € BX; (vo, 1)

there exists a continuous function u(-,uo) : [0,70] = X with u(0) = ug, which is an e-reqular mild solution to the

problem , for all e € [O, ﬁ%) This solution satisfies
u € C((O,T@];X;+e), 0 <6 < pe,

and

. 6 .
t1~l>I[T)I+ 7% || u(t, UO)HX;” =0, 0<0<pe

Moreover, for each 0y < € there exists a constant C' > 0 such that if ug, wy € BX; (vo,7), then

t“’9||u(t,u0) — u(t,wo)HXéJre S CHUO - w0||Xq1 Vit e [0,7’0}7 0 S 0 S 90.
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Resumo

O presente trabalho aborda o decaimento exponecial uniforme da energia associada a Equacdo de Schrodinger
sujeita a uma dissipagdo nao linear localmente distribuida, considerada sobre uma variedade Riemanniana n-
dimensional (M, g) ndo compacta, completa e sem bordo. Vamos supor que (M, g) é “non-trapping” e, além
disso, os efeitos dissipativos sdo considerados efetivos em (M\Q)U M., onde Q@ CC M é um subconjunto aberto,
conexo e limitado com fronteira 99 regular, de modo que Q é um conjunto compacto, e M, é um subconjunto

aberto de M. Taxas de decaimento exponenciais da energia no nivel de L? séo estabelecidas.

1 Introducao

Estudaremos a equagao descrita por:

iug + Au + ia(x)g(u) =0, em M x (0, +00) (1)

com condigoes iniciais

u(z,0) = up(z), x € M (2)

onde A denota o operador Laplace-Beltrami. O estudo se divide em dois casos:

(i)

)
E(t):

Quando (M,g) é um dominio exterior em R"™ munido com a métrica Euclidiana. Mais precisamente,
consideramos © C R", n > 2, onde © é um subconjunto compacto e conexo do R™ com fronteira regular.
Além disso, assumimos que a fronteira de © é “non-trapping”, ou seja, qualquer raio da &tica geométrica
(ou qualquer geodésica) refletindo sobre a fronteira de ©, de acordo com as leis da dtica geométrica, deixa
todo conjunto compacto em tempo finito. Denotamos por M o complementar de ©, ou seja, M = R™\O.
Neste caso consideramos condic¢oes de bordo do tipo Dirichlet sobre a fronteira M de M, saber, u = 0 em

M x (0,00).

Quando (M, g) é uma variedade Riemanniana n-dimensional, ndo compacta, simplesmente conexa, orientavel
sem bordo e “non-trapping”, munida com uma métrica Riemanniana g(-,-) = (-,-). Neste caso M ser
uma variedade “non-trapping” significa que nenhuma geodésica estd completamente contida em qualquer
subconjunto compacto de M. Além disso, vamos supor que a métrica g é completa e de classe C'>°.

presente trabalho tem como objetivo estabelecer o decaimento exponencial da energia total, isto €,

=1 Jaq [u(z,t)[? dz. Para este propésito, o termo dissipativo ia(z)g(u) ¢ fandamental, uma vez que se a = 0,

a energia total é conservada, isto é, F(t) = F(0), para todo t > 0, e nenhuma taxa de decaimento é esperada.

No caso de um dominio exterior assumimos que a(x) > ag > 0 em w, onde w C M é definido da seguinte forma:
Considere M := R™\O e seja R > 0 tal que IM C Br = {x € R™; ||z|| < R}, entdo definimos w := M\ Bg.
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No caso de uma variedade ndo compacta assumios que a(z) > ag > 0 em (M\Q) U M., onde Q CC M é um
subconjunto aberto, conexo e limitado com fronteira 92 regular, de modo que Q é um conjunto compacto, e M, é
um subconjunto aberto de M de medida arbitrariamente pequena. Se a curvatura seccional de M é nao positiva

entdo basta considerar efeitos dissipativos efetivos em M\, ou seja, a(z) > ag > 0 apenas em M\Q.

2 Resultados Principais

Hipédtese 2.1. g: C — C satisfaz:

i) g(z) € continua, g(0) = 0;

1) Re{[g(z) — g(w)][z—w]} >0, V¥ z,w € C;

i) Im{g(2)z} =0,V z € C;

iv) Ezistem constantes positivas c1 e ca, tais que c1|z|? < |g(s)z| < 22|, V 2 € C.

Teorema 2.1. Sob a Hipdtese temos:
Se M ¢é uma variedade Riemanniana ndo compacta como descrito anteriormente entao:
1. Para cada dado inicial ug € {w € H*(M), Aw € L*>(M)}, existe uma tinica solugao regular de .
2. Para cada dado inicial ug € L*(M), existe uma tinica solugdo fraca de .
Se M € um dominio exterior em R™ como descrito anteriormente entao:
1. Para cada dado inicial ug € Hi (M) N H2(M), existe uma tinica solugcio regular de ,
2. Para cada dado inicial ug € L*(M), existe uma tinica solugio fraca de .

Teorema 2.2. Seja u uma solugao fraca do problema . Entao, existem constantes positivas Ty, Cy and Ao tal
que
E(t) < Coe ™'E(0); Vt > Ty,

provada para dados iniciais tomados em conjuntos limitados de L*(M).
Observagao 1. De modo a obter o decaimento exponencial no caso em que M € uma variedade Riemanniana nao

compacta necessitamos assumir um efeito regularizante local para a equacdo de Schrédinger linear ndao homogénea.

Prova: Os principais ingredientes para a prova da estabilidade exponencial sdo: (A) um principio de continuagao
Unica para o problema linear (como provado por Triggiani and Xu [1]); e (B) um efeito regularizante local para o

problema linear nao homogéneo associado (como provado por Burq [2] e Burq, Gerard e Tzvetkov [3]).
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Resumo

Neste trabalho estudamos a existéncia e estabilidade de solugbes de equilibrio de uma equagao de difusao
acoplada com uma distribui¢do de tipo delta de Dirac. As solugdes de equilibrio sdo obtidas explicitamente das
solugdes de equilibrio da equacdo de calor apés remover a distribuigdo. A estabilidade dessas solugoes é obtida
da forma cldssica: analisando o espectro do opearador linear associado ao problema de estabilidade. Nesta parte,

a analise espectral desses operadores é obtida da teoria de perturbacgao analitica para operadores lineares.

1 Introdugao

Consideremos a equacao,
Uy = Uy + Z0(x)u + wu + u® + u®, (1)

onde u: R x RT - R, §: H}(R) — R ¢é a distribuicdo delta de Dirac centrada na origem z = 0, isto ¢ §(g) = g(0)
e w, Z € R sao parametros.

A equacao é um caso particular de uma familia de modelos que descrevem processos quimicos de reagao-
difusdo, no qual, devido aos efeitos de um catalizador a reacao aumenta em lugares localizados. O catalizador
nao afeta a continuidade da concentragao quimica, mas, o gradiente da concentracao sofre saltos nestes lugares

localizados, ver [3] e as suas referéncias.

2 Resultados Principais

Uma solugao de equilibrio da equagao é uma solugao da equagdo que ndo depende do tempo. Assim, substituindo

u(z,t) = ¢(z) em temos que ¢ deve satisfazer no sentido distribucional a equagao eliptica semilinear,
¢ +wo + Z8(x)¢ + ¢* + ¢° = 0. 1)

Desta forma, temos o seguinte resultado

Lema 2.1. Para Z € R e —w > %27

dado pela formula:

uma familia de solucdes de equilibrio positivas associadas & equagao é

bzl = [~ = L o (2v=w (1l + 1 (=) )] )

Nl=

Aqui R71: (—=1,1) = (—o00,00), denota um certo difeomorfismo.
Agora introduzimos a nogao de estabilidade,

Definigao 2.1. Dizemos que uma solugdo de equilibrio ¢ é dita estdvel em H'(R) pelo fluro da equacdio , se

para todo nimero positivo € existe um numero positivo 6§, tal que,
se  |luo— 9|1 <6, entao,  ||u(t) —¢ll1 <€, paratodo t>0.

Aqui, u(t) denota a solugdo em H'(R) da equagdo que satisfaz a condigao inicial u(0) = ug.
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Como é sabido, ver [I]-[2], para obter uma teoria de estabilidade para as solugoes de equilibrio do lema anterior

é necessario fazer um estudo detalhado do espectro do operador linear auto-adjunto:

d2
Lzg9= —@9 —wg — 3¢%U,Zg - 54[)?”,297 (3)

onde —w > 0, ¢,z dado em e o operador linear L é considerado definido sobre o dominio:
D=D(Liz)={g€ H(R)NH* R~ {0})|g'(0+) — g'(0~) = ~Zg(0) } . (4)

Sobre as propriedades espectrais do operador Lz, temos o seguinte resultado:

Teorema 2.1. Consideremos Lz definido por @ e , entao temos
1. Para Z <0, Lz tem exatamente dois autovalores positivos, o resto do espectro € negativo e afastado de zero.
2. Para Z >0, Lz tem um unico autovalor positivo, o resto do espectro € megativo e afastado de zero.
Finalmente da teoria cldssica exposta por exemplo em [I], podemos concluir que:

Teorema 2.2. Suponhamos, —w > ZTQ, entdo temos que as solugoes de equilibrio ¢, 7z dadas em (@) sdo instdveis.

Além disso,

1. Para Z < 0, a variedade instdvel associada ao fluxo da equag(iom e a solucdo de equilibrio ¢, z tem dimensao

dots.
2. Para Z > 0, a variedade instdvel associada ao fluzo da equagdo e a solugdo de equilibrio ¢., z tem dimensdo
um.
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Abstract

In this paper we shall study the existence of asymptotically almost automorphic and S-asymptotically w-

periodic solutions for a class of abstract differential equations modeled in the form
u'(t) = Au(t) + f(t, Bu(t)), u(0)+ g(u) = uo,

where A: D(A) C X - X and B: D(B) C X — X, t > 0, are closed linear operators; (X, || - ||) is a Banach
space and f: I x X — X, g: Cp([0,00); Xg) — Xp are appropriated functions.

Important note: You must submit a manuscript with only two (2) pages. Please, you must use the two
(2) pages available for this, and it is important give the main ideas of your work, including principal results and

references. Please, remove this information text from your work! Thank you very much.

1 Introduction

In this paper we shall study the existence of mild and classical asymptotically almost automorphic and S-
asymptotically w-periodic solutions for a class of abstract differential equations with nonlocal conditions modeled

in the form

u'(t) = Au(t) + f(¢, Bu(t)), t>0 (1)
u(0) + g(u) = uo, (2)

where A: D(A) C X — X and B : D(B) C X — X, are closed linear operators; (X, || - ||) is a Banach space and
Xp represents the domain of the fractional powers of —A and f : [0,00) x X — X, g : C,([0,00); X3) — Xp are

appropriated functions.

2 Main Results

Theorem 2.1. Suppose that R(t) : Z — W a family of bounded linear operator such that || R(t) ||zzw)<
Me=P, 3> 0 and f € C([0,00), Z). Let

¢
I'(t) := / R(t—s)f(s)ds, t >0,
0
1. If fe SAP,(Z), then I" € SAP,,(W).

2. If f € AAA(Z), then T € AAA(W).
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Theorem 2.2. Under assumptions (H1) — (H3), up € X, and assuming that the semigroup (S(t))i>o0 satisfies the
conditions of Lemma[2.1] then if

(LgM + KCq || B(=A)™ |lg(x) 7' T(1—a)) < 1

the nonlocal Cauchy problem has a unique mild solution AAA(X,) ( SAP,(X.)) .
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Abstract

The main purpose of this wokd is to establish the existence of positive solution to a class of quasilinear elliptic
equations involving the (p-¢)-Laplacian operator. We consider a nonlinearity that can be subcritical at infinity
and supercritical at the origin; we also consider potential functions that can vanish at infinity. The approach is
based on variational arguments dealing with the mountain-pass lemma and an adaptation of the penalization
method. In order to overcome the lack of compactness we modify the original problem and the associated energy
functional. Finally, to show that the solution of the modified problem is also a solution of the original problem

we use an estimate obtained by the Moser iteration scheme.

1 Introduction

In this work we consider a class of quasilinear elliptic equations involving the (p-¢)-Laplacian operator of the form

—Apu— Agu+ a(z) |ul’ 2 u+bz) [ul! P u = f(u), z € RY; 1)
u(r) >0, u€ DVP(RYN)N DLIRN), r € RN,

The m-laplacian operator is defined by A, u(x) = div(|Vu(z)|™ 2Vu(x)), for m € {p,q}, where 2 < ¢ < p < N;
the Sobolev space is defined by DV ™(RY) = {u € L™ (RY): (du/dz;)(z) € L™(RY), 1 < i < N}, and the
critical Sobolev exponent is given by m* = Nm/(N —m), also for m € {p, q}.

The nonlinearity f: R — R is a continuous, nonnegative function that is not a pure power and can be subcritical
at infinity and supercritical at the origin. More precisely, the following set of hypotheses on the nonlinearity f is
used.

—_

. limsup,_, o+ sf(s)/s? < +oo.

[\

. There exists 7 € (p,p*) such that limsup,_,,  sf(s)/s” = 0.

3. There exists 6 > p such that 0 < 0F(s) < sf(s) for every s € RT, where we use the notation F(s) = / f(t)dt.
0

4. f(t) =0 for every t < 0.

Is is worth noticing that hypothesis (3)) extends a well known condition which was first formulated by Ambrosetti
and Rabinowitz. It states a sufficient condition to ensure that the energy funcional, associated in a natural way
to this type of problem, verifies the Palais-Smale condition. Recall that a functional J: DV (RY) — R is said
to verify the Palais-Smale condition at the level c if any sequence (uy,)neny € DV™(RY) such that J(u,) — ¢ and
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J'(u,) = 0, as n — +00, possess a convergent subsequence. Hypothesis (3]) also allows us to study the asymptotic
behavior of the solution to the problem.
We also assume that the functions a,b: RY — R are continuous and nonnegative. Moreover, the following set

of hypotheses on the potential functions a and b is used.

1. a € LN/P(RN) and b € LN/4(RY).
2. a(z) < as and b(z) < beo for every x € B;(0), where aoo, bso € RT are positive constants and B;(0) denotes
the unitary ball centered at the origin.

1
3. There exist constants A € RT and Ry > 1 such that = inf, >R, \x|p2/(p_1)a(x) > A.

R

The interest in the study of this type of problem is twofold. On the one hand we have the physical motivations,
since the quasilinear operator (p-q)- Laplacian has been used to model steady-state solutions of reaction-diffusion
problems arising in biophysics, in plasma physics and in the study of chemical reactions. On the other hand we have
the purely mathematical interest in these type of problems, mainly regarding the existence of positive solutions
as well as multiplicity results. The assumptions liminf|,_, 1 a(z) > 0 and liminf, |, b(x) > 0 are used in
many papers. In problem we consider the exponents 2 < ¢ < p < N and we allow the particular conditions
lim inf |, 4o a(r) = 0 and liminf|; 4 b(z) = 0, called the zero mass cases. These constitute the main features
of our work.

2 Main result

Inspired mainly by Wu and Yang [4] regarding the (p-¢)-Laplacian type operator, and by Alves and Souto [I] with
respect to the set of hypotheses, our result reads as follows.

Theorem 2.1. Consider 2 < g < p < N and suppose that the potential functions a and b verify the

hypotheses , and and that the nonlinearity f verifies the hypotheses , , , and . Then there
exists a constant A* = A* (a0, boo, 0, T, ¢o) such that problem has a positive solution for every A > A*.

We adapt the penalization method developed by del Pino and Felmer [3] to show our existence result. The basic
idea can be described in the following way: first we modify the original problem and study its corresponding energy
functional, showing that it verifies the geometry of the mountain-pass lemma and that every Palais-Smale sequence
is bounded in an appropriate Sobolev space. Using the standard theory this implies that the modified problem has
a solution; then we show, using the Moser iteration scheme, that the solution of the auxiliary problem verifies an
estimate involving the L>°(R”) norm; finally we use this estimate to show that the solution of the modified problem
is also a solution of the original problem ().
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Abstract
From the standpoint of fractional calculus in Banach spaces, the main discussion here is about the existence
and uniqueness of mild solutions to the Navier—Stokes equations with time fractional derivative of order a € (0, 1).
Besides the several obtained properties concerning this solution, we also deduce that it belongs to a non expected
LP space. By using the aforementioned results and a limit argument on the fractional derivative exponent

(a — 17), we deduce a new regularity to the classical semigroup generated by the Stokes operator in RY.

1 Introduction

This work address the following fractional version of Navier-Stokes equations:

eDu —vAu+ (u-Viu+Vp = f in RV, t >0,
Vu = 0 in RN, ¢t >0, (1)
u(z,0) = wug in RV,

where o € (0,1) is a fixed number, N > 2 is the dimension of space variable and ¢D{* is the Caputo fractional

derivative. Rewriting the time fractional Navier—Stokes equations in the abstract form, we obtain

eDfu = —Au+ F(u)+Pf, t>0,

uw(0) = wy € LY(RY), @

where P : L"(RY) — L"(RY) is the Helmholtz-Leray projector, A, : D(A,) C L7 (RY) — L (RY) is the Stokes
operator and F(u) = F(u,u) where F(u,v) = —P(u - V)v.

We prove existence, uniqueness, decay, and regularity properties of mild solutions to . Then by using the
obtained decay rates, we show that when o — 1~ the linear part of the solution of converges, under suitable
notions, to the semigroup generated by the Stokes operator in R¥Y. This manuscript is based in [T, 2, [3] and in an

ongoing work.

2 Main Results
Definition 2.1. A continuous function u, : [0,00) — LY (RYN) is called a global mild solution of if it satisfies
Uq(t) = Eq(—t*An)up + /Ot (t—8)* By a(—(t — ) AN) f(5,ua(s)) ds, Vt>0. (1)
Here {Ey(—t“An) : t > 0} and {Eq o(—t“An) : t > 0} are the Mittag-Leffler families, which are defined by
E,(—t"Ay) = /000 M, (s)T'(st™) ds,

and .
Eoo(—1Ay) == / as Mo ()T (5t7) ds,
0

where {T(t) : t > 0} is the semigroup generated by An.
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The results of this work are based in [2].

Theorem 2.1. For o € (0,1) and uo € LY (RY), there exists A > 0 such that if ||ug||~x &~y < A, then problem
has a unique global mild solution u : [0,00) — LY (RY). Moreover,

tel= /D)2y € €y ([0, 00); LEL(RN)), Jor2 < N <q<oo, (2)
to1=WN201gy, € Cy ([0, 00); LL(RY)), for2 < N < ¢ < oo, (3)
both with values zero at t = 0 except for ¢ = N in the first sentence, in which w(0) = ug. It also holds that

i) for 2 < N <2/a, problem has a unique global mild solution which belongs to L (0, 00; LL(RN)), where

%:a<1_%>/2 and N < q < oo;

1) for N > 2/a, problem has a unique global mild solution which belongs to L™ (0, 00; LL(RN)), where

aN?

aN -2’

1 N
f:a(l——)/Z and N <g<
r q

The last result we claim is based on the above estimates.

Theorem 2.2. Let b > 0 and {T(t) : t > 0} be the semigroup generated by the Stokes operator Ax. Then, for any
2
x € LY(RYN) the function t — T(t)x belongs to L"(b,00; LL(RYN)), for any r >

and N < g <

2q
(¢g—N) N -2

Proof: Observe that for any pair of values r > 2¢/(¢ — N) and N < ¢ < N?/(N — 2), Theorem ensures the
existence of ag € (0,1) such that E,(—t*Ay)z € L"(b,00; LL(RY)) for any a € (ag,1). Then by applying the
dominated convergence theorem we conclude the proof of this theorem.
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Resumo

Vamos mostrar como podemos usar algumas desigualdades de energia padrdo para obter, de uma forma

relativamente curta, a derivagdo da seguinte estimativa fundamental na norma do sup

s
Hu(‘vt)“LOC(R") < K(n7p)||u0“LP(R")t’y? vit>0,

p(B+2) e — n
n(@t+B)+p(B+2) © T T n(a+B)+p(A+2)’
linear regularizada

onde § = para solugoes da equagdo de advegao-difusdo duplamente nao

ug + div (f (z,t,u)) = div(ju|*|Vul’ Vu) + 1 Au,

quando f atende a determinadas condigoes, expostas no texto a seguir.

1 Introducao

Consideraremos o problema regularizado

(1)

up + div(f (z,t,u)) = div(|u|a\Vu\BVu) +nAu, xzeR™ t>0,
u(-,0) =ug € LPo(R™)N L>(R"™),

onde 7 > 0 estd fixo e 1 < pg < oo é dado; « e B sdo constantes, com «,5 > 0 e a+ 8 > 0; e a funcdo f(x,t,u)
satisfaz |f (z,t,u)| < B(T)|u|""", onde B(T) < oo, para > 0,V z € R”, t >0, u € R, e a condi¢ao de estabilidade

n

> ulw ) gL ot >0, (@)

i=1

e apresentaremos as ideias que permitem obter para suas solugoes a seguinte estimativa fundamental na norma do
sup:

s
”u('at)HLOO(]R") < K(nvp)”uOHLp(R")t’yv vVi>0, (3)

bem como estipular os valores de § e 7y para os quais a estimativa é valida. A existéncia de solugao suave para o
problema regularizado em um determinado intervalo [0, T}) é garantida pela teoria geral de equagbes parabdlicas
(Ver, por ex., [3]) As ideias aqui apresentadas podem ser vistas com mais detalhes, por exemplo, em [I], onde estao

aplicadas a uma equagao um pouco mais simples.

A seguir, enunciaremos os principais resultados a ser percorridos no caminho de se obter .

(i
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2 Resultados

O primeiro resultado que deve ser mostrado é o decaimento da norma L? das solugoes suaves, a medida que ¢ cresce.

Teorema 2.1. Seja u(-,t) € LOO([O,T},LOO(R")) solugdo suave do problema , para algum 0 < T < T, onde
flz, t,u) satisfaz a condigdo (@ Entao, para cada py < q < 00, vale

Hu(-,t)HLq(Rn) < ||UO||Lq(Rn)7 VO<t<T.

Como consequéncia direta do Teorema a solugado é global (ou seja, é definida para todo ¢ > 0).

A desigualdade indicada a seguir é util para derivar estimativas de controle para a solucao.

Teorema 2.2. Seja u(-,t) € L° ([O,OO),LOO(R”)) solucao suave do problema . Se flx,t,u) satisfaz a condigdo

loc

(@, entdo, ¥V 0 < tg <t eo >0, podemos obter a sequinte desigualdade:

t
(t - to)aHu('>t)’|qLI1(R”L) +4q (q - 1)/ (T - tO)U /Rn |u(m’7_)|q—2+a |Vu(:L‘7T)"B+2 drdr <

to
¢
Sa/t (T—to)a_lHu(',T)Hiq(Rn)dT.
0

O préximo resultado indica que a norma L? da solugao, em um intervalo de tempo, pode ser controlada por uma
norma mais baixa, computada na extremidade esquerda do intervalo. Em sua demonstragao, é necessario utilizar

uma desigualdade de interpolagao do tipo Niremberg-Gagliardo-Sobolev (que pode ser encontrada, por ex., em [2]).

loc

Teorema 2.3. Seja u(-,t) € L° ([O,OO),LOO(]R")) solucao suave do problema . Se flx,t,u) satisfaz a condigdo
@, entao podemos obter:

Hu('at)HLq(Rn) < Kq(n7avﬁ)Hu('atO)Hiq/Z(]Rn)(t - tO) ’Ya

q(B+2)+n(a+p)

m ey = m, para qualquerto <t €2p0 §q<OO

onde § =

Por fim, mostra-se que a norma L da solugao fica por baixo de uma fungao positiva, que decresce & medida

que t aumenta.

Teorema 2.4. Seja u(-,t) € L2 ([0,00),L°°(R”)) solugao suave do problema . Se f(x,t,u) satisfaz a condi¢do

loc

(@, entao podemos obter:
HU(, t)HLoo(]Rn) < K(’I’L, a, 67 q)Hu(7 tO)Hiq(Rn)(t - tO)_ﬂ{a

9(8+2) o n
nla+B) +aB+2) 7 nla+B) raB+2)

Quando tg = 0, esta é a estimativa desejada . Os valores de § e v apresentados sao compativeis com andlise

para qualquer to <t e 2py < g < 00, onde § =

de escalas. Além disso, se a solucao estiver definida para qualquer ¢, pode-se concluir que a solucdo vai a zero ao
t — o0.
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Abstract
Considered in this talk is the one-dimensional fourth-order dispersive cubic nonlinear Schrodinger equation
with mixed dispersion. Orbital stability, in the energy space, of a particular standing-wave solution is proved
in the context of Hamiltonian systems. The main result is established by constructing a suitable Lyapunov

function.

1 Introduction

Let us consider the cubic fourth-order Schrédinger equation with mixed dispersion
Uy + Ugy — Upzze + [ul>u =0, (1)

where z,t € R and u = u(z,t) is a complex-valued function. Equation appears in the propagation of intense
laser beams in a bulk medium with Kerr nonlinearity when small fourth-order dispersion are taking into account.
In addition, equation has been considered in connection with the nonlinear fiber optics and the theory of optical
solitons in gyrotropic media. From the mathematical point of view, brings some interesting questions because
it does not enjoy scaling invariance.

In this work, we are particularly interested in the existence and nonlinear stability of standing wave solutions
for . Standing waves are finite-energy waveguide solutions of having the form

u(z,t) = o), (2)
where « is a real constant and ¢ : R — R is a smooth function satisfying ¢(x) — 0, as |z| — +oc.

Here, we exhibit an explicit solution for a suitable value of the parameter «. Indeed, by substituting into
(1), we obtain the fourth-order nonlinear ODE

¢//// _ ¢// + g — ¢3 —0. (3)

The ansatz ¢(z) = asech®(bx) produces, for @ = 4, the solution

257

o(x) = \/gsech2 < 210x> . (4)

Hence our main interest in the present talk is to show that the standing wave with ¢ given in is orbitally
stable in the energy space. Roughly speaking, we say that ¢ as in is orbitally stable if the profile of an initial
data ug for is close to ¢, then the associated evolution in time wu(t), with u(0) = ug, remains close to ¢, up to
symmetries, for all values of t.

The strategy to prove our stability result is based on the construction of a suitable Lyapunov functional. In
fact, we follow the leading arguments in [2], where the author established the orbital stability of standing waves for
abstract Hamiltonian systems of the form

Juy(t) = H' (u(t)) (5)

posed on a Hilbert space X, where J is an invertible bounded operator in X.
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2 Main Results

Equation conserves the energy

1 1
B(w) = 5 [ (uasl + fuof? = Glul*) do. (1)

and the mass )

F(u) = §/R|u|2dx. (2)

In addition, from 7 we see that ® = ¢ + i0 is a critical point of the functional F 4+ oF, that is,

E'(®) + aF'(®) =0. (3)
Next, let us introduce the linear operator
Ly 0
L= , (4)
0 Lo
where
Ly :=0%—0%+a—3¢* (5)
and
Lo:=0— 0%+ a— ¢ (6)

This operator appears in the linearization of around the wave ®. The knowledge of the nonpositive spectrum
related to the operator £ is one of the cornerstones in the stability analysis. To do so, we employ the theory of the

totally positive operators introduced in [I]. One has the following stability theorem,
Theorem 2.1. Let a« = 4/25. Consider ¢ as the solution of given in . Then, the standing wave
u(x,t) = e p(x) is orbitally stable in the energy space H*(R).
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Resumo

Neste trabalho mostraremos uma versao geral do teorema de extrapolagdo para operadores nao-lineares
absolutamente somantes. Esta versao melhora e recupera vérios teoremas de extrapolagdo para classes de

aplicagoes que generalizam a classe dos operadores absolutamente somantes.

1 Introducao

Sejam X,Y espagos de Banach, 0 < r < oo e IL.(X;Y) o espaco de todos os operadores lineares absolutamente

r-somantes de X em Y. Na terminologia morderna, resultados do tipo
IL,(X;Y) =11, (X;Y)

para certos X,Y,p,r sao chamados de resultados de coincidéncia. Dois importantes resultados nessa linha sao os
Teoremas de Extrapolacao devido a Maurey [I, Corollary 91] e Pisier [5, Theorem 5.13]. Combinando esses dois

resultados obtemos:

Teorema 1.1 (Teorema de Extrapolagao). Sejam 1 <r < g < oo e X um espago de Banach. Se
I, (X5 €9) = T (X5 4,),

entao
I, (X;Y) =IL(X;Y)

para todo espaco de Banach'Y e todo 0 <1 < q.

2 Resultado Principal

O resultado principal deste trabalho ¢ uma generalizacao nao-linear do Teorema
Primeiro vamos relembrar o ambiente abstrato criado em [3]. Sejam Xi,...,X,, Y e Fi,...,F, conjuntos
(arbitrdrios) nao vazios, H uma familia de aplicagoes de X7 X --- x X,, em Y. Sejam também K, ..., K; espagos

topoldgicos de Hausdorff compactos, Gy, ..., G; espagos de Banach e considere as seguintes aplicagbes arbitrarias.

RjZKjXE1X"-><E7-XG]‘—)[O,OO), jzl,,t
S:HXE; X - xE.xGy x-xGy —[0,00).
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Definigao 2.1. Se 0 < p1,...,pt, p < 00, com % = p% +-+ —, uma aplicagao f : X1 x---x X,, =Y em H é dita

Ry, ..., Ri-S-abstrata (p1, ..., pt)-somante se existe uma constante C' > 0 tal que

1
Pk

s P
ZS (f,z (1), (r),b(l) .,bj(.t))p <CH sup ZRk (cp,xgl),...,x§r)7b§-k)) * (1)

=1 PEKL

para todos acgs), Ll e E;, bgl), NN G, meNe(sl)e{l,..,r} x{1,..,t}.

O conjunto dessas aplicagoes sera denotado por Hr, .. Rr.,—5,(pi,..., pt)(Xl, X Y).
Quando p; = --- = p,, = ¢ escrevemos simplesmente Hpg, .. r,—Sq (X1,..., Xn;Y).
Agora, suponha que a seguinte condigao:

(C1) Sejal <p<g<oo. Se

MRy, Ri—8,q( X1, o, Xnilyg) = Hey o ri—sp (X1, ..o, Xns lg),

entdo para cada j € {1,...,t} existe uma constante C; > 0 tal que para cada medida pl) € P(K;) existe uma

medida correspondente 1) € P(K;) tal que
HR ( 2@, 2™ b(j)> HR ( oz b(j))‘
J ) ) ’ ) Lo(K; ) 7 ) )

para todo (z), ...,z b)) € By x -+ x E, x Gj.
O principal resultado deste trabalho é o seguinte teorema:

Lp(Kjvﬂ(j))

Teorema 2.1. Seja 1l < p < g < oo. Se (C1) é vdlida e

Hiy o r—5q(X1s- o, Xnily) = Hry . re—sp(X1, oo, Xy bg)s
entao

Hey,...R—5q(X1, ..., X0 Y) =Hp, . r—si (X1, ..., X Y),
para todo espaco de Banach'Y e todo 0 <1 < q.

Observagao 2. O Teorema recupera o Teorema[I.1] estende a validade de uwm recente teorema de extrapolagdo
nao-linear provado em [J, Toerema 3.1] para o intervalo 0 < p < 1 e melhora os teoremas de extrapolagio para os

polonémios e as aplicagoes multilineares dominadas de [2, Teoremas 4.1 e 4.2].
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Abstract

We design a general type of spherical mean operators and employ them to approximate L, class functions.
We show that optimal orders of approximation are achieved via appropriately defined K-functionals of fractional

orders.

1 Introduction

We work in R™*1 m > 1, the (m + 1)-dimensional Euclidian space equipped with the Lebesgue measure. For
z,y € R™* we denote z - y the usual inner product of z and y, and L,, the regular Banach spaces consisting of all
Lebesgue measurable functions which are p-integrable R™! and we denote | - ||, its norm.

The Fourier transform ]?of a function f € L, is given by
fo= [t
Rm+1

We will use the notation f for the inverse Fourier transform of f. We take the liberty of assuming that the definitions
of the (inverse) Fourier transform have been properly extended so that they apply to all the tempered distributions.

For t € [0,00), the standard spherical mean operator is defined by
‘/t(f)(x) = |S§|—1 At f(y)da(y), f c LP7 = R"L+17

where, for every fixed x € R™*1, St := {y € R™*! : |z — y| = t}; |SL| denotes the volume of SI; o is the measure

x)

on S% induced by the Lebesgue measure on R 1.

Let r,t > 0 be given. We introduce the following general type of spherical mean operators:

V) = S0, V@, ferr aer W
r/ k=1

Here for two real numbers r, s with r not being a negative integer, we have

(Z) T I(s +§)(;(t 1—)s+ 1)

We define a K-functional on L, associated with the “fractional order” Laplacian A”:

Eo(f, A, )p = mt{[lf — gll, + 7| Agll, - ATg € L7},

where (A7g)(x) = (127" §(6)) (a).
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When r is taken a natural number, let us say ¢, the general type of spherical mean operator and also the K-
funcional turn out the same operator and K-functional in Dai and Ditzian [2] introduced a class of “multi-layered”

spherical mean operators V, ,,

L
Ver(f)(x) = %D—l)’f( # k)vmf)(x), ferr, weR™,

and they showed
||w,t(f)_f”pXKZ(faAatQZ)a 1 Spgooa (2)

where < means the same asymptotic behavior in terms of variable ¢. Belinsky, Dai and Ditzian [I], and Dai and
Ditzian [2] also studied the counterparts of the operators Vy: on S™, the unit sphere in R™T! and obtained

comparably interesting results.

2 Main Results
As the main result of this paper, we establish the following asymptotic relations:
IVei(f) = fllp = Ko (£, A,877), feLy r>1, 1<p<oo, 3)

||Vm(f)—f||prr(f,A,t2T), feL, r>m/2, 1<p<oo. (4)

If » = ¢ is a natural number, then V;.; and V;; coincide, as do the asymptotic relation (1.2).

The method to obtain such relations makes use, mainly, of multipliers operators technics as Hormander multiplier
theorem and its consequences. That is why is it extremely important to find out the multiplier attached to the new
operator (1.1). Since, the Fourier transform of the standard spherical mean operator is well know the Fourier series

of (sin#/2)?" leads us to the next fundamental characterization.

Proposition 2.1. Assume that r > —1/2 and that t > 0. The multiplier m, of V.., is a radial function, and the

following representation holds true:

~

(Vea(H)(€) = m,(2nt[€]) f(§), €€ R™ feLy,

where
227D ((m + 1)/2)
(¥)T(m/2)T(1/2)

After several manipulation and study of multiplier above, Hérmander multiplier theorem takes care of the

1
m, (€)= 1 / (sin(l€ls/2))2" (1 — 2)™=2/2ds, ¢ € R™H.
0

conclusion and asymptotic relations (2.3) and (2.4) follow. The equivalences give a characterization for the fractional
K-functional and generalize considerable related results on the literature. More details about the paper can be found
in [3].
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Abstract

We determine a necessary and sufficient condition for the strict positive definiteness of a continuous and
positive definite kernel on the m-dimensional torus, enhancing a characterization of positive definiteness given
by S. Bochner in 1933.

1 Introduction

We will consider the problem of characterizing the real, continuous and strictly positive definite kernels on the
m-~dimensional torus 7T;,. For a nonempty and infinite set X, a kernel K : X x X — C is positive definite if

Z e K(zy,2,) >0,

pov=1

whenever n is positive integer, z1,xo, ..., z, are distinct points on X and cy,cs,...,c, are scalars in C. The strict
positive definiteness of a positive definite kernel K demands that all the inequalities above be strict when at least
one of the ¢, is nonzero. In the case the kernel K is a real function, we can use real scalars ¢, in the definitions
above, as long as we assume K is symmetric in the following sense: K(z,y) = K(y,z), 2,y € X.
If we write x = (1, 2, . .., Tm) to represent the components of a vector z in R™, we can define the m-dimensional
torus 7,,, as
Ty ={zeR": —n<z;<mj=12...,m}

By a real and continuous function on 73, we will mean a 2m-periodic and continuous real function with domain R™.

For a real and continuous function f on T},, we can designate the multiple Fourier series

f@) ~ S fm)e ™), e Rrm,
nezm

in which - is the usual inner product in R™. The Fourier coefficients appearing above can be computed through the

formula
1

(2m)™

fn) = /T ) f(z)de, neZ™.

For a real and continuous function f on T,,, the kernel (z,y) € T,,, — f(x — y) is positive definite if and only f
is even and possesses a representation in the form

fa@) = 3 e, zerm,

nezm

in which all the Fourier coefficients are nonnegative and

> fm):= lim Y7 fn) <o
nezm |n|<N
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Obviously, we are using standard multi-index notation in the formula above. In particular,
[n| = |ni| + [n2|l + -+ |nm], n=(ni,ne,...,nm) € Z™.

A detailed proof for the result described above can be found in [4, Chapter 4], even though the result itself is due
do S. Bochner ([1]). The evenness of f can be seen as a consequence of the symmetry assumption introduced before.

The purpose of this work is to provide a similar characterization for the strict positive definiteness of the kernel K.

2 The Main Result
In order to accomplish our goal, the following alternative formulation for the concept of strict positive definiteness
on T,, is a key entry. It allows the computations involving the concept to flow.

Proposition 2.1. Let (x,y) € Ty, X T, — f(x — y) be a real, continuous and positive definite kernel on T,,. The
following assertions are equivalent:

(1) The kernel (z,y) € Ty, X Ty — f(x —y) is strictly positive definite;

(¢) If 1 > 1 and x1,xa, ..., x; are distinct points in T,,, then the only solution of the system

!
Z e’ ™) =0, ne{n:f(n) >0}
pn=1

isc, =0, u=1,2,...,1L

The statement of the main result demands two algebraic concepts. If S is a subgroup of (Z™,+), a translation

of S is a set of the form
(J1:J2s - -+, Jm) + 8 = {(j1 + a1, j2 + az,. .., jm + am) : (a1, a2, ...,an) € S},
in which (j1,J2,...,Jm) is a fixed element of Z™. Subgroups of Z™ having the form
(a1Z,a9Z,...,anZ), ai,as,...,a, >0,

will be referred to as parallelepipedal lattices of Z™.
The main result itself is this one ([2]).

Theorem 2.1. Let f be a real and continuous function on T,,. Assume the kernel (z,y) € T, — f(z —y) is
positive definite. It is strictly positive definite if and only if the set {n : f(n) > 0} intersects all the translations of
each parallelepipedal lattice of Z™.

Remark 2.1. The theorem above holds, modulus some adaptations, to complex and continuous kernels on 7;,,. In
this case, the symmetry assumption mentioned before is no longer included. The theorem also adds to a result in

[3] where C'*° positive definite kernels on T, were considered.
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Resumo

Neste trabalho usaremos minimizagdo de funcionais Localmente Lipschitz definidos em Espacos de Orlicz-
Sobolev, juntamente com técnicas de convexidade, para investigar a existéncia de solugao da equagao multivalente
—Asu € 8j(.,u) + h em Q, onde © C RY é um domfnio limitado com fronteira 8 regular, ® : R — [0, 00) é
uma N-fungéo apropriada, Ag é o correspondente ®—Laplaciano, h : Q@ — R é uma funcdo mensurdvel e 9j(., u)
é o gradiente generalizado de Clarke da funcao u — j(z,u), q.t.p. = € Q, associada com o crescimento critico.

A regularidade de solugdo também sera investigada.

1 Introducao

Estudaremos a existéncia e regularidade de solugio (cf. Defini¢ao da equagao multivalente
—Agu € 9j(.,u) +h em Q, (1)
onde Agu = div(¢(|Vu|)Vu), ¢ : (0,00) — (0,00) é uma fungao continua e satisfaz:
(¢1) (i) lim s¢(s) =0, (i) lim s¢(s) = oo,
s—0 5—>00
(92) s+ sd(s) € nao-decrescente em (0, 00),

t*¢(t)
10)

(¢3) existem £,m € (1,N) tais que £ < <m,t>0,

h:Q — R é uma funcdo mensurdvel e j : 2 x R — R tem crescimento critico (num sentido que definiremos abaixo).

Além disso, suponhamos que existam A > 0 e uma fun¢do nio negativa B € L'(Q) tais que
j(z,8) < Als|* + B(x), s €R, q.t.p. x € Q. (2)

Sob a condigao || podemos definir a fungio A (z) := limsup i, S)

|s|—o0 |s|¢

Extenderemos s — s¢(s) a R como uma fungao impar e definiremos ®(t) := fot s¢(s)ds. A fungdo complementar
® associada a ® ¢ definida por

B(t) := r?Zaé({st —®(s)}.

Ja a funga@o crescimento critico @, associada a ® é a inversa da fungao

' (s)

Nt1
t N~

ds, t >0,

te(O,oo)H/Ot

a qual extenderemos a R por ®,(t) = ®,(—t) para t < 0. Além disso, Ls(€2) denota o espago de Orlicz associado a
N-funcéo ® e é munido da norma (de Luxemburg)

u
:. —_ <
[lu]lo 1nf{)\>0|/Q<I>(>\)dxl}
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e a norma do espaco de Orlicz-Sobolev Wh®(Q) é

N
lllve = Julla + 3 || 2
1,9 - axl

(b 7
enquanto Wy ®(Q) é o fecho de C°() com respeito a norma de W1®(Q). Sob as condicdes (¢1) — (¢3), ®, D e
®, sdo N-fungdes e os espacos La (), WHE(Q) e W, “®((2) sdo espacos de Banach, reflexivos e separdveis.

2 Resultados Principais

Definigao 2.1. Dizemos que u € Wy'®(Q) € solucio fraca de se existe p = py, € Lo, ()" = Lz () tal que

p(x) € Jj(x,u(x)) ¢.t.p. © €, (1)
= vdx vdz, v ()
/Q¢(|Vu\)VuVUda:—/Qp d —|—/Qh dz, ve Wy~ (Q) (2)

Teorema 2.1. Seja ® satisfazendo (¢1) — (¢3). Suponha que existam ci,co > 0 e uma fungdo nao negativa
be Lo, (Q) tal que

In| < 19! o @, (cas) + b(x), s €R q.t.p. z€Q, nedj(x,s). (3)

Suponha também que j satisfaca e

i /<I>(|Vv|)dac—/ A (@)0(@)|dz b > 0. ()
vewd (@), llla=1 | Jo {v£0)

Entao para todo h € Ly(Q2), o problema possui pelo menos uma solu¢do fraca em Wol’q)(Q).

Para estudarmos a regularidade consideraremos j(z,s) := fos f(z,t)dt, onde f: Q x R +— R é uma funcao tal
que f(z,.) € C(R — {a}), a > 0, e satisfaga

f(z,a—0):= 513117 f(z,0) < f(z,a+0) := 612% f(z,9), x € Q. (5)

Teorema 2.2. Sejam ® satisfazendo (¢1)— (P3) e f: QxR — R wuma fungdo nao decrescente na seqgunda varidvel

satisfazendo , , e
|f($,8)| < cl(b*_l O¢*(C2S)+b($)7 (6)

onde ¢1,c2 >0 e b€ Ly, (Q). Entao possui pelo menos uma soluggo u € Wol’q)(ﬂ) satisfazendo

{zx e Q| u(x)=a} =0 e — Agu(z) = f(r,u) + h(z) ¢.t.p. z € Q. (7)
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Abstract
The inverse boundary value problem for coefficient and sources reconstruction in the elliptic equation is

considered. The Dirichlet and the Neumann data are over prescribed on respective part of the Lipschitz dissected

Cauchy data. A methodology for engineering applications is presented.

1 Introduction

In this work we study the problem of reconstruction of of coefficients and source in second order strongly
elliptic systems [I]. Let € a Lipschitz domain. Let Fy = [fa,..., fa] € (L2(Q)™*NP | (H, H,) € (Hz(dQ) x
(H=2(09)))™*NP be the source and the Cauchy data for NP problems. The inverse boundary value problem
for parameter determination investigated is to find :(U, o) € H*(Q)™*NF x RN4 such that: Pg pg, ={LoU =
F,if z € QU] = H if ¢ € 0B, [U] = H,ifx € 0Q}. Here v is the boundary trace and B, is the conormal trace.

The coefficients of the strongly elliptic operator £, and the source depend on the parameters a.

Auxiliary mixed problem and Lipschitz Dissection Complementary Direct Problems

Let 092 = 0Qp U Il U 00y a Lipschitz dissection of the boundary. The auxiliary mixed boundary value
problem for problem Pf p py is given by the well posed problem P¢ ., : For Dirichlet and Neumann data
(gP,gN) € (H=(89Q) x H™2(dQ))™, to find u € H* ()™ such that

Lou=fo, ifxel)
yul = gP ifx € 0Qp; (1)
Bou=gY ifxecoQy;

P,

y9dD 9N

Consider the splitting the superscribe Cauchy boundary data following the Lipschitz boundary dissection
H' = ’Y[U”FI ; HT = V[U”FH ; H:f = BV[U”FI and Hil = BV[U”FH

and, under some guess of paramaters values a(9), formulates and solve 2N Pmixed boundary values problems :
©) (0
?(o),HI,H” and PI? 0y, HI,HL *

Let Ul and U{! be the its respective solutions.

Definition 1.1 (Complementary Problems on Lipschitz Domains). Let us consider two mized boundary value
problems Py, g1 o1 and Py, g1 g0 defined on the same Lipschitz domain Q. We say that these problems are
complementary if fi = fir, T = T, TH = TL, and there exist a Cauchy data (g,g,) such that g' =

gxry, and ¢"' = gxry and g, = g, xr1 and g} = guxryr-

Theorem 1.1. [1]. Suppose that two mized boundary value problems Py, g1,g1 and Py, g11 g1 has solutions ur and

ury, respectively. If they are complementary, then uy = uyy.
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2 Main Results

The system of Boundary Integral Equations
U(@) = [u1, ..., unp)(@) = [o GREOLF(E) + (Lo — Lag) [UNE)}dE — [1 B [GR](6)) H (§)doe + [p G2.(&)H, (§)doe.

is deduced with the fundamental solution with coefficients frozen at the boundary, G2 (), (Levi function of order 0).
Note that for simplicity we suppose that coefficients are uniform at the boundary and in this case, (£, — La,) is the
perturbationof of operator principal part with respect to coefficients values at the boundary and its non-principal

part. Analogously, the System of Reciprocity Gap Integral Variational Equations
Jo VELF (&) + (La — Lap)[U()}dE — [ By [v](€))H(§)doe + [ v(§)Hy(§)doe = 0.

where the test function v(&) is the regular solution of the adjoint problem L7, [v] = 0 with coefficients frozen at the
boundary (a meta harmonic function). To deduce a Boundary-Reciprocity Perturbed System we note that.

Let € € R a perturbation parameter. The (¢, v) system is

Utew) (®) + Kgo[Uge) () + €K, [Uie,)](7) = He ) (), where:

(i) Hee)(x) = [o(GL + ev)()F()dE — [1 B [GL + ev](§)H (§)doe + [1(GY + ev)(§) Hy(§)doe. Kao[W](x) =
Jo G (La — Lay)W](§)doe,

(if) Ko[W](@) = [ v(€)(La — Lag)[W](§)doe

Lemma 2.1. For set of source and Cauchy data (F,H,H,) the perturbed solutions U,y are independent of
(e,v) € (R x He:, Q).

Let Lo = Lag = D jy<a(Ai — AY)(z)D', where Aj, A € C*(Q) and D = i~'-Z. Since by Fourier transform
Dlu(z) = [ [(&)le’@=9¢u(y)dyde, [2]. Hence, (Lo — Log)[W(E) = [ [l 920, 40(&, 2)W (y)dydz, where
0(£,2) =Y ,co(Ar — AD)(€)2! is the symbol of the perturbed operator. We also have

(i) Keo[W](z) = [ GUE) [ [ €79 204 0(&, 2)W (y)dydzdoe,

(1) Ko[W)(2) = o 0(€) [ [ €920 4o (€. 2)W (y)dydzdor.

We do the elimination of the solution U ,) to form the internal discrepancy equation for the coefficient and
source inverse problem. Let W . = (I + Kgo)U.). The € system for W, is

W(e,v)(z) + GKU(I + KGO)ilw(e,v)(x)(x) = H(e,v)(z)

by using the first order Neumann series (I +K)~ ' = I - K+ (I +K) 'K? Wiew) = Hie,v) *GKU(IJrKgo)*lH(QU) +
O(€?). Noting that H.,) — Ho, = e(f95 v(€) f(&)dE — st B, [v](§)H (§)doe + frg v(§)H,(§)doe) we obtain

Hlen W — o w(€)F()dE — o, Bue [0 H(&)dog + [r v(§)Hy (§)doe — Ku(I + Kgo) ' Hc ) + O(e) Simce

Weeo) =W,y _ 0

Wic,) is independent of ¢, lim,_,o = .

Lemma 2.2 (Internal Discrepancy Coefficient Equation). For set of source and Cauchy data (F,H,H,), let
GY(&) be the fundamental solution with coefficients frozen at the boundary (Levi function of order 0) and
oa—a0(&, z) be the symbol of the perturbed operator. Let H g ,)(x) = fQ€ GY(&)F(&)dE — frg B, [GO(§)H (§)doe +
Jo (GO H,(€)doe. Then, for all v € He, (), [o v(©F () — [y, B[l H(E)doe + fyv(€)Hy(€)doe —
Jo 0@ J [ eV F0 o€ 2)(I + Kao) ! [Hig )] (y)dydzdog = 0

We develop a methodology for the inverse parameter reconstruction problem and present numerical experiments.
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Abstract

We investigate the existence of ground state solutions for a class of nonlinear scalar field equations defined
on whole real line, involving a fractional Laplacian and nonlinearities with Trudinger-Moser critical growth. We
handle the lack of compactness of the associated energy functional due to the unboundedness of the domain and

the presence of a limiting case embedding.

1 Introduction

The goal of this paper is to investigate the existence of ground state solutions u € H'/2(R) for the following class
of nonlinear scalar field equations
(~A) 2+ u=f(u) R, (1)

where f : R — R is a smooth nonlinearity in the critical growth range. Precisely, we focus here on the case when
f has the mazimal growth which allows to study problem variationally in the Sobolev space u € H'/2(R). We
are motivated by the following Trudinger-Moser type inequality due to Ozawa [2].

Theorem 1.1. There exists 0 < w < 7 such that, for all a € (0,w), there exists H, > 0 with
e = 1) do < Haful @)
R

for all w € HY2(R) with ||(=A)Y4u|2, < 1.

From inequality we have naturally associated notions of subcriticality and criticality for this class of problems.

Precisely, we say that f: R — R has subcritical growth at +oo if

lim sup ﬂ

P
s—too €¥57 —1

=0, forall a>0,

and has ag-critical growth at +oo if there exists w € (0, 7] and «g € (0,w) such that

f(s)

limjs[up e 0, forall a > ay,
S—r 00 -

lim sup &

imsup —E = to00, forall a < ap.

By a ground state solution to problem we mean a nontrivial weak solution of with the least possible

energy.

The following assumptions on f will be needed throughout the paper:
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(f1) f:R — Ris C*, odd, convex function on RT, and
lim L(s)

s—0 S

=0.

(f2) s+ s71f(s) is an increasing function for s > 0.

(£f3) there are ¢ > 2 and Cy > 0 with
F(s) > Cyls|?, forall seR.

(AR) there exists 6 > 2 such that

S

0F (s) < sf(s), forall s R, F(s)= | f(o)dzo.
0

2 Main Results

The main result of the paper is the following

Theorem 2.1. Let f(s) and f'(s)s have ag-critical growth and satisfy (£1)-(£3) and (AR). Then problem
admits a ground state solution u € H'/?(R) provided C, in (£3) is large enough.

The proof is basead on the paper [I].
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Abstract

In this work we prove that every representable Banach space has the polynomial Daugavet property. As

consequence, we obtain new examples of Banach spaces with the polynomial Daugavet property.

1 Introduction

A Banach space X is said to have the Daugavet property if every rank-one operator T : X — X satisfies
[d+ T =1+,

which is known as the Daugavet equation. This equation was first studied by I. K. Daugavet [3] in the space C[0, 1].
Since then several authors have shown that different Banach spaces has the Daugavet property. Classical examples
of Banach spaces fulfilling this property are C'(K) and L;(u), for every perfect compact Hausdorff space K and
every atomless o-finite measure p.

In 2007 the study of the Daugavet equation was extended to bounded functions from the unit ball of a Banach
space into the space [I] and, in particular, to polynomials. Let X denote a Banach space. A function ® € £ (Bx, X)
satisfies the Daugavet equation if

1+ @] = 1+ |[@]. (DE)

We say that a Banach space X has the polynomial Daugavet property (PDP) if every weakly compact polynomial
on X satisfies (DE).

Now let K be a compact Hausdorff space. A Banach space X is said K -representable if there exists a family
(Xk)kex of Banach spaces such that X is (linearly isometric to) a closed C'(K)-submodule of the C(K)-module
[Tie x Xk in such a way that, for every x € Sx and every € > 0, the set {k € K : ||z(k)|| > 1 — &} is infinite. When
the compact set K is not relevant, we simply say that X is representable. J. B. Guerrero and A. Rodrigues-Palacios
[4] showed that every representable space has the Daugavet property. Actually it is possible to prove that every

representable space has the polynomial Daugavet property.

2 Main Results

Using the ideas of ([4], Lemma 2.4) and the characterization of the polynomial Daugavet property given by ([2],

Proposition 6.3), we can prove the following result.
Proposition 2.1. Let X be a representable Banach space. Then X has the polynomial Daugavet property.

By this proposition and some results of [4], we obtain several examples of Banach spaces with the polynomial
Daugavet property. We list these examples in the subsequent corollaries.

Given a Banach space X, a representable Banach space Y and a closed subspace M of £(X,Y) such that
L(Y)oM c M, ([], Lemma 2.5 and Corollary 2.6) prove that M and X®,.Y are representable spaces. Thus the
two following corollaries are consequences of Proposition [2.1
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Corollary 2.1. Let X be a Banach space, let Y be a representable Banach space, and let M be a closed subspace
of LIX,Y) such that L(Y)o M C M. Then M has the polynomial Daugavet property.

Corollary 2.2. Let X be a Banach space, and let Y be a representable Banach space. Then X®.Y has the
polynomial Daugavet property.

Now let Y be a non-zero Banach space. A subspace Z of Y™ is said to be norming for Y, if it is norm-closed in
Y* and, for every y € Y, we have ||y|| = sup{|¢(y)| : ¢ € Bz}. Consider Z a norming subspace of Y* for Y, and
a vector space topology on Y with o(Y, Z) < 7 < n, where n denotes the norm topology on Y and ¢(Y, Z) denotes
the weak topology on Y relative to its duality with Z. If K is a perfect compact Hausdorff topological space, then
C(K, (Y, 7)) is K-representable by ([4], Theorem 3.1), and we obtain the corollary below.

Corollary 2.3. Let K be a perfect compact Hausdorff topological space, let Y be a non-zero Banach space, let Z be
a norming subspace of Y* for'Y', and let T be a vector space topology on'Y with o(Y,Z) <7 <mn. Then C(K, (Y, T))
satisfies the polynomial Daugavet property.

By ([], Theorem 4.3) we know that every dual Banach space ¥ without minimal M-summands is a representable
space. Thus, if X is a Banach space and M is a closed subspace of £(X,Y) such that £L(Y)o M C M, then M has
the polynomial Daugavet property by Corollary what proves the next corollary.

Corollary 2.4. Let X be a Banach space, let Y be a dual Banach space without minimal M -summands, and let
M be a closed subspace of L(X,Y) such that L(Y)o M C M. Then M has the polynomial Daugavet property.

Let X be a Banach space without minimal L-summands, and let Y be a dual Banach space. Since X is a Banach
space without minimal L-summands, X* has no minimal M-summands. If Y, is a predual of Y, then £(X,Y) is
linearly isometric to £(Yi, X*). Therefore, the result below follows from Corollary with (Y,, X*) instead of
(X,Y).

Corollary 2.5. Let X be a Banach space without minimal L-summands, and let Y be a dual Banach space. Then

L(X,Y) has the polynomial Daugavet property.

None of the previous examples are known in the literature.
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Abstract

This work deals with existence of solutions for a class of quasilinear elliptic problems with cylindrical
singularities and multiple critical nonlinearities. The existence of a positive, weak solution is proved with the
help of the mountain pass theorem. We also prove a regularity result using Moser’s iteration scheme. Finally,
using a Pohozaev-type identity we show that if the dimensional balance between the power of one nonlinearity
and its corresponding singularity, as determined by Maz’ya’s inequality, is not valid, then the problem only has

the trivial solution.

1 Introduction

The main goal of this work is to prove existence, regularity, and nonnexistence results for a class of quasilinear

elliptic problems with cylindrical singularities and multiple critical nonlinearities that can be written in the form

(z,y) € RVN=F x R, (1)

di |Vu|p_2 uP—1 B up*(a,b)—l N up*(a,c)—l
iv ul —p ylpleD ~ Jyprrad) T [yl (@o)”

We consider N >3, 1<k<N,1<p<N,0<pu<jig={lk—pla+1)]/p},0<a<(k—p)/p,a<b<c<a+l,
p*(a,b) = Np/[N — p(a+ 1 —1b)], and p*(a,c) = Np/[N — p(a + 1 — ¢)]; in particular, if 4 = 0 we can include the
cases (k —p)/p<a<k(N—p)/Npand a<b<c<k(N-—-pla+1))/p(N—-k)<a+1.

The choice for the intervals for the several parameters already specified is motivated by the following Maz’ya’s
inequality, which plays a crucial role in our work since it allows the variational formulation of problem (|l)). Let
N>31<k<N,z=(z,y) € RV*xRF 1 <p< N, and either a < (k—p)/pand a < b < a+1, or
(k—p)/p<a<k(N-p)/Npand a<b<k(N-pla+1))/p(N—k) < a+1. Then there exists a positive constant
C > 0 such that

p*(a,b) p/p*(a,b) P
( / '“(fﬁp*( . dz) cof NP,
RN |Y[P

Ry |yloP

for every function u € C°°(RN\{|y| = 0}), where p*(a,b) = Np/[N —p(a+1—1b)] is the critical Maz'ya’s exponent.

2 Main results

Inspired by Bhakta [I] regarding the nature of the cylindrical singularities, and by Filippucci, Pucci and Robert [2],
with respect to the presence of multiple critical nonlinearities, our first result deals with existence of a positive,
weak solution to problem and reads as follows.

Theorem 2.1. Let 2 < k < N, 1 <p < N and a < (k—p)/p; let p = [(k—p(a+1))/p]’. Suppose that the

parameters b and c verify one of the following cases.
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1.0=a=b<c<1and pu < fi;

2.a<b<c<a+l, p<p;in particular, if p =0 we can include the cases (k —p)/p < a < k(N —p)/Np and
a<b<c<k(N-pla+1))/p(N—-k)<a+1.

3. 0<a=b<c<a+l, u* <p<p, where p* < ji[—ap®/(N — ap)][(N — 1)/(N — p)] < 0; in particular, if
p =0 we can include the same special cases of item [

Then there exists a function u € DIP(RN\{|y| = 0}) such that u > 0 in RNM\{|y| = 0} and u is a weak solution to
problem in RN\{|y| = 0}.

To complement our existence theorem we also study a regularity result of weak, positive solution to a problem
related to problem . As is usual in the theory of nonlinear elliptic equations, to show the class of differentiability
of the solution we use the iteration scheme introduced by Moser. More precisely, inspired by Pucci and Servadei [3],
we consider the class of quasilinear elliptic equations with cylindrical singularities and multiple nonlinearities

p—2 p—2 p*(a,b)—1 p*(a,c)—1
—div |Vu| ” |U| U o (U+) + (U+) (I’,y) c Q, (2)
ly|*»

Ty T Ty ed [P (@)
where the domain 2 C RV =% x R¥\{|y| = 0} is not necessarily bounded. Our regularity result can be stated in the

following way.

Theorem 2.2. Suppose that 1 < k< N, 1 <p < N,a < (k—p)/p, anda < b < ¢ < a+1 and consider the
domain Q@ C RN=F x R*\{|y| = 0}, not necessarily bounded. If u € DLP(2) is a weak solution to problem (2)), then
u € Ly (Q).

We note that in Theorem both critical exponents are the ones that make problem invariant under the

)= tﬁﬁf“““”” Up (En T + M, tny). A natural question is what happens

group of transformations defined by @, (z,y
when one of the nonlinearities has a different exponent. In other words, we consider the class of problems where
the exponent in one of the nonlinearities is not critical as determined by Maz’ya’s inequality. In this case, we also
observe the ‘asymptotic competition’ phenomenon, and there exists only the trivial solution to the problem. More

precisely, consider the problem

Vu|P—2 p—2 q—2 p*(a,c)—2
SN [T R e N e 5

ap pla+1) ~ |y|bp*(asb) cp* (a,c)
Yy Yy Yy Yy
Our nonexistence result of nontrivial solution reads as follows.

Theorem 2.3. Let 1 < k < N, 1 < p< N,a< (k—=p)/p,a <b<c<a+1l, 0< p<p If
u € DYP(RN\{|y| = 0}) is a weak solution to problem (), then u =0 when either 1 < q < p*(a,b), or ¢ > p*(a,b)
and w € Lo aroe B\l = 01) 0 LEE @M\ {Jy] = 0}).
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Abstract
The renormalized theory of DiPerna and Lions for linear transport equations with unsmooth coefficient
uses the tools of approximation of an arbitrary weak solution by smooth functions, and the renormalization
property, that is to say to write down an equation on a nonlinear function of the solution. Under some Wh!
regularity assumption on the coefficient, well-posedness holds. In this paper, we prove that the uniqueness

implies renormalization property for the stochastic transport equation with unbounded Holder drift.

1 Introduction

We consider the deterministic linear transport equation in R¢
Owu(t,z) + b(t,x) - Vu(t,z) =0, (1)

Di Perna and Lions [3] have introduced the notion of renormalized solution to this equation: it is a solution
such that

O B(u(t, ) + b(t, z) - B(Vu(t,z)) = 0, (2)

for any suitable nonlinearity 5. Notice that holds for smooth solutions, by an immediate application of the

chain-rule. The renormalization property asserts that nonlinear compositions of the solution are again solutions,

or alternatively that the chain-rule holds in this weak context. The overall result which motivates this definition

is that, if the renormalization property holds, then solutions of are unique and stable. Many of the previous

results can be extended easily to a stochastic transport equation framework of the form
Owu(t,z) + Vu(t,z) (b(t,z) + %) =0,

3)

u|t:0 = Uo,

The Cauchy problem for the stochastic transport equation has taken great attention recently. F. Flandoli, M.
Gubinelli and E. Priola in [5], where they obtained well-posedness of the stochastic problem for a bounded Holder
continuous drift term, with some integrability conditions on the divergence. Their approach is based on the
characteristics method. Using a similar approach, E.Fedrizzi and F. Flandoli in [4] a well-posedness result is
obtained, in the class of Sobolev solutions, under only some integrability conditions on the drift. There, it is only
assumed that
be L([0,T]; LP(R?)),
for p,q € [2,00), £lJrg<1. W
p g

The well-posedness of the Cauchy problem under condition for measurable was considered in [§] and in
[1]. In this paper, we do not want to give new well-posedness theorems, but rather equivalent conditions for the

well-posedness to hold, without regularity assumptions on b. More precisely, we assume that

be C'RLRY) divd(t,z) € L3(RY). (5)
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2 Main Results

The complete proof of this theorem is given in [7].
Theorem 2.1. We assume hypothesis (@ We assume uniqueness of L°- weak solutions then b has the

renormalization property for any distribution solution in C([0,T], L*(R) N L**(R) — w)

Proof Let {p.}. be a family of standard symmetric mollifiers. We define the family of regularised coefficients as

b (z) = (b* pe)(x). For any fixed £ > 0, provides the existence of a unique solution u° to the regularised equation

du® (t,z,w) + Vus (¢, z,w) - (bs(x)dt + OdBt) =0,
(1)

€ —
u ’t:() = Yo

together with the representation formula

u(t, ) = uo ((65) ™" () 2)

in terms of the (regularised) initial condition and the inverse flow (¢¢)~! associated to the equation of characteristics
of , which reads
dX; =b°(Xy)dt + dBy, Xo=1.

The proof is based in the careful study of the approximate problem .
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Abstract
We establish the existence of strong solutions (local and global in time) for the equations of micropolar
(asymmetric) incompressible fluids with variable density in arbitrary domains of R* with boundary uniformly of

class C3. Under certain conditions, uniqueness is also valid for local and global strong solution.

1 Introduction

We are interested in the flow of an micropolar (asymmetric) incompressible fluid with variable density in Q x (0,7,
where  C R? is a domain (not necessarily bounded), with boundary 9 uniformly of class C® and (0,T) is a time

interval, with 0 < T' < co. The governing equations are the following:

pus +p(u-Viu— (p+ p)Au+Vp = 2u, curlw + pf,
diva = 0, (1)
pwi + p(u- V)W — (co + cqg — ¢o)V(divw) + 4w = (cq + ca) AW + 2p,. curlu + pg,
pr+u-Vp = 0.

In system , the unknowns are u(x,t) € R3 w(x,t) € R3, p(x,t) € R and p(x,t) € R. They represent,
respectively, the linear velocity, the angular velocity of rotation of the fluid particles, the mass density and the
pressure distribution of the fluid as functions of position x and time ¢. The functions f and g are given external
forces. The positive constants pu, ., co, ¢, and ¢4 characterize physical properties of the fluid. Thus, p is the usual
Newtonian viscosity; p,, cg, ¢o and cq are additional viscosities related to the lack of symmetry of the stress tensor
and, consequently, to the fact that the internal rotation field w does not vanish. These constants must satisfy the
inequality cg + cq > ¢q. The symbols VA div and curl denote the gradient, Laplacian, divergence and rotational
operators, respectively, and u;, wy; and p; stand for the time derivatives of u, w and p. When w = 0 and p, = 0,
system is reduced to the classical Navier-Stokes equations with variable density.

For the derivation of equations and a discussion on their physical meaning, see [I [2]. Physically, the first
equation in system corresponds to the conservation of linear momentum; the second one to the incompressibility
of the fluid; the third corresponds to the conservation of angular momentum, and the fourth one corresponds to

the conservation of mass. We complement system with homogeneous boundary conditions
u(x,t) =0, w(x,t)=0 on 90 x(0,T), (2)
and given initial conditions
u(x,0) =up(x), w(x,0)=wp(x) and p(x,0)=pp(x) in £. (3)
If Q is unbounded, also impose the following condition on the velocities at infinity:

lim u(x,t)=0, lim w(x,t)=0, te(0,7). (4)

|x|—00 |x|—o00
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2 Main Results

In what follows, V() represent the closure of V(2) in H}(Q2), where V(Q2) := {u € C3°(Q) /divu =0 in Q}, i.e.,
V(Q):=V(Q) Ho(Q) — {v e H{(Q); divv = 0}. Our main result is the following

Theorem 2.1. Let Q be a domain of R3, with boundary uniformly of class C3. Assume that py € CY(Q),
with 0 < a < po(x) < B < c0inQ, ug € V(Q) NH?(Q) and wo € H{(Q) N H2(Q). Moreover, suppose
£.g € L°(0, 00 H!()) and £, € L=(0,00, LA(Q). If [uollers, [IWollrm, [1€]2(0.0e:m2(0) and gl o (0 ooz
are sufficiently small, then there exists a strong solution (p,u,w) for problem —, globally in time. Moreover,
there exist positive constants Co and Cy -, v > 0, such that

sup (IVu(- )[1* + [|[Vw(-, 1)[[*) < Ca, sup (e ()1 + [[we (- 0)[1?) < Co,
sup (lAu(, )1 + [ Bw(- 1)[|*) < Co, sup (ID>u(-, 1)]* + |D>w (-, 1)[|*) < Co,
¢ t
supe [ ()2 + [wi)?) ds < Cop supe™t [0 (JAute ) + | Bw(5)|?) ds < Cos
>0 0 >0 0
t
supefw/ e’ ([ V(. s)||? + HVW,:(-,S)||2) ds < Cy., peCHQx[0,T]), Qcc VT € (0,00),
t>0 0

where A is the Stokes operator and B = —A is the Laplace operator. Here, the constants Cy and Cy  depends only
on the C3-regularity of OQ (but not on the “size” of O or §2).

Remark 2.1. Under the assumptions in Theorem for the initial data vy, wo and pg, the problem —
possesses unique local strong solution in Q x (0,T*), for some T* € (0,T), assuming that  is a bounded and regular
domain, f,g € L*(0,T;HY(Q)) and f;,g, € L?(0,T;L?(Q)) (see the Theorem 1 of J. L. Boldrini et al. in [5]).

Actually it is possible to prove that this unique strong solution is global in time for small enough initial data.
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ILL-POSED DELAY EQUATION
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Abstract

Single-phase-lag and dual-phase-lag heat conduction models can be interpreted as formal expansions of delay
equations. The delay equations are shown to be ill-posed, as are the formal expansions of higher order - in
contrast to lower-order expansions leading to Fourier’s or Cattaneo’s law. The ill-posedness is proved, showing
the lack of continuous dependence on the data, and thus showing that these models (delay or higher-order

expansion ones) are highly explosive. In this work we shall present conditions for when this happens.

1 Introduction

In this work we presents a mathematical analysis of several thermomechanical models which incorporate delay or
relaxation parameters.

Heat conduction is usually described by means of the energy equation
0; +vdivg=0 (1)
for the temperature 6 and the heat flux vector q. With the constitutive law
qit+ 7, ) = —rVO(t, -) (2)

this being a special form of a more general law proposed by Tzou [I} 2], where v, £ > 0, and 7 > 0 is a small

relaxation parameter, we obtain the delay equation
Ol = kyAQ(t — T, ) (3)
We shall demonstrate that this problem is ill-posed, namely, the continuous dependence on the initial data is
not given. More generally, we look at the problem from an abstract point of view in discussing
dTL
—u
dtm

where n = 1, and A essentially is the Laplace operator with appropriate boundary conditions in some bounded

() = Au(t — ) (4)

domain. Then the abstract result on ill-posedness can be given for any n € N, and a large class of operators A,

including non-homogeneous, anisotropic positive symmetric elliptic operators.

2 Main Results

Theorem 2.1. Let A be a linear operator in a Banach space having a sequence of real eigenvalues { A} such that
0>y > —0ask —o0. Let n € N and 7 > 0 be fized.

Then there exists a sequence {u;};>1 of solutions to

dn
ﬁul (t) = Aw(t — 1), (1)
with norm ||u(t)|| tending to infinity (as | — oo) for any fixed t > 0 while for the initial data the norms ||u;(0)]|

remain bounded.
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We remark that the eigenvalues may even be embedded into the essential spectrum. The same applies to the
situation in Theorem Recently Roy [I] extended the constitutive equation to

q(t + 71, ) = _(Hve(t + 72, ) + K/*vy(t 735 )) (2)

where s and k* are positive, V is the thermal displacement that satisfies v/ = 6, and 7, > 7 > 73. This leads to

the following heat equation of second order in time with two delay times,

O (t) = KAOO(t — 7, ) + K*AO(t — T, ) (3)
where 7 =71 — 72 > 0, and 7* = 71 — 73 > 0. Again, this equation can be extended to the more general problem

dn

d *
Sult) = A—u(t = 7) + fAu(t — ) (4)

d

where n > 2. The constant g is positive and will be assumed to be equal to 1 without loss of generality. Then we
also get the ill-posedness of this delay problem, i.e.,

Theorem 2.2. Let A be a linear operator in a Banach space having a sequence of real eigenvalues { A} such that
0> = —o0ask —o00. Letn e N, n>2, and 7*, 7 > 0 be fized.

Then there exists a sequence {u;};>1 of solutions to

ar d

— =A— - Au(t — 7*

D ui(t) = At =)+ Auft — 1), )
with norm ||u;(t)|| tending to infinity (as | — oo) for any fixzed t > 0 while for the initial data the norms ||u;(0)]|
remain bounded.

In view of Theorems and a natural way to define a stable theory with delay is by means of a two-

temperature theory as proposed in [6].
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Resumo

Neste artigo é considerado o problema unilateral relacionado com o operador do tipo Klein-Gordon
” 2\ A2 2
ur— u’ — M(|Au|")A%u + My (Ju])u — f

decorrente da teoria de placas finas [3] [8]. O modelo é definido por uma desigualdade variacional hiperbdlica
nao linear para o operador do tipo Klein-Gordon envolvendo o operador bi-harménico com restrigoes unilaterais
sobre a velocidade v’ do deslocamento. Em ordem a obter la existéncia de solucoes é utilizado o método de
penalizacdo para a obtencdo de um sistema aproximado; empleando o método de Faedo-Galerkin é provado a
existéncia e unicidade da solugdo do problema penalizado. As estimativas a priori permitem a passagem ao

limite no problema penalizado ao problema original.

1 Introducao

Neste trabalho estamos preocupados com a existéncia e unicidade de solugoes globais para um problema de valor de
contorno e inicial associado para o operador do tipo Klein-Gordon envolvendo o bilaplaciano. Considerando Q C R?
um conjunto aberto limitado com fronteira regular I' ocupado por uma placa fina, T € R,T >0e Q = Q x (0,T)
o cilindro com fronteira lateral ¥ = I" x (0,7). O problema de valor de fronteira e condigao inicial consiste em

encontrar a fungao deslocamento u : Q — R satisfazendo a desigualdade variacional hiperbdlica

u'(t) € K, quase sempre em (0,7),

/ (u" — M(|Au*)A%u + My (Jul*)u — f)(v —u)dz dt > 0, VveEK, (1)
Q
w(z,0) = up(z), o'(z,0)=wui(z) em £,
u(z,t) = %(m,t) =0 sobre %,

onde K = {v € L?(Q);v > 0 q. s. em Q} é um subconjunto fechado convexo de HZ(Q) N H*(Q), A? denota o
operador bi-laplaciano, a derivada temporal é representada por '. Motivado por [§], as hip6teses a ser consideradas

sobre M e M; sao as seguintes:
o [Hy] M, M; € C*(]0,0);R).
e [Hy] M(s) > mg > Oparatodos € [0, 00).

e [Hs) My(s) > my > Oparatodos € [0, 00).

103



104

2 Resultados Principais

Teorema 2.1. Sejam f € L2(0,T; H3(Q)), f € L*(0,T; L*(Q)), uo € HZ(Q)NH*(Q) eu; € HEZ(Q)NK entdo
existe Ty < T e uma unica solugao u de tal que

u € L™ (0,To; H3 () N HY(Q)), (1)
u' € L™ (0,To; HG(Q)), W/ (t) € KVt €[0,T] (2)
u” € L (0, Ty; L*(2)) . (3)

Prova: FEuxisténcia - Para mostrar a existéncia da solugao global da desigualdade variacional , utilizamos o
método de penalizacio. Definimos o operador de penalizagdo (3 : L?(0,T; HZ(Q)) — L?(0,T; H=2(Q)),

Bu) =—u", v~ =max{v,0}.

e o problema penalizado

!~ M{Bu) A%, + My(uue +250) = [ emQ (4)
Ju.
Us = - = 0 sobre ¥ (5)
ou,
ro_ YU
us = 5 0 sobre ¥ (6)
ue(7,0) = uco(z), ul(x,0) = wuei(x) emQ, (7)

Do método de Faedo-Galerkin provamos que existe uma tnica solugdo do sistema (2.4)-(2.7). As estimativas a
priori da fungéo u. permitem fazer a passagem ao limite em (2.4)-(2.7), a convergéncia da sequéncia define a tinica

solucdo da desigualdade variacional (1.1). ]
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Abstract

This paper is concerned with the small longitudinal vibrations of the cross sections of a bar produced by the
slam of a mass at one end of the bar.
The mathematical model of the above phenomenon is deduced and the solution of this model is obtained.

1 Introduction

Consider an elastic and homogeneous cylindrical bar of lenght L that in the equilibrium position its geometric axis
coincides with the axis ox of an orthogonal system of cartesian coordinates. The cross sections of the bar are small
when comparing with its lenght so we identify the ones with the variable x. Assume that the end x = 0 is clamped
and the other end x = L is free. The equilibrium position of the bar is perturbed by the slam at the end x = L
of a mass M that acts in the negative x-direction. The mass M remains glued at the end x = L after the slam.
Assume that the velocity of the displacement of the mass M is very small.

On the action of the slam of the mass M, the bar has a small contraction and then its cross section have small
longitudinal vibrations in the z-direction.

Our objective in this paper is to deduce a mathematical model that describes the above small longitudinal

vibrations of the cross sections of the bar and then to find a solution of this mathematical model.

2 Main Results

Denote by p, A and E, respectively, the constant density, area of the uniform cross section and Young coefficient
of the bar. Represent by u(x,t) the displacement of the the cross section x (0 < x < L) of the bar at the time t.
We show that a mathematical model which describes the small longitudinal vibrations of the cross sections of

the bar in the conditions of Introduction is given by:

2 2
%(5370—@2%(33,15):0’ O<a<L, t>0
— au’ _ 282’[,6 )
w(0,8) =0, =—(L,t) = =b* =7 (L, 1), t >0, (1)
ou

u(z,0) = u’ (), —(2,0) = u'(z), 0 < 2 < L,

ot
where 1u°(z) and u!(z) denote, respectively, the initial positions an initial velocity of the cross sections of the bar.
Also

E M
a2:;andb2:ﬂ.
A similar condition to ([2.1)2 for the case of a vertical bar clamped at x = 0 and with a load at £ = L can be
found in Timoshenko et al. [6], p.387-388.

Problems related to (2.1) can be seen in Araujo et al [I] and Medeiros and Andrade [3]
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Let V' be the Hilbert space
V= {’U € Hl(OaL); U(O) = O}a

L du dv
(o)) = [ GG

equipped with the scalar product

and norm [|ul|> = ((u,u)). We use the notation v’ instead of 2.
We have the following result:

Theorem 2.1. Let u® € VN H2(0,L) and u' € V. Then there exist a unique function u in the class
u € L>®(0,00;V N H2(0, L)),
uw € L*(0,00; V), (2)
uw’'(L,.) € L>(0,00)
such that
U’ — a*ug, =0 in L>=(0,00; L?(0, L)),
ug(L,.) = =b*u"(L,.) in L>=(0,0), (3)
w(0) =u® , ' (0) = ul.
Remark 2.1. Condition (2.2)3 is a hidden regularity of the solution u.
Proof of the Results The mathematical model (2.1) is obtained by using the Newton’s Second Law, Hooke Law

and D’Alembert’s Principle. See D’Alembert Principle in Timoshenko et al [6] and Sommerfeld [5]. The theorem
follows by applying the Faedo-Galerkin Method and results on the trace of non-smooth functions.
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Abstract

We prove continuity of the flows and upper semicontinuity of global attractors for a Takeuchi-Yamada type

equation with variable exponents.

1 Introduction and Main Results

In [4] we considered the following nonlinear PDE problem

ou 0 /,0u ou

sipy = 9 (19U py@)-29Us ) _
ot (*) ox <| Ox | ox ) B(us(t)), >0
us(0) = ugs,

under Dirichlet homogeneous boundary conditions, where uos € H := L*(I), I := (¢,d), B : H — H is a globally
Lipschitz map with Lipschitz constant L > 0, ps(z) € C*(I), p; := ess inf p, > 2 for all s € N, and p,(-) — p in
L>(I) (p > 2 constant) as s — oco. We proved continuity of the flows and upper semicontinuity of the family of
global attractors {A}sen as s goes to infinity.

In this work we consider the nonlinear perturbation |u[Ps(®)=2y of the p(z)—Laplacian, i. e., we consider the

following nonlinear PDE problem

a(;is (t) — div(|Vus|p5(‘”)_2Vus) + |u

us(0) = uos,

Ps(@)=2y — B(ug(t)), t >0,

(1)

where ugs € H := L*(Q), Q2 C R™ (n > 1) is a smooth bounded domain, B : H — H is a globally Lipschitz map with
Lipschitz constant L > 0, p,(-) € C*(Q), p; := ess inf p, > p, pT := ess sup ps < a, for all s € N, and p,(-) — p in
L>(Q) as s = oo (p > 2 and a are constants). We prove continuity of the flows and upper semicontinuity of the
family of global attractors {As}sen as s goes to infinity for the problem (T]).

2 Application: A Takeuchi-Yamada type equation with variable exponents
In [2], Chafee and Infante considered the equation
(P1) up = Mgy +u — u®,

and Takeuchi and Yamada considered in [6] the following more general equation involving the p-Laplacian operator

(P2) ur = A(Jua""*ue)a + |ul*™?u(l —[u]"),
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where p > 2, ¢ > 2, » > 0 and A > 0 are constants. Note that taking p = ¢ = r = 2, problem (P2) becomes
problem (P1). The authors in [I] proved the continuity of the flows and upper semicontinuity of a family of global
attractors for the problem (P2) when p = ¢ and p — 2.

In this section we consider the following problem

up = Miv(|VuP®2Vu) 4 |u]92u(1 — |u]"®),
with ¢ = 2 and r(z) := p(x) — 2 > 0, i.e., we consider the problem
(P3) uy = Adiv(|VuP™=2Vu) + u(1 — |u[P®)~2),

where p(-) € C1(Q), p~ := inf p(z) > p > 2, Q C R" is a bounded smooth domain (n > 1). We prove the continuity

of solutions with respect to initial conditions and exponent parameters and we prove upper semicontinuity of a family

of global attractors for the problem (P3). The study of continuity properties with respect to initial conditions and

exponent parameters for the problem u; = )\(|uz|p(w)_2ux)x + u were already contemplated in the papers [3 [4].
Note that the problem

up = Miv(|Vu[P®=2Vu) + u(l — [u[P®=2), ¢ >0,
u(0) = uo,

can be seen as

(2)

wy — Miv(|VulP®=2Vu) + [uP@ =2y = u, t >0,
u(0) = uyp,

and B (u) := u is a globally Lipschitz map. So, all the abstract results developed for an abstract globally Lipschitz
external forcing term also apply to the problem .

Remark 1. The results presented here, and their proofs, can be found in [5].

Remark 2. The bifurcation studies of solutions to problem (@ with respect to the parameter A\ is an open
problem.
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Abstract

In this paper we are concerned with a class of abstract fractional integro-differential inclusions with state-
dependent and infinite delay. Our approach is based on the existence of a resolvent operator for the homogeneous
equation. We establish the existence of mild solutions using both contractive and condensing maps. Finally, an

application to the theory of diffusion problems in materials with memory is given.

1 Introduction

Several problems in ordinary differential equations and partial differential equations leads to the concept of
differential inclusion. Differential inclusion is a concept that generalizes the concept of differential equation
and is more suitable for studying existence and qualitative properties of solutions of differential equations with
discontinuous forcing functions, existence of solutions for models of control systems, perturbed systems, stochastic
models and generally, multi-valued dynamical systems. The nice monograph of Smirnov [I] contains an excellent
overview of the theory. Indeed, differential inclusions also serve to properly describe other models in which arise
the same type of difficulties as mentioned above in relation with differential equations. In particular, our aim in

this paper is to to establish the existence of mild solutions for the integro-differential inclusion

’ ! (t — S)a_Q
u'(t) € /0 mAu(s)ds + f(t upuy)), t € [0,T], (1)
u = ¢eb (2)

As a model we consider a diffusion problem with memory. To simplify the exposition, we assume that the system

is located in [0, 7] and is described by

dw(t,§) /t (t —s)* 72 w(s,¢)
S ds
0

ot MNa-1) 0
0 T
+m(t)[ /0 a(Wp(t,w,)(0,m)(E —n)dndd + C, t € [0,T], £ € [0,n], (3)
w(t,0) = w(t,7) =0, (4)
w(0,§) = ¢(0,§),0<0,0<E<m, (5)

where 1 <a <2, m:[0,7] 2 R,a:R—> R, h:[-m 7] = R, p:(—00,0] x [0, 7] = R are functions, and C' is a set

of functions from [0, ] into R which will be an appropriately set.

2 Main Results

We establish some results of the existence of mild solutions of problem —. Initially we will establish the general
framework of conditions under which we will study this problem. Throughout this section, x denotes the Hausdorff
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measure of noncompactness in X. We assume that ¢ € B. We denote Cy(J, X) = {z € C(J,X) : (0) = ¢(0)}.
Furthermore, in what follows we assume that f is a multi-valued map from J x B into Kv(X) that satisfies the

following properties:
(f1) The function f(-,¢): [0,7] — Kv(X) admits a strongly measurable selection for each ¢ € B.
(£2) For each t € [0,T], the function f(¢t,-) : B — Kv(X) is u.s.c.
(f3) There exists a function u € L'([0,7]) and a continuous non-decreasing function  : [0, 7] — [0, oo] such that
L&) = sup{[joll : v € (£, 9)} < pOQ|[¥]5), a-e.t €[0,T],
for all ¥ € B.

Furthermore, we assume that p : [0,7] x B — [0,00) is a continuous function such that p(¢,v) <t for allt > 0
and ¢ € B.

Definition 2.1. A function x : (—oo,T| — X is said to be a mild solution of —(@ if condition (@ is satisfied,

the restriction of x to [0,b] is continuous, and the integral equation

z(t) = Sa(t)p(0) + /0 Sa(t — s)u(s)ds

is verified for u € Fy 0 = Fpa ={u € LY[0,T]; X) : u(t) € f(t,%p,0,)), t € J} and all t € [0,T].

Theorem 2.1. Assume that conditions (f1)-(f3) are fulfilled. In addition suppose that the following conditions
hold:

(H1) There is a constant Ly > 0 such that

dH(f(t7’l/)1)af(t7,(/]2>) S L1||¢1 - ’(/}2”3)
for allt € [0,T] and all Y1, € B.

(H2) There exists a positive function m € L*([0,T]) and for every r > 0 there is a constant La(r) > 0 such that

dH(f(t7$t2>7 f<t7xt1)) < Lg(r)m(t)|t2 - tl‘?

for all t1,t2 € [0,T] and all function x : (—o0,T] — X such that xg € B, = : [0,T] — X is continuous, and

maxo<i<7 ||7ellp < 7.

(H3) There is a constant L, > 0 such that
Ip(t, 1) — p(t, ¥2)| < Lyl — alls, ¥1,92 € B.
If there exists R > 0 such that
(KM H + M)|¢|ls + KM Q(R) /OTu(s)ds <R, (1)

and

le(/o (Ly + La(R)L,m(s))ds < 1, (2)

then there exists a mild solution of problem —(@.
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Abstract

In this work we prove a periodic averaging theorem for generalized ordinary differential equations and show
that the averaging theorem for measure neutral funsctional differential equations follow easily from this general

theorem.

1 Introduction

Classical averaging theorems for ordinary differential equations are concerned with the initial-value problem
o' (t) = ef(t, (b)) + 2g(t, x(t), ), x(ty) = o,

where € > 0 is a small parameter. Assume that f is T-periodic in the first argument. Then, according to the
periodic averaging theorem, we can obtain a good approximation of this initial-value problem by neglecting the
e2-term and taking the average of f with respect to t. In other words, we consider the autonomous differential

equation
y'(t) = efo(y(t), ylto) = o,
where

to+T
fot) =5 [ st

In [2] Mesquita and Slavik show a periodic averaging theorem for a large class of retarded equations since
they derive a periodic averaging theorem for generalized ordinary differential equations, which were introduced by
Jaroslav Kurzweil in 1957 (see [1]).

In this work, we prove a periodic averaging theorem for the following class of measure neutral functional

differential equations given by:

t
N(t)ye = N()yt, + [ f(ys; s) dh(s)
to
yto = ¢3
where N(t) is a linear non-autonomous operator, defined by

Nm¢=mm—/'®mmww@ (1)

-7

Let us assume that the kernel 7 : R x R — R™*" satisfies the following conditions:

1. Measurable with respect to both variables
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2. Normalized and satisfies

0, 0>0,
n(t. o) =
77(75’ —’I"), 0 S —T.

3. Left-continuous with respect to second variable on (—r,0), has bounded variation in € on [—r, 0] uniformly in
t, t — N(t)¢ is continuous for each ¢. There exists a continuous, nonnegative, nondecreasing function v(s)
. 0
for s in [0, 7] such that (0) =0, | [~ _dg[n(t,0)]e(0)] < ~(s)llell.

2 Main Results

Theorem 2.1. Let ey > 0, L > 0, X C G([-r,0],R"™), X = {z : [-r,00) = R"; 2y € X for everyt > 0}.
Consider a pair of bounded functions f : X x [0,00) = R", g : X x [0,00) x (0,e9] — R™ and a nondecreasing
function h : [0,00) — R such that the following conditions are satisfied:

1. For every x € X and ¢ € (0,0, the functions t — f(x4,t) and t — g(xt,t,¢) are requlated on [0, 00).
2. f is T-periodic in the second variable.
3. There is a constant o > 0 such that h(t +T) — h(t — r) = « for every t > r.

4. There is a constant C' > 0 such that for x,y € X and t € [0, 00),
1f(x,t) = fly, )l < Cllz -yl -

5. There exists a Lebesgue integrable function C : [tg,tg + o] — R such that for every si,ss € [to,to + o] and
z€0

0 0 S2 0
‘ dop(sz,0)z(s2 +6) — dau(8179)Z(51+9)‘ < /C(S) dop(s,0)llz(s  +  0)lds,

- -Tr -Tr

Define

1 ’ , n(t+T,0) - n(t,0)
RO — (o) Jo 1) ar(e) w € X ml@) = .

fo(z) = T
Let ¢ € X. Suppose that for every € € (0,eq], the initial-value problems

0 0

y(t) = y(0) + < / F (e 5) dh(s) + 2 / 9(yer 5,¢) dh(s) + ¢ / doln(t,O)]y(t +0) — / don(0,0))o(6),

—r —r

Yo = ¢7
t 0
x(t) = x(0) + ¢ ; fo(zs)dh(s) +e [ do[no(0)]z(0), zo=¢

-T

have solutions ¢, y* : [O, g] — R™. Then there exists a constant J > 0 such that

l2°(8) —y= ()] < Je

for every e € (0,0] and t € [0, £].

References

[1] KURZWEIL, J. - Generalized ordinary differential equations and continuous dependence on a parameter,
Czech. Math. J., 7(82), 418-449, 1957.

[2] MESQUITA, J.G. AND SLAVIK, A. - Periodic averaging theorems for various types of equations, J. Math. Anal.
Appl., 387(2), 862-877, 2012.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UNIOESTE - Universidade Estadual do Oeste do Parana
IX ENAMA - Novembro 2015 113114

OPTIMAL CONTROL OF A MATHEMATICAL MODEL FOR RADIOTHERAPY OF GLIOMAS: A
TWO-EQUATION SYSTEM

ENRIQUE FERNANDEZ-CARA:2:t, LAURENT PROUVEE3%% & JUAN LIMACO?

'Dpto. EDAN, Universidad de Sevilla, Sevilla, Spain, *Partially supported by grant MTM2010-15592, DGI-MICINN,
Spain, *IME, UERJ, RJ, Brazil, *Partially supported by CAPES, BEX 7446/13-6, MEC, Brasil,
5IME, Universidade Federal Fluminense, RJ, Brazil.

fcaraous.es, flaurent .prouvee@ime.uerj.br, §j limaco@vm.uff.br

Abstract

This paper deals with the optimal control of a mathematical model of low-grade glioma progression
incorporating the basic facts of the evolution of this type of primary brain tumor. We will consider a model
for the two compartments of tumor cells of the Fischer-Kolmogorov kind, using ideas from Galochkina, Bratus
and Pérez-Garcia in [2] and Pérez-Garcfa in [3]; in a previous paper, we considered a very similar model where
tumoral cells of only one kind appeared. The control is the 2n-tuple (t1,...,tn;d1,...,dn), where t; is the i-th
administration time and d; is the i-th applied radiotherapy dose. We look for controls that maximizes, over the

class of admissible controls, the first time at which the tumor mass reaches a critical value M,.

1 Introduction

The most frequent type of primary brain tumor is the glioma. At present, it is a major challenge for medicine,
since known therapies cannot erradicate them and patients diagnosed with gliomas typically die because of the
complications related to tumor evolution. Radiation therapy (RT) is one of the main techniques used to treat
malignant gliomas.

In order to capture in a minimal way the response of the tumor to radiation it is necessary to work with a model
that classifies tumor cells into two generic compartments: the first one u = u(z,t) is the density of functionally
alive tumor cells; the second one v = v(z, t) represents the density of tumor cells that, after the action of radiation,
are not able to repair the DNA damage and thus will die after some average mitosis cycles k. To do so, we based
our work on an article from Galochkina, Bratus and Pérez-Garcia in [2] and Pérez-Garcia in [3] .

Let Q € RY be a bounded open connected set (N = 1, 2 or 3) and let us fix the number of radiotherapy
doses (n), the specific irradiation times t; with 0 <¢; < ... <t¢, < T < +o00, the doses d; € L?(Q) and the initial
cell density cp, with cg € L>®(Q2), 0 < c¢p <m < 1 a.e. and ¢g # 0.

In each stage of the treatment, let the j-th cell densities u; = u;(z,t) and v; = v;(x,t), j = 0,1,...,n, be

the solutions of

Ut = DAUj + i))(l — (Uj + vj))uj, in Qj =0 x (tj,tj+1),

vie = DAv;— 21— (uj +vy))yy, in Q= Qx (8, tj11), (1)
ou;  Ov;
8777] = 877; = 0, on ) x (tj,tj+1),

with initial conditions

colz), if j =0, 0, if j =0,
4 N — nd v ) =
U (@:15) { S(dy (@)1 (,ty), itj£0, 9O { i1z, ty) + (1 — S(d;(2))uj_1(x, b)), if j £ 0,
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with the convention that to = 0 and t,4+1 = +oo and the survival fraction given by S(d;) = e~ordi=Prd]  The
positive constant D is the diffusion coefficient accounting for cellular motility, p is the proliferation rate.

From the (u;,v;), we can now define the global in time tumor cell concentrations u = u(z,t) and v = v(zx, t),
with

(2)

u(z,t) == u;(x,t) forte tj,tjt1), 0<j<mn,
v(z,t) :=vj(z,t) forte[t;,tjr1), 0<j<n,

Then, the optimization problem consists of finding specific irradiation times ¢; and doses d; such that the overall
survival time Ty (t1,...,tn;d1, ..., dy) is maximum. By definition, Ty (¢1,...,tn;d1,...,dy) is the smallest time for
which the total tumor mass

M) = /Qu(x,t) +v(z,t) dz, (3)

reaches the critical value M,. In other words, we want to maximize the pay-off function

Te(t1,- .. tn;d1,...,dy) :=inf {T eR,: / u(z,T) +v(z,T) de > M*} (4)
Q
subject to the constraint (¢1,...,t,;d1,...,d,) € Uaq, where the set of admissible controls U,q is given by
~ n 1
Una ;:{ tryeotpsdiy e dn) €U 0<ty <ty <...<t,<T,0<d; <d,ae., ap d; +
(h ! ) = ’ ; T an/Bn =

(5)
with U = R™ x L2(Q)". The coefficients ay,, 8;, are the parameters of the normal tissue and E, is the main limitation

for the damage to normal tissues.

2 Main Result - Existence of an Optimal Control

Theorem 2.1. Let us assume that 0 < M, < |Q}|. Then, there exists at least one solution to the optimal control

problem

(6)

Mazimize Ty (w)
subject to w € Uyq.

This is equivalent to minimize the functional J : Uyq — R U {—o0}, with
J(w) := sup {T T eRy: / u(z,T) +v(x,T) de > M*} NYw € Uyg. (7)
Q

From well known results from Calculus of Variations, we observe that the existence of a minimum of J in Uyq
will be ensured if we prove the following: J is well-defined; U, is non-empty, bounded, convex and closed in U; J

is lower semi-continuous (l.s.c.) for the weak convergence in U.
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Abstract

In this paper we deal with the uniform stabilization of the nonlinear wave equation with acoustic boundary
conditions to non-locally reacting boundary. Using the techniques of [3] we prove a stability result when the

damping acts on a domain portion.

1 Introduction

Let Q@ C R™ be an open, bounded and connected set with smooth boundary I', n > 2. Let I'y and I'; be closed and
disjoint subsets of I" with positive measure such that I' = I'g UT';. This work is devoted to the study of the uniform
stabilization of solutions of the following nonlinear problem:

v — Au+a(z)gi(v) =0 inQ x (0,00); (1)
u=0 onTy x (0,00); (2)
0

8—3 =4 onTy x (0,00); (3)
mé" — 2Ard + g2(6") + 176 = —pou’ onT'; x (0, 00); (4)
u(z,0) = up(z), v'(z,0) = uy(x) forz € Q; (5)
0(z,0) = do(z) for x €Ty, (6)

0
8 (z,0) = %(m), for z € 'y, (7)

0 "L 92

where ' = E; A= g 922 and Ar are the Laplace and the Laplace-Beltrami operators, respectively; v is the
-
i=1 i

outward normal unit vector on I'y; 7 : I'; — R is a non negative continuous function; g1, g2 : R = R, ug,u; : @ = R
and dp : I'y — R are given functions; m, ¢ and pg are positive constants; and a : @ — R (the action function) is
such that a(z) > ag > 0 over w C 2, where w is a neighborhood of a boundary portion.

When the equation has no dissipative term (a = 0), ¢ = 0 and g2(z) = dz, for x € I'y and d > 0 constant,
Beale [1] proved that there is no uniform rate of decay for the associated energy. Therefore three ways have been
considered to ensure stability results: a) Negligible boundary structure mass (m = 0); this technique was initially
used by Frota, Cousin and Larkin [5] where the authors proved a stabilization result, when m = 0 in and no
internal or boundary damping term involving the function u were added. Many authors have used this technique,
specially when memory terms are introduced. See also Graber [7] where the study involving the relations between
negligible/non-negligible boundary structure mass was made. b) Damping terms in the impenetrability condition;
dissipative boundary terms have been used to solve problems involving wave equations with Neumann boundary
conditions, see, for example, [9, [[0]. The strategy consists in to introduce to the equation an appropriate
(dissipative) term involving the trace of the function u’, see [7, B, 12]. ¢) Damping acting in the whole domain,;

this consists in putting damping terms in the wave equation which are effective in all domain Q, as [6, 11]. In [6]

115



116

the authors studied the problem with a general nonlinear internal damping. This internal damping was weaken in
[I1], but an assumption involving the size of initial data was necessary. Dynamic boundary conditions were also
discussed in [4] and references therein.

The main purpose of this work is to introduce a fourth way to get stabilization for this class of problem, which
is between the extremal cases of Beale (without internal damping term) and (c) cases (damping acting in the whole
domain). Precisely, we show that it is possible to get uniform decay rates to the energy of the non linear problem
7, when the internal damping acts only on a subset of the domain (localized damping). To the best of our
knowledge, in all papers considering wave equations with acoustic boundary conditions the damping terms are
effective in the whole domain. Therefore, the goal of this work is weaken the damping effect involving the function
u, i.e., we prove an uniform stabilization result when the damping acts only on a small region near a portion of
the boundary. The tool we use here was introduced in [3] where the authors considered the multipliers techniques
combined with Lasiecka and Tataru’s techniques [10] to prove a stabilization result to a nonlinear wave equation.
This technique allows us to consider domains with no geometric restriction on the sets I'; (dissipative boundary

portion) and Ty (the non controlled boundary portion).
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Resumo

Neste texto propomos um método para gerar hiper-ideais de aplicagbes multilineares continuas entre espagos
de Banach a partir de um ideal de operadores lineares. Tal método se baseia em uma inclusao apresentada por

Stephani [6] e é fortemente inspirado no seu correspondente polinomial, introduzido por Aron e Rueda em [IJ.

1 Introducao

Primeiramente recordamos a defini¢do de hiper-ideais de aplicagbées multilineares, apresentada em [2], conceito
central desse trabalho e cuja proposta é motivada na tentativa de generalizar o famoso conceito de ideal de aplicagoes

multilineares, ou multi-ideais, introduzido por Pietsch em [4].

Definicao 1.1. Um hiper-ideal de aplicagoes multilineares, ou simplesmente hiper-ideal, é uma subclasse H da
classe das aplicagoes multilineares continuas entre espagos de Banach tal que, para quaisquer n € N e espacos de
Banach Ey,..., E,, F, as componentes H(FE1, ..., En; F) := L(E, ..., E,; F)NH satisfazem as seguintes condicoes:

(1) H(E, ..., Ey; F) é um subespago vetorial de L(Ej,..., E,; F) que contém as aplicagdes n-lineares de tipo
finito;

(2) Propriedade de hiper-ideal: Dados nimeros naturais n e 1 < my < --- < m,, espagos de Banach
Gi,...,Gm,, Er,...,Ey, F e Hyse By € L(Gy,...,Gmy; E1), ..., Bn € L(Gmyy 141, G, 3 En), t € L(F;H) e
AeH(E,...,E,; F), entdo a composta to Ao (By,...,B,) pertence a H(G1,...,Gn, ; H).

Se existem p € (0, 1] e uma fungéo || - [|[3: H — [0, 00) tais que:

(a) A funcdo || - ||y restrita a toda componente H(E1, ..., E,; F') é¢ uma p-norma;

(b) A aplicagao n-linear I,,: K™ — K, dada por I,,(A1,...,An) = A1 -+ - Ap, é tal que ||I,]|5 = 1;

(c)Se A€ H(Ey,...,En;F),t € L(F;H), By € L(Gy,...,Gpmy; B, ..., By € L(Gpy 415+, G, 3 En), entao

[to Ao (B, Bo)lla < lIt]l - [[Alla - 1Bl - | Bull,

entdo (H;|| - ||%) é um hiper-ideal p-normado. Mais ainda, se todas as componentes H(E1,..., E,; F) sdo espagos
completos relativamente a topologia gerada por || - ||3, dizemos que (H; || - [|) é um hiper-ideal p-Banach. Se p =1
dizemos simplesmente que (H; || - %) é um hiper-ideal normado (Banach, respectivamente).

O objetivo deste trabalho é introduzir um método para gerar hiper-ideais.

2 Resultados Principais

O método que introduzimos neste trabalho para gerar hiper-ideais é baseado no conceito de conjuntos Z-limitados,
onde Z é um ideal de operadores, que foi introduzida por Stephani em [6] e tem sido desenvolvida em vérios trabalhos

mais recentes, por exemplo [T}, B].
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Definigao 2.1. Seja Z um ideal de operadores. Dizemos que um subconjunto K de um espaco de Banach F' é
Z-limitado se existem um espago de Banach H e um operador u € Z(H; F) tais que K C u(Bg). A colegdo dos

subconjuntos Z-limitados de F' serd denotada por Cz(F).

Em [I], Aron e Rueda utilizaram o conceito de conjunto Z-limitado para definir um ideal de polindmios
homogéneos. A definicao a seguir é uma adaptacdo da definicdo de Aron e Rueda para o caso de aplicagoes

multilineares:

Definigao 2.2. Seja Z ideal de operadores. Dizemos que uma aplicagdo multilinear A € L(Ey,...,E,; F) é Z-
limitada se A(Bg, X -+- X Bg,) é um conjunto Z-limitado de F', ou seja, se existem um espago de Banach H e um
operador u € Z(H; F) tais que
A(Bg, X --- X Bg,) Cu(Bg). (1)
Nesse caso escrevemos A € L7)(E1,...,En; F). Se || - ||z for uma p-norma do ideal Z, definimos ainda a funcao
II - ||£<z> : Lizy — [0, 00) por
[Allz.z, = inf{[Jullz : u satisfaz @3

Teorema 2.1. Sejam 0 < p <1 e (Z,||lz) um ideal de operadores p-normado (p-Banach, respectivamente). Entdo
(Lizys I lle(zy) € um hiper-ideal p-normado (p-Banach, respectivamente).

Na demonstracao do teorema acima usamos o critério da série para hiper-ideais, que pode ser encontrado em
[2) Theorem 2.5]. Terminamos o trabalho exibindo alguns exemplos concretos de hiper-ideais que sdo gerados pelo

método que acabamos de descrever:

Exemplo 2.1. Denotemos K e W os ideais dos operadores compactos e fracamente compactos, respectivamente.
Usando o mesmo argumento de [I, Example 3.1], prova-se que Ci(FE) coincide com a classe dos subconjuntos
relativamente compactos de E; e que Cyy(F) coincide com a classe dos subconjuntos relativamente fracamente
compactos de F. Entao as classes L das aplicagoes multilineares compactas e Ly, das aplicagoes multilineares

fracamente compactas sao hiper-ideais fechados (ou seja, hiper-ideais de Banach com a norma usual do sup).

O método da limitacao também gera um hiper-ideal baseado no ideal K, dos operadores p-compactos introduzido

por Sinha e Karn [5], e que tem sido objeto de muitos trabalhos recentemente:

Exemplo 2.2. A classe (Lx,; |- H.C;cp) das aplicagoes multilineares p-compactas é definida de forma andloga ao que
foi feito em [I] para polinémios homogéneos. Para todo p > 1, L, = Lx,) € || - llzx, = I - 2, Pelo Teorema
(L, |l ek, ) é um hiper-ideal de Banach.
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Resumo

Falaremos sobre envelopes de AB-holomorfia, um conceito que relaciona envelopes de holomorfia com as
extensbes de Aron-Berner, no contexto de dominios de Riemann. Nos dedicamos as fung¢bes holomorfas de tipo
limitado, e caracterizamos o AB-Hp-envelope de um aberto equilibrado de um espago de Banach simetricamente

regular. Estudamos quando as extensoes ao AB-Hp-envelope sdo de tipo limitado.

1 Introducao

Em 1978, R. Aron e P. Berner [I] mostraram que toda fungio f € Hy(F) pode ser estendida a uma funcao
AB(f) € Hy(E"), no seguinte sentido: AB(f)(Jg(z)) = f(x), para todo = € E, sendo Jg a inclusdo candnica de
E em E”. Este resultado foi melhorado em [4] para bolas e em [6] para abertos absolutamente convexos. Tais
resultados podem ser relacionados com o conceito de Hy-envelope de holomorfia, que pode ser entendido como o
maior dominio no qual as fungoes de H,(U) admitem extensoes holomorfas. Quando E é simetricamente regular,
o espectro M(U) pode ser munido de uma estrutura de dominio de Riemann sobre E”, baseada na extensdo de
Aron-Berner, ver [2].

Neste trabalho, utilizamos o modelo sobre E” considerado em [2] e em também em [5]. Apresentamos uma
defini¢do de AB-envelope de holomorfia, que relaciona o conceito ja conhecido de envelope de holomorfia com as
extensoes de Aron-Berner. Para o caso da dalgebra de funcgdes holomorfas de tipo limitado, apresentamos uma
relagao destes envelopes com seu espectro, e damos uma descricao dos mesmos. Finalizamos investigando quando
as extensoes ao AB-Hy-envelope sao de tipo limitado.

Este é um trabalho em conjunto com D. Carando e S. Muro, ambos da Universidad de Buenos Aires, Buenos
Aires, Argentina. Este trabalho obteve financiamento da FAPESP, Proc. 2014/07373-0.

2 Resultados Principais

Definicao 2.1. Sejam E um espago de Banach, (X, p) e (Y, q) dominios de Riemann sobre E e B, respectivamente.

Um AB-morfismo é uma aplica¢ao continua 7 : X —'Y que cumpre Jg(p(x)) = q(7(z)), para todo x € X.
X =Y
pl lq
JE 1
EFE —— F

Definigao 2.2. Sejam F C H(X) e G C H(Y). Um AB-morfismo T : X —Y é uma AB-F-G-extensdo de X

se para cada f € F existe uma inica f € G que cumpre as sequintes condigoes: (I)fOT = f; (2) para cada x € X,
AB (f ° (p|B(Iyr))—1) = f o (al(r@).m) ", para algum r > 0.
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Definigao 2.3. Sejam F C H(X) e G C H(Y). Uma AB-F-G-extensio 7: X — Y é um AB-F-G-envelope de
zZ 5y
holomorfia de X se para cada AB-F-G-extensio de X: v: X — Z, ezistir um morfismo: 1\ v q tal
E//
que pov =T.
Adaptando as ideias de [7, Teorema 56.4], mostramos a existéncia e a unicidade do Hp-envelope definido em
O espectro de Hy(X) é denotado por My(X). As avaliagées em x, definidas por d,(f) = f(z), para toda
f € Hp(X), sao elementos de M(X). Quando E é simetricamente regular, (M,(X), ) é um dominio de Riemann
sobre E”, sendo 7 : My(X) — E” dada por 7(p)(§) = ¢(£ o p), para toda £ € E', ver [2,[5]. A seguir, mostramos
como o AB-Hj-envelope de holomorfia pode ser relacionado com o espectro M (X).

Teorema 2.1. Seja (X, p) um dominio de Riemann conexo sobre um espago de Banach simetricamente reqular E,
e seja'Y a componente conexa de My(X) que intercepta §(X). Seja ¢ : (X,p) — (Y,n) dada por 6(x) = 0., para
todo x € X. Entao § € o AB-Hy-envelope de X.

Iremos agora nos restringir a subconjuntos abertos em espacos de Banach. Neste caso, descrevemos o AB-H-
envelope de U.

Definicao 2.4. Sejam E um espago de Banach, A C E limitado e U C E aberto. Denotamos: (1) //1\'1’3 ={" €
E" : |AB(P)| < sup|P|a, VP € P(E)}; (2) Up = U,en (Un)]

p» onde (Un)nen € uma sequéncia fundamental de
U -limitados.

Teorema 2.2. Seja U um subconjunto aberto e equilibrado de um espa¢o de Banach E simetricamente regular.
Entio n(EAB(U)) = Up.
U —2 EBAB(U)
i |
v -2, U
Finalmente investigamos quando as extensoes ao AB-Hj-envelope sdo de tipo limitado. Seguindo as mesmas

ideias de [3 Teorema 2.4], provamos que isto acontece quando U é um subconjunto aberto equilibrado e limitado

de um espago de Banach simetricamente regular.
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Resumo

Neste artigo, vamos provar a existéncia de solugdo positiva para uma classe de equagdes de Schrodinger
quase lineares envolvendo crescimento supercritico. Ao utilizar uma mudanga de varidveis, a equagdo quase
linear é reduzida para uma equagao semilinear. Em seguida, método variacional é utilizada em conjunto com

um argumento de truncamento usado em Del Pino e Felmer [1].

1 Introducao

Recentemente véarios matematicos tem estudado equagoes do tipo
— Au+ W (2)u — EA(u*)u = p(x, u), (1)

em RY, com N >3, W : RY — R uma funcio potencial e p : RN x R — R func¢do continua. As solucdes de (|1

estao relacionadas com a existéncia de ondas estaciondrias para equagoes de Schrédinger quase lineares da forma
0z = —Az+ W(x)z — f(|2%])z — kA [9(|2%])] ¢'(|2%))=, (2)

em que W é um potencial dado, k uma constante real, f,g sdo fungdes reais. A fim de buscar solucdo para a
equacao dois métodos variacionais vem sendo amplamente usados. O primeiro por meio de argumentos de
minimizagao com vinculos, em [5] e estendidos em [3], os autores provaram a existéncia de solugdes positivas usando
um Multiplicador de Lagrange. No segundo método os autores em [4] introduziram uma mudanga de varidveis,

para transformar o problema quase linear em um semilinear.

2 Resultados Principais
Iremos tratar da existéncia de solugao, para a seguinte classe de problema:

—Au—A@WHu+V(z)u=pu) emRY N >3 (3)
onde V' é uma fungao continua que satisfaz as seguintes hipoteses:

(V1) Existe Wy > 0 e W € CHRY) N LN/2(RY) tal que V(z) = Vp(x) — W(x) > Wp, com W (x) > 0, com a
desigualdade estrita em um conjunto de medida positiva e V}, verificando V,,(z) = V,(z+y), Vo € RN, y € ZV.

A funcdo p € C(R,R) pode ser escrita p(s) = fo(s) + €g(s), em que € é um parametro real positivo, fy e g sdo
fungoes localmente Hélder continuas satisfazendo:

(F1) fo(0) =g¢(0) =0 e g(s) > 0 para todo s # 0;

(Fp) lim fo(s):()e lim 9(s)

|s|»0+ S |s| 20+ 8
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(F3) Existe ¢ € (4,2(2*)) tal que | fo(s)| < C|s|?”", para todo s € R;

(Fy) lim Fols) = 00, onde Fy(s) = [; fo(t)dt;

|s|—o0 st

(F5) Existe uma sequéncia de niimeros reais positivos, (M,,) convergindo para +oo tal que

g9(s) _ g(My)

1= s para todo s € [0, M,], n € N.

l
(Fg) Para Wy > 0 dado por (V3) existem [ > 2 e o € (0, (5 — )W) tal que

1 1
§5f0(8) —IFy(s) > —os? e 559(5) —1G(s) > 0 para todo s # 0
onde G(s) = [ g(t)dt;
(F7) s — ]Lj) é crescente.
s

Para garantir a existéncia de soluc¢do positiva consideramos p : R — R satisfazendo (Fy) — (F7) sobre [0, 4+00) e

definida como zero sobre (—o0,0]. Obtendo o seguinte resultado:

Teorema 2.1. Suponhamos que V e p satisfazem (V1) e (F1) — (Fr) respectivamente. Entdo existe eg > 0 tal que

(@ tem uma solugdo positiva para todo 0 < € < €.

Primeiro, usamos a mudanga de variaveis e reduzimos nosso problema a encontrar solu¢ao para uma equagao
semilinear, lembrando que com isso perdemos a homogenidade do problema. Depois disso, provamos que o problema
envolvendo expoente subcritico possui uma solugao positiva. Para isso consideramos o funcional associado ao
problema modificado e usamos uma versao do Teorema do Passo da Montanha, a fim de garantir a existéncia
de uma sequéncia de Cerami limitada associada ao nivel minimax. Finalmente, construimos uma sequéncia de
fungoes corte e modificamos a nao linearidade para satisfazer o crescimento subcritico, obtendo assim uma familia
de funcionais de classe C'!. Utilizando um argumento de iteracio de Moser, fornecemos uma estimativa envolvendo

a norma L°° para a solugao relacionada ao problema subcritico.
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Abstract

The purpose of this article is to obtain weak solutions for a class nonlinear elliptic problem involving non-
standard growth condition and arising from the capillarity phenomena, under no-flux boundary conditions. Our
result is obtained using a Fredholm-type result for a couple of nonlinear operators and the theory of the variable

exponent Sobolev spaces.

1 Introduction

In this paper we discuss the existence of weak solutions for the following nonlinear elliptic problem for the p(x)-

Laplacian-like operators originated from a capillary phenomena

|Vu|2P(@) =27y,

V1 + [Vu|2r=)

u = constant on 09, (1)

2p(z)—2
/ (\vu\P@*Q + L) Our — o,
90

VI [Vu@/ ov

where  is a bounded domain in R" with a smooth boundary 92, and N > 1, p,s,t € C(Q) for any = € Q;

—M(L(u)) [diquuw@)*sz ) — |u|p<r>*2u} = ') g,

s(

M :RT — R* is a continuous function, f is a Caratheodory function and

p(z) 1. /1 2p(x) p(x)
L(u)Z/ Va4 VI [V
Q z)

(

is a p(x)-Laplacian type operator.

The study of differential and partial differential equations with variable exponent has been received considerable
attention in recent years .This importance reflects directly into various range of applications.There are applications
concerning elastic mechanics, thermorheological and electrorheological fluids , image restoration and mathematical
biology ( See [3]). In the context of the study of capillarity phenomena, many results have been obtained ,
for example [Il 2]. Recently, Avci [I] ha considered the existence and multiplicity of solutions for the problem
(1), without the term |u[?®~2y and with boundary condition
u=0 on 99Q. We consider to study the existence and uniqueness of weak solutions. Here, we observe that
our problem is not variational, so the tool in searching solutions is a result of the Fredholm alternative type for a
couple of nonlinear operator obtained by G. Dinca [4].
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2 Mains Results

Theorem 2.1 (Dinca []). Let X and Y be real Banach spaces and two nonlinear operators T,S : X — Y such
that

1. T is bijective and T~ is continuous.
2. S is compact.
3. Let A # 0 be a real number such that: |[(AT — S)(z)|| — 400 as ||z| — +oo;

4. There is a constant R > 0 such that
IAT = 8)(@)l| > 0 if |z| > R, drs(I =T~ (%), B(6,R),0) # 0

Then A\ — S is suryective from X onto Y.

Here d;s(G, B,0) denotes the Leray-Schauder degree.
Throughout this paper, let
V = {ue W@)(Q) : u|sq = constant}.

The space V is a closed subspace of the separable and reflexive Banach space WP(#)(Q) Suppose that M and f
satisfy the following hypotheses:

(MO) M : [0, 4o00[—]mg, +o0] is a continuous and nondecreasing function with mg > 0.
(F1) f:Q xR — R is a Carathéodory function and there exist positive constants ¢; and ¢y such that
|f(z,8)] <1 +eals|*™@7 vaeQseR,
for some a € C () such that 1 < a(x) < p*(z) for z € Q.

Our main result is as follows.

Theorem 2.2. Assume that hypotheses (M0) and (F1) hold. Then has a weak solution in V.

Proof: We apply theorem ([2.1)),by taking Y = V' and the operators 7,5 : V' — V' in the following way

(Tu,v) = M( ) {fg <|Vu|p(m 24+ %)VUVD dz + [, [ulP® 2w dx

(Su,v) = [ flz,u) |u|t(x vdz

s(x)

forall u,v €V m.
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Resumo
Este artigo esta direcionado a mostrar a existéncia e unicidade da solugao global da equacao
Bu"(z,t) = M(t)Au(t) =0 em Q, (1)
com condigdes iniciais e de fronteira
u(z,0) =u’(z), u'(z,0)=u'(z) em Q,
u(z,t) =0 sobre I'x]0,00],

onde u é o deslocamento, A : V — V' denota o operador definido por (Au,v), Yu,v € Ve B: H — H é
um operador linear, simétrico ndo negativo, estritamente convexo, M é uma funcéo real derivavel, estrictamente

positiva. Os espagos de Hilbert {H, (.)} e {V, ((.))} verificam a imersdo densa e compacta V — H.

1 Introducao

Sejam H e V espacos de Hilbert reais com imersao densa e compacta de V em H. Consideramos os operadores
lineares A, B : V — V' com
(Av,v) >~ ||v||%, , Yv € V (7 constante positiva);

(Bv,v) >0, Yv € V, v £ 0;

e a funcao regular M (£) com
M(§) =0, VE>0.

Consideramos dois ntmeros reais 5 > 1 e d > 0. Em estas condigoes tenemos o seguinte problema:

Bu"(t) + M (||u(t)||€v) Au(t) + §Bu'(t) = 0, in V',t > 0,
0

*) u(0) =u®, u'(0) =u' (u® #0).

A equagdo (*) é a versdo abstrata com damping em espaco de Banach da equagao de Kirchhoff [3] e a equagéo de
Carrier [1]. Quando B = I, 8 =2, W é um espago de Hilbert e § > 0, existe uma extensa literatura deste problema
(cf. Medeiros, Limaco and Menezes [4]).

A existéncia da solugéo local do problema (*) foi obtida por os Autores em [2].

Em este paper estudamos a existéncia global de solugoes de (*) quando M (§) > 0, M = M (t),6 =0e

(Bv,v) >0, Yv eV, v #0;
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2 Resultado Principal

Teorema 2.1. Assumimos hipdteses adequadas e u® € D(S%+5/2) y! € D(S?*+2) w0 # 0

existe uma Unica u = u(z, t) tal que verifica

(P) Bu" + M (t) Au(t) = 0 em L>(0, 00; D(S°F1/2)),
1
ul.

w(0) =u" ,u/(0) =
Prova: Usamos propriedades de espagos de Hilbert, teorema espectral, construcao de espagos adequados e método

de Faedo-Galerkim.

Referéncias

[1] CARRIER, G. F. - On the non-linear vibration problem of the elastic string, Quart. Appl. Math., 3 (1945),
157-165.

[2] 1ZAGUIRRE R., APOLAYA R., MILLA M. - Ezistence of local solutions of the Kirchhoff-Carrier equation in Banach
spaces, Nonlinear Analysis. Theory, Methods and Applications, 68, 2008, p. 3565 - 3580.

[3] KIRCHHOFF G. - Vorlesunger tiber Mechanik, Teubner, Leipzig, 1883.

[4] MEDEIROS L., LIMACO J., MENEZES S. - Mathematical vibrations of elastic string : mathematical aspects, part
one, J. Comp. Analysis and Applications, 4 (2002), 91-127.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UNIOESTE - Universidade Estadual do Oeste do Parana
IX ENAMA - Novembro 2015 127123

ENERGY DECAY FOR A SYSTEM OF WAVE EQUATIONS AND CONTROL

WALDEMAR D. BASTOSL2:f

LUNESP-University of Sdo Paulo State, SJ Rio Preto, SP, Brazil,
2grant# 2014/09900-7, Sdo Paulo Research Foundation (FAPESP).

fwaldemar@ibilce. unesp.br

Abstract

We obtain polynomial decay of energy for a system of coupled wave equations and apply it to a controllability

problem.

1 Notations

Let N > 1 be an integer, = C R a bounded domain, L?(Z) and H'(Z) the usual Lebesgue and Sobolev spaces

with their usual norms ||.||, and ||.|[; respectively (see [1]). For an integer m > 1 we consider the spaces,

HY(ZE) = [HYZ))™ = HY(Z) x ... x HY(T),
L2(Z) =[LA23))™ = L*(E) x ... x LA(T),
with norms || (u, ...,u’")”1 = [HulHi + ...+ HumHi]% and H(“17“'7“m)Ho = [HulHi + ...+ ||um||(2)]% respectively.

We denote U = (ul,...,u™)T, Uy = (uly, ..., ui)T, AU = (Ault,...,Au™)T (T denotes transpose).

2 Main Results

Let A = [aij]m x m be a real diagonalizable matrix with positive eigenvalues. Consider the following Cauchy

problem

Up — AU + AU =0, inRY xR

U(.,0) = Uy, in RY (1)

U(.,0) = Uy, in RY
Lemma (Local Energy Decay): Let = be a bounded domain in RY, N > 1 and Uy € HY(RY), U; € L2(RY)
functions with compact support in =Z. Let U € H}OC(RN x R) be a solution to the Cauchy problem with initial
state Uy and U;. Then, there exist constants 7' > 0 and K > 0 depending on A and the diameter of = such that

the restriction of U to the domain = satisfies
2 _ 2 2
1UCHI=lT+ 10 1) = llo < K N {Uoll} + 11 [Ig} (2)

for all ¢ > T'. Here |= denotes restriction to the set =.

To prove the lemma we used some ideas from [2] and some estimates obtained in [3] for the energy of solutions to
the single equations wuy — Au+ Au =0, X > 0.

Now, using the estimate and D. L. Russell “s approach as in [2] we prove the following result.
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Theorem: Let Q@ C RY, N > 2 be a bounded domain with piecewise smooth boundary 9 with no cuspidal
points. There exists a big enough 7" > 0 such that for each initial state Uy € H1(2), U; € L2(2) there exist a
control f € £L2(992x]0,T[) so that the solution U € H*(2x]0, T[) of the problem

Utt — AU+ AU =0 in QX]O,T[,

U(.,0) = Uy in Q,
Ut(.,O) = U1 in Q,
=1 on 00x]0,T],

satisfies the final condition

U(.,T)=U(.,T) =0 on Q.

1 ¢ m . . . . .
Here %—U = (%L, ceny dg )T with a@ denoting the exterior normal derivative.
n n " n

A remark on the proof of the theorem: let {5 be a & -neighborhood of Q and let H}(€2s) be the subspace of
H(Q5) of the functions vanishing on the boundary of Q5. Let Wy € HY(Qs), W1 € L£%(Qs) be functions
extended by zero outside 25 and let W be the solution of with initial data Wy and W;. For a fixed
T > diam(Qs) we define the bounded linear operator St : Hy(Qs)xL2(Qs) — H'(Qs)xL*(Q) by setting
St(Wo,W1) = (W(,T)las s We(-,T)las ). The theory of PDE asserts that Sy is compact if T > diam({s).
The inequality applied toW shows that S is a contraction if T is taken sufficiently large. This is an important
ingredient in the proof of the theorem.

Proceeding as in [4] we reduce the time of controllability to any value T' > diameter of 2, as it is well known for
the single wave equation ([5], [6]). The idea is to prove that the family of compact operators {St : T > diam(s)}
can be extended analytically to the sector ¥ = {T' € C : T = diam(Qs) + z : |arg z| < w/4} and use spectral
theory as in [5] and [6].
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Abstract

In this work, we consider the Schrédinger equation with a defocusing nonlinear term and dynamic boundary
conditions defined on a smooth boundary of a bounded domain Q@ € RM,N = 2,3 is considered. Local
wellposedness of strong H? solutions is established. In the case N = 2 local solutions are shown to be global. In
addition, existence of weak H' solutions in dimensions N = 2, N = 3 is also shown. The energy corresponding
to weak solution is shown to satisfy uniform decay rates under appropriate monotonicity conditions imposed
on the nonlinear terms appearing in the dynamic boundary conditions. The proof of wellposedness is critically
based on converting the equation into Wentzell boundary value problem associated with Schrédinger dynamics.
The analysis of this later problem with nonhomegenous boundary data allows to build a theory suitable for the

treatment of the dynamic boundary conditions.

1 Introduction

We consider a nonlinear Schrodinger equation with dynamic boundary conditions:

ye — 1Ay = f(y) in Q x (0,00),

y=0 on I’y x (0, 00),

Jy (1)
5, T9W) =0 onTyx(0,00),

y(0) =wo in Q.

Here Q is a bounded smooth domain in R, N < 3. The boundary I' consists of two disjoint parts ['g,T'; . g(2),
z € C is a monotone function and f(y) represents a nonlinear term in the equation. Our main focus is to study
cubic defocusing nonlinearity f(y) = —i|y|y.

In order to study the nonlinear model, we shall first establish well-posedness of the following linear model:

Yy = 1Ay in Q x (0, 00),

y=0 on Iy x (0, 00), (2)

o _

on
The key to this is treating the above problem as a Wentzell problem, i.e. by substituting iAy for y; on the

—yr onI'y x (0,00).

boundary. While Wentzell boundary conditions have been well studied in the context of heat and wave equation,
see Goldstein [2], we are not aware of any treatment pertinent to Schrodinger equations. Thus our first task is

devoted to that goal. Once settling the issues of well-posedness and regularity for the linear model, we shall seek
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a suitable framework for engaging fixed point theory. In this process, the so called "hidden boundary regularity”
is very beneficial. A fixed point method, exploiting hidden regularity and other structural features of Wentzelll

problem, will be used to ultimately show local existence of solutions corresponding to nonlinear model.

2 Mains Results

Define the spaces V = H%O (Q), Xo = {(yo,zo) eV X V,Ayo € V, 20 = ilAyo + F(yo), % +20=0o0n I‘l}, with norm
1ty )%y = Yll32 () + 1215 and Xr = {(y,2) : y € C[0, T; HX(Q) N V], 2 € C(0,T5 V'), 5 = 2,y(0) = o} , with

norm [|(y, )%, = sup [lylz@) + sup |23
te[0,T) te[0,T]

For N = 2,3, we have the following local well-posedness result:

Theorem 2.1 (Local solution). For every bounded subset B C X, there exists T > 0 such that for all (yo, z0) € B,
there exists a unique solution y of with time derivative y; = z such that the pair (y, z) € Xr.

The result announced in Theorem will be proved by way of a fixed point argument applied to a suitable

Wentzell representation of the non homogenous problem.

Theorem 2.2 (Global solution). Suppose N = 2. For all (yo,20) € Xo and for all T > 0, there exists a unique
solution y of with time derivative y; = z such that the pair (y,z) € Xr.

With respect to weak solutions, we are able to provide a similar global existence result by the Galerkin approach.
We shall study the problem in two situations, namely,

case 1 when g(z) is linear and f(y) = —i|y|?y;

case 2: when f :V — V is globally Lipschitz and its primitive satisfies certain conditions borrowed from Burq,
Gérard e Tzvetkov [I].

We define a weak solution of as a solution to the variational form with test functions v € V.

iy, ) 20 — (Vy, Vo) 1200y +(,0) r2ryy — (f (1), 0) p2(0) = 0, VEE€ (0, 00). (1)
However, we obtain weak and global solutions-the result announced in the Theorem below.

Theorem 2.3 (Weak solution). Let yo € V. Then for all v € V there exists a (unique — in the case 2) solution in
the class y € L>(0,00;V); y' € L>(0,00; V") to ().

Having established existence of weak and strong solution, a natural question to address is that of decay rates

for the energy.

Theorem 2.4 (Decay rates). Assume that Q) is star-shaped and let y be a regular solution of the problem . Then,
there exist positive constants v and C such that the H'—energy associated to problem decays exponentially, that
is, E(t) < Ce " E(0), for allt > Ty, Ty > 0 large enough and E(t) = ||Vy(t)||*> + 1/2||y(t)||i4(9).
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Abstract

We consider the nonlinear Schrédinger equation

—AutV(@)u = f(u),

in RY, where V changes sign and f is an asymptotically linear function at infinity, with V non-periodic and
radially symmetric. The existence of a radial solution is established employing spectral theory, a classical linking

theorem and interaction between translated solutions of the problem at infinity.

1 Introduction

A nonlinear Schrédinger equation which models a light beam propagating in a saturable medium may present a
sign changing potential in the linear term and lead to a semilinear elliptic equation in RV with a potential that has
a negative part, see [I] and references therein. This class of problems in which the potential is not strictly positive
has not been deeply explored so far. Our goal is to tackle this problem and show the existence of a nontrivial

solution for
—Au+V(z)u= f(u) inRY, (P)

N > 3, with a continuous and non-periodic potential V' which changes sign, with an asymptotic limit V. at infinity

and a function f asymptotically linear at infinity.

2 Main Results

In this work, we do not assume any monotonicity at s — f(s)/s. For this reason we do not use projections on the
Nehari manifold neither apply the generalized Nehari method as in [2]. We apply the classical linking theorem with

Cerami condition. This is possible by using the positive ground state solution ug of the limit problem
—Au+ Vou = f(u) in RY, (Poo)

projected on a infinite dimensional subspace of H!(R") with finite codimension. Moreover, it is crucial to estimate
the interactions of the translations of ug in order to obtain the linking geometry. These estimates are intricate and
constitute the core of our work.

One difficulty in this problem is that the associated functional I is strongly indefinite. It is convenient to
decompose the space H'(RY) into a direct sum of two subspaces E+ and E~, one of them finite dimensional, and
assume a nonquadraticity condition on F', see assumption (f3) below.

Moreover, the strong convergence of the Cerami sequences is obtained by a version of Brezis-Lieb lemma under

no assumptions of f’ | the derivative of f, based in the ideas of [3], Lemma 3.2, and [4], Lemma 4.2.
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As far as we understand our results complement the works of [I] and [6]. To our knowledge this is an original
result in the existence of a nontrivial solution for (P) under no periodicity condition on V', a potential which may
change sign, and a non linearity f asymptotically linear at infinity under very mild additional assumptions.

We will consider the elliptic problem (P) with N > 3, v € F := H'(RY) and that V is a potential satisfying

the conditions:
(V1) Ve C(RN,R), -V, < V(x) < V4 for some constants Vy, Voo > 0 and V(z) = V(|z);

(Va)  lim V(z)=Vi;

|z|—+o0
(V3) 0¢ o(L) and inf (L) < 0, where o(L) is the spectrum of the operator L = —A + V.

The conditions that we consider on the nonlinearity f are the following:

(f1) feCR,R) and lig%@ =0;
(72 | Ihlﬁ |f|(ss|)| =m>Ve and |fis)| <mforall s € R\ {0};

(f3) Setting F(s) := /Os f(t)dt and Q(s) := 3 f(s)s — F(s), then for all s € R\ {0},

F(s)>0, Q(s)>0 and lim Q(s) = +oo.

§— 00
The main result of this paper is the following theorem.

Theorem 2.1. Under assumptions (V1) — (V3) and (f1) — (f3) equation (P) has a nontrivial radially symmetric
weak solution u € H(RY),

Remark 2.1. We note that the hypothesis that V' is radially symmetric makes it possible to restrict the problem to
the space of radial functions in H'(RN). This yields compactness in the proof of strong convergence of a bounded

sequence. The symmetry assumption is employed only in this step of the work.
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Resumo

Na primeira parte deste trabalho, apresentamos a andlise de estabilidade da familia linear de sistemas de
Boussinesq com o objetivo de determinar a influéncia de seus pardmetros (a, b, ¢,d) na eficiéncia e precisao do
método espectral de Fourier Galerkin aplicado na varidvel espacial, juntamente com o método de Runge Kutta
de quarta ordem aplicado na varidvel temporal. Sao identificadas quais regiGes de pardmetros sdo as mais
adequadas para a obtenc¢ao de uma solugdo numérica consistente. Na segunda parte é apresentada a andlise de
convergéncia da familia ndo linear de sistemas de Boussinesq no caso em que a condigdo de estabilidade linear
é dada por At < CAz. Experimentos numéricos sdo fornecidos com o objetivo de verificar a estabilidade das
solugdes do problema linear em cada regido de parametros, e confirmar a ordem tedrica de precisdo das solugoes

do problema néao linear.

1 Introducao

A familia (a, b, ¢, d) de sistemas de Boussinesq foi obtida e analisada em [I], como um modelo assintético obtido a

partir das equacoes de Euler para ondas de pequena amplitude e grande comprimento de onda. E dada por:

M+ Uz + (u'r])ac + QUggr — gz = 0, (1)
Ut + Ny + UUz + CNgga — duwwt = 07 (2)

onde
=3P = e Doon, e a-en a=J-e)an

com \, e Re0<0<1.

O sistema — descreve a propagagao nao linear de ondas de pequena amplitude em um canal. As varidveis
dependentes n = n(t, ) e u = u(t, x) representam, respectivamente, a altura da superficie livre do fluido em relacao
a superficie de repouso e a velocidade horizontal do fluido em algum ponto acima do fundo do canal. Até onde
sabemos, a maior parte dos resultados numéricos para esses sistemas sao concentrados em escolhas especificas dos
pardmentros (a, b, ¢, d), como por exemplo em [2].

Embora esses resultados respondam a uma importante pergunta levantada em [I], sobre a construgao de métodos
numéricos eficientes e precisos para a obtencao de solugoes aproximadas de PVICs relacionados com esses sistemas,
seria 1util explorar de maneira mais abrangente e consistente a escolha desses parametros na construcao destes

esquemas numeéricos.
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2 Resultados Principais

Nosso objetivo é analisar os sistemas de Boussinesq dados por — num dominio Q = [—L, L] com condicoes de
contorno periddicas em 0. Aplicamos o método de Fourier Galerkin a varidvel espacial do sistema — sem
os termos (nu), e uu,, que é a versdo linear do sistema original. Obtemos entdo, o seguinte sistema de equagdes

diferenciais ordinérias:

e = —ikwi(k)a, (1)
Gy = —tkwa(k)7), (2)
1 — ak? 1 — ck? . . . .
com wi (k) = ——— and wa(k) = Tr a2 Aplicando a andlise de estabilidade de Von Neumann no sistema

—, obtemos o seguinte resultado:

Teorema 2.1. O sistema —(@ ¢ estdvel se At < CN~ para alguma constante positiva C e £ € {0,1,2,3}, onde
At € o tamanho do passo de tempo e N é o nimero de pontos considerados na discretiza¢ao espacial. O valor de ¢

ird depender da regido & qual pertencem os pardimentos (a,b,c,d).

Observagao 3. As regides de parametros mencionadas no Teorema[2.1] decorrem do estudo sobre a boa colocagdo
dos sistemas de Boussinesq -(@, que foi feita em [1]. Sao estas:

a<0,b6>0,c<0,d>0,
a=c¢>0,0>0,d>0

a=c>0,b=d<0.

Observagao 4. Ezperimentos numéricos foram feitos de modo a comprovar as condigoes de estabilidade do
problema linear obtidas no Teorema[2.1] para regices de pardmetros distintas.

Para o problema nao linear, realizamos a andlise de convergéncia do sistema — totalmente discretizado pelos
métodos de Fourier Galerkin na variavel espacial e o método de Runge Kutta de quarta ordem na variavel temporal.
Essa andlise de convergéncia estd direcionada, inicialmente, para algumas regides especificas dos paramentros
(a,b,c,d); a saber, aquelas que fornecem condigao de estabilidade para o problema linear do tipo At < CN~1L.
Para esses casos, temos entao o seguinte resultado:

Teorema 2.2. Sejam s > 4 e (n,u) € C(0,T; H*(Q) x H*T2(Q)) solucdo do sistema —@ para uma determinada
regidgo de paramentros (a,b,c,d) e para algum 0 < T < oo, com dado inicial (no,uo) € H*(Q) x H*2(Q).
Seja (H™,U™) solugao do problema totalmente discreto associado. FEntao, para N suficientemente grande e At
suficientemente pequeno tais que At < cN~! para alguma constante ¢ > 0 , existe uma constante C independente
de N, tal que:

ny _ gn _JIn 4 1-s
ozmaz (") = H" || + Ju(ta) = U"l) < € (At* + N'7%) (3)
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Resumo

Neste trabalho estudamos uma versdao do método de elementos finitos misto dual para o problema difusivo-
reativo estaciondrio no qual a pressdo é eliminada pontualmente, resultando em uma formulagdo posta
unicamente em termos da velocidade. Utilizamos os espagos de Raviart-Thomas para discretizar o problema sobre
uma malha com elementos quadrilaterais. Diferentes formas de pds-processamento para a pressao sao discutidas
e analisadas e sdo tecidas comparagbes com o método misto usual. Sdo apresentados experimentos numéricos,
usando condensag@o estdtica, para verificar caracteristicas de estabilidade e convergéncia das formulagoes

envolvidas.

1 Introducao

No ambito de aplicacoes, especialmente em meios porosos, muitas vezes precisa-se resolver numericamente o

problema parabdlico linear associado a um escoamento monofdsico pouco compressivel, descrito como

a(x)% —div(K(x)Vp) = f, (z,t) € Qx 1, (1)
onde © C R?, com contorno suave I' = 0 e vetor normal unitdrio exterior n, representa o domfnio do meio
poroso, I = (0,7] é um intervalo de tempo, « representa a compressibilidade do meio e p representa a pressao.
Um problema estacionario relacionado pode ser estudado pelo modelo matematico que descreve o escoamento, em
regime permanente, de um fluido sujeito a reagdo em um meio poroso, que pode ser visto, sem perda de generalidade,
como um problema eliptico linear na forma:

a(x)p - div(K(x)Vp) = /, x €, (2)

com condigoes de contorno

p=pp, XxE€'p,
—(K(x)Vp) -n=0, x €Ty,

com ) = Tp ULy eT'pNTy = 0, onde p : & — R respresenta a pressdo no fluido, a(x) > amm > 0 e
K(x) > Kpin > 0.

O emprego do método de Galerkin classico para a aproximacao numérica da solugao desta equagao, com pos-
processamento do campo de velocidades dado pelo gradiente do campo de pressoes, fornece fluxos descontinuos entre
elementos e falha na conservagao local de massa. Outras técnicas de pds-processamento podem ser encontradas em
[1 2L B]. Em [3], o método de [2], obtido pela adigdo do residuo de minimos quadrados da equagao de conservacao
da massa a forma fraca da lei de Darcy, tem sua origem relacionada a métodos estabilizados, sendo aplicado para

o caso de campos de permeabilidade anisotrépicos descontinuos.
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Uma outra alternativa para a resolugao numérica da equagao é o uso de formulagoes mistas, onde a pressao

e a velocidade sao calculadas simultaneamente. Para tal, a escrevemos na forma de sistema de primeira ordem
axX)p+diva=f, u=-Kx)Vp, xe€, (3)

onde u : Q — R? ¢ a velocidade de Darcy. Em particular, para este problema, as varidveis u e p sdo aproximadas
em subespacos de aproximacio de H(div,Q) e L?(f2), respectivamente, o que resulta em um sistema de equagoes
de grande porte. Além disso, exige-se uma condigido de compatibilidade entre estes subespacgos [4], o que reduz a
flexibilidade na escolha de espagos de elementos finitos estaveis. Uma forma de reduzir a dimensdo do sistema e
de facilitar a construcao dos espagos de dimensao finita é a adocao de uma formulacao de elementos finitos mista
hibridaf4], onde a velocidade passa a ser aproximada em um subespaco de (L?(£2))?, com a continuidade do fluxo
sendo imposta através de multiplicadores de Lagrange. Isso representa vantagens tanto em termos de construgao de
espagos quanto na resolugao computacional do problema. Por outro lado, dada a particular forma deste problema,
podemos também simplesmente eliminar a pressao e ficar com uma formulacao desacoplada, cuja varidvel é apenas
a velocidade. Desta forma, a pressao pode ser pés-processada e teremos maior flexibilidade nao apenas na escolha

do parametro a, mas também para a adogao de estratégias iterativas.

2 Resultados Principais

Neste trabalho é apresentada uma versao do método de elementos finitos misto dual para o problema difusivo-
reativo estacionario no qual a pressao é eliminada pontualmente, resultando em uma formulagao posta unicamente
em termos da velocidade. Sao relatados estudos em andamento feitos a partir da comparagao da formulagao mista
dual cléssica com o emprego dos espacos de Raviart-Thomas em elementos quadrilaterais, levando em conta os

seguintes aspectos:

e condicionamento de ambos os sistemas de equacoes;

hibridizacao para o método misto;

influéncia de malhas distorcidas sobre a performance de ambos os métodos;

estratégias de enriquecimento para o esquema em velocidade;

emprego dos espacos desenvolvidos em [I] para pds-processar a pressao.
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Resumo

Neste trabalho prop&e-se a utilizacao da Decomposigdo em Valores Singulares em Multirresolugdo, numa etapa
de pré-processamento, para detecgdo dos complexos QRS de sinais de ECG. A eficiéncia do método proposto é
comprovada pelos resultados obtidos para a base de dados ”Challenge 2011-Training Set A” que apresentam
taxas de previsibilidade de 99,20%, de sensibilidade de 99,70% e de erro em apenas 1,10%, superiores aquelas

obtidas por um método classico da &rea.

1 Introducao

A andlise do Eletrocardiograma (ECG) ainda é um método muito utilizado pelos especialistas devido ao seu baixo
custo e a sua eficiéncia para determinar a saide do coragao e do paciente [I]. O ECG é um sinal unidimensional que
representa a variagao da atividade elétrica do coracao em funcao do tempo. Suas principais ondas caracteristicas
sao: onda P e onda T, que registram a despolarizacao atrial e ventricular, respectivamente. Complexo QRS,
formado pelas ondas Q, R e S, que representa a despolarizacao ventricular [2]. O monitoramento do coragdo pode
ser realizado por longos periodos de tempo. Os sinais gerados sao demasiado extensos para analise manual, por
isso, sistemas computacionais sao utilizados. Para tal tarefa é necessario segmentar os sinais de ECG obtendo suas

ondas caracteristicas, sendo que uma das primeiras etapas é a detecgao dos complexos QRS [3].

2 Resultados Principais

Para a detecg@o dos complexos QRS foi proposta uma metodologia que utiliza a Decomposigdo em Valores Singulares

em Multirresolugao (MRSVD), para obtengao de um sinal onde as ondas de baixas frequéncias, ndo pertencentes aos

complexos QRS, estao atenuadas. Seja ¢g = [¢o(1),- -, do(n)] um sinal qualquer com n amostras. Pela MRSVD
(método proposto por [I]), paral =1,--- , L niveis de resolucao, tem-se:
(1) - 120y —1
X, = $1-1(1) $1-1(2n; — 1) (1)
d1-1(2) - gi1(2n)
x, X! =u;rut 2)
X, =U/X, (3)
(bl :Xl(L) (4)
b =X(2,) (5)

onde n; = n/2'; T; e U; matrizes de valores e vetores singulares, respectivamente, resultado da decomposicio da
matriz de dispersio X; X7 e X (m,-) a m-ésima linha de X;.
Apbs decompor um sinal de ECG pela MRSVD, obtém-se um sinal cujas amplitudes dos complexos QRS estao

amplificadas, devido as caracteristica de filtro passa-alta dos coeficientes da segunda coluna da matriz filtro U;, que
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produz as componentes de detalhe 1;. Primeiro obtém-se um sinal resultante da soma dos valores absolutos das
componentes de detalhes sobreamostradas, do segundo ao terceiro nivel de resolu¢do: Vsum = |(1T 2)v2| + |(1T 3)13].
Para encontrar o inicio/fim dos complexos QRS verifica-se quando a amplitude do sinal é superior/inferior ao limiar
thr = 0,3max(Ysum ). Para evitar falsas detecgdes, utiliza-se de informagoes da fisiologia do coragdo que implicam
em restrigoes aos pontos de infcio/fim dos complexos QRS. Se F's é a taxa de amostragem do sinal de ECG, t;
e ty as localizagoes iniciais e finais, respectivamente, de um complexo QRS, entao a relagao entre essas varidveis,
considerando que a largura de um complexo QRS méxima é de até 0,12 segundos [1], é: |t; —t¢| < 0,12Fs. Outra
restrigdo, que inibe a detec¢ao prematura de complexos QRS, causada por ruido, por exemplo, é utilizar-se do fato
que ha uma distdncia minima entre os picos das ondas R, porque quanto menor for essa distancia maior serd a

frequéncia cardiaca. Essa distancia é dada pela relagao: RR,;, = %Fs. Quando uma quantidade insuficiente de
35

60
analisado, é verificado se o segundo maior ponto de maximo das ondas R é menor que 30% da maior amplitude.

complexos QRS ¢é detectada, sendo que o minimo é dado por R,,;, = 722 e 7 é a duragao em segundos do sinal
Quando for, entao o complexo QRS com a maior amplitude é desconsiderado e um novo limiar calculado para o
sinal resultante. O algoritmo é entao reiniciado utilizando esse novo limiar.

Os sinais da base de dados ”Challenge 2011- Training Set A” (PhysioNet) [6], utilizada para experimentos neste
trabalho, foram obtidos por pessoal com experiéncia variada na area e por meio de dispositivos méveis, o que
resultou em alguns sinais com bastante distor¢ao. Ao todo foram analisados 10 registros, num total de 120 sinais
de ECG, todos obtidos utilizando as derivagoes I, II, III, aVF, aVL, aVR, V1, V2, V3, V4, V5 e V6. Obteve-se
taxas de previsibilidade de 99,20%, de sensibilidade de 99,70% e de erro em apenas 1,10%, contra 97,10%, 99,00%
e 3,70%, respectivamente, obtidas pelo método proposto por [4].
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Resumo

A técnica PGD (do inglés Proper Generalized Decomposition) permite construir aproximagoes numéricas
para problemas multidimensionais por meio de uma estratégia de enriquecimento sucessivo e estd baseada no
conceito de separacdo de varidveis, possibilitando assim a resolucdo de problemas complexos sem recorrer ao
problema multidimensional original. Dentre as aplicagoes podemos citar dindmica de fluidos complexos, quimica
quantica, bem como nas simulagbes em tempo-real. Neste trabalho ilustramos a aplicagdo do método PGD na
equacgao de Poisson em 2D, o que permitiu desacoplar o problema em dois problemas unidimensionais, os quais
foram resolvidos com o método de Galerkin Descontinuo com penalizacdo interior. Apresentamos um exemplo

numérico que ilustra a precisdo e convergéncia do método.

1 Descrigao do problema

Considere a equagao de Poisson

Au(m, y) = f(xvy)v (1)

no dominio Q = Q, x Q, = (0,L) x (0,H) com condigdes de fronteira de Dirichlet homogéneas. Supomos que
o termo de fonte pode ser decomposto na forma separada f(z,y) = Z i (). F/(y). A aproximagao PGD

procurada para a equacao de Poisson é uma solugao na forma separada:
N
=) Xi(2).Yi(y) (2)
i=1

Em cada passo de enriquecimento n(n > 1), queremos calcular o termo X,,(x).Y,,(y) e supomos que ja calculamos
os n — 1 primeiros termos da aproximagao PGD. Neste caso ambas fungdes X, (z) e Y, (y) ndo sao conhecidas e
o problema resultante é nao-linear necessitando um esquema iterativo no processo de solucao. Um dos processos
iterativos usados para lidar com a nao-linearidade do problema é a estratégia de diregao alternada que consiste em
calcular X?(x) a partir de Y, ,(y) e apds calcular Y,? a partir de X?(x). Cada iteracdo do esquema de diregao
alternada consiste nos dois seguintes passos:

1) Calcular XZ(z) de Y,P~1(y): Neste caso, a aproximagao é dada por

P (2, y) ZX y) + XE(2). Y (y) (3)

onde X? é a incégnita. Substituimos na forma residual da equagao de Poisson e obtemos um problema
unidimensional sobre {2, para ser resolv1do dado por
Ld2XP L dPX, =
oF +ATXE =) <% o+ 5;’)@-) + > & F(x) (4)

dx?
=1

j=1
2) Calcular Y?(y) de XP(z): a aproxuna(;ao e dada por,
uP(z,y) = ZX y) + X5 (2).Y7 (y) ()
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onde YP é a incégnita. Apds substituir na forma residual da equagao de Poisson obtemos o problema
unidimensional sobre €2, para ser resolvido dado por

, Y — d?y;
— Yy 1 AV y Yy
a¥ 42 +pYYy = — E ('Yi dy? +51‘Y2> E: F (6)

i=1

Os coeficientes das equagoes (|4 (@ estao especificados em @ e . e resolvemos estas equagoes diferenciais usando
o método de Galerkin Debcontmuo com penalizacao interior [4]. Paramos o processo de enriquecimento da solugao
se e(n) < € onde g(n) = M e paramos o processo iterativo em p de obtencgao da solucao pelo método do

ponto fixo se || XP(z).YP(y) — XP~LYP~1|| < 3, para precisdes €; e ez dadas. Para mais detalhes sobre o método

PGD ver [11 3.

a® = fQ (Y Hy )2 dy o = [o, (Xh(z )22 d

BT = fo, YO (y) Ly BY = [ X0(z)LXal) gy

Vi = fQ 5 (y) i(y)dy (7) v = Jo, Xh(@)Xi(x)dx (8)
x d*Y; (4 Yy _ P d“X;(z)

€ = fg (y)Ff(y)dy € = Jo, XB(2)F} (z)dx

2 Exemplo numérico

Consideramos a equacao de Poisson com condicoes de fronteira de Dirichlet homogéneas em que 2 = Q, x 2, =

(0,2) x (0,1) e o termo de fonte f = 1. Neste caso a solugdo exata é:
mmrx
Uer (T,y) = Z (A m2)sen ( 5 ) sen (nmy) (9)

m,n impar

Implementamos o método PGD com precisao €; = le — 4 e e = le — 6. Empregamos o método de Galerkin
descontinuo com penalizacao interior para resolver as equacoes diferenciais @ em diferentes malhas ( Mx
em . e My em @ e ordens de aproximagao polinomial. Na Fig. anahsamos a convergéncia da solugao
reconstruida u™ para a solu¢do exata u., por meio do erro na norma LQ(Qz x Qy), ou seja, ||tes(z,y) — u™(z,y)]2.
Analisamos esta convergencia em fun¢ao dos modos n. Note que precisamos apenas alguns passos de enriquecimento

para obter convergéncia para a solucao exata.

- Wx=200 My=100
=== Wx=400 My=200
— == Mx=800 My=400
Mix=1600 WMy=800

o =200 My=100
— == Mx=400 My=200
— =~ Mx=800 My=400
MWhx=1600 Wy=800

X
Figura 1: Erro na norma L? da solucio PGD em funcdo do numero de enriquecimentos n obtida com ordem de

aproximagao polinomial k = 2 no grafico da esquerda e k = 3 no grafico da direita.
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Resumo
Uma autoextensdo de um espago de Banach Y é um espaco (quasi-)Banach X que o contém como subespago
(isomorfo) e cujo respectivo quociente também é isomorfo a Y. Uma autoextensdo é trivial se Y é complementado
em X. Estudamos condiges garantindo que certas autoextensoes sejam nao-triviais ou singulares, que em certo

sentido sao o mais nao-triviais o possivel.

1 Introducao

Dados dois espagos de Banach Y e Z, uma soma torcida de Y e Z (nessa ordem) nada mais é do que um espagco
quasi-normado X que contém Y como subespaco (isto é, um subespago isomorfo a Y') e tal que X/Y é isomorfo a

Z. Isso pode ser descrito por uma sequéncia exata curta

q

0 Yy "o X Z 0

onde i e ¢ sao operadores lineares limitados. Isto garante que X é um espaco quasi-Banach. Se Y = Z, diremos
que X é uma autoextensao de Y.
Dizemos que duas somas torcidas X7, Xo de Y e Z sao equivalentes se existe T : X7 — X um operador linear

limitado que faz o seguinte diagrama comutar:

0 Y X, A 0
I
0 Y X, A 0

Isso implica que T é um isomorfismo. Uma soma torcida de Y e Z é dita trivial se Y é complementada nela, o
que ocorre se, e somente se, ela é equivalente a Y @ Z. Para mais informagoes sobre somas torcidas, veja [I].

Dada uma soma torcida de Y e Z com operador quociente ¢

0 Y xX-1.7 0

e dado um subespago fechado W de Z, podemos induzir uma soma torcida de Y e W
0—=Y —=q¢ (W) —=W —=0

Diremos que X é uma soma torcida singular se a para todo subespago fechado de dimenséo infinita de Z a soma
torcida induzida for nao-trivial. E facil provar que isso ocorre se, e somente se, o operador quociente é estritamente
singular, isto €, sua restricao a qualquer subespago fechado de dimensao infinita de X nunca é um isomorfismo.

Um esquema de interpolagao complexa de espagos de Banach induz naturalmente uma autoextensao do espago
Xy, para cada 0 € (0,1):

0 Xo dXy Xo 0

Em nosso trabalho, estudamos condigbes que garantem que a autoextensao acima seja nao-trivial ou singular.
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2 Resultados Principais

Definicao 2.1. Sejam X wum espago de Banach e p € [1,2]. Dizemos que X tem tipo p se existe C > 0 tal que se
T1,...,xn € X, entao

E

n n %
S e gc(zw)
=1 =1

onde a esperanca ¢é tomada sobre todas as possiveis escolhas de sinais ¢; = £1.

Definimos px = sup{p : X tem tipo p}.

Teorema 2.1. Seja (Xo, X1) um par compativel de espagos de Banach no sentido de interpolagao. Suponha que
1-9 0
E Pxy

Xo tem tipo px, e X1 tem tipo px,, Px, 7 Px,, € considere p dado por % =
(a) Se px, = p, entdo dXy € ndo-trivial.
(b) Caso pw = p para todo W subespago fechado de dimensdo infinita de Xy , entdo dXy € singular.

Para provar esse resultado, usamos estimativas como as de [2] e o teorema de Maurey-Pisier [3], que diz que [,
é finitamente representado em X, se este tem dimensao infinita. Note que em [2] é dado um resultado do mesmo
tipo, contudo, os espagos envolvidos devem ter estrutura de reticulado ou uma base.

Este trabalho foi feito sob orientacdo de Valentin Ferenczi, como parte do doutorado (em andamento) do autor.
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ESTRUTURAS COMPLEXAS COMPATIVEIS NO ESPACO DE KALTON-PECK

J. M. F. CASTILLO"f, W. CUELLAR?%, V. FERENCZI?>§ & Y. MORENO?%§§

!Departamento de Matematicas, Universidad de Extremadura, Espanha, 2IME, Universidade de Sao Paulo, Brasil,

3Escuela Politécnica, Universidad de Extremadura, Espanha.

T 3

castillo@unex.es, *cuellar@ime.usp.br, §ferenczi@ime.usp.br, §§ymoreno@unex.es

Resumo

Usando a teoria de estruturas complexas estudamos o problema classico dos hiperplanos no espaco Z> de
Kalton-Peck. Com o propésito de distinguir Zs de seus hiperplanos nos perguntamos se os hiperplanos admitem
estrutura complexa. Nesse sentido, provamos que os hiperplanos de Zs contendo a cépia candnica de f2 nao

admitem estruturas complexas que sejam extensoes de estruturas complexas em ¢.

1 Introducao

Dados X e Y espagos de Banach. Uma soma torcida de X e Y é um espago quase-Banach Z que possui um
subespago X’ isomorfo a X tal que Z/X’ seja isomorfo a Y. Equivalentemente, Z é uma soma torcida de X e Y se
existe uma sequéncia exata curta

0— X125y —o.

Usando a teoria desenvolvida por N. J. Kalton e N. Peck [3] as somas torcidas podem ser identificadas com

aplicacbes homogéneas 2 : Y — X satisfazendo

192(y1 +y2) — Qy1) — Qy2) | < M (llya ]l + l|y211)

as quais sao chamadas de aplicagoes quase-lineares. Cada uma destas aplicacoes induz uma quase-norma em X X Y
definida por

1z 9)llq = llyll + llz = )l -

O espago quase-Banach X @q Y := (X x Y, ||.]lq) é uma soma torcida de X e Y determinada pela sequéncia exata
0— XL Xeey Ly —0,

onde j e ¢ sao a inclusao e a projecao canonica, respetivamente.
O espago de Kalton-Peck Z5 [3] é definido como a soma torcida de €3 com ¢ associado a uma aplicagdo quase

linear 25 tal que

Qo (x) = an log ||33||2en

|Zn|
para todo x € f5 de suporte finito. Desde sua construgdo a comecgos da década de 1980, conjecturou-se que Zs nao
é primo, e que, de fato, é um contra-exemplo ao problema dos hiperplanos de Banach. A resposta ao problema dos
hiperplanos de Banach foi dada por Gowers [2] em 1994, e desde entao varios outros exemplos tem sido construidos,
porém a pergunta em Zo continua aberta. A questdo em Zs é relevante, pois seria o exemplo mais simples com
a propriedade de nao ser isomorfo a seus hiperplanos. Uma estratégia para provar a conjectura de Zs, seria
provando que seus hiperplanos ndo admitem estrutura complexa (Z; admite estrutura complexa pois é isomorfo a

seu quadrado), ou seja, provando que Z3 tem dimensao infinita par, segundo a terminologia de [IJ.
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2 Resultados Principais

Consideraremos hiperplanos de Z da forma {3 ©q,; H para algum hiperplano H de {3, onde i : H — {5 é a inclusao

canodnica. Nosso resultado principal é:

Teorema 2.1. Seja o : Uy — lo uma estrutura complexa. Entdo nenhuma estrutura compleza v : by ®q,; H —

Uy ®q,i H faz o sequinte diagrama comutar

J
by —> 1y @, H
la il
j A
by ——> Uy ®q,i H
Para demonstrar o Teorema [2.1] serao necessérias as seguintes proposigoes.

Definigao 2.1. Sejam Z uma soma torcida de espagos de Banach X eY e operadores a: X - X e5:Y =Y.

Dizemos que o par (o, B) é compativel com Z se existir um operador v : Z — Z tal que o sequinte diagrama seja

comutativo.
0 X A Y 0
-k
Y
0 X A Y 0

Proposigao 2.1. Sejam T, U : b — £y um par de operadores lineares limitados compativeis com Zy. Entdo T —U

€ compacto.

Proposigao 2.2 (Ferenczi- Galego, 2007). Sejam T e U estruturas complexas em um espago de Banach de dimensao

infinita X e em um hiperplano H de X, respetivamente. Entao o operador T'|g — U nao € estritamente singular.

Esquema da prova do Teorema 2.1. Por absurdo, supondo que existe uma estrutura complexa v em {2 ®q,; H tal
que o diagrama anterior seja comutativo (i.e., v estende a «). Obtemos um operador U em /5 tal que U|y é uma

estrutura complexa em H e um operador 4 em Zs tal que o seguinte diagrama é comutativo
0——=Vly ——> 15 Do, Vg —— 0y ——0
0H€2 *>£2 @92 62 *>€2 HO

Segue da Proposicgao que a—U é compacto. Agora, pela Proposigao alg —U| g nao é estritamente singular.
Obtemos assim uma contradigao. O

Entretanto, permanece em aberto determinar se em geral os hiperplanos de Zs nao admitem estrutura complexa.
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Resumo

Seja Q um tubo deformado em R® e —A% o operador Laplaciano de Dirichlet em €. Neste trabalho, vamos
estudar o espectro a(fA%) do operador —A%. Mais precisamente, vamos analisar como as caracteristicas
geométricas de ) podem influenciar no conjunto U(—A%). Primeiramente, vamos mostrar que, sob certas
condigbes, o espectro essencial Uess(—A%) de —A% é o mesmo, independente se o tubo é reto, curvado ou
torcido. Com relacio ao espectro discreto oqis(—A%) de —AP, vamos mostrar que se  é um tubo apenas
curvado, entdo o conjunto odis(—A%) é nao vazio. Por outro lado, se 2 é um tubo apenas torcido, entao
O'dis(fA%) é vazio. No caso em que () é simultaneamente torcido e levemente curvado, veremos que o espectro

discreto permanece vazio.

1 Introducao

Seja w um subconjunto aberto, limitado, simplesmente conexo e nio vazio de R?. Consideramos um tubo deformado
como sendo a regiao obtido transladando-se w ao longo de uma curva parametrizada por comprimento de arco I'
em R3. Este movimento é de acordo com um Frenet Frame apropriado e por razdes técnicas exigimos que I' seja
de classe C? ( para mais detalhes sobre a construcio de um tubo deformado ver [7]). Denotamos por k(s) e 7(s)
a curvatura e a torcao de I' no ponto s, respectivamente. Se a curvatura é nao nula, obtemos um tubo curvado e
dizemos que ) possui um efeito da curvatura. Por outro lado, a regiao w pode se mover ao longo de I" e a0 mesmo
tempo realizar uma rotagao de dngulo 6(s) em cada ponto I'(s). Neste caso, se w nao é um disco centrado em I' e
40 = 0, obtemos um tubo torcido e dizemos que 2 possui um efeito de torgao.

Seja 2 um tubo deformado definido como acima, consideremos a forma quadratica
q(v) == /Q V?dz,  domq = H(9), (1)

em que V denota o gradiente de v nas coordenadas usuais de R? e H} () denota o completamento de C§°(€2) no
espaco de Sobolev H!(Q). Observemos que, se ¢ € Hj(£2), entdo 1|sq = 0 no sentido do Teorema do traco [2].

A escolha do dominio da forma quadrética g(1) surge de uma questao natural quando se restringe o Hamiltoniano
de uma particula livre em . De fato, existe a necessidade de uma condigdo de contorno em 9f2. Este assunto é
discutido em [3] e os autores mostram que sob certo ponto de vista a condi¢do de Dirichlet em 9 é a mais natural
a ser considerada.

E conhecido que q(¥) é uma forma quadratica fechada e limitada inferiormente [7]. Chamamos de operador
Laplaciano de Dirichlet em € como sendo o operador autoadjunto associado & . Denotamos este operador por
—A$ e o seu espectro por o(—A%).

Nosso objetivo é o estudo dos estados limitados ou seja os valores do espectro discreto Udis(—A%) de —A%.

Seja a = sup, ¢, |y| no trabalho consideramos como hipéteses geral que

k€ L™®R) e allulpeom < 1. (2)

e que o tubo nao se auto-intercepta.
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2 Principais Resultados

Se o tubo é reto, ou seja , Kk = 0 = 7 + é, o operador fAHf)X“’ é unitariamente equivalente ao operador
~AR® T+ T®(-A%), o qual é densamente definido em L?(R) ® L?(w). Aqui, —A® denota o operador Laplaciano
em L2(R) e, como antes, —A%, denota o operador Laplaciano de Dirichlet na segdo transversal w. Sabemos que

o(—AR) =[0,00) e o espectro do operador —A%, é puramente discreto. Assim,

U(H) = U(_A%Xw> = Jess(_A]%XM) = U(_AR) + U(—A%) = [El, OO)

En que E; denota o primeiro autovalor de —A%, .

De forma mais geral, ao trabalharmos com tubos deformados, temos o seguinte resultado [1].

Teorema 2.1. Suponhamos que

lim w(s)=0 e lim (7+8)(s)=0. (3)

|s|—o0 |s|—o0
Entdo, 0ess(—AY) = [E1, 00).
A seguir, mostramos como o efeito da curvatura pode influenciar no espectro discreto do operador —A% (ver
7] e [6]).
Teorema 2.2. Suponhamos que k # 0 e 7+ 0 = 0. Entdo, inf o(—A%) < Ey.
Como uma consequéncia do Teorema [2.2] segue o seguinte coroldrio.

Corolario 2.1. Sobre as hipdteses dos Teoremas e temos adis(—A%) #+ .

Finalmente no caso en que que I' é uma linha reta. Assim, a sua curvatura s é nula e, consequentemente, a sua

tor¢ao 7 também ¢é nula. Nestas condigoes, mostramos as desigualdade do tipo Hardy.

[ (Wb = BioR)do > [ pwlwPae. v e mi@.
Q Q

em que p(x) é uma funcdo positiva num conjunto medida nao nula, estas desigualdades implicam que o espectro es

puramente essencial.
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Resumo

Neste trabalho investigamos um sistema acoplado de fluido micropolar nao-newtoniano sob a forma
estaciondria. O problema foi considerado num dominio suave e limitado do R3. O tensor de estresse é dado por
7(e(w)) = [(v + vr + M(Je(w)|*))e(u)].Para provar existéncia de solugdes fracas usamos o método de Galerkin e

os argumentos de compacidade. Também consideramos a analise da unicidade de solucao.

1 Introducao

Neste trabalho estudamos o sistema

—V-7(e(u) + (u.V)u+Vp=2v,w+f emQ, (1)

-V -e(w) + @ - Vw+4dv,w=2v,Vxu+g emf, (2)
V-u=0 em{, (3)

u=0  sobre 09, (4)

w=0  sobre 09, (5)

o qual é um modelo para um fluido micropolar com viscosidade varidvel caracterizada pelo tensor de estresse
T(e(u)) = (v + vo + M(le(u)|?))e(u) e os simbolos v, vy, v, sdo constantes positivas. Nesse estudo estabelecemos
resultados de existéncia e unicidade.

Em relacio as notacdes usadas: vamos considerar um dominio € contido em R?, d € N, com fronteira suave
090. Nesse contexto, os vetores u = (uy,...,uq) € w = (wy, ..., wq) representam, respectivamente, a velocidade linear
e microrrotacional de um fluido contido em (). Essas velocidades sao as varidveis de nosso problema. A pressao
desse fluido é representada por p, p é uma constante positiva que determina sua densidade e f = (f1, ..., fq) serd a
resultante das forcas externas aplicadas a esse fluido. A aplicacao 7 : Rg@m — Rg;m é o tensor de estresse, onde

e: R — Rg;m leva cada vetor v € R? na parte simétrica do gradiente da velocidade, dada pela expressao

e(u) = % [V + (V)] | (6)

Também consideramos uma aplicacao real M : (0,00) — (0, 00) satisfazendo as seguintes hipGteses
a(l+le))?® < M(e(u)]?) < ea(1+ le(u)])?, (7)
1+ |e(u)])

/euz 63(
0 < M) < CEE

em que My, ¢1 e ca sdo constantes positivas e, o simbolo |e(u)| denota a norma euclidiana da matriz e(u)

: ®)
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Definigao 1.1. Seja f € (VNV) ege H Y(Q). Uma solugio para é um par de fungoes (u,w), tal que
weVNVy, we H(Q),

satisfazendo a sequinte identidade

(v () + bu9) + [ M(Jetw) e (e ()
- zl/r(v X wv@) + (fvcp), VQD S Va

via(w, @) + 11 (V- w, V- ¢) + b(u, w, ¢) + 4v, (w, )

= 2Vr(v X uv(b) + (ga¢)7 VQS € D(Q)

2 Resultados Principais

Teorema 2.1. Sed <3, f € (VNV') ege H (), entio existe uma solucdo fraca do sistema , no sentido
da defini¢do ,

Teorema 2.2. Supondo as condi¢des do teorema com d < 3 e (v+ v,) suficientemente grande, o sistema

5) possui uma dnica solugdo fraca.
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Resumo

Neste trabalho consideramos o seguinte problema de quarta ordem com condigao de contorno de Navier

P) al®u+ BAu = f(x,u), em
u=Au = 0, sobre 0

onde A’u = A(Au) — biharménico (operador de quarta ordem),
ae 3 sdo constantes, a nio linearidade f € C(Q x R) e @ ¢ RY (N > 4) é um dominio limitado cuja fronteira
0} é uma variedade suave.

O operador biharmoénico pode descrever a mudanga na forma estatica de uma estrutura ou o movimento
rigido de um determinado corpo. Este problema eliptico de quarta ordem é andlogo & uma classe de problemas
que tém sido estudada por diversos autores. Em [I] hd um levantamento dos resultados obtidos nessa direcao,
foi apontado que esse tipo de néo linearidade pode fornecer um modelo para o estudo das oscilagdes acontecidas
em pontes suspensas. Um caso famoso na teoria é o colapso da ponte de Takoma, no dia 7 de novembro de
1940 em Washington (EUA), mais precisamente no estreito de Takoma, entrou em colapso uma ponte pénsil de
aproximadamente 1600 m apds oscilar por aproximadamente 10 horas. Os ventos atingiram a velocidade de 64
km/h, fazendo com que a ponte oscilasse muito juntamente com os cabos de sustentagao, alcangando assim o
valor de uma das frequéncias naturais da ponte, denominadas frequéncias ressonantes.

Modelado matematicamente, este colapso pode ser descrito através deste problema de quarta ordem,
analisando a néo linearidade f(z,u) = b[(u+ 1)* — 1] onde b é uma constante positiva, « =1 e £ > 0.

A dificuldade encontrada nesse trabalho foi o fato de omitirmos a condigdo superquadritica no infinito de
Ambrosetti-Rabinowitz, a qual é dada por:

(AR) Existem p > 2 e L > 0 tais que :

0< uF(e,u) < uf(w,u), V]ul>L, zeQ

u

onde F(z,u) = / f(z,t)dt.

0
Nos dltimos anos este problema tem sido muito estudado, supondo condigdes sobre funcéo H(x,t) = tf(xz,t) — 2F(x,t),
as quais substituem a condigdo (AR). Neste trabalho vamos supor uma condigdo de nao quadraticidade no in-

finito para esta fun¢do H a qual inclue fungdes como a f(z,t) = ¢In(1 + t), a qual, verifica-se trivialmente que
nao satisfaz (AR).

1 Introdugao

Encontrar solugoes do problema (P) é equivalente a encontrar os pontos criticos do funcional I associado a (P)
definido no espago E = H}(2) N H2(Q2) por

1
I(u):5/ﬂa|Au|2—ﬁ\Vu\de—/QF(x,u)dx, ue k.

Utilizando algumas desigualdades variacionais, verificamos que E é um espaco de Hilbert, com o seguinte produto
interno: (u,v) = a/ AuAv dx — ﬁ/ VuVodz.
Q Q
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Considerando \; os autovalores do problema (—A, H}(Q)), entdo vamos supor as seguintes condigoes sobre a

funcao nao linear f(x,t) :

2N
(fo) Existema; >0epe€ (2,2* = N4> , tais que:

| f@,t) < ar(1+ [t [P7h), V(z,t) € QxR;

t
f1 lim f@,?) = 0o uniformemente em £ ;
[t] 3
t|—o0
(f2) |l‘im @ =; uniformemente em (,
t|—0

onde I} < u1, onde gy = A\ (a\; — ) é o primeiro autovalor do problema (A?, E).
Além destas hipdteses, vamos considerar a seguinte condicao de ndo quadraticidade no infinito,
(NQ) lim H(x,t) = oo uniformemente em €, com H(z,t) =tf(x,t) — 2F (z,t).

[t]—o0
2 Resultados Principais

Theorem 2.1. Suponha que o funcional associado ao problema (P), I, satisfaz (fo), (f1) e (f2). Entdo funcional
I satisfaz :
(PM-1) I € CY(E,R), I(0) =0 e 3r, p > 0 tais que

I(u)>p, Vu €S, ={ueX:|ul| =r}

(PM-2) e € E com |e|| > r tal que I(e) < 0.
donde concluimos que I possui a geometria do Passo da Montanha.

Theorem 2.2. Suponha que o funcional associado ao problema (P),I, satisfaz as condig¢oes (fo), (f1), (f2) e

além disso, satisfaz a condi¢do de nao quadraticidade no infinito (NQ). Entao I satisfaz a condi¢ao de Cerami.
Theorem 2.3. Suponha que o funcional I satisfaz (fo), (f1), (f2) e (NQ), entdo existem duas solu¢cdes para o

problema (P), uma positiva u; > 0 e outra negativa ug < 0 em 2.
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Resumo
Neste trabalho estudamos, via método de semigrupos, a boa colocagao e o comportamento assintético para

uma classe de equagoes integro-diferenciais de segunda ordem.

1 Introducao

Considere a seguinte equagao integro-diferencial de segunda ordem
u (t) + Au(t) — /000 g(s)Au(t —s)ds =0, V>0, (1)
com condigoOes iniciais
u(—t) =wug(t), Vt>0, u(0)=uy, (2)

onde A : D(A) C H — H é um operador autoadjunto positivo definido, H é um espago de Hilbert e g é uma
funcdo positiva nao crescente. Para a boa colocacao do problema e o comportamento assintético, assumimos que

A e g satisfazem as seguintes hipdteses:

(H1) Existe uma constante positiva a tal que
1
[oll < —llA%0]%, v v e D(A%). (3)
a
(H2) g:RT — R* é uma fungao nao crescente de classe C! sobre RT := [0, +00) e satisfaz

gm=AwM$%€NJL ()

(H3) Existe uma fungao £ : Rt — R™ nao crescente e diferencidvel tal que
g'(s) < —&(s)g(s), VseRT. ()
Utilizando o método introduzido em [I], inserimos uma nova varidvel denominada histdria relativa de u
n=n"(s) = u(t)—ult—s), VtscRT,
n°(s) = wo—uo(—s):=mn0(s), Vse&R".
Assim, reformulamos — como um problema abstrato de Cauchy de primeira ordem

U= AU, Yi>0,
u(o):L{O;

onde Uy = (ug, u1,m0)", H := D(A%) x H x My s com My, = {z: RT — D(AP); [ g(s)||APz(s)||* ds < oo} e

A= | (1= go)Au+ [ g(s)An(s)ds |, U= (u,0,n)" € D(A) := D(A) x D(A%) x M;.
—Ns + v
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2 Resultados Principais

Teorema 2.1. Sob as hipdteses (H1)-(H2) temos: Se Uy € H, entio o problema abstrato de Cauchy (6) tem uma
dnica solugdo (generalizada) na classe

UeC(RYH). (1)
Além disso, se Uy € D(A), entao a solucao satisfaz
UeC" (RT,H)NC (RT,D(A)). (2)
Prova: A prova é feita com base no Teorema de Lumer-Phillips, ver [4]. Para tanto, mostra-se que o operador A
satisfaz:
(i) D(A) é denso em H;
(ii) A é dissipativo em H;

(iii) (I —.A) é um operador sobrejetivo, onde I é o operador identidade.

Teorema 2.2. Suponhamos que (H1)-(H3) sejam satisfeitas. Entdo para cada Uy € H satisfazendo
||A%u0(s)|\ <mgy, VYs>0,

para algum mqg > 0, existem constantes o € (0,1) e 81 > 0 tais que, para todo t € RY e para todo &y € (0,70],
t 00
()3, < oy (1 + / <g<s>>”0ds> et Jy €()ds 5, / 9(s)ds. 3)
0 t

Prova: A prova de é feita utilizando o método da perturbacdo de energia, a qual requer o mesmos

multiplicadores estabelecidos em [2 [3]. O
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Resumo

Obteve-se a solugdo numérica da equagao de difusdo do calor utilizando-se os Métodos de Diferengas Finitas
Progressiva, Regressiva e Mediadas. Observou-se que no Método de Diferencas Finitas Progressiva necessitou
de um maijor refinamento da malha, pois este precisa satisfazer o critério de estabilidade de von Neumann, j& os
Métodos de Diferengas Finitas Regressiva e Mediadas sdo incondicionalmente estdvel no entanto possuem ordem
de convergéncia O(k + h?) e O(h? + k?) respectivamente.

1 Introducao

Neste trabalho estudou-se o comportamento de uma equacao parabdlica . Para um estudo de caso, considerou
uma barra delgada isolada termicamente ao longo do seu comprimento, com suas extremidades mantidas as
temperaturas de Ty = 0°C' e T} = 100°C. Supondo a barra a temperatura inicial de T" = 0°C, obteve-se a
temperatura ao longo da barra no decorrer do tempo resolvendo-se numericamente a equacgao diferencial parcial
(EDP) parabdlica

2
%(zvt) = ag%(x,t) , 0<x<LelO<t<T, (1)

com condigoes inicial e de contorno

T(z,0) = 0 , O0<z<,
ro,t) = 0 , 0<t<T, (2)
T(L,t) = 100 L 0<t<T,

em que T é a temperatura, t é o tempo, L é o comprimento da barra e a é o coeficiente de difusidade térmica do
material.

Obteve-se a solugdo numérica da EDP (|1)) sujeita as condigoes aplicando o Método das Diferencas Finitas
(MDF). Particularmente, utilizou-se os métodos de diferengas Progressiva, Regressiva e Mediadas, em seguida

comparou-se os resultados numéricos obtidos [3].

2 Resultados Principais

Para fazer a discretizagao do dominio, foi selecionado dois nimeros inteiros N > 0 e M > 0 e assim definiu-se
o tamanho dos passos da malha h = L/N e k = T/M, para os eixos z e t respectivamente, onde L = 0,1m é o
comprimento da barra e T' é o tempo maximo. Assim obteve-se z; = zo+ih parai=0,1,...,.N=1,Net; = to+jk
para j=0,1,...,M —1,M,onde g =0, zy = 0,1, to =0 e tpy =T [II.
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Considerando os pontos interiores da malha (x;,t;), aproximou-se a derivada de primeira ordem por:

oT N T(l‘i,tj + k) — T(.Ti,tj) k O*T o
E(mwtj) = 2 5@(%7%)» (3)

usando diferengas progressivas, para algum p; € (¢;,t; + k), e

or oy _ Tot) =Tt;—k) kT \
at (x7,7t]) - k —|— 2 atz (xz,'u]), ( )

utizando diferencas regressivas, onde p; € (t; — k,t;). A derivada de segunda ordem foi aproximada por

82T T(Il + h, tj) - 2T(.’£1, tj) + T(ZL’Z - h,, tj) . h2 (94T

922 (w4, t5) = e ﬁw(fzﬁj)v (5)

para algum &; € (x; — h,z; + h) [2.
Substituindo as equagoes e em e e em respectivamente, e utilizando as condic¢oes inicial e
de contorno, obtém-se o Método de Euler Explicito (Diferengas Progresssivas)

wijy1 = (1 =2Nw;j + Mwit1,; +wi-1,5), (6)

onde A = (ak)/h? > 0, w; j ~ T(x;,t;) parai=0,1,...,N—1ej=0,1,...,M — 1 e o Método de Euler Implicito
(Diferencas Regressivas)

(1 + 2/\)11)1‘7]‘ — Awi-i-l,j — )\wi_Lj = Wi,j-1, (7)

parat=1,...,.N—1ej=0,1,...,. M — 1.
Calculando a média do método das Diferengas Progressiva no j-ésimo passo em ¢, com o método das Diferencas

Progressivas no (j + 1)-ésimo passo em t, obtém-se o chamado Método de Diferencas Mediadas,

Wiyl — Wiy o [ Wig1j — 2Wi 5 +wi—15 4 Wikl ~ 2Wi 41 Wi—1 541 | 0 (8)
- b

k 2 h? h?

que é conhecido como Método de Crank-Nicolson [I].

Com base na equacao @ foi implementado um cédigo no software MATLAB® utilizando os dados que satisfaz
o critério de estabilidade de von Neumann, ou seja, ak/h?. No entanto, na equagio , por ser incondicionalmente
estavel, teve-se uma certa liberdade para escolher o valor de k, tendo O(k + h?). J4 a equacao , além de ser
incondicionalmente estavel tem O(h? + k?).

Apébs executar as simulagbes numéricas, percebeu-se que a diferenca entre os trés métodos, Progressiva,
Regressiva e Mediadas, estd no tamanho do passo k, sendo que no MDF Mediadas necessitou-se de um menor
refinamento da malha.
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Resumo

Nesta palestra investigamos a estabilidade orbital de ondas viajantes periédicas para a equagao de Kawahara
generalizada.

Para obtermos tal resultado, provamos que a onda viajante, sob certas condigées, minimiza um funcional
restrito a uma variedade. O método utilizado é uma adaptagdo do método desenvolvido por Grillakis, Shatah e
Strauss (Ver [3]) .

1 Introducao

O estudo de equagoes que modelam o movimento de ondas iniciou-se em meados do século XVIII quando John
Scott Russell observou que ondas criadas na superficie da 4gua em um canal com profundidade pequena possuiam
evolugdo constante sem mudar de forma. Estas ondas especiais receberam o nome de ondas viajantes. Apds o
ocorrido, vérias equagoes dispersivas com aplicacoes semelhantes foram estudadas até o presente momento, como

por exemplo, a equacao de Kawahara generalizada:
U + Upum + Auzzz — Uggaaxaxr = 07 (1)

onde u = u(x,t) é uma fungao de valores reais definida em R X R, p > 1 e A\ > 0. Estas equagoes descrevem
a propagacgao de ondas de pequenas amplitudes em uma dimensao. Mais especificamente, formulacoes fisicas
representadas pelo modelo estudado contribuem para a solucdo de problemas relacionados a fluidos e fisica de
plasma.

A equacdo possui solugoes ondas viajantes L-periédicas da forma u(z,t) = ¢(z — ct), ¢ € R. Substituindo

estas solugoes na equagao, obtemos a equacao diferencial

1
0~ T A 48" A=, (2)

onde A é uma constante de integragao.

No caso p=1e A =1 a equagao possui solucoes da forma
2K 2K
#(z) = a + bdn? (ka> +ddn* (ka> (3)

onde a = a(k,c,L), b = b(k,L) e d = d(k,L) sdo fungdes suaves e dn representa a fungao eliptica dnoidal que
depende do médulo & € (0,1). No caso p=2e XA =0, 1, temos que a equagao possui solugoes da forma

() = a+ bdn’ (253; k;) )

onde a = a(k, L), b=b(k,L) e c = c(k) sdo fungdes suaves e k € (0,1).
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2 Resultados Principais

Antes de enunciarmos nosso resultado principal, vamos definir o sentido de estabilidade tratado em nossa
abordagem.

Definition 2.1. Dizemos que a onda viajante periddica ¢ € orbitalmente estdvel em um espago de Banach (X, ||| x),
se dado £ > 0 existe § > 0 tal que, se ||ug — ¢||x <0 eu(z,t) é solugio da equagio com u(x,0) = ug, entdo u(z,t)
existe para todo t € R e

inﬂf{ |lu(t) —é(- +y)||lx <e, paratodotecR.
ye

E sabido que a equagao admite trés invariantes sobre a acao de simetria presente na érbita gerada por
translagoes dadas por
A, 1

L
1
E(u) = / —uZ, + =u
0

2 27 (p+D(p+2)

1 L L
uPdr, Q(u) = 5/ u?de e V(u) =/ udx.
0 0

Tais quantidades permitem deduzir o operador linearizado

Li=——-d——¢"+c (5)

As propriedades espectrais necessarias para a estabilidade sdo obtidas através da positividade da Transformada
de Fourier da onda combinado com a abordagem [1].
Temos assim os seguintes resultados:

Theorem 2.1. Eziste L > 0 tal que para cada ¢ > 0 suficientemente pequeno que satisfaz a > 2c, temos que a
onda vigjante ¢(x — ct) com ¢ dado em (@), € orbitalmente estdvel pelo fluxo da equacdo em H2, ([0, L)]).

per

Theorem 2.2. Para cada k € (0,kr) com kr suficientemente pequeno tal que 8K (Kk? — 2K + 3E)\/10/L? >
127 K\/10/K'L?, a onda viajante periédica ¢(z — c(k)t) com ¢ e ¢ dados em , é orbitalmente estdvel pelo fluzo
da equacdo em H2,.([0,L]).

Referéncias

[1] NATALI, F., ANGULO, J. - Positivity Properties of the Fourier Transform and the Stability of Periodic
Travelling- Wave Solutions. SIAM J. Math. Anal., 40, 1123-1151, 2008.

[2] ANDRADE, T. A. - Equagdes Dispersivas: Estabilidade Orbital de ondas viajantes periddicas, Tese de Doutorado,
Doutorado em Matematica-Unicamp, 2014.

[3] GRILLAKIS, M., SHATAH, J., STRAUSS, W. - Stability theory of solitary waves in the presence of symmetry I.
J. Functional Anal, 74, 160-197, 1987.



ENAMA - Encontro Nacional de Andalise Matematica e Aplicagoes
UNIOESTE - Universidade Estadual do Oeste do Parana
IX ENAMA - Novembro 2015 157158

ANALISE DE UM SISTEMA HIBRIDO LINEAR COM MEMORIA

FLAVIO G. DE MORAES!:T & JUAN A. SORIANOZ?

!Universidade Federal de Goids - Regional de Jatai, UFG, GO, Brasil,
2Universidade Estadual de Maringa - UEM, PR, Brasil.

fflaviomorae sbr@yahoo.com.br, i jaspalomino@uem.br

Resumo
Nesse trabalho, estamos interessados em obter resultados de existéncia e estabilidade assintética para um
sistema hibrido linear de equacbes de onda com memdria. Para a existéncia de solugdo, langaremos mao das
técnicas introduzidas por Dafermos [2], Fabrizio at al [3], Micu e Zuazua [5,6,7] Cavalcanti [1]. Uma mudanca
de varidvel (veja Dafermos [2]) nos permitird sair de um sistema nao auténomo para um auténomo. Feito isso,
serd aplicado a Teoria de Semigrupos para garantir solugdo. Para a estabilizagdo, serd utilizado método de

Lyapounov e/ou técnicas desenvolvidas por Lasiecka e Tataru em [4].

1 Introducao

Seja Q C R2, um aberto limitado tal que Q = Q; \ Qz, onde Q3 é um aberto de classe C? com fronteira limitada
contida em ;. A fronteira I' = 9§ de () estd dividida em trés partes, I'g,I'1, 'z, onde I'g = {(z,0) : z € (0,1)} é
uma parte da fronteira de 1, T'y = 9Q; \ Ty e Ty = 0Q5.

Vamos supor que {2 é ocupado por um fluido eldstico, nao viscoso e compressivel. Ainda vamos admitir que o
subconjunto I'y é rigido e impomos que a velocidade normal do liquido seja zero nele. Para a parte I'y, é suposto
ser flexivel e ocupado por uma corda flexivel que vibra com a pressdo do liquido no plano onde |2 se encontra.
O deslocamento de I'y é descrito por uma fungao escalar w = w(x,t) que obedece a equagdo de onda dissipativa
unidimensional. Ainda, em 'y vamos impor a continuidade da velocidade normal do liquido na corda.

Consideremos também que todas as deformacgoes, sao suficientemente pequenas de modo que a teoria linear se
aplique. Sob condicoes iniciais naturais, estamos interessados em estudar o seguinte sistema de equacoes de onda

acopladas:

¢
o — Ap +/ gt —s)Ap(s)ds =0 em € x (0,00)

t
gf—/oog(t—s)gf(s)dSZO em I'; x (0,00)
t
% — /_Oo g(t — s)g—f(s)ds = —wy em I'y x (0, 00)
=0 em I's x (0, 00) (1)
Wt — Wy + Wi + ¢ =0 em I'g x (0,00)
wg(0,t) = wy(1,8) =0 parat >0
o(z,t) = po(x,t) em ) x (—o0,0]
©1(0) = 1 em §)
w(0) = wo, w¢(0) =wy em I'g.

Para o nicleo da memdria vamos assumir que g € CH(RT) N WHL(RT), g(s) >0V s e RT,¢/(s) <0V s € RT,

oo
1> / g(s)ds = 13 > 0, e ainda que existe uma fungéo ¢, diferencidvel, ndo decrescente, limitada e positiva tal
0

que ¢'(t) < —&(t)g(t) VE > 0e /000 &(s)ds = 0.
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2 Resultados Principais

Para obter resultados de existéncia e unicidade solugao, iremos fazer uma mudanca de varidvel introduzida por
Dafermos [2], considerando
' (s) = p(t) — o(t — 5) (1)
onde 1 = n'(s) é a varidvel que caracteriza o passado relativo ou histéria relativa de . Essa mudanca nos permite
obter um sistema auténomo e equivalente ao sistema .
Considerando um ”Espaco Histéria” apropriado M e com o intuito de aplicar a teoria de semigrupos, considere

o seguinte espaco de fase
X = Hp,(Q) x L*(Q2) x M x H'(I'g) x L*(Ty) 2)

munido com o produto interno usual (a menos de multiplicagido por constantes positivas), o que torna X um espago
de Hilbert.

Do exposto acima, o sistema auténomo obtido com a mudanca de variavel pode ser expresso da forma

Uy = AU(t)
U(0) = (0, 91,70, wo, w1) (3)
U(t) e D(A)V t € (0,00).

Feito isso, mostra-se que o operador —I + A é um operador m-dissipativo, o que juntamente com o Teorema de
Lumer-Phillips e uma mudanca de varidvel adequada nos garante a existéncia de solucao para o problema e que
consequentemente é remetida a uma solucao do sistema .

Para obter resultados de estabilizacdo serd utilizado método de Lyapounov e/ou técnicas desenvolvidas por

Lasiecka e Tataru em [4].
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Resumo

Neste trabalho, vamos estudar a estabilidade orbital de solugbes periddicas para a equagao de Schrodinger
ndo linear, com poténcia tipo ctibica quintica, usando a teoria proposta em [4]. Mostraremos a boa colocagao
da equagao, seguindo as idéias de [2] e utilizamos a abordagem de [3] para obter a existéncia da onda periédica

e estabelecer as propriedades espetrais.

1 Introducao

Estudaremos a estabilidade de solucoes do tipo ondas periddicas para a equagao de Schrodinger nao linear
iUy + U + alu|?u 4 blul*u = 0, (1)

onde a > 0 e b < 0. Esta equacgao aparece na interagao gas-boson e 6tica nao linear. Consideremos ¢ € R e

suponhamos a existéncia de uma funcao suave ¢. : R — R, periddica de periodo L > 0, tal que
ue(x,t) = e"“p.(x), Y(z,t) €R xR (2)

seja uma solucdo cldssica para a equacdo ([I)). Substituindo a fungao (2) na equagdo (I]), para cada (z,t) € R x R,
obtemos a seguinte equacao diferencial ordinaria nao linear de segunda ordem

¢ — che + ad? + bp> = 0. (3)
A equacao admite pelo menos duas quantidades conservadas, E e F', dadas respectivamente por
I b
B =y [l = Glult = Zlulds )
0 3 3
1 L
Plu) = f/ luf2da. (5)
0

P
Considerando U(t) = < 0 ) , temos que

Pt = _sz - CI,Q(P2 + QQ) - bQ(P2 + Q2)2
Qi = Ppp +aP(P? + Q%) +bP(P? + Q%)%

Assim, g
ﬁU(t) = JE'(U), (7)

onde E’ representa a derivada de Fréchet de E com respeito a U e J é a matriz

0 1
J:<_10>. (8)
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Definindo o funcional G = G, := E + ¢F, vemos que o vetor ® = (¢,0) é ponto critico de G. Este fato motiva
a defini¢do do operador autoadjunto £ por L := G"(¢,0), ou seja

—02 — 3a¢? — 5bp? + ¢ 0
L= 0 —0? —ap? —bpt+c |. (9)

Notemos que é invariante sob a ac¢@o unitdria de rotagao e translagao, isto é, se U(t) = (P, Q) é solugao de

(1), entao
B cos(f)  sin(h) P o AU = P(-—=r")
hew = < —sin(f) cos(d) > ( Q > To(r)U < Q(—r,) > (10)

também sao solugoes de .

2 Resultados Principais

Intuitivamente, dizemos que uma onda é orbitalmente estdvel se ao considerarmos o estado inicial do problema
proximo da onda, a evolugao no tempo permanecera proximo a esta onda médulo as simetrias que a equagao possui.

Mais especificamente, temos

Definicao 2.1. Seja O(x,t) = (¢(z) cos(ct), p(x) sin(ct)) a onda estaciondria periédica para (7). Dizemos que © ¢é
orbitalmente estdvel em H},  x H!  se, dado e > 0, existe § > 0 com a sequinte propriedade: Se Uy € H! = x H}

per per per per
satisfaz ||Up — @ a1,

xH},, < 0, entdo a solugdo, U(t), de @) com dado inicial Uy existe para todo t > 0 e satisfaz

d(Uv()7 Q.:p) = inf{||U0 — Tl(e)TQ(r)¢||Hl

per

w3 0r € R} <e.

Em nossa palestra, vamos provar que a equagao estd bem colocada globalmente no espaco H,,,.([0, L]),

seguindo as idéias de [2]. Em um segundo momento, mostraremos a existéncia de solucoes periddicas para
estudando o plano de fase estabelecido por esta equagao, usando a abordagem de [3]. Em seguida, usando as idéias
de [3], mostraremos que o operador £, definido em @, admite exatamente um autovalor negativo, o qual é simples
e 0 é um autovalor de multiplicidade dois, associado as autofungoes (¢.,0) e (0, ¢.). E finalmente, seguindo a teoria
proposta em [4], construiremos uma funcdo de Lyapunov adequada para provar a estabilidade da equagéo.

Nosso principal resultado é entao obtido:

Teorema 2.1. Seja ¢, uma solugdo periodica de @ Entao a onda estaciondria periodica
O(z,t) = (¢(z) cos(ct), p(x) sin(ct)) € orbitalmente estdvel em H},, x H}

per per*
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Resumo

Neste trabalho queremos encontrar a controlabilidade exata interna de um sistema de Bresse, cujos
mecanismos de controle agem em um subintervalo arbitrdrio pequeno (l1,l2) de (0,L), e também a

controlabilidade na fronteira cujos mecanismos de controle agem no ponto L de (0, L).

O principal resultado é obtido pela desigualdade de Carleman e a aplicacdo do método HUM (Hilbert
Uniqueness Method).

1 Introducao

Neste trabalho trataremos em obter controle na fronteira e no interior de (0, L) para o seguinte sistema de Bresse

p1owe = k(pe + 1 +lw)e + kol(we — lp) = f1, em  (0,L) x (0,T)

P2t — 0oz + k(pz + ¥ + lw) = fo, em  (0,L) x (0,T)

prwe — ko(we — lp)y + kl(pe + ¢ +1lw), =0, em (0, ) X ( T)
©(0,t) = (L, 1) = ¥(0,t) = ¢(L,t) = w(0,t) = w(L,1) = €(0,7) (1)
( ,0) = $o, Sﬁt( 70) 9017 em (OaL)

'l/]( 70) = 11’0; ¢t( ,0) 1, €em (O’L)
(,0) = we(.,0) =wy, em (0,L)

w

na fronteira com trés controles e no interior com um ou dois controles, aqui usaremos a estimativa de Carleman e
o método HUM, para obter o controle. Até o presente momento temos a existéncia e unicidade de solugoes forte,
fraca e ultrafraca do sistema de Bresse e estamos tentando obter uma desigualdade do tipo Carleman na fronteira
e outra no interior.

2 Resultados Principais

Neste momento estamos procurando uma desigualdade do tipo Carleman na fronteira de (0, L) para poder obter
controles vy, vy, v3 € L(0,T) tal que a solucdo (p,%,w) de (1)) com f; = fo = 0 satisfaca

@x(oat) = ’4/130(0713) = wa:(07t) =0, te (O>T)

oz (L, t) =vy, em (0,T)

Vu(L,t) =v2, em (0,T) (2)
wy(L,t) =v3, em (0,7)

(. T)=9¢(,T)=w(,T)=0,

em um tempo final 7.
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E também pretendemos encontrar uma estimativa do tipo Carleman no interior de (0, L) para obter o controles
fi1 = hi(z,t)x, fo = ha(z,t)x com hy,hy € L?((I1,l3) x (0,T)), x é a funcio caracteristica de (I1,12) x (0,T) e
(l1,12) C (0,T), de tal forma que a solugdo de satisfaca
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Abstract

We develop a gradient-flow theory for time-dependent functionals in abstract metric spaces. Results about
global well-posedness and asymptotic behavior of solutions are obtained. Conditions on functionals and metric
spaces allow to consider the Wasserstein space P2 and apply the results for a large class of PDEs with time-
dependent coefficients like confinement and interaction potentials and diffusion. Our results can be seen as an
extension of those in [I] to the case of time-dependent functionals. For that matter, we need to consider a time
version of the concept of A-convexity, time-differentiability of the minimizer of Moreau-Yosida approximation,

and a priori estimates with explicit time-dependence for De Giorgi interpolation.

1 Introduction

Gradient flow theory has been used to study several PDE’s. In the context of the Wasserstein space Pa, we have
the seminal work [2] for the Fokker-Plank equation. An important tool is optimal transport theory (see [3]) that

provides a nice Riemannian structure in P5. This space is defined as
Pa(Y) = { € PEY  2a) = [ laPuta) <
R

where P(R?) is the set of Borel probability measures in R?. In this work we consider the metric version of the EDO

u'(t) = =VE[ut)) (1)

u(0) = wog, (2)
where the gradient is taken with respect to the second variable. Let (X, d) be a metric space and £ : [0,00) x X —
(—00, +00] be a time-dependent functional defined on X. It is well-known that the problem — admits a
metric reformulation given by a differential inequality. In order to obtain well-posedness and asymptotic behavior
of solutions, we impose some conditions on the functional £. Before doing that, we give some notations. A
function f : A — (—o0,00] is said to be proper if there exists x € A such that f(z) < —+oo. The set
Dom(f) ={xz € A: f(x) < 400} is called the domain of f. Also, we denote the Moreau-Yosida approximation by

2
Pt (U) = lél;((E(t, T, U; U))’ where E(ta T, U; 'U) = (C/’(t7 'U) + w
v T

The conditions on £ are listed below.

El.- For each ¢t > 0, the functional £(¢,-) is proper and lower semicontinuous with respect to d and the set
D :=Dom(&(t, -)), is independent of ¢.

E2.- There exist u* € X and a function 3 : [0,00) — [0,00) € Li,.([0,0)) such that, for each v € D the function
t — E(t,u) satisfies

IE(t,u) — E(s,u)] < / B(r) dr(1+ d*(u,u")). (3)
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E3.- For each T > 0, there exist u* € X and 7*(T") = 7* > 0 such that the function t — ¢ -~ (¢*) is bounded from
below on [0, 7.

E4.- There is a function A : [0,00) — R in L§®

7o ([0,00)) such that: given w,vp,v1 € X, there exists a curve

v :[0,1] = X satisfying v(0) = vg, 7(1) = v; and

1+ 7A(t)

E(ta T, Us 7(5)) S (1 - S)E(ta T, U3 UO) + SE(t7 T, U; Ul) - 9
T

s(1 = s)d*(vo.v1), (4)

for0 <7< /\% and s € [0, 1], where A, = max{— inf,c(o, 7] A(t),0}.

T
2 Main Results

Using the concepts of metric derivative |u/| for curves and local-slope |0E(¢)| of functionals, we obtain the:

Theorem 2.1. Assume E1 to E5. If ug € D, then there exists an absolutely continuous curve u : [0,00) — X,
u(0) = ug, such that:

i) The function t — E(t,u(t)) is locally absolutely continuous and the following relations hold

/ HE(r,u(r)) dr — %/ [u'|?(r) dr — %/ 10E(r) 2 (u(r)) dr = E(t,u(t)) — E(s,u(s)). (1)
1d

5 ). V) + ?d?(u(t)y) FEMut)) < EWLV). fort>0 (2)

ii) Let u,v be two curves with respective initial data ug,vo € D. We have the contraction property

Au(t), v(t)) < eI X “d(ug, vo). (3)

As application, we take X = P»(RY) with the Wasserstein metric dy given by the Monge-Kantorovich

minimization problem with quadratic cost. For the functionals
Gt = w() [ wlosude+ [ Vit.a) duta) (4)

52(t7 N’)

1
() [ wlog(uda 5 [ Wita—y) dp o la), )
R R xR
Theorem [2.T] gives curves that are distributional solutions for the PDEs
O = (1)Ap + V- (VV(t2)p), and Bp = w(H)Ap+ ¥ - (VW(1) # p)p) (6)

respectively. Of course, many others equations can be covered by this theory.
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Abstract

We study the exact controlabillity of a Timoshenko beam by one control force acting on the border.
Combining HUM and Compactness arguments the exact controlabillity is proved for time dependent smooth

Kernels. In the case where the wave speeds are the same.

1 Introduction
In this paper we consider systems of Timoshenko type with memory, which are written as

24t — bzgy + Yz = 0.

t on @ (1)
i = aes 2 +y = [ K(top(o)dr =0
The boundary conditions we consider here are given by
y(0,t) = v(t), y(1,t) =0, 2(0,t) = w(t), 2(1,t) =0 on Xo. (2)
The initial conditions are
y(x,0) =4°, yi(x,0) =y, 2(x,0) = 2%, z(2,0)=2' on Q. (3)

Here, t is the time variable and = the space coordinate along the beam, the length of which is 1, in its equilibrium
position. The function y is the transverse displacement of the beam and z is the rotation angle of a filament of the
beam. The coefficients a and b are positive constants.

By v(t) and w(t) denotes the unit vector normal to outside € at the point T'. The exact controlabillity to the border
is formulated as follows: Given T' > 0, for all {y°, 2%y, 2!} € L?(0,1) x H1(0,1), there is a pair of controls
v(t),w(t) € L?(0,T), such that the solution y = y(z,t), z = z(z,t) of (1)) complies with:

y(z,T)=0,y'(z,T) =0

) on ) (4)
2(x,T)=0,2"(z,T) =0

If we can do that, then we say that the system is exactly controllable. It is on the K following assumptions:

K(t,0) € L*((0,T) x (0,T))
0K (t,0)

9% < LY((0,T) = (0,7)) ()

K(t,t) € L'(0,T)

and design T > 2a.
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2 Main Results

Theorem 2.1. Suppose a and b real numbers such that: min = {a,b} > 1 and o = max {%, }, and let be

T > 2a with K satisfies the hypotheses , then the system is exactly controllable.

S

Proof Using H.U.M method, we can define the operator Ag:
Ay [HE(0,1) x L*(0,1)]* — [H™(0,1) x L*(0,1)]?
{SDO, 3017 907 91} — {_n/(T)’ n(T)’ _wl(T)’ w(T)} .

This operator is linear and continuous. It is known (L. A. Medeiros [2]) if T > 2a, then, A(= Ag) with K =0 is

an isomorphism, we will show that for the same T', Ax (K # 0) is an isomorphism. We will use the method that is

(1)

introduced by E. Zuazua in Appendix 1 J.L.Lions [I].

For this we use the following lemmas
Lemma 2.1. If T > 2a, then ker Ak is of finite dimension.

Lemma 2.2. If T > 2«, then
kerAy = {0}.

So, by the Fredholm alternative, Ay is an isomorphism. =
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Resumo

Este trabalho refere-se a existéncia e unicidade de solugao global para a equacao de Kawahara posta sobre
intervalos limitados e sobre a semi-reta positiva e, além disso, trata a aproximacao de um problema de valor
inicial e de fronteira colocado sobre a semi-reta positiva por um problema de valor inicial e de fronteira definido

sobre intervalos limitados.

1 Resultados Principais
Iniciamos o trabalho com o seguinte problema de valor inicial e de fronteira:

u; +uDu+ D3 — D% =0, in Q= (0,L) x (0,t);
u(0,t) = Du(0,t) = 0,

u(L,t) = Du(L,t) = D*u(L,t) =0, >0,

u(z,0) = uo(z), =z € (0,L).

Teorema 1.1. Sejam T, L, k niimeros finitos positivos tais que 3 — 5k* = 2a > 0. Dada ug € H®(0, L) satisfazendo

u0(0) = Dug(0) = uo(L) = Dug(L) = D*ug(L) =0

L
2
/ ke [ug(z) + (Duo(z) + uo(z) Duo(z) — Dug(z))” | da = Jy < oo
0
para qualquer L > 0 finito, existe uma dnica solugao regular u(z,t) para . tal que

w e L=(0,T; H°(0, L)) N L*(0,T; H(0, L));
u, € L(0,T; L*(0,L)) N L*(0,T; H*(0, L))

e estas inclusoes nao dependem de L.

Usando este resultado conseguimos provar o préximo teorema.

Teorema 1.2. Sejam T, k nimeros reais positivos e suponhamos que 3 —5k* > 0. Dada ug € H?(R™) satisfazendo

5
Ky = / e [ugug, + Z |D'ug|*] dz < oo
R+ i=0

oo

lim “lugug, + Z | Do |?]

L—oo Jr,
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entdo existe uma tUnica solug¢ao regqular u(x,t) de

ug +uDu+ D3 —Du=0 em Q;=R" x(0,t), t>0; (5)
u(0,t) = Du(0,t) =0, t >0, (6)
rggloou(x’t) =0, (7)
u(z,0) = ug(z), =€RT. (8)

de classe:
we L>®(0,T; H (RY)) N L?(0, T; H'(RT)),

ug € L0, T; L*(RY)) N L2(0, T; H*(R™)),
que é um limite da solugdo reqular do Teorema[1.1] quando L — +oo.

Teorema 1.3. Sejam T,k mimeros rais positivos e 3 — 5k*> > 0. Dada ug € L*(R") tal que fRJr ekrud dx < oo,
existe uma Unica solugao fraca u(x,t) of (@) - (@ de classe:

ue L>(0,T; L*(RT)) N L*(0,T; H*(RT))
que € um limite da solugao fraca do caso de intervalos limitados:

u € L™=(0,Ty; L*(0, L)) N L*(0, To; H*(0, L));
uy € L*(0, To; H3(0, L))

quando L — +oo.
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Resumo

A solugdo numérica de uma equagao diferencial parcial (EDP) hiperbdlica foi obtida utilizando-se o método
das caracteristicas. Através do software MATLAB®, foi implementado um algoritmo para discretizar o dominio
em malha retangular, introduzir as condigbes iniciais e de contorno e os coeficientes da EDP. Comparou-se os
resultados numéricos determinados por meio de interpolacdo cibica e linear. A solugdo numérica apresentou

precisao satisfatéria em relagdo a analitica.

1 Introdugao

O Método das Caracteristicas é uma abordagem consagrada para transformar o problema de resolver EDPs
hiperbdlicas para resolver equagoes diferenciais ordindrias [I]. Uma EDP de segunda ordem hiperbdlica quase

linear sobre um conjunto aberto €2 C R? pode ser escrita na forma
Az, gy + Bz, t)ug + Clx, t)ug + F(z, t,u, ug, ug) = 0, (1)

em que u = u(x,t) é uma fungao desconhecida e = e t representam o espago e o tempo, respectivamente. Pelo
menos um dos coeficientes A, B e C é nao nulo. Além disso, os valores das condigdes iniciais u,(x,0) e u(x,0) sdo
conhecidos, compondo assim um problema de Cauchy. Como o discriminante B? — 4AC > 0, a equacdo diferencial
parcial é denominada hiperbdlica. As inclinagoes das curvas caracteristicas para esta equacgao sdo obtidas por meio
das expressoes

dt\  B(z,t)+ /B(w,t)? - 4A(z,t)C(x, 1) 5
(dx>+ - 2A(z,t) 2)

dt\  B(z,t)— /B(z,t)? — 4A(z,t)C(x,1)
(dx)_ N 2A(z,t) ' (3)

As coordenadas zp e tp de um ponto P em relagdo aos pontos L e R sdo obtidas a partir da construgao de uma
malha retangular, regularmente espacgada, cujo refinamento depende dos passos de espaco e tempo, Ax e At.

As invariantes de Riemann p = 0u(z,0)/0t e ¢ = OJu(x,0)/0x no tempo zero sdo encontradas por meio das
condigOes iniciais do problema. Para os demais instantes, as invariantes sao aproximadas por diferencas finitas.

Uma vez conhecidos os valores das invariantes de Riemann nos pontos da malha num instante ¢, calcula-se a
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solucdo numérica w(z,t) ~ u(x,t) para um instante ¢ + 1 mediante aproximagdo de Taylor de primeira ordem
aplicada aos pontos P,L e R [2]:

Ax At

wp R wy + == (pp+pr) + 5 (ap +qr) (4)
Ax At

wPQ’wR+7(pP+pR)+7(QP+QR)~ (5)

Como os pontos L e R dependem da inclinagao das curvas caracteristicas, nao pertencem necessariamente a
malha e portanto os valores das invariantes ¢ e p e da solugao w devem ser determinados por interpolagao cibica

ou linear.

2 Resultados Principais

Como estudo de caso, considera-se o problema hiperbdlico composto pela equacao da onda que descreve o
deslocamento u(x,t) de uma corda vibrante uniformemente tracionada ao longo do eixo =

?u  J*u
w—@—o, 0<.’II<17 0<t7 (6)
u(0,t) = u(l1,t) =0, 0<t, (7)
u(z,0) =sin(rz), 0<z <1, (8)
%(x,O):O, 0<z<1. 9)

Utilizando-se passo de espaco Ax = 0,1 e passo de tempo At = 0,01, a interpolacao cibica é muito mais

eficiente para aproximar os resultados numéricos do problema hiperbdlico, como pode ser visto na Figura 1.

Equagéo da onda em t=0.4

035

03

0.25

02F

ulxt)
o
&

Solugao Numérica com Interpolacao Linear
&— Solugao Numérica com Interpolagao Cabica
Solucao Analitica

~0.05 R R R L
0 0.2 04 0.6 0.8 1

Figura 1: Comparacao entre interpolacao linear e ciibica e a solugao analitica do problema hiperbdlico.
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Resumo

Neste trabalho consideramos uma equacao da onda definida em um dominio limitado €2 e acoplada a uma
equagao diferencial ordindaria sobre a fronteira 02, satisfazendo uma condi¢do de compatibilidade por motivagoes
fisicas. Este tipo de problema é motivado por um modelo de ondas proposto por Beale e Rosencrans. Propomos
uma versao nao auténoma desse problema adicionando uma for¢a externa do tipo eg(x,t). Nosso principal

objetivo é provar a existéncia de um atrator pullback e a sua semi-continuidade superior quando € — 0.

1 Introducao

Seja 2 C R3 um dominio limitado com fronteira suficientemente suave I'. Considere um tempo inicial arbitrario

7 € R e o seguinte problema
ug(x,t) — Au(z, t) + wue(z, t) +u(z, t) + f(u) =eg(z,t), ze€Q, t>r,
Ou(x,t) + voy(x,t) + 6(x,t) = —w(x,t), zel, t>r,
Opu(x,t) = 04(x,t), xzel, t>r,

onde w, v sao parametros positivos e n é o vetor normal exterior a 2. As condigbes iniciais sao

u(xaT) - u?_(.’ﬂ), ut(m’t)h:T = ui(x), x €Y,

§(z,7) = 6%(x), Oi(w,t)|s=r = 61 (z), x€T.
Suponha que f € C1(R) e satisfaz

liln‘li%f@>—l e |f(u)—f)| <ca(l+ul®+v)|u—-uv, VuwveR.
u|—

Denotando F'(u) = / f(s)ds, suponha também que existe 3 € (0,1) e py > 0 tal que
0

F(u) > f§u2 —pt e flwu—F(u)> f§u2 —pr YueR

Vamos supor que g € LZQOC(R, L2(Q)). A partir das consideracdes feitas acima, definimos a energia do sistema por

B(t) = {nu(t)n%p(m ey + IOy + 100 oy +2 | F<u>} dn

N =

e o espago de fase por
H = H'(Q) x L*(Q) x L*(T) x L*(T).
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2 Resultados Principais

Primeiramente vamos mostrar que o problema é bem colocado.

0= (ul,ul, 82 8L) € H. Entdo, para todo T > 7, o

T TYYTIYYT

Teorema 2.1. Assumindo as consideragdes feitas acima e que z
problema possui uma tnica solugio fraca zc(-) = z:(-; 7, 20) satisfazendo z. € C’([T, T|,H). Mais ainda, se os dados
iniciais sao tais que (u2,ul,862,61) € H2(Q) x HX(Q) x H2(T) x H2(T) e 8,ul = 61 entio z(-;7,2°%) € solugio

TYITYET

forte e satisfaz
ze € C'([r,T),H) N C°([r, T), H1)

onde Hi = {(zl,zg,z3,24) € H2(Q) x HY(Q) x H2(T) x H2(T); Op21 = 2’4}. Alem disso a solugdo fraca depende
continuamente dos dados iniciais.

Portanto, sendo RZ = {(t, T)ER?; 7 < t}, podemos definir o processo U, : RZ X H — H como
Ue(t,7)2] = 2(t;7,27)

Definindo Ry = {p: R — [0,00); €”*"[p(7)|* = 0 quando 7 — —oo}, com g1 > 0. Podemos definir uma familia

de conjuntos dependendo do tempo da seguinte forma

D = {{D()}ser; D(t) # 0 e D(t) C B(0, pp (1)) com py, € Ro} (1)
A classe de todas as familias da forma D é denotada por D = D; D satisfaz 1) e é chamada de universo.
Teorema 2.2. Sob as condi¢ées acima o processo {U.(t,T)}1>- admite um D-atrator pullback minimal {A.(t) }ier.

Prova: Basta provar que o processo {U.(t,7)}:>, é pullback D-assintoticamente compacto e que a familia

By = {By(t)}, dada pelas bolas fechada de centro na origem e raio pg(t), é uma familia pullback D-absorvente,
2C, [T s 910 |
2 = a5 ool )Hh(s)H%Q(Q)dS + Wf + 1, para algum o € (0, %).

Teorema 2.3. O processo {U.(t,7)}1>r € semi-continuo superiormente em gg € [0,1).

onde |po(t)

Prova: Basta provar que, fixadost € R e gg € [0, 1), tem-se

(i) B= U U A.(s) é limitado, para algum tg € R.

e€leon,1) s<to

(ii) Dado z € B existe Ty p > 0 tal que

d(UE(tﬂf — S)Z7 Uso (t,t — S)Z) < C(é—: — 50)2“h||Loo(R_’L2(Q)), Vs> Tt,B'
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Resumo

Implementou-se um cédigo no software MATLAB® para obter a solugdo numérica da equacio de difusdo
do calor utilizando-se os Métodos de Diferengas Finitas Progressiva e Regressiva na aproximagao da derivada
de primeira ordem. Observou-se que no Método de Diferencas Finitas Progressiva necessitou de um maior
refinamento da malha, pois este precisa satisfazer o critério de estabilidade de von Neumann, enquanto que o

Método de Diferencas Finitas Regressiva é incondicionalmente estavel.

1 Introdugao

Neste trabalho estudou-se o comportamento da equagao de difusao do calor . Para um estudo de caso, considerou
uma barra delgada isolada termicamente ao longo do seu comprimento, com suas extremidades mantidas as
temperaturas de Ty = 17 = 50°C. Supondo a barra a temperatura inicial de T'= 0°C, obteve-se a temperatura ao
longo da barra no decorrer do tempo resolvendo-se numericamente a equagao diferencial parcial (EDP) parabdlica

oT o*r
- — Z - T 1
at(:z:,t) a@xQ(x’t) , O<z<Lel<t<T, (1)

com condigoes inicial e de contorno

z,0) = 0 , 0<z<L,

2
T(0,t) = T(L,t) = 50 , 0<t<T, @)

em que T é a temperatura, t é o tempo, L é o comprimento da barra e « é o coeficiente de difusidade térmica do
material.

Obteve-se a solucao numérica da EDP sujeita as condigoes aplicando o Método das Diferengas Finitas
(MDF). Particularmente, utilizou-se dois MDF para aproximar a derivada de primeira ordem da equagao :

Progressiva e Regressiva, em seguida comparou-se os resultados numéricos obtidos [3].

2 Resultados Principais

Para fazer a discretizagao do dominio, foi selecionado dois nimeros inteiros N > 0 e M > 0 e assim definiu-se
o tamanho dos passos da malha h = L/N e k = T'/M, para os eixos z e t respectivamente, onde L = 0,1m é o
comprimento da barra e T" é o tempo maximo. Assim obteve-se z; = zo+ih parai=0,1,...,.N=1, N et; = to+jk
para j=0,1,...,M —1,M,onde g =0, 2y =0,1, to =0 e tpy =T [II.

Considerando os pontos interiores da malha (x;,t;), aproximou-se a derivada de primeira ordem por:

oT N T(l‘i,tj + k‘) - T(Z’i,tj) k (92T ] .
E(%ﬂfg) = A 5@(%#])» (3)
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usando diferengas progressivas, para algum p; € (¢;,t; + k), e

or, . T(at) —T(wit;—k)  ko*T, \
E(-’L"ut]) - k +§W((E“lu’])7 ( )

utizando diferengas regressivas, onde p; € (t; — k,t;). A derivada de segunda ordem foi aproximada por

82T T(Jii + h, tj) - 2T($i, t]‘) + T(l‘l — h, tj) h2 34T

o2 (‘riatj) = 12 - E@(&utj)v (5)

para algum &; € (z; — h,z; + h) [2].
Substituindo as equagoes e em e e em respectivamente, e utilizando as condigoes inicial e
de contorno, obtém-se o Método de Euler Explicito (Diferengas Progresssivas)

wijr1 = (1 =2Nw;j + Mwiy1j +wi-1), (6)

onde X = (ak)/h? > 0, w; j ~ T(z;,t;) parai =0,1,...,N—1ej=0,1,...,M —1 e o Método de Euler Implicito
(Diferengas Regressivas)

(I +2Nw;j — AMwigr,j — AMwi—; = wij—1, (7)

parai=1,....N—1ej=0,1,...,M — 1.
Fazendo 4 e j variar obtém-se os valores de w; ; para todoi=0,1,...,.N-1,Nej=0,1,...,M —1,M.
Com base na equagao @ foi implementado um cédigo no software MATLAB® utilizando os dados vistos em

M]: « =0,0834 m?/s, L =0,1m, T = 1s, N = 10, M = 2000, wo ; = wy,; = 50 e w; o = 0, onde os valores de N

e M foram escolhidos de modo que, h = L/N = 0,01 e k = T/M = 0,0005, satisfaga o critério de estabilidade de

von Neumann, ou seja,

ak  (0,0834)(0,0005)

w2z (0,01)2 = 0,417 <

DO =

Ja na equagao , por ser incondicionalmente estavel, teve-se uma certa liberdade para escolher o valor de k, e
o cédigo foi implementado com os mesmos valores dos dados anteriores com excecao do valor de M, que neste caso,
foi escolhido M = 500.

Apébs executar as simulagdes numeéricas, percebeu-se que a diferenca entre os dois métodos, Progressiva e
Regressiva, estd no tamanho do passo k, sendo que no MDF Progressiva necessitou-se de um maior refinamento da
malha.
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Abstract

We study dynamic elastic deformations of a quasilinear plate model of Timoshenko’s type under thermal
effects which are modeled by Cattaneo’s law. We prove uniform exponential stabilization of the total energy as

time approaches infinity.

1 Introduction

In this work we consider a pair of scalar functions v = u(x,t) and 6 = 6(z,t) satisfying the hyperbolic/hyperbolic

coupled system

Ut + Ugger — gzt T Ut + 59mmt =0

(1)
70t — pOpz + 0y — g = 0

in Q = (0,L). In (), §, 7 and p are positive constants and u = u(x,t) represents the vertical displacement of
x € (0,L) at time ¢. The function 6 = 6(z,t) denotes the temperature at x € (0, L) at time ¢.

The constants we are considering in are usually associated with the following: 7 is the “relaxation” time
and ¢ is a coupling constant for .

We complement system with Dirichlet boundary conditions

u(0,t) = u(L,t) = upz(0,8) = uge (L, t) = 6(0,t) = O(L,t) =0 (2)

and initial conditions

u(z,0) = up(x), ue(z,0) = uy(x), 0(x,0) =0y(x), O:(x,0) =601(z) in (0,L). (3)
The total energy associated to is given by
1 [k
B0 =5 [+ el + 767 4 plo ) d (@
0

Model describes elastic deformations of a linear plate equation under the presence of thermal effects modeled
by Cattaneo’s Law (see [I] and [3]). Our main result says that the total energy given in decays exponentially
as time approaches to + co. More precisely, for any € > 0 sufficiently small, then we have E(t) < 3E(0)exp (—%t)
for any t > 0.
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2 Main Results

We consider the following spaces: H = H?(Q) N H(Q) x L?(Q) x H(Q) x L*() and
D(A) = {(u,v,0,w) € Hsuch that 6, v, and ubelong H*(Q) N H (Q) andw € Hy (Q)} .

Using classical techniques in semigroup theory (see for instance [2]) we prove the folowing result.

Theorem 2.1. (Global existence and uniqueness) Let us consider problem , (@, (@ with the above
considerations. Given initial date Uy = (ug,u1,60,01) € D(A) then there exists a unique function U(t) =

(u(t), ue (1), 0(t), 0:(t)) such that U € C([0,+00); D(A)) N C*((0,+00); H) and U(t) satisfies (1)-{3).

Now we will prove the exponential decay of the total energy E(¢). The main tool will be the constrution of a

convenient Lyapunov functional.

Theorem 2.2. Consider the global solution of problem —@ giwen by Theorem 2.1. Then, the total energy
considered in Section 1 satisfies
E(t) < 3E(0)eap(—7 1)

for allt > 0, where ~ is a positive constant independent of the initial data.

Proof Considering e suficiently small and using multiplier technics we prove that

1
a) §E(t) <H(t) < gE(t) forall t >0
and
d

b) %H(t) < —eE(t) forall t>0.

L
Here H(t) = E(t) + eJ(t) where E(t) (the total energy) was given in (1.4) and J(t) = / [uug + 760;] dx.
0
d 2
Using a and b we obtain ﬁ{H(t)} < _Ee H(t). Integration over [0,t] give us
2
H(t) < H(O)exp(fget) for all ¢t > 0.

Thus, using a and b it follows that

2
E(t) < 3E(0)ea¢p(—§6t) forall ¢ >0

2
which prove theorem 2.2 with ~ = ge .
]
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Resumo

Apresenta-se neste trabalho um estudo em andamento sobre a boa colocagao de um sistema do tipo Boussinesq
para ondas intermedidrias que contém, no regime unidirecional de propagagdo, a equagdo de ondas longas

intermedidrias regularizada (ILWR), a qual também é considerada aqui.

1 Introducao

A geracao de ondas internas a grandes profundidades em mares e oceanos é um fenémeno de interesse muito atual
no estudo da dinamica oceanica. Diferencas de temperatura e salinidade provocam estratificacao nas camadas de
agua, onde ondas de centenas de metros de altura e comprimento ainda maior podem viajar varios quilometros.
Acredita-se que elas sejam responsaveis por transportar e misturar nutrientes do fundo até a superficie, propiciando
o desenvolvimento da vida marinha. Por outro lado, essas ondas interagem com as estruturas submersas e as linhas
de extracao de petrdleo e gas, o que pode afetar as operagoes de recuperacao em aguas profundas. Tais fatos
evidenciam o potencial de impacto econémico e ambiental da pesquisa no tema.

Este trabalho tem como ponto de partida o modelo fracamente nao linear de duas camadas para fundo plano
introduzido em [7],

e — [(1 — 0477)“]30 =0

1
ut—l—auum—nx:\/E%T[um], (1)
1

onde 7 representa a amplitude da onda interna (Figura , u a média ao longo da direcao vertical da componente
horizontal da velocidade na camada superior, ¢t a variavel temporal e x a coordenada horizontal. As constantes
a= hil >0ef= (%)2 > 0 sdo parametros adimensionais pequenos e o é da mesma ordem de +/B. Os pardmetros
bésicos sao: a = amplitude da perturbacao, L = comprimento de onda, h; = profundidade da camada superior,
h= % (L compardvel com hy e hy > hy), he = profundidade da camada inferior e ps > p; > 0 as densidades dos

fluidos. O operador Transformada de Hilbert na faixa 7 é definido no dominio das frequéncias como sendo

— —~

T(f](k) = icoth(kh)f(k), parak e R—{0}. (2)
2 Resultados

Antes de estudar o sistema , abordou-se a equagdo de ondas longas intermedidrias regularizada (ILWR),
Up + Uy — %auum —/B %T[uwt] = 0, por ser tecnicamente mais facil de tratar do que o sistema.

A equagdo de ondas longas intermedidrias (ILW), u; + ug, — %auuz — /B Z—fT[um] = 0, foi introduzida por [9]
(1977), que fez um estudo analitico da equagao. O artigo [2] (1982) introduz a versdo periédica da equagdo. A
boa colocagao da equacao ILW em espagos de Sobolev H®| com s > 3/2, aparece em [I] (1989), onde os resultados
sao demonstrados para a equagao de Benjamin-Ono e enunciados para a equagido ILW, e na tese de doutorado [6]

(1991), para espagos de Sobolev com pesos.
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hy

Figura 1: Configuracao de um sistema com dois fluidos.

Neste trabalho é demonstrada a boa colocacio da equacao ILWR para espagos de Sobolev de tipo L?, H*(R),

com s > 1/2; seguindo as ideias de [6]. Também consideramos uma versdo periddica linearizada do sistema ,

. ~ ST s+1 . . .
cuja boa colocagao para espagos de Sobolev periédicos Hp,, X Hper®, s € R, foi demonstrada com base nas ideias

de [4]. Voltando a atengdo para o sistema , é importante destacar o fato de que sé6 hd um termo dispersivo na

segunda equagao. Esse é um aspecto importante que diferencia este sistema de outros ja estudados, por exemplo,

em [3], B B 11]. Pretendemos mostrar os avangos obtidos na boa colocacao do sistema fracamente nao linear

para espacos de Sobolev de tipo L? seguindo as ideias e técnicas utilizadas por [0} [6], entre outros.
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Abstract
The essence of the notion of lineability and spaceability is to find linear structures in somewhat chaotic
environments. The existing methods, in general, use ad hoc arguments and few general techniques are known.
Motivated by the search of general methods, in this paper we formally extend recent results of G. Botelho and

V.V. Favaro on invariant sequence spaces.

1 Introduction

The notion of invariant sequence spaces, as we investigate in this note, was introduced in [3] although it seems to

have its roots in [I} [2]. Our main results are formal extensions of recent results of G. Botelho and V.V. Févaro [4].

Definition 1.1. ([3]) Let X # {0} be a Banach space.

(a) Given x € XN, 2% is defined as: if x has only finitely many non-zero coordinates, then 2° = 0; otherwise,
a0 = ()52, where x; is the j-th non-zero coordinate of x.

(b) An invariant sequence space over X is an infinite-dimensional Banach or quasi-Banach space E of X -valued
sequences enjoying the following conditions:

(b1) For x € XN such that 2° # 0, x € E if and only if 2° € E, and ||z|| < K||2°|| for some constant K depending
only on E.

(62) ||zl < ||zl for every x = (z;)32, € E and every j € N.
The following definition is a natural extension of [4, Definition 2.2):

Definition 1.2. Let X and Y be Banach spaces, I' be an arbitrary set and E be an invariant sequence space over
X. If Ey, for alll € ', are invariant sequence spaces over Y and f: X — Y is any map, we define the set

G(E, f,(E)er) = {(l’j)j'; € E:(f(x)))j2 ¢ U El}~ (1)

leT

When E;(Y) is equal to £;(Y),co(Y) and ¢;"(Y"), then is denoted by C(FE, f,T'),C(E, f,0) and C*(E, f,T),
respectively.

According to [4, Definition 2.3] a map f: X — Y between normed spaces is said to be:
(a) Non-contractive if f(0) = 0 and for every scalar o # 0 there is a constant K(«) > 0 such that ||f(azx)|y >
K(a) | f(x)|y for every z € X.
(b) Strongly non-contractive if f(0) = 0 and for every scalar a@ # 0 there is a constant K(«) > 0 such that
lo(f(ax))] > K(a) - |p(f(x))] for all z € X and p € Y.
The following result was recently proved by Botelho and Févaro (see [4, Theorem 2.5]):

Theorem 1.1. ([JJ]) Let X and Y be Banach spaces, E be an invariant sequence space over X, f: X — Y be a
function and T' C (0, o0].

(a) If f is non-contractive, then C(E, f,T') and C(E, f,0) are either empty or spaceable in E.

(b) If f is strongly non-contractive, then C*¥(E, f,T') is either empty or spaceable in E.

In the present paper we formally extend Theorem 1.1 to more general settings.
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2 Main Results

An invariant sequence space F over a Banach space X will be called strongly invariant sequence space when:
(a) coo (X) C E;
(b) (z;)32, € E if, and only if, all subsequences of (xj);’il also belong to E.

Definition 2.1. Let X,Y be Banach spaces and E be an invariant sequence space over Y. A map f : X —
Y such that f(0) = 0 is said to be compatible with E if for any sequence (xj);il of elements of X, we have
(f(x))521 & E = (f(az;))52, & E regardless of the scalars a # 0.

Theorem 2.1. Let X and Y be Banach spaces, I' be an arbitrary set, E be an invariant sequence space over X
and E; be strongly invariant sequence spaces over'Y for alll inT. If f: X — Y is compatible with E; for alll € T,
then G(E, f, (E;)ier) is either empty or spaceable.

Definition 2.2. Let E be an invariant sequence space over K. For any Banach space Y we define
EU(Y) = {(x;)52, € YN : (@(2;))52, € E for all p € Y'}.

Definition 2.3. Let X and Y be Banach spaces, and E be an invariant sequence space over K. A map f: X —Y
such that f(0) = 0 is strongly compatible with E¥(Y) if ¢ o f is compatible with E for all continuous linear
functionals ¢ : ' Y — K.

Definition 2.4. Let X and Y be Banach spaces, I' be an arbitrary set and E be an invariant sequence space over

X. If Fy, for alll € T', are invariant sequence spaces over K, and f : X — Y is any map, we define the set
GY(E, f,(Fi)ier) = {(%’)?’il €E: (f(z))5 ¢ U sz(Y)}
lel

Theorem 2.2. Let X and Y be Banach spaces, I' be an arbitrary set, E be an invariant sequence space over X
and F; be invariant sequence spaces over K such that F{*(Y) are strongly invariant sequence spaces for alll € T'. If
f: X — Y is strongly compatible with F}*(Y') for alll € T', then GV (E, f, (F1)icr) is either empty or spaceable.
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Resumo

A desigualdade de Hardy-Littlewood para polinémios m-homogéneos em espagos ¢, é vélida quando p > m.
Nesta nota, entre outros resultados, apresentamos uma versao étima desta desigualdade para o caso p = m.

Também mostramos que a constante étima, quando restrita ao caso polinomial 2-homogéneo em £2 (Rg) é 2.

1 Introdugao

A desigualdade de Hardy-Littlewood para formas bilineares (complexas ou reais) definidas em espagos ¢, quando
p > 2 remonta a 1934. Esta desigualdade juntamente com a desigualdades de Bohnenblust-Hille e 4/3 de Littlewood
sao pilares do nascimento da teoria dos operadores multiplos somantes. Existem, naturalmente, equivalentes
naturais da desigualdade de Hardy-Littlewood para polindomios m-homogéneos e formas m-lineares definidas em
espacos £, quando p > m.

Para K = R ou C. Considere um espaco de Banach X e m € N. Uma funcao p : X — K é chamada polinomio

m-homogéneo se existe uma forma m-linear ¢ : [];-; X — K tal que para todo z € X

Usualmente denotamos por P(™X) o espago vetorial de todos os polindmios m-homogéneos continuos p em X,

equipado com a norma |[p[| := sup,<; [p(z)| ¢ um espago de Banach.
Dado o = (a1, ..., ap) € N, definimos |a| := a1 + ... + a;,. Por 2% denotamos o mondmio ! ---z*" para
qualquer z = (1,...,2,) € K”. A desigualdade polinomial 4/3 de Littlewood afirma que existe uma constante

Bﬂlg’é > 1 tal que

4 1
> laal® | < BEL|IP|

jal=2

para quaisquer polinomios 2-homogéneos P : £ — K dados por

P(l‘l,...,l'n) = Z aaxay

lee|=2

e todo inteiro positivo n. Quando mudamos 7, por £;; obtemos a desigualdade de Hardy-Littlewood cujos expoentes

3;154 para4d <p<ooe p% para 2 < p < 4. Em outras palavras, para 4 < p < oo e n > 1, existe uma

constante Cﬁ?é)p > 1 (independente de n) tal que

6timos sao

3p—4
4p

3;1%4 <Cpol P
> laal < Ckap 1P

Jal=2
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para quaisquer polindmios 2-homogéneos em ¢ dados por P(x1,...,2,) = Z|a\:2 ao,x%*. Quando 2 < p < 4

4p p

3p—4 POT ;3¢

Quando m < p < 2m a desigualdade acima possui uma versido polinomial devida a Dimant e Sevilla-Peris [2]:

mudamos o expoente

Dado um polindémio m-homogéneo P(x1,...,%,) = Z\a|:m aax”, definido em £ com m < p < 2m, existe uma

pol
constante CK’m’

p =1 (independente de n) tal que

p—m

_P_ 1
> laal™™ < i 1P

lee|=m

Além disso, o expoente %Lm é 6timo. Para p > 2m, a desigualdade é andloga apenas trocando o expoente 6timo

—2_ pelo expoente 6timo —2"2__ (devido a Praciano-Pereira [3]).

p—m mp+p—2m
Proposicao 1.1 (A desigualdade de Hardy-Littlewood para polindémios 2-homogéneos em f3). Se n é um inteiro
positivo, entao

max o] < 4VZ P
a|=2

para todo P = E|a\:2 anx® em P(245). Além disso este resultado é 6timo no sentido que a norma do sup ndo pode

ser trocada por qualquer norma £, sem que a constante continue independente de n.

Proposigao 1.2 (A desigualdade de Hardy-Littlewood para polindmios 2-homogéneos em /5 e escalares complexos).
Sen > 1, entdo

a, < —|P
max|aal < Z2 1P

para qualquer P = Z|a\:2 anx® em P(24%) sobre o corpo dos complexos. Além disso este resultado é 6timo no

sentido da Proposicao|1.1]

Teorema 1.1 (Desigualdade de Hardy-Littlewood para polindémios m-homogéneos em £,,). Seja m > 2 um inteiro

positivo. Dado n > 1, existe uma constante étima Cg ., > 1 (independente do n) tal que

max |ae| < Cx.m || P

la]=m

para todo P € P(™{L,), com

m—1 9 \™m1
Cr,m < (\/5) m™ e Cgm < (ﬁ) m™.

Além disso este resultado € dtimo no sentido que a mnorma do sup nao pode ser trocada por qualquer norma £, sem

que a constante continue independente de n.

Teorema 1.2. Para K =R, a constante otima da desigualdade de Hardy-Littlewood para polinomios 2-homogéneos
em P(2(3) é 2.

As demonstragoes dos resultados enunciados acima podem ser encontradas em [IJ.
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Abstract

The purpose of this work is to study scattering for the inhomogeneous nonlinear Schrodinger equation (INLS)
in H'(RY). To do this, we use the ideas introduced by Kenig-Merle [5] in their study of the energy-critical NLS
and Holmer-Roudenko [4] for the 3D cubic NLS.

1 Introduction

In this work we study the initial value problem (IVP) or also called the Cauchy problem for the inhomogenous
nonlinear Schréodinger equation (INLS)

{ i0pu + Au+ Mz|blul*u =0, teR, zeRY, ()

u(0,x) = ug(x),

where u = u(t,z) is a complex-valued function in space-time R x RY and «,b > 0. The equation is called focusing
INLS for A = +1 and defocusing INLS for A = —1.

The scale-invariant Sobolev norm is H**(RY) with s. = & —2=2 (Critical Sobolev index). If s = 0 (alternatively
o= 4_7%) the problem is known as the mass-critical or L?-critical; when s. = 1 (alternatively o = %) it is called

energy-critical or H*-critical, finally the problem is known as mass-supercritical and energy-subcritical if 0 < s, < 1.
The Cauchy problem for the INLS was already studied for many authors in recent years. Let us briefly recall
the best results available in the literature. Cazenave studied the well-posedness using the abstract theory. To do
this, he analized in the sense of distributions, that is, i9u + Au + |z|~b|u/*u = 0 in H~(RY) for a.a. t € I,
and using some results of Functional Analysis and Semigroups of Linear Operators, he proved that it is appropriate
to seek solutions of

uwe C([0,7), H'(RY))nC* ([0,T), H ' (RY)) for some T >0,

for the defocusing case (A = —1) any local solution of the (IVP) with ug € H(RY) extends globally in time.
Other authors like Genoud and Stuart also studied this problem for the focusing case (A = 1). They showed the
IVP is well-posed in H!(RY)

4-2b
N_o N > 3;
o locally if 0 < v < 2% := ¢ N—2 2 95
0 N =12
e globally for small initial conditions if 4_Tgb <a< ‘Ilv_—fg;

4—2b

e globally for any initial condition in H!(RY) if 0 < a < -

Another interesting problem to is scattering. For the 3D defocusing NLS ((|l) with b = 0), scattering has
been established for all H! solutions (regardless of size) by Ginibre-Velo using a Morawetz inequality. This proof was

simplified by Colliander-Keel-Staffilani-Takaoka-Tao using a new interaction Morawetz inequality they discovered.
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Other authors like Killip-Tao-Visan, Tao-Visan-Zhang and Killip-Visan-Zhang extend for the L2-critical defocusing
NLS in arbitrary dimension N > 1. These Morawetz estimates, however, are not positive definite for solutions to
the focusing case and cannot be used to study the scattering problem in this case.
In 2006, Kenig and Merle [5] developed a new method to show scattering for the focusing NLS. They proved
scattering in H'(RY) in this case with initial data in H*(RY) in dimensions N = 3,4,5. To do this, they applied
the concentration-compactness and rigidity technique. The concentration-compactness method appears in the
context of wave equation in Gerard and NLS in Keraani. The rigidity argument (estimates on a localized variance)
is a technique developed by F. Merle in mid 1980’s.
For the L2-supercritical and H!-subcritical case several scattering results were obtained for the focusing NLS in
H'(RY). Holmer-Roudenko [4] showed scattering to 3D NLS for radial initial data, then Duyckaerts-Holmer-
Roudenko [I] extended this result for the nonradial data. Recently, Fang-Xie-Cazenave and Cristi Guevara [3]
generalized the above result for arbitrary N > 1.

In the spirit of Holmer, Roudenko, Duyckaerts and Guevara, we show scattering in H I(RN ) for the focusing
inhomogeneous nonlinear Schrédinger equation in the case 0 < s. < 1 (mass-supercritical and energy subcritical

equation). equation). Our aim in this work is to show the following result:

2 Main Result
Theorem 2.1. Let ug € H*(RY), and let u the corresponding solution to in H'. Suppose
Mlul* Blu]'~* < M[Q**E[Q]'~*,
and if |Jug||*||Vuo||} =% < [|Q||*|[[VQ||*~%¢, then u scatters in H'. That is, there exists v € H'(RN) such that
lim [lu(t) = U(t)v[| g =0,

where Q is the ground state of —Q + AQ + Mz|~°|Q|*Q = 0.
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