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(UFRJ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

Sharp estimates for eigenvalues of dot product kernels on the sphere. Douglas Azevedo
(UFJF) and Valdir Menegatto (USP-SCarlos). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .39
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(UFSM) e Márcio L. Miotto (UFSM) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

O Teorema de Hutton polinomial. Geraldo Botelho (UFU) e Let́ıcia G. Polac (UFU) . . . 192

Sobre a igualdade CCdual = CC. Giselle Moraes R. Pereira (UFU) e Geraldo Botelho (UFU)194
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fracionária. Máıra Fernandes Gauer (UFSC) e Cleverson Roberto da Luz (UFSC) . . . . . . . . . . 204

viii
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Vińıcius Fávaro (UFU) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210

Boundary stability of star shaped source in the modified Helmholtz equation. Roberto
M. G. Silva (UFRJ) and Nilson C. Roberty (UFRJ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212

Estabilização de energia para uma classe dissipativa de equação de placas. Rodrigo
Capobianco (UEL) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214

O Teorema de Bishop-Phelps-Bollobás para operadores definidos em C0 somas de
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adams type inequality and application for a class of

polyharmonic equations with critical growth.

Abiel C Macedo∗ & João Marcos do Ó†

In this present work we consider the following class of nonlinear elliptic problem

(−∆)mu+ u = f(|x|, u), in R2m, (0.1)

when the nonlinearity f(|x|, u) has the maximal growth on u which allows to treat the problem (0.1) variationally

in the Sobolev space Wm,2(R2m). Explicitly, we treat the case when f(|x|, u) has critical exponential growth at

infinite, i.e., there exists α0 > 0 such that

lim
|s|→+∞

f(|x|, s)e−αs
2

=

0, for all α > α0,

+∞, for all α < α0,

uniformly in x. Our study will be through the variational method by studying the associated energy functional

J(u) :=
1

2

∫
R2m

(
|∇mu|2 + u2

)
dx−

∫
R2m

F (|x|, u) dx, u ∈Wm,2(R2m).

where F (|x|, s) =
∫ s

0
f(|x|, t)dt and ∇mu is the m-th gradient of u, i.e.,

∇mu =

∆m/2u, m = 2, 4, 6, ...

∇∆(m−1)/2u, m = 1, 3, 5, ...

This notion of criticality is motivated by the so-called Trudinger-Moser type inequality. To the study functional J

we establish a new Adams type inequality which guarantee that the functional is well define and of class C1

1 Mathematical Results

To apply variational method to study polyharmonic problem (0.1), we establish the following Adams type inequality:

Theorem 1.1. Let m be a positive integer and β < β0 = m22m+1π2m

ω2m−1
. Then there exists a constant Cm,β > 0 such

that

sup
u∈Wm,2

0 (Ω)
‖∇mu‖22+‖u‖22≤1

∫
Ω

(
eβ|u|

2

− 1
)

dx < Cm,β , (1.2)

for any domain Ω ⊂ R2m. Moreover, the supremum became infinite for β > β0.

For the study of the functional J we assume also that f satisfies the following additional conditions

(f0) f : R× R→ R is continuous and f(|x|, 0) = 0.

(f1) There exist R > 0 and M > 0 such that

0 < F (|x|, t) =

∫ t

0

f(|x|, τ)dτ ≤M |f(|x|, t)|, ∀|t| ≥ R,∀x ∈ R2m.

∗Departamento de Matemática, UFPE, PE, Brasil, abielcosta@dmat.ufpe.br
†Departamento de Matemática, UFPB, PB, Brasil, e-mail: jmbo@pq.cnpq.br
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(f2) There exists θ > 2 such that

0 < θF (|x|, t) ≤ f(|x|, t)t,

for all (x, t) ∈ R2m × (R \ {0}).

(f3) There exists p > 2 such that

f(|x|, s) ≥ λ sp−1,

for all (x, t) ∈ R2m × (R \ {0}) and λ > 0 sufficiently large.

In this conditions we prove the following existence result.

Theorem 1.2. Assume that f has critical exponential growth at infinite and satisfies (f1)− (f3). In addition,

assume that

(f4) lim sup
t→0+

2F (|x|, t)
tq

< S2
q , uniformly in x ∈ R2m,

where S2
q = inf{‖u‖22 + ‖∇mu‖22 : u ∈ Wm,2

rad (R2m), ‖u‖qq = 1}, for some q > 3. Then the problem (0.1) has a

nontrivial radial solution uM ∈Wm,2(R2m). Furthermore, assuming that

(f5) (ts)−1f(|x|, ts) is an increasing function for t > 0, for any s ∈ R \ {0},

the solution uM is a radial ground state solution, i.e.,

J(uM ) = inf{J(u) : u ∈Mr},

where

Mr := {u ∈Wm,2
rad (R2m) \ {0} : u is a weak solution for (0.1)}.

Proof of Theorem 1.1 The prove is based on the Adams type inequality proved by by N. Lam and G. Lu [2,

Theorem 1.2] in combination with an interpolation inequality which relates the norm of the lower order derivative

with the norm of the higher order derivative:

|u|2j,2 ≤ K(|u|2m,2 + |u|20,2), ∀ 0 ≤ j < m and ∀ u ∈Wm,2(R2m),

for some positive constant K = K(m), where

|u|2j,2 =
∑
|α|=j

‖Dαu‖22.

Proof of Theorem 1.2 Using the inequality (1.1), in combination with the compact embedding of the Sobolev

space Wm,2
rad (R2m) in Lp(R2m) for 2 < p <∞, we prove that the functional J satisfies the Palias-Smale compactness

condition and, applying the Mountain-pass Theorem, we prove that the functional J has a critical point uM in

the Mountain-pass level over Wm,2
rad (R2m). Hence using condition (f5) we prove that uM is a radial ground state

solution. We note that the compact embedding of the Sobolev space mentioned above is a consequence of the Radial

Lemma [1, Radial Lemma AII].
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some results of discrete almost automorphic solutions

for Volterra difference equations with infinite delay

airton castro ∗, claudio cuevas †, filipe dantas ‡ & herme soto §

1 Introduction

We study the existence of discrete almost automorphic solutions and asymptotic behavior for non-linear Volterra

difference equations of convolution type with infinite delay where the nonlinear perturbation f is considered not

necessarily globally Lipschitz. The results are consequence of applications of different fixed point theorems. Let X
be an arbitrary Banach space. In this work, we study the existence of discrete almost automorphic solutions to the

following semi-linear Volterra functional difference equation in X

u(n+ 1) = λ
n∑

j=−∞
a(n− j)u(j) + f(n, un), n ∈ Z, (1.1)

where λ is a complex number, a(n) is an C-valued summable function and un : Z− → X is the history function,

which is defined by un(θ) = u(n+ θ) for all θ ∈ Z−.

To establish the first main result, we need introduce the following:

We will define the phase space B axiomatically.

Specifically, B will denote a vector space of functions defined from Z− into X endowed with a norm denoted

‖ · ‖B so that (B, ‖ · ‖B) is a Banach space and the following axiom holds:

(A) There are a positive constant J and nonnegative functions K(·),M(·) defined on Z+ having the following

property: If x : Z→ X is a function such that x0 ∈ B, then for all n ∈ Z+ the following conditions are fulfilled:

(i) xn ∈ B,

(ii) J‖x(n)‖ ≤ H‖xn‖B ≤ K(n) max0≤i≤n ||x(i)||+M(n)‖x0‖B.

To obtain our results, we consider also the following axiom:

(B) If (ϕn)n∈N is a uniformly bounded sequence in B which converges pointwise to ϕ, then ϕ ∈ B and ‖ϕn −
ϕ‖B → 0 as n→∞.

(H1) Assume that f : Z × B → X is locally Lipschitz with respect to the second variable, that is, for each

positive number σ, for all k ∈ Z and for all ϕ,ψ ∈ B with ||ϕ||B ≤ σ and ||ψ||B ≤ σ, we have ||f(k, ϕ)− f(k, ψ)|| ≤
Lf (σ)||ϕ− ψ||B, where Lf : R+ → R+ is a nondecreasing function.

Definition 1.1. Assume that B is a phase space. A function u : Z × B → X is said to be discrete almost

automorphic in k ∈ Z for each ϕ ∈ B, if for every sequence of integers numbers (k′n), there is a subsequence (kn)

such that limn→∞ u(k + kn, ϕ) =: u(k, ϕ) is well defined for each k ∈ Z, ϕ ∈ B and limn→∞ u(k − kn, ϕ) =: u(k, ϕ)

for each k ∈ Z and ϕ ∈ B.

∗Universidade Federal de Pernambuco,Recife, Brasil, airton@dmat.ufpe.br
†Universidade Federal de Pernambuco,Recife, Brasil, cch@ufpe.br
‡Universidade Federal de Pernambuco,Recife, Brasil, filipeddsmat@gmail.com
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For a given λ ∈ C, let s(λ, k) ∈ C be the solution of the difference equation

s(λ, k + 1) = λ
k∑

j=0

a(k − j)s(λ, j), k = 0, 1, 2, . . . , s(λ, 0) = 1.

We define the set Ωs := {λ ∈ C : ||s(λ, ·)||1 :=
∑∞

k=0 |s(λ, k)| < +∞}.

2 Mathematical Results

Theorem 2.1. Assume that B is a phase space that satisfies axiom (B). Let λ be in Ωs and let f : Z× B → X be

a discrete almost automorphic function in k ∈ Z for each ϕ ∈ B that satisfies the condition (H1). If there is r > 0

such that

||s(λ, ·)||1
(
ρLf (ρr) +

1

r
sup
k∈Z
||f(k, 0)||

)
< 1,

where ρ > 0 denotes a constant such that ‖ϕ‖B ≤ ρ‖ϕ‖∞ for every ϕ ∈ B(Z−,X). Then equation (1.1) has a

discrete almost automorphic solution u(n) satisfying

u(n+ 1) =

n∑
j=−∞

s(λ, n− j)f(j, uj).
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decay of solutions of a second order differential

equation with non-smooth second member

a. t. louredo ∗, l. a. medeiros † & m. milla miranda ‡

1 Introduction

Let V and H be two Hilbert spaces whose scalar products and norms are denoted by ((u, v)) ,||u|| and (u, v),|u|,
respectively. Assume that V is continuously embedding in H and V is dense in H. Let A be the self-adjoint

operator of H defined by the triplet {V,H, ((u, v))}. With D(Aα), α ∈ R, α ≥ 0, will be denoted the domain of the

operator Aα. The space D(Aα) with the scalar product given by the graphic of the operator Aα is a Hilbert space.

We use the notation D(Aα)′ = D(A−α) where D(Aα)′ is the dual of the space D(Aα).

With the above consideration, we have the problem∣∣∣∣∣ u′′(t) +Au(t) + a(|A− θ
2 u(t)|2)u(t) + b(|A−ηu′(t)|)Au′(t) = f(t) in (0,∞);

u(0) = u0, u′(0) = u1,
(1.1)

where f(t) is a vectorial function with values in D(A−α).

The objective of this work is to study the existence of solutions and the decay of the energy associated to

Problem (1.1).

In our approach, we apply the Galerkin method with a special basis of H, the Theory of Linear Operators in

Hilbert Spaces and the compactness Aubin-Lions Theorem. In the decay of energy we use a Liapunov functional.

2 Mathematical Results

We introduce the following hypotheses:

V is compactly embedding in H; (2.2)

µ ∈W 1,1
loc (0,∞), µ(t) ≥ µ0 > 0, ∀t ≥ 0, ( µ0 constant); (2.3)

a ∈ C0([0,∞)), a(s) ≥ 0, ∀s ≥ 0; (2.4)

b ∈ C0([0,∞)), b(s) ≥ b0 > 0, ∀s ≥ 0, ( b0 constant) ; (2.5)

θ, η ∈ R with
θ

2
< η ≤ 1 + θ

2
. (2.6)

Theorem 2.1. Assume hypotheses (2.2)-(2.6). Consider

u0 ∈ D(A
1−θ
2 ), u1 ∈ D(A−

θ
2 ) and f ∈ L2

loc(0,∞;D(A−
1+θ
2 )). (2.7)

Then there exists a function u in the class

u ∈ L∞loc(0,∞;D(A
1−θ
2 )), u′ ∈ L∞loc(0,∞;D(A−

θ
2 )) ∩ L2

loc(0,∞;D(A
1−θ
2 )), u′′ ∈ L2

loc(0,∞;D(A−
1+θ
2 )) (2.8)

∗DM-UEPB, C. Grande, PB, Brasil, e-mail: aldotl@cct.uepb.edu.br
†IM-UFRJ, Rio de Janeiro, RJ, Brasil e-mail:luizadauto@gmail.com
‡DM-UEPB, C. Grande,PB,Brasil, e-mail:milla@im.ufrj.br
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satisfying the equation

u′′ + µAu+ a(|A− θ
2 u|2)u+ b(|A−ηu′|)Au′ = f in L2

loc(0,∞;D(A−
1+θ
2 )) (2.9)

and the initial conditions

u(0) = u0, u′(0) = u1. (2.10)

With the supplementary hypothesis

µ′ ∈ L1(0,∞) and f ∈ L2(0,∞;D(A−
1+θ
2 )) (2.11)

we obtain bounded solutions u of Problem (2.9)-(2.10).

Consider the energy

E(t) =
1

2
|A− θ

2 u′(t)|2 +
1

2
|A

1−θ
2 u(t)|2 +

1

2
a∗(|A− θ

2 u(t)|2), t ∈ [0,∞), where a∗(s) =

∫ s

0

a(s)ds.

Theorem 2.2. Let u be the solution obtained in Theorem (2.1) with the supplementary hypothesis (2.11) and the

hypotheses a(s)s ≥ ka∗(s), ∀s ≥ 0 (k ≥ 1 constant)); µ′(t) ≤ 0, a.e.t ∈ (0,∞). Then u satisfies

E(t) ≤ 3E(0)e−
2
3βt + de−

2
3βt

∫ t

0

e
2
3βs|A−

1+θ
2 f(s)|2, ∀t ∈ [0,∞) (2.12)

where
β
2 = min

{
b0
4P ,

1
2ε2, ε2k0

}
, ε2 = min

{
µ

1
2
0

4P ,
b0
4 ,

µ0

µ0P 2+N2

}
, b(|A−ηu′(t)|) < N, ∀t ∈ [0,∞), d = 1

2b0
+ ε2

µ0
, |A− θ

2 z| ≤

P |A 1−θ
2 z|, ∀z ∈ D(A

1−θ
2 ). If |A− 1+θ

2 f(t)| ≤ Ce−τt, a.e. t ∈ (0,∞), τ 6= β
3 . Then inequality (2.12) becomes

E(t) ≤ 3E(0)e−
2
3βt +

dC
2
3β − 2τ

[e−2τt − e− 2
3βt], ∀t ∈ [0,∞). (2.13)
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on second order differential equations with

non-smooth second members

a. t. louredo ∗, l. a. medeiros † & m. milla miranda ‡

1 Introduction

Let V and H be two real separable Hilbert spaces with V dense and compactly embedded in H. The scalar products

and norms of V and H are represented by (u,v), |u| and ((u,v)), ||u||, respectively.

Let A be the self-adjoint operator defined by the triplet {V,H,((u,v))}. Consider α ∈ R, α ≥ 0. We denote by

D(Aα) the Hilbert space

D(Aα) = {u ∈ H;Aαu ∈ H}

equipped with the scalar product

(u, v)D(Aα) = (Aαu,Aαv).

The dual of D(Aα) is denoted by D(A−α).

Consider the problem

(∗)

∣∣∣∣∣ u′′ + µAu+ F (u)u = f in (0, T ),

u(0) = u0 , u′(0) = u1,

where µ(t) is a positive function and f a non-smooth vectorial function.

The objective of this paper is to study the following inverse problem: given u0, u1and a non-smooth vectorial function f ,

how to determine F (u) such that Problem (*) has a solution u. We analize two cases of F (u).

2 Mathematical Results

Teorema 2.1. Let θ and p be two real numbers with p ≥ 1. Consider

µ ∈W 1,1(0, T ), µ(t) ≥ µ0 > 0 , ∀t ∈ [0, T ] (µ0 constant);

u0 ∈ D(A
1−θ
2 ) , u1 ∈ D(A−

θ
2 ) and f ∈W 1,1(0, T ;D(A−

1+θ
2 )).

Then there exists a function u in the class

u ∈ L∞(0, T ;D(A
1−θ
2 )) , u′ ∈ L∞(0, T ;D(A−

θ
2 )) , u′′ ∈ L∞(0, T ;D(A−

1+θ
2 )) (2.1)

such that u is solution of the problem∣∣∣∣∣ u′′ + µAu+ |A− θ
2 u|2pu = f in L∞(0, T ;D(A−

1+θ
2 ));

u(0) = u0 , u′(0) = u1.

Let λ be a real number with − θ2 ≤ λ <
1−θ
2 .

∗DM-UEPB, C. Grande, PB, Brasil, e-mail: aldotl@cct.uepb.edu.br
†IM-UFRJ, Rio de Janeiro, RJ, Brasil e-mail: luizadauto@gmail.com
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Teorema 2.2. Assume that θ, u1 and f satisfy the hypotheses of Theorem 2.1 and consider u0 = 0. Then there

exists a function u in the class (2.1) such that u is solution of the problem∣∣∣∣∣ u′′ + µAu+ ||u||C0([0,T ];D(Aλ)) u = f in L∞(0, T ;D(A−
1+θ
2 ));

u(0) = 0 , u′(0) = u1.

The uniqueness of solutions of Theorem 2.1 is obtained when θ = 0. In the proof of the results we use the

Galerkin method with a special basis of H and an argument of Fixed Point. Theorem 2.2 is an abstract setting of

a slightly modified open problem formulated by J.L.Lions[7]. He considers µ(t) = 1 and f = vδ(x− x0), where v(t)

is a real function and δ(x− x0) is the Dirac mass supported at {x0}, x0 a point of a bounded open set Ω of Rn.
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[9] Louredo, A.T., Araújo, M.A.F and Milla Miranda, M., On a nonlinear wave equation with boundary damping,

to appear in Math. Meth. Appl. Sc., 2013.
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uma análise assintótica de um sistema de placas

termoelástica do tipo hiperbólico

alisson rafael aguiar barbosa ∗

Resumo
Este trabalho é dedicado ao estudo do comportamento a longo prazo de uma equação de placas estenśıveis acoplada

a uma equação de calor. O problema corresponde a um modelo de termo-elasticidade baseado em teorias de calor

do tipo não-Fourier. Considerando que efeitos de inércia de rotação estão presentes no modelo, mostramos que o

efeito dissipativo do calor é suficiente para estabilizar exponencialmente o sistema, sem dissipações adicionais. Além

disso, provamos que o sistema possui um atrator global de dimensão fractal finita e também atratores exponenciais.

Nossos resultados generalizam e complementam diversos trabalhos existentes.

Palavras-chave: Equações diferenciais parciais, termoelasticidade, placas estenśıveis, calor do tipo não-Fourier,

atrator global, atratores exponenciais.

1 Introdução

O presente trabalho se insere no estudo da dinâmica assintótica de sistemas termoelásticos não lineares. Mais pre-

cisamente, nossos resultados são dedicados ao estudo de placas elásticas extenśıveis sob efeito dissipativo térmico

originado por uma equação de calor hiperbólico, e portanto não satisfazendo a lei de Fourier. Tais modelos ter-

moelásticos são estudados como sistemas de equações diferenciais parciais do tipo

utt + ∆2u−M(
∫

Ω
|∇u|2)∆u−∆utt + f(u) + ν∆θ = h(x) in Ω× R+, (1.1)

θt − ω∆θ − (1− ω)

∫ ∞
0

k(s)∆θ(t− s)ds− ν∆ut = 0 in Ω× R+, (1.2)

com condições iniciais e de fronteira

u(x, 0) = u0(x), ut(x, 0) = u1(x) θ(x, t)|t≤0
= θ0(x,−t) em Ω, (1.3)

u = ∆u = 0 sobre ∂Ω× R+, (1.4)

em que Ω é uma região do plano que representa a placa em repouso, u é o deslocamento transversal, θ é a temperatura

relativa ao meio ambiente. As constantes ω µ são positivas, o termo M(
∫

Ω
|∇u|2)∆u contabiliza o efeito da extensibilidade

da placa durante as vibrações transversais e ∆utt é a inércia de rotação.

2 Resultados

Notação:

V0 = L2(Ω), V1 = H1
0 (Ω), V2 = H2(Ω) ∩H1(Ω) (2.5)

e

V3 = {u ∈ H3(Ω)|u = ∆u = 0 em Γ}, (2.6)

Para a variável η, definimos

M1 = L2
µ(R+;V1) =

{
η : R+ → V1;

∫ ∞
0

µ(s)‖η(s)‖2V1
ds

}
, (2.7)

∗Instituto de Ciências Matemática e de Computação , USP, SP , Brasil, alissonrafael@yahoo.com.br
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Com essa notação, nosso espaço de fase é

H0 = V2 × V1 × V0 ×M1. (2.8)

Denotaremos o produto interno e sua respectiva norma de H0 por

< U1, U2· >H0= (∆u1,∆u2) + (∇v1,∇v2) + (θ1, θ2) + (η1, η2)µ,1

e

‖U1‖2H0
= ‖∆u1‖22 + ‖∇v1‖22 + ‖θ1|22 + ‖η1‖2µ,1,

em que Ui = (ui, vi, θi, ηi), com i = 1, 2.

Teorema 2.1. O sistema dinâmico (H0, S(t)) produzido pelo problema (1.1)-(1.4) possui um atrator global A de dimensão

fractal finita. Além disso,

A =Wu(N ), (2.9)

em que N é o conjunto das soluções estacionárias do problema (1.1)-(1.4).

Prova: Existência do atrator global- Para mostrar a existência do atrator global para o problema (1.1)-(1.4), nos seguimos

de perto o método apresentado em Chueshov & Lasiecka [2]. Mostramos que que o sistema dinâmico é gradiente e que é

assintoticamente suave.�

Teorema 2.2. Suponha que as hipóteses do Teorema 2.1 sejam válidas. Então para cada δ ∈ (0, 1], o sistema dinâmico

associado ao problema (1.1)-(1.4) possui um atrator exponencial generalizado, com dimensão fractal finita no espaço estendido

H−δ = V2−δ × V1−δ × V−δ × L2
µ(R+;V1−δ). (2.10)

Prova: Existência do atrator global- A prova deste teorema segue os mesmos passos de Potomkin [6]( demonstração do

Teorema 4.5).
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Standing waves for a hamiltonian system of

Schrödinger equations with arbitrary growth

J. A. Cardoso ∗, J. M. do Ó † & E. Medeiros ‡

1 Introduction

In this work we study the existence of standing wave solutions for the following class of elliptic Hamiltonian-type

systems {
−~2∆u+ V (x)u = g(v) in RN

−~2∆v + V (x)v = f(u) in RN ,
(1.1)

with N ≥ 2, where ~ is a positive parameter and the nonlinearities f(s), g(s) are superlinear and can have arbitrary

growth at infinity. This system is in variational form and the associated energy functional is strongly indefinite.

Moreover, in view of the unboundedness of the domain RN and the arbitrary growth of the nonlinearities we

have lack of compactness. To overcome these difficulties we use a dual variational methods in combination with a

minimax procedure and we prove the existence of positive solution for ~ sufficiently small.

More explicitly, we consider system (1.1) when the potential V (x) satisfies the following geometric conditions:

(V0) V : RN → [0,+∞) is a radial function locally Hölder continuous;

(V1) there exist 0 < R1 < r1 < r2 < R2 and α > 0 such that

V (x) = 0, ∀x ∈ Ar2r1 and V (x) ≥ α > 0, ∀x ∈ mathbbRN \AR2

R1
,

where Aρ2ρ1 denotes the annulus of radius 0 < ρ1 < ρ2, that is,

Aρ2ρ1 = {x ∈ RN : ρ1 < |x| < ρ2}.

We are looking for positive solutions of (1.1), and so, as usual, we set f(s) = g(s) = 0 for all s ≤ 0 and assume:

(H1) f, g ∈ C1(R) and f(0) = f ′(0) = 0 = g(0) = g′(0);

(H2) there exists δ′ > 0 such that

0 < (1 + δ′)f(s)s ≤ f ′(s)s2 and 0 < (1 + δ′)g(s)s ≤ g′(s)s2, ∀ s > 0.

2 Main Results

In our first result we guarantee the existence of solutions for (1.1) when the nonlinearities have polynomial arbitrary

growth at infinity, explicitly,

Theorem 2.1. Assume (V0)− (V1) and (H1)− (H2). Furthermore, suppose that

∗Departamento de Matemática, Universidade Federal de Sergipe, SE, Brazil, e-mail: andersonjvc@gmail.com
†Departamento de Matemática, Universidade Federal de Paráıba, PB, Brazil, e-mail: jmbo@pq.cnpq.br
‡Departamento de Matemática, Universidade Federal de Paráıba, PB, Brazil, e-mail: everaldo@mat.ufpb.br
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(H3) there exist p, q > 2 + δ′ such that the following limits are finite:

lim
s→+∞

f(s)

sp−1
= l1 and lim

s→+∞

g(s)

sq−1
= l2.

Then, there exists ~0 > 0 such that (1.1) has a solution (u~, v~) ∈ H1
rad(RN ) × H1

rad(RN ), for all ~ ∈ (0, ~0].

Moreover, u~, v~ ∈ C2(RN ) are positive and

u~(x), v~(x)→ 0, as |x| → ∞.

Next, in complement to above result, we consider nonlinearities satisfying a kind of global condition but not

necessarily polynomial at infinity.

Theorem 2.2. Assume (V0)− (V1) and (H1)− (H2). Moreover, suppose that

(H4) for all ε > 0, there exists Cε > 0 such that

f(s)t+ g(t)s ≤ ε(s2 + t2) + Cε(f(s)s+ g(t)t), ∀ s, t ∈ R.

Then there exists ~0 > 0 such that (1.1) has a solution (u~, v~) ∈ H1
rad(RN ) × H1

rad(RN ), for all ~ ∈ (0, ~0].

Furthermore, u~, v~ ∈ C2(RN ) are positive and

u~(x), v~(x)→ 0, as |x| → ∞.

Remark 2.1. Note that the hypothesis (H3) is a growth condition at infinity, but there are no restrictions on the

values of p and q, that is, it can be allowed in the range subcritical, critical or supercritical. We recall that if N ≥ 3,

the notion of criticality for related with the so-called critical hyperbola

1

p
+

1

q
= 1− 2

N
,

where p, q > 1, see Ph. Clément et al. [3] and J. Hulshof-R. Van der Vorst [5].
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Um sistema de equações parabólicas modelando a

invasão de um tumor sólido

anderson l. a. de araujo ∗ & paulo m. d. de magalhães †

Neste trabalho estudamos existência e unicidade para o modelo matemático bidimensional da invasão de um

tecido saudável por um tumor sólido genérico.

1 Introdução

Neste trabalho temos o interesse em provar um resultado de existência e unicidade para o seguinte modelo sugerido

por Anderson [1]. 
∂tn−Dn∆n = −χ∇(n∇f) in Q,

∂tm−Dm∆m = µn− λm in Q,

∂tf = −αmf in Q,

∂tc−Dc∆c = βf − γu− αc in Q,

(1.1)

com condições iniciais e condições de fronteira do tipo Neumann, Dn coeficiente de difusão de n, Dm coeficiente de

difusão de m e Dc coeficiente de difusão de c.

Este modelo matemático é sobre o crescimento de um tumor genérico sólido, que acabou de ser vascularizado,

ou seja, um fornecimento de sangue foi estabelecido. Escolhemos focar em quatro componentes que são as variáveis

envolvidas na invasão de células tumorais, produzindo assim um modelo mı́nimo, caraterizado por: densidade de

células tumorais (denotado por n), concentração de enzimas degradantes (MDE - indicado por m), concentração

de macro moléculas (MM - denotado por f) e concentração de oxigénio (designado por c). Cada uma das quatro

variáveis (n,m, f, c), é uma função da variável espacial x e da variável temporal t.

Como ferramenta para este trabalho, usaremos o teorema do ponto fixo de Leray-Schauder e argumentos de

prinćıpio do máximo para equações parabólicas.

2 Resultados preliminares e o Teorema principal

Denotaremos por W 2,1
p (Q) o espaço de Banach de todas as funções u ∈ Lp(Q) tal que Dxu,D

2
xu,Dtu ∈ Lp(Q),

munido da norma

‖u‖W 2,1
p (Q) = ‖u‖Lp(Q) + ‖Dxu‖Lp(Q) + ‖D2

xu‖Lp(Q) + ‖Dtu‖Lp(Q).

Lema 2.1. Sejam Ω ⊆ R2 um domı́nio limitado com fronteira suficientemente suave e 1 ≤ q <∞. Então:

se
1

q
− 1

2
< 0, W 2,1

q (Q) ⊂ L∞(Q);

se
1

q
− 1

2
= 0, W 2,1

q (Q) ⊂ Lp(Q), ∀p ∈ [q,∞);

se
1

q
− 1

2
> 0, W 2,1

q (Q) ⊂ Lp(Q), p =

(
1

q
− 1

2

)−1

,

onde as imersões são cont́ınuas.

∗Unversidade Federal de Viçosa , UFV, MG, Brasil, anderson.araujo@ufv.br
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Teorema 2.1. Seja Ω ⊂ R2 um domı́nio limitado, 0 < T <∞ fixado, c0,m0 ∈ H1(Ω), n0 ∈W 4/3
3 (Ω) e f0 ∈ H2(Ω),

com n0, f0,m0 ≥ 0. Então, existe ξ > 0 tal que, se

‖n0‖L1(Ω) < ξ,

existem funções (f, n,m, c) satisfazendo:

(i) f ∈ L∞(0, T ;W 1
4 (Ω)), ft ∈ L2(Q), f(0) = f0;

(ii) n ∈ L∞(0, T ;H1(Ω)), nt ∈ L2(Q), n(0) = n0;

(iii) m ∈W 2,1
2 (Q), m(0) = m0;

(iv) c ∈W 2,1
2 (Q), c(0) = c0

e tal que,
T∫

0

∫
Ω

∂tnϕdxds+Dn

T∫
0

∫
Ω

∇n∇ϕdxds = χ

T∫
0

∫
Ω

n∇f∇ϕdxds, (2.2)

para todo ϕ ∈ L2(0, T ;H1(Ω)).

∂tf = −αmf q.t.p. in Q, (2.3)

∂tm−Dm∆m = µn− λm q.t.p in Q, (2.4)

∂tc−Dc∆c = βf − γn− σc q.t.p. in Q, (2.5)

∇m.η = ∇c.η = 0 q.t.p. on ∂Ω× (0, T ). (2.6)

Além disso, f ≥ 0, n ≥ 0 e m ≥ 0.

Prova: Existência - Para mostrar a existência de soluções introduziremos um problema regularizado relacionado

com o sistema (1.1), para este, provaremos um resultado de existência de soluções usando o teorema do ponto fixo

de Leray-Schauder e o prinćıpio do máximo. Em seguida, provaremos que as soluções do problema regularizado são

limitadas e assim, obtemos uma subsequência que converge para uma solução do problema original.

Um resultado que sera útil na introdução do problema regularizada e o seguinte: Existe um operador extensão

Ext(·) que toma qualquer função w no espaço

W 2,1
2 (Q) = {w ∈ L2(Q)/Dxw,D

2
xw ∈ L2(Q), wt ∈ L2(Q)}

e extende esta para uma função Ext(w) ∈W 2,1
2 (RN+1) com suporte compacto satisfazendo:

‖Ext(w)‖W 2,1
2 (RN+1) ≤ C‖w‖W 2,1

2 (Q)

com C independente de w (veja Mikhailov [3]).
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a uniqueness result for an inverse problem to the

system modeling nonhomogeneous asymmetric fluids

anibal coronel∗ & marko a. rojas-medar †

In this work we study the inverse problem of determining the density functions F and G, modeling the vector

external sources for the linear and the angular momentum of particles, in a system for the motion of nonhomogeneous

viscous incompressible asymmetric fluid on a bounded and regular domain Ω ⊂ R3, with boundary ∂Ω in a finite

time T > 0:

(ρu)t + div(ρu⊗ u)− (µ+ µr)∆u+∇p = 2µrcurlw + ρF, in QT := Ω× [0, T ], (0.1)

divu = 0, in QT , (0.2)

(ρw)t + div(ρw ⊗ w)− (ca + cd)∆w − (c0 + cd − ca)∇divw + 4µrw = 2µrcurlu+ ρG, in QT , (0.3)

ρt + u · ∇ρ = 0, in QT , (0.4)

u(x, t) = w(x, t) = 0, on ΓT := ∂Ω× [0, T ], (0.5)

u(x, 0) = u0(x), w(x, 0) = w0(x), ρ(x, 0) = ρ0(x), on Ω, (0.6)∫
Ω

ρ(x, t)u(x, t)ψu(x)dx = φu(t) and

∫
Ω

ρ(x, t)w(x, t)ψw(x)dx = φw(t), t ∈ [0, T ]. (0.7)

Here u,w, ρ and p denotes the velocity field, the angular velocity of rotation of the fluid particles, the mass

density and the pressure distribution, respectively. The constant µ > 0 is the usual Newtonian viscosity and the

positive constants µr, c0 and cd are the additional viscosities related to the lack of symmetry of the stress tensor.

The functions ψu, ψw, φu and φw in the integral overdetermination condition (0.7) are given and satisfies some

restrictions which will be specified later. The differential notation is the standard ones, i.e. the symbols ut, wt and

ρt denotes the time derivatives and ∇,∆,div and curl denotes the gradient, Laplacian, divergence and rotational

operators, respectively. Now, by applying the Helmholtz decomposition, the vector fields F and G are representable

for (x, t) ∈ ΩT by the following relations

F (x, t) = f(t)(∇h(x, t)−m(x, t)) and G(x, t) = g(t)(∇r(x, t)− q(x, t)), (0.8)

where m and q are given functions and f, g, h and r are unknown functions such that

div(ρ∇h) = div(ρm), div(ρ∇r) = div(ρq), in Ω (0.9)

∂h

∂n
= h · n, ∂r

∂n
= r · n, on ∂Ω (0.10)∫

Ω

h(x, t)dx = 0,

∫
Ω

r(x, t)dx = 0, t ∈ [0, T ], (0.11)

where n is the outward unit normal vector to ∂Ω.
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1 Main Results

We consider the following assumptions:

c0 + cd > ca, ρ0 ∈ C1(Ω), ρ0(x) ∈ [α, β] ⊂ R+, u0 ∈ V ∩ [H2(Ω)]3, w0 ∈ [H1
0 (Ω)]3 ∩ [H2(Ω)]3, (1.12)

ψu, ψw ∈ H1
0 (Ω) ∩W 1,∞(Ω) ∩H2(Ω), div(ψu) = div(ψw) = 0 in Ω, φu, φw ∈ H2(Ω), h, r ∈ C1([0, T ]), (1.13)

|
∫

Ω

ρ0(x)(∇h(x, 0)−m(x, 0))dx| ≥ 2ε0 > 0, and |
∫

Ω

ρ0(x)(∇r(x, 0)− g(x, 0))dx| ≥ 2ε0 > 0, (1.14)

where V = V(Ω)
‖·‖

[H1
0(Ω)]3 with V(Ω) =

{
v ∈ (C∞0 (Ω))3 : divv = 0 in Ω

}
and our main results are the following:

Teorema 1.1. Assume that ρ0, v0 and w0 satisfies the assumptions (1.12) and (f, g) ∈ [H1(Ω)]2. Then the direct

problem (0.6)-(0.1) and (0.8)-(0.11) possesses a unique strong solution {u,w, ρ, p, h, r} defined on a maximal interval

[0, T1[⊂ [0, T ].

Teorema 1.2. Let (1.12)-(1.14) be satisfied and T2 ≤ T1, then there exists a unique collection of functions

{u,w, ρ, p, f, g} solution of the inverse problem (0.6)-(0.11).

We prove the existence part of theorem 1.1 by applying the ideas of [2] and the uniqueness by the standard

estimates [7]. Meanwhile, we prove the theorem 1.2 by characterizing the inverse problem solutions using an operator

equation of second kind and introducing several estimates we deduce that the hypothesis of the Tikhonov fixed

point theorem are satisfied.
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padrões em um problema parabólico com intersecção

das ráızes da equação degenerada

arnaldo simal do nascimento ∗ & maicon sônego †

1 Introdução

Neste trabalho usamos o conceito variacional de Γ-convergência para provar a existência de quatro famı́lias de

soluções estacionárias, não-constantes e estáveis (as quais chamamos de padrões) para um problema parabólico

singularmente perturbado. Além disso, o comportamento assintótico das soluções é apresentado.

Considere a seguinte equação parabólica singularmente perturbada com condições de Neumann na fronteira:

ut(x) = ε2div(k(x)∇u(x)) + f(u, x) em Ω,
∂u

∂ν
(x) = 0 sobre ∂Ω

(1.1)

sendo Ω ⊂ Rn (n ≥ 1) um conjunto aberto, limitado e com fronteira suave, ε um pequeno parâmetro positvo e ν o

vetor normal exterior a ∂Ω. A função de difusibilidade k(·) é suave e estritamente positiva.

A função f(·) é de classe C1 e satisfaz as hipóteses apresentadas abaixo.

(f1) Existem uma subvariedade (n−1)-dimensional γ ⊂ Ω dividindo Ω em duas componentes conexas denominadas

Ωa e Ωb, tais que as fronteiras ∂Ωa e ∂Ωb são de Lipschitz, e três funções θ, a, b ∈ C1(Ω) que são ráızes de f ,

ou seja,

f(a(x), x) = f(b(x), x) = f(θ(x), x) = 0, ∀ x ∈ Ω.

Além disso, a > θ > b em Ωa, b > θ > a em Ωb, e a = θ = b em γ.

(f2) ∂1f(a(x), x) < 0 para todo x ∈ (Ω \ γ), e ∂1f(b(x), x) < 0 para todo x ∈ (Ω \ γ).

(f3)

∫ max{a(x),b(x)}

min{a(x),b(x)}
f(ξ, x)dξ = 0, para todo x ∈ Ω (condição de igualdade de área).

(f4) Existem constantes positivas c1, c2 e s0 e um número p ≥ 2 tal que c1 |s|p ≤ F (s, x) ≤ c2 |s|p , para todo s

satisfazendo |s| ≥ s0, onde

F (u, x) =


−
∫ u

b(x)

f(ξ, x)dξ, x ∈ Ωa

0, x ∈ γ

−
∫ u

a(x)

f(ξ, x)dξ, x ∈ Ωb.

(1.2)

A hipótese (f1) diz que ∂1f(a(x), x) = ∂1f(b(x), x) = 0, para todo x ∈ γ, ou seja, as ráızes a(x) e b(x) da

equação degenerada f(u, x) = 0 se intersectam em γ e esta é a principal fonte de dificuldade do problema. Muitos

autores têm estudado este tipo de problema e o principal caso considerado é o chamado caso de mudança de

estabilidade (veja [1,3,5]), onde assume-se que ∂1f(a(x), x) > 0 para todo x ∈ (Ω \ γ), e ∂1f(b(x), x) < 0 para todo

x ∈ (Ω \ γ). Nossa hipótese (f2) garante que não estamos em um caso de mudança de estabilidade. Em geral,
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nestes problemas, são consideradas apenas dimensões 1 ou 2, o termo de difusibilidade constante e, devido à técnica

utilizada (expansão assintótica), assume-se que a sub-variedade γ não intercepta a fronteira do domı́nio. Neste

contexto os resultados limitam-se a existência e comportamento assintótico de soluções estacionárias, sendo raros

aqueles que mostram a estabilidade, veja [2,3].

Nosso trabalho fornece a existência, o comportamento assintótico e principalmente a estabilidade de quatro

famı́lias de soluções estacionárias de (1.1). Além disso, não restringimos a dimensão do domı́nio, não exclúımos a

possibilidade de γ interceptar a fronteira de Ω e consideramos o termo de difusibilidade não-constante.

2 Resultado Principal

Nosso objetivo é demonstrar o teorema abaixo.

Teorema 2.1. Assuma que f satisfaz as hipóteses (f1) − (f4). Então existe ε0 > 0 e quatro famı́lias de soluções

estacionárias estáveis
{
u1
ε

}
0<ε≤ε0

, . . . ,
{
u4
ε

}
0<ε≤ε0

de (1.1) tais que

•
∣∣u1
ε − u1

0

∣∣
L1(Ω)

→ 0 quando ε→ 0, sendo u1
0(x) = a(x)χΩa

(x) + b(x)χΩb
(x);

•
∣∣u2
ε − u2

0

∣∣
L1(Ω)

→ 0 quando ε→ 0, sendo u2
0(x) = b(x)χΩa

(x) + a(x)χΩb
(x);

•
∣∣u3
ε − u3

0

∣∣
L1(Ω)

→ 0 quando ε→ 0, sendo u3
0(x) = a(x);

•
∣∣u4
ε − u4

0

∣∣
L1(Ω)

→ 0 quando ε→ 0, sendo u4
0(x) = b(x).

A prova do teorema acima é feita usando o Teorema de Kohn e Sternberg que relaciona os mı́nimos locais isolados

de um determinado funcional Γ-limite E0, com os mı́nimos locais da famı́lia de funcionais de energia {Eε}ε>0 dos

quais E0 é o Γ-limite. A mesma técnica é utilizada em [4], por exemplo.

Exemplos simples podem ser constrúıdos nos quais o Teorema 2.1 pode ser aplicado. Considere o problema (1.1)

no intervalo Ω := (−1, 1) com a função f dada por

f(u, x) = −(u+ x)(u− x2)

(
u−

(
x2 − x

2

))
. (2.3)

Não é dif́ıcil verificar que f satisfaz (f1)− (f4) o que permite aplicar o Teorema 2.1 para garantir a existência,

e exibir o perfil geométrico, de quatro famı́lias de soluções estacionárias não-constantes estáveis para este exemplo.
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faḿılias regularizadas e equações de evolução de

terceira ordem

Bruno de Andrade ∗

Apresentaremos o conceito e as propriedades básicas da teoria de famı́lias regularizadas geradas por operadores

lineares fechados definidos em espaços de Banach e exibiremos algumas aplicações ao estudo de equações de evolução

que modelam vibrações em estruturas flex́ıveis.

1 Introdução

Seja (X‖ · ‖) um espaço de Banach e considere A : D(A) ⊂ X → X um operador linear fechado. Neste trabalho

abordaremos a teoria de existência de soluções globais para equações de evolução da forma{
αu′′′(t) + u′′(t)− γAu′(t)− βAu(t) = f(t), t ≥ 0,

u(0) = x, u′(0) = y, u′′(0) = z,
(1.1)

onde α, β, γ ∈ (0,∞). Por uma solução global entendemos uma função u ∈ C([0,∞);D(A)) ∩ C3([0,∞);X) que

verifica (1.1) e tal que u′ ∈ C([0,∞);D(A)).

Do ponto de vista aplicado, uma interessante motivação para estudar o problema de Cauchy (1.1) é dada,

por exemplo, pelos trabalhos de Bose e Gorain [3, 4] publicados no final do século 20. Na ocasião, tais autores

propuseram um modelo matemático para vibrações viscoelásticas de estruturas flex́ıveis no qual o stress não é

simplesmente proporcional à tensão. Como resultado eles mostraram que a dinâmica de vibrações de estruturas

elásticas é governada pela equação diferencial parcial

α∂tttu(t) + ∂ttu(t)− β∆u(t)− γ∆∂tu(t) = 0, t ≥ 0, (1.2)

suplementada por condições iniciais e de frontera, onde α, β, γ são constantes positivas satisfazendo αβ < γ.

Utilizaremos a teoria da transformada de Laplace para fornecer um tratamento direto para o problema (1.1) sem

que seja necessário uma redução para um problema de primeira ordem. Para isso, relembraremos na próxima seção

o conceito de famı́lias regularizadas. Tal abordagem para (1.1) foi utilizada pela primeira vez em [5] com a restrição

u(0) = u′(0) = u′′(0) = 0. Não obstante, em [1] os autores mostraram que esta hipótese pode ser suprimida. Nos

últimos anos foram publicados alguns trabalhos similares, dentre os quais destacamos [2, 6]. Em [2], os autores

aplicaram as técnicas apresentadas em [1] no estudo do comportamento assintótico para equações de Volterra. Por

sua vez, o trabalho [6] é dedicado à teoria de boa colocação e decaimento exponencial da energia para uma versão

não autônoma de (1.1). Este trabalho é baseado em resultados recentes em colaboração com os professores Carlos

Lizama [1], Claudio Cuevas e Erwin Henŕıquez [2].

2 Resultados principais

Dados α, β, γ > 0 considere as funções

k(t) = −α+ t+ αe−t/α e a(t) = −(αβ − γ) + βt+ (αβ − γ)e−t/α, t ≥ 0.
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Definição 2.1. Um operador linear fechado A : D(A) ⊂ X → X definido em um espaço de Banach X é o gerador

de uma famı́lia regularizada {R(t)}t≥0 ⊂ B(X) se as seguintes condições são satisfeitas:

(R1) R(t) é fortemente cont́ınua em R+ e R(0) = 0;

(R2) R(t)D(A) ⊂ D(A) e AR(t)x = R(t)Ax para todo x ∈ D(A) e t ≥ 0;

(R3) A seguinte equação é válida

R(t)x = k(t)x+

∫ t

0

a(t− s)R(s)Axds

para todo x ∈ D(A) e t ≥ 0. Nesse caso, {R(t)}t≥0 é chamada a famı́lia (α, β, γ)-regularizada gerada por A.

Os seguintes resultados mostram que a classe de geradores de famı́lias regularizadas é bastante ampla e, como

acontece na teoria de semigrupos, evidenciam interessantes relações entre tais famı́lias e seus geradores.

Proposição 2.1. Seja −A operador positivo auto-adjunto definido sobre um espaço de Hilbert H. Se α, β, γ ∈ (0,∞)

são tais que αβ ≤ γ, então A é o gerador de uma famı́lia (α, β, γ)-regularizada sobre H.

Proposição 2.2. Seja {R(t)}t≥0 uma famı́lia (α, β, γ)-regularizada gerada por A. Então:

(a)Para todo x ∈ D(A) temos R(·)x ∈ C2(R+;X).

(b) Sejam x ∈ X e t ≥ 0. Então

∫ t

0

a(t− s)R(s)xds ∈ D(A) e R(t)x = k(t)x+A
∫ t
0
a(t− s)R(s)xds.

O principal resultado desse trabalho é o seguinte

Teorema 2.1. Seja {R(t)}t≥0 uma famı́lia (α, β, γ)-regularizada gerada por A. Se f ∈ L1
loc(R+, D(A2)), x ∈

D(A3), y ∈ D(A2) e z ∈ D(A2) então u : [0,∞)→ X dada por

u(t) = αR′′(t)x+R′(t)x− γAR(t)x+ αR′(t)y +R(t)y + αR(t)z +

∫ t

0

R(t− s)f(s)ds, (2.3)

é uma solução global de (1.1).
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Almost automorphic solutions for evolutions

equations

Bruno de Andrade ∗, Éder Mateus † & Arlúcio C. Viana ‡

In this work we deal with existence and uniqueness of almost automorphic solutions for abstract semilinear

evolution equations using a mix of fixed point theory and extrapolation spaces theory. We apply our abstract

results in the framework of transmission problems for the Bernoulli-Euler plate equation.

1 Introduction

This presentation is part of the paper [1]. Here, we deal with existence and uniqueness of almost automorphic

solutions for abstract semilinear evolution equations of the form

u′(t) = Au(t) + f(t, u(t)), t ∈ R, (1.1)

where A is an unbounded linear operator, assumed to be Hille-Yosida of negative type, with domain D(A) not

necessarily dense on some Banach space X, f : R × X0 → X is a continuous function and X0 = D(A). In our

framework we use a mix of fixed point theory and extrapolation spaces theory. Let us recall some basic definitions

and properties of some natural tools in our setting.

Definition 1.1. A continuous function f : R −→ X is called almost automorphic if for every sequence of real

numbers (s′n)n∈N there exists a subsequence (sn)n∈N ⊂ (s′n)n∈N such that

lim
n,m→∞

‖f(t+ sn − sm)− f(t)‖ = 0.

.

The space of all almost automorphic functions on X is denoted by AA(X). In addition, let X and Y be two

Banach spaces. A continuous function f : R × Y −→ X is said to be almost automorphic if f(t, x) is almost

automorphic in t ∈ R uniformly for all x ∈ K, where K is any bounded subset of Y . Similarly, we set AA(Y ;X) to

represent the set of all almost automorphic functions in t uniformly for x ∈ Y .

Definition 1.2. Let X be a Banach space and A be a linear operator with domain D(A). One says that (A,D(A))

is a Hille-Yosida operator on X if there exist ω ∈ R and a positive constant M ≥ 1 such that (ω,∞) ⊂ ρ(A) and

sup
{

(λ− ω)n‖(λ−A)−n‖ : n ∈ N, λ > ω
}
≤M.

The infinimum of such ω is called the type of A. If the constant ω can be chosen smaller than zero, A is called of

negative type.

From now, let (A,D(A)) be a Hille-Yosida operator of negative type. Let X−1 and (T−1(t))t≥0 be the extrapo-

lation space and the extrapolated semigroup associated to A (see [1, 4]). By a mild solution of (1.1) we understand

a continuous function u : R −→ X0 which verifies

u(t) =

∫ t

−∞
T−1(t− s)f(s, u(s))ds.
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2 Almost automorphic solutions with almost automorphic conditions

The following lemmas will be helpful in approach of (1.1).

Lemma 2.1 ([3]). If f : R× Y 7→ X is almost automorphic, and h ∈ AA(Y ), and assume that f(t, ·) is uniformly

continuous on each bounded subset K ⊂ Y uniformly for t ∈ R, that is, for any ε > 0, there exists δ > 0 such that

x, y ∈ K and ‖x− y‖ < δ imply that ‖f(t, x)− f(t, y)‖ < ε for all t ∈ R, then the function f(·, h(·)) ∈ AA(X).

Lemma 2.2. If u ∈ AA(X0), then z : R→ X, defined by

z(t) :=

∫ t

−∞
T−1(t− s)u(s)ds

is in AA(X0).

The main result in this presentation is the following

Theorem 2.1. Let f ∈ AA(X0, X) as in Lema 2.1. Assume that there exists a function L ∈ L1
loc(R; [0,∞)) such

that

‖f(t, x)− f(t, y)‖ ≤ L(t)‖x− y‖, t ∈ R, x, y ∈ X0. (2.2)

Let θ(t) =
∫ t
−∞ eω(t−s)L(s)ds, t ∈ R. Suppose that there is a positive constant K < 1 such that Mθ(t) < K, ∀ t ∈ R.

Then the Equation (1.1) has a unique mild solution in AA(X0).

As application of our abstract result we consider the transmission problem for the Bernoulli-Euler plate equation.

Precisely, let Ω1 ⊂ Ω ⊂ Rn, n ≥ 2, be strictly convex, bounded domains with smooth boundaries Γ1 = ∂Ω1 and

Γ = ∂Ω with Γ1 ∩ Γ = ∅. Then O = Ω \ Ω1 is a bounded, connected domain with boundary ∂O = Γ1 ∪ Γ. We are

going to study the following mixed boundary value problem
(∂2
t + c2∆2)u1(x, t) = b(t)f(u1(x, t)) in Ω1 × R,

(∂2
t + ∆2)u2(x, t) = b(t)f(u2(x, t)) in O × R,

u1|Γ1
= u2|Γ1

, ∂νu1|Γ1
= ∂νu2|Γ1

, c∆u1|Γ1
= ∆u2|Γ1

, c∂ν∆u1|Γ1
= ∂ν∆u2|Γ1

,

u2|Γ = 0,∆u2|Γ = −a∂ν∂tu2|Γ,

(2.3)

where c > 1 is a constant, ν denotes the inner unit normal vector to the boundary, a is a non-negative function on

Γ, b : R→ R and f : R→ R are real functions. Following ideas of [2], system (2.3) can be regard as (1.1). Suppose

that there is a constant a0 > 0 such that a0 ≤ a on Γ and assume that b ∈ AA(R). If f : R → R is a globally

Lipschitz continuous function with constant K > 0 and K is small enough, then the problem (2.3) has a unique

almost automorphic mild solution.
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estimativas uniformes para equações de schrödinger e

placa com dissipação não - linear localmente

distribúıda

C. A. Bortot ∗ & M. M. Cavalcanti † &

W. J. Corrêa ‡ & V. N. Domingos Cavalcanti §

1 Introdução

Este artigo trata da estabilização das equações de Schrödinger e Placa com dissipação não - linear localmente

distribúıda:

(S)


iyt + ∆y + ia(x) g(y) = 0 in M× (0,∞)

y = 0 on ∂M× (0,∞)

y(0) = y0 in M,

(P )


ytt + ∆2y + a(x) g(yt) = 0 in M× (0,∞)

y = ∆y = 0 on ∂M× (0,∞)

y(0) = y0, yt(0) = y1 in M,

onde (M,g) é uma variedade Riemannina compacta n−dimensional com fronteira regular. A função não-negativa

a(·), responsável pelo efeito dissipativo localizado, satisfaz a seguinte condição:

a ∈ L∞(M); a(x) ≥ a0 > 0 in ω ⊂M, (1.1)

onde ω é um conjunto aberto de M devidamente contido em M.

Considerando g ≡ 0, isto é, quando (S) e (P) são lineares, nós assumiremos a hipótese:

Existe (ω, T0), T0 > 0, ω ⊂⊂M, tal que as seguintes desigualdades de observabilidade são satisfeitas:

||y0||2L2(M) ≤ C

∫ T

0

∫
ω

|y(x, t)|2 dx dt, em relação ao problema (S), (1.2)

||y1||2L2(M) + ||∆y0||2L2(M) ≤ C

∫ T

0

∫
ω

|∂ty(x, t)|2 dx dt, para o problema (P ), (1.3)

para algum C = C(ω, T0) e para todo T > T0.

As seguintes hipóteses sobre a função g provém de Lasiecka e Triggiani [4]:

(H1) (i) g : C→ C é cont́ınua, g(0) = 0.

(ii) g é a subdiferencial de J1, isto é, g(z) = ∂ J1(z), onde J1 : C → R = (−∞,+∞] é uma função semi-

cont́ınua inferiormente, própria e convexa.

(iii) Re{(g(z)− g(v))(z − v)} ≥ 0, ∀ z, v ∈ C.

(iv) Im{g(z)z} ≡ 0.

(H2) Existe m, c > 0 tal que

(i) m |z|2 ≤ g(z) z, se |z| ≤ 1.
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(ii) |g(z)| ≤ c |z|, se |z| ≥ 1.

Consideramos L2(M) o espaço das funções complexas sobreM. Este, é um espaço de Hilbert real quando munido

com o produto interno com sua correspondente norma

(y, z) = Re

∫
M

y(x)z(x) dx, ||y||2L2(M) = (y, y)L2(M).

Consideramos o espaço H1
0 (M) munido com o produto escalar

(y, z)H1
0 (M) = (∇y,∇z)L2(M).

Também denotamos V = H1
0 (M) ∩H2(M) com a correspondente norma em V como

||y||2V = ||∆y||2,

que é uma norma equivalente para a norma em H2(M).

O objetivo geral é apresentar um método para tratar a estabilidade assintótica para equações lineares sujeitas a

dissipações não lineares a(·)g(z). Definindo, Ey(t) := 1
2 ||y(t)||2L2(M) nosso escopo é provar a seguinte desigualdade:

Ey(T ) ≤ CT

∫ T

0

∫
M

a(x)(|y|2 + |g(y)|2) dx dt. (1.4)

Assumindo que (1.4) ocorre e procedendo como em Lasiecka and Triggiani [4], a solução do problema (S) satisfaz

a seguinte taxa de decaimento

Ey(t) ≤ S

(
1

T0

)
Ey(0)↘ 0, for all t ≥ T0, t→∞, (1.5)

onde a função escalar S(t) (contração não - linear) é a solução da seguinte EDO:

d

dt
S(t) + q(S(t)) = 0, S(0) = Ey(0), (1.6)

onde a função q é definida em Lasiecka e Triggiani [4] (veja (2.12) na página 492). Para a boa colocação dos

problemas (S) e (P ) fazemos uso da teoria de semigrupo não lineares. Do exposto até então, temos o resultado

principal:

Teorema 1.1. Assuma que as hipóteses (1.1), (1.2), (1.3), (H1) e (H2) são satisfeitas. Então, o problema (S)

(respect. (P )) possui uma única solução generalizada y ∈ C([0,+∞);L2(M) (respect. y ∈ C([0,+∞);V ) ∩
C1([0,+∞);L2(M)) que satisfaz a taxa de decaimento dada em (1.5).
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decaimento geral da energia de problemas mistos para

equações de ondas com termo de memória em doḿınios

com fronteira não localmente reagente

ćıcero lopes frota ∗ & andré vicente †

Há algum tempo, diversos autores tem se dedicado ao estudo do decaimento uniforme de soluções para problemas

de valores iniciais e de fronteira envolvendo equações de ondas, em domı́nios limitados, com termo de memória do

tipo

utt −∆u+

∫ t

0

β(t− τ)∆u(τ)dτ + f(u, ut) = 0 in Ω× (0,∞),

onde β e f são funções conhecidas, veja por exemplo [1], [3], [4] e suas referências, cujas equações contém termo de

memoria no domı́nio Ω, bem como [5] e [14] onde o termo de memória atua na fronteira do domı́nio. Recentemente,

alguns autores consideraram problemas com hipóteses mais gerais no núcleo β, mais especificamente, β é uma

função continuamente diferenciável satisfazendo β′(t) ≤ −ξ(t)β(t) para todo t ≥ 0, onde ξ é uma função conhecida.

Isto permitiu a obtenção de taxas de decaimento mais gerais do que as usuais taxas exponencial ou algébrica e,

com isto, a teoria ganhou destaque passando-se a ser denominada por “decaimento geral”. Mais precisamente, o

decaimento geral consiste em mostrar que a energia E = E(t) associada ao problema satisfaz, para todo t0 > 0,

E(t) ≤ c1 e−c2
∫ t
0
ξ(τ)dτ para todo t ≥ t0 , onde c1 e c2 são constantes positivas. Para maiores detalhes sobre o

decaimento geral veja por exemplo [8], [9], [10], [15] e suas referências.

Seja Ω ⊂ Rn, n ≥ 2, um subconjunto aberto, limitado e conexo com fronteira suave denotada por Γ. Considere

Γ0 , Γ1 uma partição de Γ, isto é, Γ = Γ0 ∪ Γ1, onde Γ0 , Γ1 ambos com medida positiva, Γ1 um subconjunto

aberto e conexo de Γ com fronteira suave denotada por ∂Γ1 e Γ0 = Γ\Γ1. Veja que Γ1 é uma subvariedade de Γ

e Γ1 = Γ1 ∪ ∂Γ1 é uma variedade compacta, C∞, com fronteira. O objetivo deste trabalho é provar a existência e

unicidade de solução, bem como o decaimento geral da energia associada, para o problema:

utt −∆u+

∫ t

0

β(t− τ)∆u(τ)dτ = 0 em Ω× (0,∞); (1)

u = 0 em Γ0 × (0,∞); (2)

∂u

∂ν
−
∫ t

0

β(t− τ)
∂u

∂ν
(τ)dτ = δt em Γ1 × (0,∞); (3)

fδtt − c2∆Γδ + gδt + hδ = −ut em Γ1 × (0,∞); (4)

δ = 0 em ∂Γ1 × (0,∞); (5)

u(x, 0) = u0(x), ut(x, 0) = u1(x) parax ∈ Ω; (6)

δ(x, 0) = δ0(x), δt(x, 0) =
∂u0

∂ν
(x) para x ∈ Γ1, (7)

onde ∆ =
n∑
i=1

∂2

∂x2
i

e ∆Γ são, respectivamente, os operadores de Laplace e Laplace-Beltrami; ν é o vetor unitário

normal exterior à Γ1; c é uma constante positiva; β : R+ → R, f, g, h : Γ1 → R, u0, u1 : Ω → R e δ0 : Γ1 → R são

funções dadas. Em Frota-Medeiros-Vicente [6], os autores consideraram um problema relacionado, sem o termo de
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memória, ou seja com β ≡ 0 . Nesta referência considerou-se o problema (1)–(7) com a equação (1) trocada por

utt −Ψ
(∫

Ω

u2 dx
)

∆u+ aut + b|ut|λut = 0 in Ω× (0,∞),

e as condições de fronteira foram denominadas de condições de fronteira da acústica para fronteira não localmente

reagente. Neste caso a formulação das condições de fronteira tem motivação f́ısica no estudo de movimento de ondas

acústicas em fluidos. Os autores provaram a existência, unicidade e decaimento exponencial da solução.

Para problemas em domı́nios com fronteira não localmente reagente ver também [12] e [13]. O caso c = 0

trata-se das condições de fronteira da acústica, introduzidas por Beale e Rosencrans [2] (veja também [7]). Neste

caso particular o decaimento geral foi estudado em [8] e [11].

Concluindo, observamos que neste nosso trabalho estendemos os resultados de [8], [9] e [11] para a classe de

problemas com fronteira não localmente reagente.
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multiple solutions for a nls equation with critical

growth and magnetic field

Claudianor O. Alves ∗ & Giovany M. Figueiredo †

1 Introduction

In this paper, we are concerned with the multiplicity of nontrivial solutions for the following class of complex

problems 
(−i∇−A(µx))2u = µ|u|q−2u+ |u|2∗−2u in Ω

u ∈ H1
0 (Ω,C),

(Pµ)

where Ω is a bounded domain with smooth boundary in RN , N ≥ 4, µ is a positive parameter, 2 ≤ q < 2∗ = 2N
N−2

and A : RN → RN is a magnetic field belonging to C(RN ,RN )
⋂
L∞(RN ,RN ).

This class of problem is related with the existence of solitary waves, namely solutions of the form ψ(x, t) :=

e−i
E
h tu(x), with E ∈ R, for the nonlinear Schrödinger equation

ih
∂ψ

∂t
=

(
h

i
∇−A(z)

)2

ψ + U(z)ψ − f(|ψ|2)ψ, z ∈ Ω, (NLS)

where t > 0, N ≥ 2, h is the Planck constant and A is a magnetic potential associated to a given magnetic B, U(x)

is a real electric potential and the nonlinear term f is a superlinear function. A direct computation shows that ψ

is a solitary wave for (NLS) if, and only if, u is a solution of the following problem(
h

i
∇−A(z)

)2

u+ V (z)u = f(|u|2)u, in Ω, (1.1)

where V (z) = U(z) − E. It is important to investigate the existence and the shape of such solutions in the

semiclassical limit, namely, as h → 0+. The importance of this study relies on the fact that the transition from

Quantum Mechanics to Classical Mechanics can be formally performed by sending the Planck constant to zero.

The first result was obtained by Esteban and Lions [8]. They have used the concentration-compactness principle

and minimization arguments to obtain solution for h > 0 fixed and dimensions N = 2 or N = 3. More recently,

Kurata [10] proved that the problem has a least energy solution for any h > 0 when a technical condition relating V

and A is assumed. Under this technical condition, he proved that the associated functional satisfies the Palais-Smale

compactness condition at any level. We also would like to cite the papers [6, 7, 4, 11, 5, 1, 2] for other results

related to the problem (1.1) in the presence of magnetic field.

2 Mathematical Results

Teorema 2.1. Let 2 ≤ q < 2∗. Then, there exists µ∗ > 0 such that, for each µ ∈ (0, µ∗), problem (Pµ) has at least

catΩ(Ω) nontrivial solutions.
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optimal decay rates for wave equations with a

fractional damping via new method

Cleverson Roberto da Luz ∗ , Ryo Ikehata † & Ruy Coimbra Charão ‡

1 Introduction

We consider the initial value problem for the wave equation with fractional damping in Rn:

utt(t, x)−∆u(t, x) +Aθut(t, x) = 0, (t, x) ∈ (0,∞)× Rn (1.1)

with initial data

u(0, x) = u0(x), ut(0, x) = u1(x) x ∈ Rn. (1.2)

The fractional power operator Aθ : H2θ(Rn) ⊂ L2(Rn)→ L2(Rn) (0 ≤ θ ≤ 1) is defined by

Aθv(x) := F−1
(
|ξ|2θF(v)(ξ)

)
(x), v ∈ H2θ(Rn), x ∈ Rn,

where F denotes the usual Fourier transform in L2(Rn) and | · | denotes the usual norm in Rn.

For each (u0, u1) ∈ H1(Rn) × L2(Rn) the problem (1.1)-(1.2) admits a unique mild solution

u ∈ C([0,∞);H1(Rn)) ∩ C1([0,∞);L2(Rn)) provided that 0 ≤ θ ≤ 1 (see Carvalho-Cholewa [1]).

The total energy Eu(t) associated to the solution u(t) of equation (1.1) is defined by

Eu(t) =
1

2

(
‖ut(t)‖2 + ‖∇u(t)‖2

)
,

where ‖ · ‖ denotes the L2-norm.

We are concerned with the total energy decay estimates of solutions to problem (1.1)-(1.2). The equation (1.1)

interpolates between the weak damping case (θ = 0) and the strong damping case (θ = 1). In the weak damping

case we have historical results due to Matsumura [5], while in the strong damping case we can cite the Ponce result

[6]. Quite recently, Ikehata-Natsume [4] proved the following estimates to the total energy:

Eu(t) ≤ C(‖∇u0‖2 + ‖u1‖2)e−ηt + C‖u0‖2L1(1 + t)−
n+2
α + ‖u1‖2L1(1 + t)−

n
α , (1.3)

where α := max{2− 2θ, 2θ}, and η > 0 is a small constant. On the other hand, in the weak damping case θ = 0 it

follows from the Matsumura [5] result that

Eu(t) ≤ C(‖∇u0‖2 + ‖u1‖2)e−ηt + C(‖u0‖2L1 + ‖u1‖2L1)(1 + t)−
n+2
2 . (1.4)

If we take θ = 0 in (1.3), we have

Eu(t) ≤ C(‖∇u0‖2 + ‖u1‖2)e−ηt + C‖u0‖2L1(1 + t)−
n+2
2 + ‖u1‖2L1(1 + t)−

n
2 . (1.5)

So, if we compare (1.4) with (1.5), we encounter a significant gap in the decay rates, i.e., the decay rate introduced

in (1.3) can’t be connected continuously at θ = 0. This shows that the rate of decay of (1.3) seems not to be optimal
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at least in the case when θ ∈ [0, 1/2]. This is our motivation to re-study decay rates of the total energy. Our new

method is relied on the energy method in the Fourier space (which has its origin in Umeda-Kawashima-Shizuta [7])

combined with the Haraux-Komornik inequality and the property of Rn that power singularities less than n are

integrable around the origin. This combination seems new. We can also apply the method to the other systems

which include the plate equation (see [3]) and the system of elastic waves and, in particular, it seems to be quite

effective in case of frictional dissipation, i.e., when θ = 0.

2 Mathematical Results

Our main result is given by the following theorem which shows explicit decay rates for the total energy depending

on the power θ of the fractional damping and the dimension n.

Theorem 2.1. Let n ≥ 1 and 0 ≤ θ ≤ 1. If [u0, u1] ∈ (H1(Rn)∩L1(Rn))× (L2(Rn)∩L1(Rn)), then there exists a

constant C > 0 and a constant Cβ > 0 depending on β, such that the total energy associated to the solution u(t, x)

of (1.1)-(1.2) satisfies

Eu(t) ≤ Cβ
{
‖u0‖2L1 + ‖u1‖2L1

}
t−1/β + C

{
‖∇u0‖2 + ‖u1‖2

}
e−t/4, ∀ t ≥ T0

where β is any positive fixed number satisfying β > α
n−2θ+α with α = max{2 − 2θ, 2θ}, and T0 is a constant

depending on the initial data.

Theorem 2.2. We assume the hypotheses in the Theorem 2.1. Let n ≥ 3, then there exists a constant Cβ > 0

depending on β, such that the solution u(t, x) of (1.1)-(1.2) satisfies

‖u(t)‖2 ≤ Cβ
{
‖u0‖2L1 + ‖u1‖2L1 + ‖u0‖2 + ‖u1‖2

}
t−1/β , ∀ t ≥ T0

where T0 is a constant depending on the initial data and β is any positive fixed number satisfying

β >


2− 2θ

n− 4θ
, if 0 ≤ θ ≤ 1

2
2θ

n− 2
, if

1

2
≤ θ ≤ 1.
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Distances between operator spaces

Cristina Radu ∗ & Seán Dineen †

The Banach Mazur distance between operator spaces was studied by Zhang [5] and Pisier [3]. We introduce

new tecniques which we use to prove more general results [1], [4].

1 Introduction

An operator space is a closed subspace of the non-commutative C∗ algebra

B(H) = {T : H → H| T bounded linear operator, H a Hilbert space}.

Being a C∗-algebra, B(H) has a unique norm which for each n induces a norm on Mn(E) in the following way:

Mn(E) ⊂Mn(B(H)) ' B(H ⊕ . . .⊕H)

[aij ]
n
i,j=1


h1
...

hn

 =


∑
a1jhj
...∑
anjhj


There are n terms in the product H ⊕ . . .⊕H. For each n, the C∗-algebra B(H ⊕ . . .⊕H) induces a unique norm

on Mn(E). Therefore, for each n, (Mn(E), ‖ · ‖n) is a Banach space. If E ⊂ B(H), the operator space structure on

E is given by the sequece of norms {‖ · ‖n}n induced by B(H ⊕ . . .⊕H) on Mn(E) for each n.

The morpshisms which keep track of the information about the matrix norm stuctures of operator spaces are

the completely bounded maps. Let E and F be operator spaces and u : E → F a linear map. For each n, we define

un : Mn(E)→Mn(F )

un([xij ]) = [u(xij)]

‖u‖cb := lim
n→∞

‖un‖.

If ‖u‖cb <∞ we say u is completely bounded. An operator space E is homogeneous if for any u : E → E we have

‖u‖cb = ‖u‖. If E,F are operator spaces we define the Banach Mazur distance

dcb(E,F ) = inf{‖u‖cb‖u−1‖cb | u : E → F complete isomorphism}

where ‖u‖cb is the completely bounded norm of the operator u : E → F .

The space ln2 becomes and operator space in two different ways. The row operator space, Rn, and the column

operator space, Cn, can be viewed as the first row and the first column in the space of square matrices Mn with

the operator space structure inherited from B(ln2 , l
n
2 ). As Banach spaces Rn and Cn are identical but as operator

spaces they are different, in fact R∗n = Cn.

A pair of operator spaces E and F are called compatible if they can be continuously injected into the same

topological vector space. This allows one to define a continuum of operator spaces, (E,F )θ, θ ∈ [0, 1], that

interpolate between E and F . For example we interpolate between R := Rn and C := Cn to get Rθ = (R,C)θ,

0 ≤ θ ≤ 1. The spaces R, C and Rθ are homogeneous Hilbertian operator spaces. We give other examples of such

spaces (R ∩ C, R+ C, min(`n2 ) max(`n2 )) and compute distances between them.

∗Instituto de Matemática , UFRJ, RJ, Brasil, cristinar@im.ufrj.br
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2 Results

Proposition 2.1. If 0 ≤ θ ≤ 1, E is a homogeneous Hilbertian operator space of dimension n and Eθ = (E,E∗)θ

then

dcb(Eθ, R) = dcb(E,R)1−θ · dcb(E,C)θ.

Proposition 2.2. If 0 ≤ α, β ≤ 1 then

n|β−α| = dcb(Rα, Rβ).

Proposition 2.3. If 0 ≤ θ ≤ 1 then

dcb(Rθ, R ∩ C) = dcb(Rθ, R+ C) = n

(
1+|2θ−1|

)
/4.

Proposition 2.4. There exists a positive constant A such that for ech n and θ ∈ [0, 1] we have

A
√
n ≤ dcb(min(`n2 ), Rθ) ≤

√
n

e

A
√
n ≤ dcb(max(`n2 ), Rθ) ≤

√
n.
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On the polynomial Bohnenblust–Hille inequality

Daniel Núñez Alarcón∗

Abstract

Recently, in a paper published in the Annals of Mathematics, it was shown that the Bohnenblust–Hille in-

equality for (complex) homogeneous polynomials is hypercontractive. However, and to the best of our knowledge,

there is no result providing (nontrivial) lower bounds for the optimal constants for n-homogeneous polynomials

(n > 2). In this work we provide lower bounds for these famous constants.

1 Introduction

The Bohnenblust–Hille inequality for complex homogeneous polynomials ([2], 1931) asserts that there is a function

D : N→ [1,∞) such that for every m-homogeneous polynomial P on CN , the ` 2m
m+1

-norm of the set of coefficients

of P is bounded above by D(m) times the supremum norm of P on the unit polydisc. In ([4], 2011) it was proved

that

D(m) ≤
(

1 +
1

m

)m−1√
m

(√
2
)m−1

which yields the hypercontractivity of the inequality.

The last few years experienced the rising of several works dedicated to estimating the Bohnenblust–Hille con-

stants ([3, 4, 5, 7, 8]) and also unexpected connections with Quantum Information Theory appeared (see, e.g., [6]).

There are in fact four cases to be investigated: polynomial (real and complex cases) and multilinear (real and com-

plex cases). We can summarize in a sentence the main information from the recent preprints: the Bohnenblust–Hille

constants are, in general, extraordinarily smaller than the first estimates predicted.

For example, now it is known that the Bohnenblust–Hille constants for the multilinear case behave in a subpoly-

nomial way. In view of this, the investigation of lower bounds for the Bohnenblust–Hille constants seems to be an

important task. The existing results for multilinear mappings and real scalars are highly nontrivial. For instance,

in [5] it is shown that for multilinear mappings and real scalars one has that

C(m) ≥ 21−
1
m

and it is still open whether these estimates are sharp or not. Thus, the possibility of the boundedness of the

multilinear Bohnenblust–Hille constants is open. In this work we shall show that, if m ≥ 2, then

D(m) ≥
(
1 + 21−m

) 1
2m .

2 Mathematical Results

To the best of our knowledge, the only nontrivial lower bound for the constants of the (complex) polynomial

Bohnenblust–Hille inequality is

D(2) ≥ 1.1066,

proved in [3]. The lack of known estimates for the norms of complex polynomials of higher degrees was a barrier to

obtain nontrivial lower estimates for D (m) with m > 2. Our result provides nontrivial constants:

∗Departamento de Matemática , UFPB, PB, Brasil, danielnunezal@gmail.com
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Theorem 2.1. For every m ≥ 2,

D(m) ≥
(
1 + 21−m

) 1
2m > 1.

Proof The theorem’s proof is a application of Aron-Klimek estimates of supremum norms for quadratic polyno-

mials ([1]), by generalizing the idea of the case m = 2 given in ([3]).

Acknowledgement. The author thank to professor D.M. Pellegrino by the suggestion of the problem and his

important remarks.
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Absolutely γ-summing multilinear operators

Diana Marcela Serrano Rodŕıguez ∗

In this work we introduce an abstract approach to the notion of absolutely summing multilinear operators.

We show that several previous results on different contexts (absolutely summability, almost summability, Cohen

summability) are particular cases of our general results.

1 Introduction

A linear operator u : E → F is absolutely summing if
∑
u(xj) is absolutely convergent whenever

∑
xj is uncondi-

tionally convergent. The more general notion of absolutely (p; q)-summing operators was introduced in the 1960’s

by B. Mitiagin and A. Pe lczyński [6] and A. Pietsch [9].

The multilinear approach to absolutely summing operators was initiated by Pietsch and followed by several

authors (see [5, 8] and the references therein). The following concept was introduced by M.C. Matos ([5]):

Definition 1.1. If 1
p ≤

1
q1

+...+ 1
qm

a multilinear operator T ∈ L (E1, ..., Em;F ) is absolutely (p; q1, ..., qm)-summing

at the point a = (a1, ..., am) ∈ E1 × ... × Em when
(
T
(
a1 + x1j , ..., am + xmj

)
− T (a1, ..., am)

)∞
j=1
∈ `p (F ) for all(

xkj
)∞
j=1
∈ `wqk (Ek), k = 1, ...,m.

In this work we consider a quite general version of this concept. We work with quite arbitrary sequence spaces

instead of `wqr (Er) and `p(F ). We show that various known multilinear results are particular cases of our approach.

2 Mathematical Results

Definition 2.1. Let E be a Banach space. A sequence space in E is a vector space γ (E) ⊂ EN with a complete

norm ‖·‖γ(E). The following properties on γ (E) are tacitly assumed to hold:

(P1) ‖(xk)
∞
k=1‖γ(E)

= supn ‖(xk)
n
k=1‖γ(E) .

(P2) ‖(xn)
∞
n=1‖γ(E)

= ‖xk‖E, for all (xn)
∞
n=1 = (0, ..., 0, xk, 0, ...) .

Definition 2.2. Let m ∈ N and E1, ..., Em,F be Banach spaces. An operator T ∈ L (E1, ..., Em;F ) is γ(s;s1,...,sm)-

summing at (a1, ..., am) ∈ E1 × · · · × Em when(
T
(
a1 + x

(1)
j , ..., am + x

(m)
j

)
− T (a1, ..., am)

)∞
j=1
∈ γs (F )

whenever
(
x
(r)
j

)∞
j=1
∈ γsr (Er) , r = 1, ...,m.

We denote the space of the m-linear operators from E1 × · · · × Em to F which are γ(s;s1,...,sm)-summing

at (a1, ..., am) by Πa
γ(s;s1,...,sm)

(E1, ..., Em;F ) . It is plain that Πa
γ(s;s1,...,sm)

(E1, ..., Em;F ) is a linear subspace of

L (E1, ..., Em;F ) . When a = (0, ..., 0) we write Πγ(s;s1,...,sm)
(E1, ..., Em;F ) and when T is γ(s;s1,...,sm)-summing at

all (a1, ..., am) we write Πev
γ(s;s1,...,sm)

(E1, ..., Em;F ) .

Proposition 2.1. T ∈ Πγ(s;s1,...,sm)
(E1, ..., Em;F ) if and only if there exists a constant C > 0, such that∥∥∥∥(T (x(1)j , ..., x

(m)
j

))∞
j=1

∥∥∥∥
γs(F )

≤ C
m∏
r=1

∥∥∥∥(x(r)j )∞j=1

∥∥∥∥
γsr (Er)
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for all
(
x
(r)
j

)∞
j=1
∈ γsr (Er) , r = 1, ...,m. Moreover, the smallest C such that (2.1) is satisfied, denoted by π (·),

defines a norm on Πγ(s;s1,...,sm)
(E1, ..., Em;F ).

Theorem 2.1. For T ∈ L (E1, ..., Em;F ), the following statements are equivalent:

(i) T ∈ Πev
γ(s;s1,...,sm)

(E1, ..., Em;F ) ;

(ii) There is a constant C > 0 such that∥∥∥∥(T (b1 + x
(1)
j , ..., bm + x

(m)
j

)
− T (b1, ..., bm)

)∞
j=1

∥∥∥∥
γs(F )

≤ C

(
‖b1‖+

∥∥∥∥(x(1)j )∞
j=1

∥∥∥∥
γs1 (E1)

)
· · ·

(
‖bm‖+

∥∥∥∥(x(m)
j

)∞
j=1

∥∥∥∥
γsm (Em)

)
,

for all (b1, ..., bm) ∈ E1 × · · · × Em and
(
x
(r)
j

)∞
j=1
∈ γsr (Er) , r = 1, ...,m.

In addition, the smallest of the constants C satisfying the above inequality, denoted by πev (·), defines a norm on

Πev
γ(s;s1,...,sm)

(E1, ..., Em;F ). Moreover
(

Πev
γ(s;s1,...,sm)

(E1, ..., Em;F ) , πev
)

is a Banach space, and considering the

notion of ideals of multilinear mappings in the sense of [4],
(

Πev
γ(s;s1,...,sm)

(E1, ..., Em;F ) , πev
)

is a Banach ideal of

m-linear mappings.

Remark 2.1. The above results recover the following particular cases:

Absolutely summing multilinear operators. See [1, Theorem 4.1] and [2, Proposition 9.4].

Almost summing multilinear operators. See [7, Theorem 3.7 and Theorem 4.4].

Cohen strongly summing multilinear operators. See [3, Proposition 6.1.10 and Proposition 6.2].

Acknowledgement. The author thank to professor D.M. Pellegrino by the suggestion of the problem and his

important remarks.
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equações lineares

em espaços linearmente topologizados

dinamérico p. pombo jr. ∗

1 Introdução

Como Dieudonné mencionou em seu artigo fundamental [3], uma das principais motivações para o estudo da

dualidade em espaços localmente convexos é a discussão da solubilidade de equações da forma u(x) = y0, onde u

é uma aplicação linear fracamente cont́ınua. Nesta nota anunciamos uma versão de um teorema obtido no artigo

citado, válida no contexto dos espaços linearmente topologizados.

2 O resultado

Seja K um anel de divisão discreto arbitrário. Uma topologia τ em um espaço vetorial à esquerda (respectiva-

mente à direita) E sobre K é linear, e (E, τ) é um espaço linearmente topologizado à esquerda (respectivamente à

direita) sobre K [4], se τ é uma topologia de Hausdorff invariante por translação e a origem de E admite um sis-

tema fundamental de τ -vizinhanças formado por subespaços vetoriais de E; neste caso, (E, τ) é um espaço vetorial

topológico à esquerda (respectivamente à direita) sobre K.

Sejam E um espaço vetorial à esquerda sobre K e E1 um espaço vetorial à direita sobre K. Uma aplicação

B:E×E1 → K é uma forma K-bilinear em E×E1 se as seguintes condições são satisfeitas para quaisquer x, y ∈ E,

x1, y1 ∈ E1 e λ ∈ K: B(x+y, x1) = B(x, x1)+B(y, x1); B(λx, x1) = λB(x, x1); B(x, x1+y1) = B(x, x1)+B(x, y1);

B(x, x1λ) = B(x, x1)λ. (E,E1) é um sistema dual relativamente a B [2] se B é uma forma K-bilinear em E ×E1

satisfazendo as seguintes condições: para x ∈ E, a relação B(x, x1) = 0 para todo x1 ∈ E1 implica x = 0; para

x1 ∈ E1 , a relação B(x, x1) = 0 para todo x ∈ E implica x1 = 0. Se E é um espaço vetorial à esquerda sobre K e

E∗ é o espaço vetorial à direita sobre K das formas K-lineares em E, (E,E∗) é um sistema dual relativamente à

forma K-bilinear B(x, ϕ) = ϕ(x) em E×E∗. Se E é um espaço linearmente topologizado à esquerda sobre K e E′ é

o espaço vetorial à direita sobre K das formas K-lineares cont́ınuas em E, (E,E′) é um sistema dual relativamente

à forma K-bilinear B(x, ϕ) = ϕ(x) em E × E′.

Seja (E,E1) um sistema dual relativamente a B. A topologia fraca σ(E,E1) em E (respectivamente σ(E1, E) em

E1) é a topologia menos fina que torna as formas K-lineares x ∈ E 7→ B(x, x1) ∈ K cont́ınuas, para x1 variando em

E1 (respectivamente x1 ∈ E1 7→ B(x, x1) ∈ K cont́ınuas, para x variando em E); σ(E,E1) e σ(E1, E) são lineares.

Se (F, F1) é um sistema dual relativamente a C e u:E → F é uma aplicação K-linear σ(E,E1)−σ(F, F1)-cont́ınua,

existe uma única aplicação K-linear v:F1 → E1 tal que, para quaisquer x ∈ E e y1 ∈ F1 , tem-se

C
(
u(x), y1

)
= B

(
x, v(y1)

)
;

v é dita a transposta de u e denotada por ut.

Seja (E,E1) um sistema dual relativamente a B. O perpendicular de um subconjunto não vazio X de E é o

subespaço vetorial

X⊥ =
{
x1 ∈ E1 ; B(x, x1) = 0 para todox ∈ X

}
∗Instituto de Matemática , UFRJ, RJ, Brasil, dpombo@terra.com.br
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de E1 ; analogamente, define-se o perpendicular de um subconjunto não vazio de E1 .

Podemos então enunciar o resultado prometido, do qual resulta um fato conhecido de Álgebra Linear ([1], §2,

n o 8):

Teorema 2.1. Sejam (E,E1) e (F, F1) dois sistemas duais, u:E → F uma aplicação K-linear σ(E,E1)−σ(F, F1)-

cont́ınua cuja imagem é σ(F, F1)-fechada e y0 ∈ F . Para que a equação u(x) = y0 admita pelo menos uma solução

em E, é necessário e suficiente que y0 ∈
(
Ker(ut)

)⊥
.
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UNIRIO - Universidade Federal do Estado do Rio de Janeiro

VII ENAMA - Novembro 2013

sharp estimates for eigenvalues of dot product

kernels on the sphere

douglas azevedo∗ & valdir a. menegatto †

We obtain an explicit formula to compute the eigenvalues of integral operators generated by continuous dot

product kernels defined on the sphere. It depends upon certain numerical series involving the usual gamma function.

Using the formula, we describe a procedure to deduce sharp bounds for the eigenvalues and their asymptotic behavior

near 0. We illustrate our results with an application involving a Gaussian kernel.

1 Introduction

Let Sm (m ≥ 2) be the unit sphere in Rm+1 endowed with its induced Lebesgue measure σm and write L2(Sm) :=

L2(Sm, σm). This work is aligned with [2], but here we will deal with compact integral operators K : L2(Sm) →
L2(Sm) of the form

K(f)(x) =

∫
Sm

( ∞∑
n=0

bn(x · y)n

)
f(y) dσm(y), x ∈ Sm, f ∈ L2(Sm), (1.1)

in which {bn} is an absolutely summable sequence of complex numbers. The symbol · stands for the usual inner

product of Rm+1. Kernels of the form

K(x, y) =
∞∑
n=0

bn(x · y)n, x, y ∈ Sm,

with
∑∞
n=0 bn <∞, are called dot product kernels on Sm. They are bi-zonal in the sense that

K(x, y) = K ′(x · y), x, y ∈ Sm,

for some convenient function K ′ : [0, 1]→ C. An eminent example in this category is the Gaussian kernel

exp(−d‖x− y‖2) = e−2d
∞∑
n=0

(2d)n

n!
(x · y)n, x, y ∈ Sm, d > 0,

a common entity in many branches of mathematics.

2 Mathematical Results

The focus in the present work is to deduce sharp bounds for the eigenvalues of the integral operator (1.1). If we

write

{Yk,j ; k = 0, 1, 2, ..., ; j = 1, ..., N(k,m)},

to denote the L2(Sm, σm)-orthonomal basis of Hm+1
k , the space of all spherical harmonics of degree k in m + 1

variables with respect to the inner product of L2(Sm, σm), the eigenvalues can be computed as described in the

theorem below.

∗Departamento de Economia, UFJF-GV, MG, Brasil, douglas.azevedo@ufjf.edu.br
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Theorem 2.1. Let K be as in (1.1). Then each Yk,j is an eigenfunction of K with associated eigenvalues given by

the formula

λk(K) =
σm−1Γ(m/2)

2k+1

∞∑
s=0

b2s+k
(2s+ k)!

(2s)!

Γ (s+ 1/2)

Γ (s+ k + (m+ 1)/2)
, k ∈ Z+.

To proceed, we introduce notation. For sequences of positive real numbers {an} and {cn}, we write an = O(cn)

as n→∞, to indicate that {anc−1n } is bounded. On the other hand, an � cn, as n→∞, will mean that an = O(cn)

and cn = O(an), as n→∞.

Corollary 2.1. Let K be as in (1.1). Assume {bn} is a sequence of nonnegative numbers. If 2bn+1 ≤ bn, n = 0, 1, . . .,

then {λk(K)} decreases to 0.

Corollary 2.2. Let K be as in (1.1). If {bk} is a sequence of nonnegative numbers, then there exists a positive

constant C, depending upon m only, so that

λk(K) ≥ C bk
2k+1

k!

Γ(k + (m+ 1)/2)
, k ∈ Z+.

Next, suppose the sequence {bn} is such that

|bn|
|bn−1|

= O(n−δ), (n→∞), (2.2)

for some δ > 1/2.

Proposition 2.1. Let K be as in (1.1). If (2.2) holds, then

|λk(K)| ≤ σm−1
Γ(1/2)Γ(m/2)

Γ(k + (m+ 1)/2)

k!

2k+1

( ∞∑
s=0

γ2s

4δs(s!)2δ

)
|bk|, k ∈ Z+.

The main result of this work reads like this ([1]).

Theorem 2.2. Let K be as in (1.1). If {bn} is a sequence of nonnegative numbers for which (2.2) holds, then

λk(K) � bk
2k+1k(m−1)/2

, (k →∞).

As an application, let us look at the eigenvalues of the integral operator generated by the Gaussian kernel

previously introduced. If r ∈ (0,∞) is fixed and

K(x, y) = er/2 exp

(
−||x− y||

2

r

)
=
∞∑
n=0

2n

n!rn
(x · y)n, x, y ∈ Sm,

then by Theorem 2.2

λk(K) � (e/r)k

kk+m/2
, (k →∞).

This behavior agrees with results previously derived in [3].
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Comportamento Assintótico via Método de Nakao de um Sistema

Acoplado de Equações Diferenciais Parciais Fracamente Amortecido

Ducival C. Pereira ∗ Mauro de L.Santos † Renato Fabŕıcio C. Lobato ‡

Nas últimas décadas, utilizou-se os mais variados tipos de equações como modelos matemáticos, que descrevem

sistemas: f́ısicos, qúımicos, biológicos e de engenharia. Entre tais modelos, os de vibração em estruturas flex́ıveis,

foram consideravelmente estimulados por um número crescente de questões de interesse público. Pesquisas estão

focadas na estabilização de modelos dinâmicos individuais, tais como: cordas, membranas e vigas.

1 Introdução

No que se segue, será feita a Existência e Unicidade de Solução Global Fraca, bem como o Decaimento Exponencial

para o Sistema Evolutivo de Equações Diferenciais Degenerado de Vigas com Amortecimento Fraco (abaixo), cujo

acoplamento ocorre na Não-Linearidade.

K1(x, t)utt + ∆2u−M(‖u‖2 + ‖v‖2)∆u+ ut = 0 em Q = Ω× (0, T ), (1.1)

K2(x, t)vtt + ∆2v −M(‖u‖2 + ‖v‖2)∆v + vt = 0 em Q = Ω× (0, T ), (1.2)

(u(x, 0), v(x, 0)) = (u0, v0), (vt(x, 0), vt(x, 0)) = (u1, v1) em Ω, (1.3)

u = v =
∂u

∂η
=
∂v

∂η
= 0 sobre Γ×]0,∞[, (1.4)

2 Hipóteses

H1) Ki ∈ C1([0, T ];H1
0 (Ω) ∩ L∞(Ω)), com Ki(x, t) ≥ 0, ∀ (x, t) em Ω × (0, T ), i = 1, 2. Existe γ > 0, tal que

Ki(x, 0) ≥ γ > 0, i = 1, 2 .

H2)

∣∣∣∣∂Ki

∂t

∣∣∣∣
IR

≤ δ + C(δ)Ki, i = 1, 2, para todo δ > 0 .

H3) M ∈ C1([0,∞[), com M(λ) ≥ −β, para todo λ ≥ 0; 0 < β < λ1, sendo λ1 o primeiro autovalor associado ao

problema estacionário: ∆2w − λ(−∆w) = 0.

3 Teorema de Existência e Unicidade

Nas hipóteses H1 - H3, se (u0, v0) ∈ (H2
0 (Ω)∩H4(Ω))2 e (u1, v1) ∈ (H2

0 (Ω))2, então existe um único par de funções

(u, v) : [0, T ] −→ L2(Ω) solução de (1.1)-(1.4) tais que:

(u, v) ∈
[
L∞loc(0,∞;H2

0 (Ω) ∩H4(Ω))
]2
, (ut, vt) ∈

[
L∞loc(0,∞;H2

0 (Ω))
]2

e (utt, vtt) ∈
[
L2
loc(0,∞;L2(Ω))

]2
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4 Comportamento Assintótico

Sejam (u0, v0) ∈ (H2
0 (Ω) ∩H4(Ω))2 e (u1, v1) ∈ (H2

0 (Ω))2, Ki i = 1, 2 e M na hipóteses do Teorema de Existência

e Unicidade, então a solução (u, v) do problema (1.1)-(1.4), satisfaz:

∣∣∣K1/2
1 ut(t)

∣∣∣2 +
∣∣∣K1/2

2 vt(t)
∣∣∣2 + |∆ut(t)|2 + |∆vt(t)|2 +

∫ t+1

t

(|ut(s)|2 + |vt(s)|2)ds ≤ α1e
−α2t (4.1)

para todo t ≥ 1, onde α1 e α2 são constantes positivas.
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positive solution for a class of (p, q)-laplacian

nonlinear systems

Eder Marinho Martins ∗ & Wenderson Marques Ferreira †

In this work, we prove the existence of a nontrivial nonnegative solution for the elliptic system
−∆pu = ω(x)f(v) in Ω,

−∆qv = ρ(x)g(u) in Ω,

(u, v) = (0, 0) on ∂Ω

where ∆p denotes the p-Laplacian operator, p, q > 1 and Ω denotes a smooth bounded domain in RN (N ≥ 2).

The weight functions ω and ρ are continuous, nonnegative and not identically null in Ω and the non-linearities f

and g are continuous and satisfy simple hypotheses of local behavior, without envolving monotonicity hypotheses

or conditions at ∞. We apply Fixed Point Theorem in Cone to obtain our result.

1 Introduction

Coupled systems involving quasilinear operators as the p-Laplacian have been studied for researchers of partial

differential equations. In this paper we prove the existence of a nontrivial nonnegative solution for the elliptic

system 
−∆pu = ω(x)f(v) in Ω,

−∆qv = ρ(x)g(u) in Ω,

(u, v) = (0, 0) on ∂Ω

(1.1)

where ∆p denotes the p-Laplacian operator defined by ∆pu := div
(
|∇u|p−2∇u

)
, p, q > 1 and Ω denotes a smooth

bounded domain in RN (N ≥ 2). (In other words, we will prove the existence of a pair (u, v) ∈ C1,α(Ω)×C1,α(Ω)

such that (u, v) satisfies (1.1), with u 6≡ 0 and v 6≡ 0 in Ω). The weight functions ω, ρ: Ω → R are continuous,

nonnegative and not identically null in Ω. The non-linearities f, g: [0,∞) × [0,∞) → [0,∞) are continuous, g 6≡ 0

in [0, ε) for some ε > 0 and both satisfy simple hypotheses of local behavior.

We suppose that the nonlinearity f is superlinear at origem and f, g are allowed to be sub or superlinear at

∞. Moreover, there is no monotonicity hypotheses on these nonlinearities. We suppose the existence of positive

constants 0 < δ < M such that

(H1) 0 ≤ f(v) ≤ k1Mp−1, 0 ≤ g(u) ≤ k1Mq−1 if 0 ≤ u, v ≤M ,

(H2) f(v) ≥ k2vp−1 if 0 ≤ v ≤ δ,

where the constants k1 and k2 depend only on ω, ρ and Ω. These constants will be defined later on in this paper

and, as proved in [1], k1 < λp < k2, where λp is the first eigenvalue of the p-Laplacian operator.

We also consider examples of coupled systems for which is possible to apply our main theorem to guarantee the

existence of at least one positive solution.
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2 Mathematical Results

Theorem 2.1. If (H1) and (H2) are valid the problem (1.1) has at least one nontrivial, nonnegative solution.

Moreover, if (u, v) is such a solution for (1.1), then

δ ≤ ‖(u, v)‖∞ = max{‖u‖∞, ‖v‖∞} ≤M.

Proof Our strategy is: at first, we show an existence result for the radial case when Ω = B1 := {x ∈ RN : |x| = 1},
applying a Fixed Point Theorem in a cone (see, for example, [3] or [4]). Afterwards, we utilize this result to prove

our main existence result for (1.1), when Ω ⊂ RN is a bounded smooth domain. In this case, we do a symmetrization

of weigh functions and combine the comparison principle with a new application of a Fixed Point Theorem.
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Quasiperiodic Collision Solutions in the Spatial Isosceles Three-Body

Problem with Rotating Axis of Symmetry

Eder Mateus ∗ , Andrea Venturelli † & Claudio Vidal ‡

1 Introduction

In this work we prove the existence of a one parameter family of collision solutions for the system called spatial

isosceles three body problem with rotating axis of symmetry. In this problem, at all time one body is in a fixed plane,

and two bodies with equal masses are symmetric with respect to the same plane. If initial velocities are chosen

symmetrically, the symmetry of the configuration is preserved. Note that solutions of this isosceles problem are in

fact solutions of the general three body problem. In order to describe the result, let q1,q2,q3 denotes the position

of the three body system in a three dimension euclidean space, with respective masses m1 = m2 = m and m3 = µ.

Introducing a cartesian coordinate system (x, y, z) in the euclidean space, such that q1 and q2 are symmetric with

respect to the plane z = 0, the body q3 is on the same plane z = 0 and the center of mass is at the origin the

coordinates of each body can be written

q1 = (x, y, z), q2 = (x, y,−z), q3 = (−2m

µ
x,−2m

µ
y, 0). (1.1)

Therefore the configuration is completely determined by the position of one body. The equations of motion for the

first particle is given by 

ẍ = −(2m+ µ) x
r313

ÿ = −(2m+ µ) y
r313

z̈ = −
(

2m
r312

+ µ
r313

)
z,

(1.2)

where

r12 = |q1 − q2| = 2|z|, r13 = |q1 − q3| =

√(
2m+ µ

µ

)2

(x2 + y2) + z2. (1.3)

Considering a re-scaling appropriate and introducing the complex variable w = ξ+ iη, system (1.2) can be rewritten

as 
ẅ = −(2m+ µ) w

(k|w|2+ζ2)3/2
= 2∂U∂w

ζ̈ = −
(

m
4|ζ|3 + µ

(k|w|2+ζ2)3/2

)
ζ = ∂U

∂ζ ,

(1.4)

where the potential U is defined by

U = U(w, ζ) =
m

4|ζ|
+

µ√
k|w|2 + ζ2

(1.5)
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2 Mathematical Results

Equations of motion (1.2) are in fact Euler-Lagrange equations for the following Lagrangian

L(w, ζ, ẇ, ζ̇) =
1

2
(|ẇ|2 + ζ̇2) + U(w, ζ),

hence it is natural to search solutions of (1.2) as critical points of the Lagrangian Action functional, which is defined

by

A : Cac([0, τ ],C× R)→ R+ ∪ {+∞},

A(w, ζ) =

∫ τ

0

L(w(t), ζ(t), ẇ(t), ζ̇(t))dt,

where Cac([0, τ ],C× R) is the space of absolutely continuous curve with value in C× R.

Let Ωα denotes the space of absolutely continuous curves (w, ζ) : [0, τ ]→ C×R satisfying the following conditions

w(0) ∈ R, ζ(0) = 0, w(τ) ∈ Reiα, ζ(t) ≥ 0.

Our first result concerns the existence of a minimizer.

Proposition 2.1. Let α ∈ (0, 2π) \ {π} and let τ > 0. The functional A |Ωα has a minimizer. If t 7→ (w, ζ)(t) is

such a minimizer, the unique collision occurs at time t = 0, and for t ∈ (0, τ ] it is a real solution of the isosceles

three-body problem. The component t 7→ ζ(t) is strictly increasing and ζ̇(τ) = 0, moreover ẇ(τ) is a real multiple

of ieiα.

Proposition 2.2. Given α ∈ (0, π/2), and τ > 0, if γ = (w, ζ) = (reiθ, ζ) is a minimizer of A|Ωα , then the angular

momentum C = Im(ẇw) does not vanish, therefore the configuration is not all the time on a fixed plane. Moreover

w(t) 6= 0 for all t ∈ [0, τ ], and the total variation of the polar angle θ is equal to α, that is to say |θ(τ)− θ(0)| = α.

We can now state the main result of the paper.

Theorem 2.1. Given 0 < α < π/2 and τ > 0, there exists a collision solution of (1.4) satisfying the following

conditions
w(0) ∈ R+,

ζ(0) = 0,

w(t+ 2τ) = e2iαw(t),

ζ(t+ 2τ) = ζ(t),

w(2τ − t) = e2iαw(t),

ζ(2τ − t) = ζ(t)
(2.6)

Moreover the solution is not all the time in a fixed plane, and w(t) 6= 0 for all t. Collisions are regularized and

occurs only if t is an integer multiple of 2τ . If θ denotes the argument of w, the total variation of θ from t = 0 to

t = τ is equal to α.
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a equação de daugavet para polinômios em jb*-triplas e

c*-álgebras

elisa r. santos ∗

Neste trabalho estudamos a equação de Daugavet e a equação alternativa de Daugavet para polinômios em JB*-

triplas e C*-algebras. Apresentamos condições necessárias e suficientes sobre tais espaços de forma que determinadas

classes de polinômios satisfaçam a equação de Daugavet e a equação alternativa de Daugavet.

1 Introdução

Seja X um espaço de Banach. Dizemos que um operador linear limitado T : X → X satisfaz a equação de Daugavet

se

‖Id + T‖ = 1 + ‖T‖, (DE)

e dizemos que T satisfaz a equação alternativa de Daugavet se

max
|w|=1

‖Id + wT‖ = 1 + ‖T‖. (ADE)

Estas definições foram apresentadas por I. K. Daugavet [3] e por J. Duncan et al. [4], respectivamente. Desde seu

surgimento, a validade destas equações tem sido verificada por diversos autores para várias classes de operadores

em diferentes espaços de Banach. Em particular, mencionamos os seguintes resultados de M. Mart́ın & T. Oikhberg

[6].

Teorema 1.1. Seja U uma JB*-tripla.

(i) Todo operador fracamente compacto em U satisfaz (DE) se, e somente se, U não possui tripotentes minimais.

(ii) Todo operador fracamente compacto em U satisfaz (ADE) se, e somente se, todos os tripotentes minimais de

U são diagonalizantes.

Teorema 1.2. Seja A uma C*-álgebra.

(i) Todo operador fracamente compacto em A satisfaz (DE) se, e somente se, A é não-atômica.

(ii) Todo operador fracamente compacto em A satisfaz (ADE) se, e somente se, todas as projeções atômicas de A
são centrais.

Recentemente Y. S. Choi et al. [1] generalizaram as definições da equação de Daugavet e da equação alternativa

de Daugavet para funções limitadas em um espaço de Banach X da seguinte forma: se `∞(BX , X) é o espaço de

Banach de todas funções limitadas de BX para X, munido com a norma do supremo, dizemos que uma função

Φ ∈ `∞(BX , X) satisfaz a equação de Daugavet se

‖Id + Φ‖ = 1 + ‖Φ‖, (DE)

e dizemos que Φ satisfaz a equação alternativa de Daugavet se

max
|w|=1

‖I + wΦ‖ = 1 + ‖Φ‖. (ADE)

Estas equações tem sido estudadas em particular para polinômios. Para mais detalhes, consulte [1], [2] e [5].

O objetivo deste trabalho é generalizar os Teoremas 1.1 e 1.2 para polinômios aproximáveis.
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2 Resultados

Motivados pelo Teorema 1.1, estabelecemos o seguinte resultado sobre a equação de Daugavet e a equação alternativa

de Daugavet para polinômios.

Teorema 2.1. Seja U uma JB*-tripla.

(i) Todo polinômio aproximável P : U → U satisfaz (DE) se, e somente se, U não possui tripotentes minimais.

(ii) Todo polinômio aproximável P : U → U satisfaz (ADE) se, e somente se, todos os tripotentes minimais de U

são diagonalizantes.

A partir do Teorema 2.1 é posśıvel obter um resultado correspondente para C*-álgebras. Para tanto, considere-

mos uma proposição preparatória que nos permitirá constatar tal resultado.

Proposição 2.1. Seja A uma C*-álgebra. Então:

(a) A é uma JB*-tripla;

(b) A possui projeções atômicas se, e somente se, possui tripotentes minimais;

(c) Todas as projeções atômicas de A são centrais se, e somente se, todos os tripotentes minimais de A são

diagonalizantes.

O seguinte resultado segue claramente do Teorema 2.1 e da Proposição 2.1.

Teorema 2.2. Seja A uma C*-álgebra.

(i) Todo polinômio aproximável P : A → A satisfaz (DE) se, e somente se, A é não-atômica.

(ii) Todo polinômio aproximável P : A → A satisfaz (ADE) se, e somente se, todas as projeções atômicas de A
são centrais.
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sistemas globalmente Lipschitz governados pelo

p−laplaciano em doḿınio ilimitado

érika capelato ∗ & cláudia b. gentile †

1 Introdução

Neste trabalho vamos provar, a patir da teoria de atrator pullback [3] e [4], a existência do atrator e de trajetórias
completas extremas para o sistema não-autônomo globalmente Lipschitz envolvendo o p-Laplaciano:{

∂
∂tu− div

(
|∇u|p−2∇u

)
+ a(x) |u|p−2

u = C(t, x)u+D(t, x), t ≥ τ
u(τ) = u0 ∈ L2(Rn)

(1.1)

com 2 < p < n, C(t) ∈ L∞(Rn) e D(t) ∈ L2(Rn) para cada t ≥ τ ; t 7→ ‖C(t)‖L∞(Rn) , t 7→ ‖C(t)‖L2(Rn)

e t 7→ ‖D(t)‖L2(Rn) são funções limitadas em limitados do tempo, absolutamente cont́ınuas, não decrescentes e
diferenciáveis com derivada positiva. Assumimos que a função cont́ınua a : Rn → R é não-negativa, a(x) ≥ 1 q.t.p.
em Rn e satisfaz a seguinte condição: ∫

Rn

1
a(x)2/(p−2)

dx < +∞ (1.2)

A maior dificuldade quando trabalhamos com domı́nios ilimitados é estabelecer as imersões compactas de Sobolev
dos espaços de funções. Neste trabalho vamos obter estes resultados em um espaço com peso, E, também considerado
nos trabalhos de [1] e [8], e definido por:

E =
{
u ∈W 1,p(Rn);

∫
Rn

a(x) |u(x)|p dx <∞
}

com norma dada por ‖u‖E =
(∫

Rn |∇u(x)|p + a(x) |u(x)|p dx
)1/p

, o qual é um espaço de Banach reflexivo.

2 Resultados

Podemos mostrar que o operador da parte principal do sistema (1.1) é maximal monótono então, como a perturbação
é globalmente Lipschitz teremos pela Proposição 3.13 em [2] que existe uma única solução para (1.1) que vamos
denotar por u(t) = u(t, τ)u0. A próxima proposição é uma adaptação de um resultado similar encontrado em [8]:

Proposição 1: Assuma verdadeira a condição (1.2). Então E ↪→ Ls(Rn) para 2 ≤ s ≤ p∗ = pn
n−p . Além disso, E

está compactamente imerso em Ls(Rn) para 2 ≤ s < p∗.

Considerando o resultado acima e as mesmas técnicas usadas em [7] podemos obter as seguintes estimativas
para a solução do problema (1.1):
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Lema 1: Se u é solução de (1.1) existem uma função α : R→ R+ crescente e limitada em limitados e T0 > 0 tal
que para todo τ ∈ R temos max

{
‖u(t)‖2L2(Rn) , ‖u(t)‖pE

}
≤ α(t), para todo t ≥ τ + T0 e para todo u0 ∈ L2(Rn).

Considerando a definição de Processo, ver [4], e usando o Lema 1, para cada v ∈ L2(Rn); t, τ ∈ R com t ≥ τ

podemos mostrar que U(t, τ)v = u(t, τ)v define um Processo. Com isto podemos enunciar os resultados principais
do nosso trabalho:

Teorema 1: O processo associado ao problema (1.1) possui um atrator pullback.

Prova: Pela Proposição 1 e pelo Lema 1, para cada t ∈ R, o fecho da bola de centro zero e raio β(t) em L2(Rn)
forma uma famı́lia de conjuntos compactos que atrai (pullback) todos os subconjuntos limitados de L2(Rn) pelo
Processo. Logo, pelo Teorema 2.2 em [4], o Processo associado ao problema (1.1) possui um atrator pullback.

Teorema 2: Seja {U(t, τ)}t≥τ um processo monótono e seja A = {A(t)}t∈R seu atrator pullback com ∪τ≤tA(τ)
limitado para cada t ∈ R. Então existem T0 > 0 e x∗(t), x∗(t) ∈ A tal que:

1. x∗(t) (respectivamente x∗(t)) é a trajetória completa minimal (respectivamente maximal) no sentido que para
qualquer a(t) ∈ A temos x∗(t) ≤ a(t) ≤ x∗(t), para todo t ≥ τ + T0;

2. U(t, s)x∗(s) = x∗(t), para todo t ≥ s ≥ τ + T0 e U(t, s)x∗(s) = x∗(t), para todo t ≥ s ≥ τ + T0. Ou seja, x∗ e
x∗ são trajetórias completas extremas.

Prova: Adaptação do Teorema 2 em [5].

Observamos que se A = {A(t)}t∈R é o atrator pullback para o processo associado ao problema (1.1) então⋃
τ≤tA(τ) é limitado para cada t ∈ R. Logo, pela hipótese imposta na perturbação do problema (1.1) e pelo

Teorema de Comparação 3.5 em [6] temos que o processo é monótono, ver definição em [5]. Logo, as hipóteses
do Teorema 1 são satisfeitas garantindo a existência das trajetórias completas extremas para o atrator pullback
associado ao problema (1.1).
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blow-up of solutions for the kirchhoff equation of

r-laplacian type with boundary damping and source

term

e. c. lapa ∗ & b. g.torres † & j. b. barros ‡ & f. l. barboza §

Abstract

In this article we consider the Kirchhoff equation of r-Laplacian type with nonlinear boundary damping and

source term.We shall show that ,for suitable condition on the initial data and positive initial energy ,the solution

blows up whenever L ,the length of the string, is large enough.So this length makes an impact on the blow up

time.

1 Introduction

In this study we are concerned with the following initial boundary problem

(
|ut|l−2ut

)
t
−M

(∫ L

0

eφ(x)|ux|rdx

)
e−φ(x)

(
eφ(x)|ux|r−2ux

)
x

= |u|p−1u in ]0, L[×R+

u(0, t) = 0 (1.1)

M

(∫ L

0

eφ(x)|ux|rdx

)
|ux(L, t)|r−2ux(L, t) = −|ut(L, t)|m−1ut(L, t)

u(x, 0) = u0(x), ut(x, 0) = u1(x),

where l, r ≥ 2, m > 1, p > 1 are constants, M is a non-negative locally Lipschitz function , ]0, L[ is a bounded open

interval in R and φ ∈W 1,∞(0, L) .

When M ≡ 1, φ ≡ 0 and r = l = 2 the system (1.1) has been extensively studied. Fen et al [2] considered (1.1)

and obtained the blow up results with negative initial energy and one of the following conditions A) 2m < p + 1

B) 2m ≥ p+ 1 and L > 4p
(p−1)(p+1) . Recently, Liu W. et al [3] extended the blow up results of [2] to solutions with

nonnegative initial energy .

When φ ≡ 0 and r = l = 2 , M is not a constant function and (1.1) has only Dirichlet boundary condition , without

the source term , is often called the wave equation of Kirchhoff-type (in the case l = 2 and r 6= 2, the equation is

called The Kirchhoff equation of r- Laplacian type).

When φ ≡ 0 , M = M(t) and r = l = 2 , Ha T.G [4] considered the semilinear wave equation with boundary

damping and source terms. He proved blow up of solutions with positive initial energy by using potential well

theory. In [1] , the first author proved the global existence of the solutions .

In the present article, we investigate the blowing up of solutions of the initial boundary value problem for the

Kirchhoff equation of r- Laplacian type with nonlinear boundary damping and source term. We will extend to the

problem (1.1) the argument introduced in [3] to prove our result.

∗Universidad Nacional Mayor de San Marcos, FCM, Lima, PERU, cleugenio@yahoo.com
†Universidad Nacional Mayor de San Marcos, FCM, Lima, PERU,
‡Universidad Nacional del Callao, FCNM, Callao,PERU
§Universidad Nacional del Callao, FCNM, Callao,PERU

51 



2 Mathematical Results

In order to state our main result,we make the following hypothesis

(M) M is a nonnegative locally Lipschitz function satisfying M(s) ≥ m0 for all s ∈ [0,+∞[

and there exists m1 ≥ 1 such that m1M̂(s) ≥M(s)s for all s ∈ [0,+∞[ , M̂(s) =

∫ s

0

M(λ)dλ

By V we denote the Banach space

V =
{
w ∈W 1,r (0, L) : w(0) = 0

}
We denote |.|p to be Lp − norm , p ≥ 2 . let u be a solution of (1.1) we define the energy by

E(t) =
l − 1

l

∫ L

0

eφ(x)|ut|ldx+
1

r
M̂

(∫ L

0

eφ(x)|ux|rdx

)
− 1

p+ 1

∫ L

0

eφ(x)|u|p+1dx

and the partial energy function

I(t) = m0|ux|r −A|u|p+1

where a ≤ eφ(x) ≤ A , ∀x ∈]0, L[

Let B1 be the best constant of the sobolev embedding V ↪→ Lp+1(0, L) given by

B−11 = inf {|ux|r : u ∈ V ; |u|p+1 = 1}

We set α0 =
(
m0

AB1

)r/(p+1−r)
and E1 =

(
1
r −

1
p+1

)
a(p+1)/(p+1−r)m0α0

Our main result reads as follows

Teorema 2.1. let u(x, t) be a solution of system (1.1).Assume that 2m ≥ p+ 1 , I(0) < 0 and for any 0 < θ < 1,

0 ≤ E(0) < θE1. Moreover, assume that L > Cr,p,θ ,for some Cr,p,θ > 0 (to be specificated in the proof).Then the

solution blows up in finite time.

Proof We define suitable functionals and prove the inequality

d

dt
L(t) ≥ Γ1L

1
(1−σ) (t) , ∀t ≥ 0

where Γ1 , σ are positive constants. This completes the proof.
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Propriedades de ideal do operador de integração de

Dunford

F. J. Bertoloto ∗ & G. Botelho † & A. M. Jatobá ‡

1 Introdução

Em [2] são estudadas as propriedades de ideais de operadores gozadas pelo operador de integração em relação a uma
medida vetorial. Seguindo esta linha, neste trabalho investigamos as propriedades de ideais de operadores gozadas
pelo operador de integração de Dunford.

Ao longo do trabalho F será um espaço de Banach real ou complexo, F ′ denotará seu dual topológico, (Ω,Σ, µ)

denotará um espaço de medida finita, IdF :F −→ F o operador identidade em F e JF :F −→ F ′′ o mergulho
canônico.

Definição 1.1. Definimos o espaço das funções fracamente Lebesgue integráveis por:

L1(µ, F )w = {f : Ω −→ F ; ϕ ◦ f ∈ L1(µ), ∀ ϕ ∈ F ′}.

Lema 1.1. (Diestel e Uhl [1, Lema II.3.1], Ryan [4, p. 52]) Sejam f ∈ L1(µ, F )w e X ⊆ Ω um conjunto mensurável.
Então existe um elemento de F ′′, denotado por

∫
X
fdµ, satisfazendo〈

ϕ,

∫
X

fdµ

〉
=

∫
X

ϕ ◦ fdµ,

para todo ϕ ∈ F ′.

Definição 1.2. O vetor
∫
X
fdµ do Lema 1.1 é denominado integral de Dunford de f sobre X. Quando

∫
X
fdµ ∈ F

para todo conjunto mensurável X ⊆ Ω, dizemos que f é integrável segundo Pettis, e neste caso
∫
X
fdµ é chamado

de integral de Pettis de f sobre X.

Denotaremos por D(µ, F ) e P (µ, F ) os completamentos dos espaços de todas as funções Dunford e Pettis
integráveis, respectivamente, segundo a norma conhecida por norma de Pettis:

|f |1 = sup
ϕ∈BF ′

∫
Ω

|ϕ ◦ f |dµ.

Agora estamos em condições de definir o operador de integração de Dunford:

Definição 1.3. (i) O operador de integração de Dunford é definido por

ID: D(µ, F ) −→ F ′′

f 7−→
∫

Ω
fdµ.

(ii) O operador de integração de Pettis é definido por

IP : P (µ, F ) −→ F

f 7−→
∫

Ω
fdµ.
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É claro que os operadores são primeiramente definidos sobre L1(µ, F )w, no caso de ID, e sobre o espaço das funções
Pettis-integráveis, no caso de IP , e depois estendidos aos respectivos completamentos. É fácil verificar que ID e IP
são operadores lineares contínuos de norma 1. O objetivo deste trabalho é determinar quando ID pertence a um
dado ideal de operadores A (estamos sempre considerando ideais de operadores no sentido de Pietsch [3]). O caso
do operador IP é trivial.

2 Resultados

Proposição 2.1. Seja A um ideal de operadores. Considere as seguintes afirmações:
(a)ID ∈ A(D(µ, F );F ′′).
(b)IP ∈ A(P (µ, F );F ).
(c)IdF ∈ A(F ;F ).
(d)JF ∈ A(F ;F ′′).
(e)IdF ′′ ∈ A(F ;F ′′).
As seguintes implicações são verdadeiras para todo espaço de Banach F e todo espaço de medida finita: (a)⇒ (b)⇔
(c)⇒ (d)⇐ (e) ⇒ (a).

É óbvio que todas as afirmações são equivalentes para um espaço reflexivo F . O próximo resultado exibe um
outro caso em que todas elas equivalentes:

Teorema 2.1. Se o ideal A é simétrico (cf. Pietsch [3, p. 68]), então as afirmações da Proposição 2.1 são equivalentes
para todo espaço de Banach F .

Temos também o seguinte:

Teorema 2.2. Se F não contém cópia de c0 e A é um ideal de operadores regular (cf. Pietsch [3, p. 70]), então as
afirmações (a)-(d) da Proposição 2.1 são equivalentes.

Terminamos este trabalho exibindo exemplos que comprovam que as afirmações nem sempre são equivalentes,
o que justifica a busca de condições sob as quais valem as equivalências. No primeiro exemplo temos um ideal não
simétrico em que (d); (a) e (c) ; (a).

Exemplo 2.1. Considere ID:D(µ, c0) −→ `∞(= (c0)′′), em que µ é a medida de Lebesgue em Ω = [0, 1]. Vejamos
ID é sobrejetor: dado y = (an)n ∈ `∞, considere f : [0, 1] −→ c0 dada por

f(t) = (a1χ[0,1](t), 2a2χ[0, 12 ](t), . . . , nanχ[0, 1
n ](t), . . .).

Prova-se que f ∈ L1(µ, c0)w e que
∫

[0,1]
fdµ = y. Chamando de S o ideal dos operadores de imagem separável

temos Idc0 ∈ S mas ID /∈ S.

No próximo exemplo temos um caso de um ideal regular em que (a); (e).

Exemplo 2.2. O ideal S é regular [3, Prop. 4.5.8]. Seja F um espaço separável que não contém cópia de c0, com
F ′ não separável. Então ID ∈ S mas IdF ′′ 6∈ S. Um exemplo de espaço de Banach que satisfaz essas hipóteses é `1.
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convergence estimates of the dynamics of a hyperbolic

system with variable coefficients

flank d. m. bezerra ∗ & marcelo j. d. nascimento †

A damped hyperbolic equation with a dissipative nonlinearity posed in the energy space H1
0 (Ω) × L2(Ω) is

considered. The differential operator involved is not the Laplace operator but rather the operator −div(aε(x)∇)

that has its coefficient depending on a parameter ε. We analyze the behavior of the global attractors as the

parameter ε tends to 0.

1 Introduction

In this paper we will study the damped wave hyperbolic equation with variable coefficients subject to zero Dirichlet

boundary condition

utt + aut + Λεu = f(u), t > 0, and u(0) = u0, ut(0) = u1, (1.1)

where a > 0, and Λε = −div(aε∇), ε ∈ [0, 1], with (u0, u1) ∈ H1
0 (Ω) × L2(Ω), Ω ⊂ RN (N > 1) is a bounded

connected domain with a sufficiently smooth boundary ∂Ω, and aε are functions in L∞(Ω) such that there are

constants m0 and M0 for which the ellipticity (or “accretivity”) condition holds

0 < m0 6 aε(x) 6M0, x ∈ Ω. (1.2)

The nonlinearity f : R → R is a twice continuously differentiable function, bounded with bounded derivatives

up to second order and satisfies the dissipative condition

lim sup
|s|→+∞

f(s)

s
< µ0,1 (1.3)

where µ0,1 > 0 is the first eigenvalue of Λ0 with zero Dirichlet boundary condition.

Now, we assume some growth condition on the nonlinearity f . Suppose that there is c = cρ > 0 such that

|f ′(s)| 6 c(1 + |s|ρ), s ∈ R (1.4)

where 0 6 ρ 6 2
N−2 if N > 3 and ρ ∈ [0,∞) if N = 1, 2.

The hyperbolic equation (1.1) is related to the problem of the modeling of wave propagation in inhomogeneous

media. The real parameter ε represents the fact that, as ε goes to zero, aε converges to a0 uniformly in Ω. The

problem (1.1) have hyperbolic structure, but not type parabolic structure, see [4]. Since we are concerned with the

asymptotic behavior of solutions of the problem (1.1) this gave us an extra difficulty, because we will not have some

estimates inherent in the analytic C0−semigroups associated with parabolic problems.

When the differential operator involved is not the operator Λε but rather the Laplace operator, issues such as

analyticity, differentiability and asymptotic stability of the C0−semigroups associated with the initial-value problem

in (1.1) have been considered in the literature.

The attractors associated with damped wave equations have been considered by many authors and much progress

has been achieved; see [3] and references therein. In general, to treat the problem of robustness (i.e. lower and

upper semicontinuous) of attractors of wave equations, the authors consider a class of perturbed wave problems
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possessing parabolic structure. But, little information on the rate of approach is given, under our point of view (see

[1]). We will use these arguments here to prove a result of convergence with rate of the attractors associated with

hyperbolic problem. In this direction, we completed the works cited above.

2 Mathematical Results

The motivation for considering the problem (1.1) lies in the fact that the assumptions (1.3) and (1.4) are enough to

prove that family of attractors behaves upper semicontinously at ε = 0. To prove that the further that the family

of global attractors behaves lower semicontinuously at ε we will assume that the hyperbolicity condition holds at

ε = 0.

Aim of this work is to use the difference ‖aε − a0‖L∞(Ω) to compare the proximity between the perturbed and

limit attractor (cf. [2]), in this sense, we obtain

max{dist(Aε,A0),dist(A0,Aε)} 6 C‖aε − a0‖pL∞(Ω), for some p ∈ (0, 1)

where dist(·, ·) denotes the Hausdorff semi-distance dist(X ,Y) = supa∈X infb∈Y |a − b|. For this purpose, the key

point of our analysis is to obtain first good estimates on the distance of the resolvent operators of the perturbed

wave operator, which in turn they are based on good estimates on the distance of the resolvent operators associated

to the elliptic operators. Once this is done, estimates on the linear semigroup and the nonlinear semigroup are

analyzed. Then after a detailed analysis of the convergence of the equilibria and of its unstable manifolds, and

with an estimate on how the nonlinear semigroups approach each other one can obtain a measure on the distance

of attractors. Moreover, to characterization of eigenvalues, we will use the arguments used in the Proposition 2.1

in [4] and we will see that this eigenvalues accumulate at ±i∞.
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novos resultados sobre funções cont́ınuas que atingem

máximo em um único ponto

g. botelho, ∗ & d. cariello †& v. fávaro ‡, & d. pellegrino, § & j. seoane ¶

Este trabalho visa generalizar resultados de Gurariy e Quarta [1] sobre a existência de espaços vetoriais,

exceto pela origem, de funções reais cont́ınuas que atingem máximo num único ponto do domı́nio. Utilizando alguns

conceitos topológicos, provaremos que resultados já conhecidos para funções definidas em certos subconjuntos de

R, também são válidos para funções definidas em domı́nios bem mais gerais. Na mesma linha de Gurariy e Quarta,

provaremos que, dependendo da dimensão requerida, tais subespaços podem existir ou não.

Mais precisamente, dado um espaço topológico D, denotamos por C(D) o espaço vetorial de todas as funções

reais definidas em D e por Ĉ(D) o subconjunto de C(D) de todas as funções que atingem máximo exatamente uma

vez em D. Os principais resultados provados por Gurariy e Quarta nesta linha são os seguintes:

(A) Ĉ[a, b) contém, exceto pela origem, um subespaço vetorial de C[a, b) com dimensão 2.

(B) Ĉ(R) contém, exceto pela origem, um subespaço vetorial de C(R) com dimensão 2.

(C) Não existe subespaço de C [a, b] com dimensão 2 contido em Ĉ [a, b] ∪ {0}.

Neste trabalho, estendemos os resultados de (A) para espaços de funções definidas em espaços topológicos que

podem ser inclúıdos continuamente em alguma esfera euclidiana Sn.

Também estendemos os resultados de (B) para espaços de funções definidas em domı́nios mais gerais e que inclui

R.

O caso mais interessante é a generalização de (C) para espaços de funções definidas em subconjuntos compactos

de Rm. Nesse caso, provamos o seguinte resultado:

Teorema 0.1. Seja K um subconjunto compacto de Rm. Então Ĉ(K) ∪ {0} não contém subespaço de C(K) com

dimensão m + 1.

Por outro lado, exibiremos um compacto K ⊂ Rm tal que Ĉ(K)∪{0} contém subespaço de C(K) com dimensão

m.
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∗Faculdade de Matemática , UFU, MG, Brasil, botelho@ufu.br
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New examples of π1-holomorphy types

Geraldo Botelho ∗, Erhan Ç̧aliskan † & Giselle Moraes ‡

The concept of holomorphy types (Definition 0.1), which goes back to Nachbin [10], has been refined by Fávaro

and Jatobá [6, 7] and this new concept, called π1-holomorphy types (Definition 0.2), has recently found interesting

applications in [2] to the hypercyclicity of convolution operators on spaces of holomorphic functions of bounded type

in infintely many complex variables. One problem is that only a few examples of π1-holomorphy types are known,

essentially classes of nuclear-related homogeneous polynomials. The aim of this work is to show how composition

polynomial ideals (Definition 0.3) can be used to provide new examples of π1-holomorphy types.

Let us fix the notation and give the basic definitions. Henceforth E, F and G shall be real or complex Banach

spaces and P(nE;F ) denotes the Banach space of all continuous n-homogeneous polynomials from E to F endowed

with the usual sup norm. When F is the scalar field we simply write P(nE). For P ∈ P(nE;F ), a ∈ E and k ≤ n,

d̂kP (a) stands for the k-th derivative of P at a. Details can be found in [9]. Operator ideals are always considered

in the sense of Pietsch [11].

Definition 0.1. (Nachbin [10]) A holomorphy type Θ from the Banach space E to the Banach space F is a

sequence of Banach spaces (PΘ(nE;F ))∞n=0, the norm on each of them being denoted by ‖ · ‖Θ, such that the

following conditions hold:

(i) Each PΘ(nE;F ) is a linear subspace of P(nE;F ).

(ii) PΘ(0E;F ) coincides with P(0E;F ) = F as a normed vector space.

(iii) There is a real number σ ≥ 1 for which the following is true: given any k ∈ N0, n ∈ N0, k ≤ n, a ∈ E and

P ∈ PΘ(nE;F ), we have

d̂kP (a) ∈ PΘ(kE;F ) and

∥∥∥∥ 1

k!
d̂kP (a)

∥∥∥∥
Θ

≤ σn‖P‖Θ · ‖a‖n−k.

Definition 0.2. [2, Definition 2.5(a)] A holomorphy type (PΘ(nE;F ))∞n=0 from E to F is said to be a π1-holomorphy

type if the following conditions hold:

(i) Polynomials of finite type belong to (PΘ(nE;F ))∞n=0 and there exists K > 0 such that ‖φn⊗b‖Θ ≤ Kn‖φ‖n · ‖b‖
for all φ ∈ E∗, b ∈ F and n ∈ N;

(ii) For each n ∈ N, Pf (nE;F ) is dense in (PΘ(nE;F ), ‖ · ‖Θ).

Definition 0.3. [5] Given an operator ideal I, a polynomial P ∈ P(nE;F ) belongs to the composition polynomial

ideal I ◦P, denoted P ∈ I ◦P(nE;F ), if there are a Banach space G, a polynomial Q ∈ P(nE;G) and an operator

u ∈ I(G;F ) such that P = u ◦Q. If (I, ‖ · ‖I) is a quasinormed operator ideal, the expression

‖P‖I◦P = inf{‖u‖I · ‖Q‖ : P = u ◦Q, u ∈ I(G;F ), Q ∈ P(nE;G)}.

makes I ◦ P a quasinormed polynomial ideal.

1 Main results

In the scalar-valued case it is well known that I ◦ P(nE) = P(nE) isometrically [5, 3.2], so it is obvious that
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(I ◦ P(nE))∞n=0 is a π1-holomorphy type if and only if Pf (nE)

is norm dense in P(nE) for every n ∈ N.

As to the density condition above, according to Vieira [12], a Banach space E is said to be a Tsirelson-like

space if E is reflexive and Pf (nE) is norm dense in P(nE) for every n ∈ N. The reason for this terminology is that

Tsirelson’s original space, the first example of a Banach space not containing c0 or `p for 1 ≤ p < ∞, enjoys this

property (see [1]). Tsirelson-like spaces (not necessarily with this terminology) have found applications in several

contexts. As we have seen above, we shall not need the reflexivity of the space, so we define the following:

Definition 1.1. A Banach space E is said to be semi-Tsirelson if Pf (nE) is norm dense in P(nE) for every n ∈ N.

Of course every Tsirelson-like space is semi-Tsirelson. For nonreflexive spaces, c0 and the Tsirelson-James space

T ∗J are semi-Tsirelson (see [4, Remark 23(b)]). In contrast to the scalar-valued case, in the vector-valued case the

domain space being semi-Tsirelson is no longer a sufficient condition:

Example 1.1. Let K and W be the closed ideals of compact and weakly compact operators, respectively. Let E

be an infinite-dimensional Tsirelson-like space and 0 6= ϕ ∈ E∗. By [3] we know that the mapping P :E −→ E,

P (x) = ϕ(x)n−1 · x, is a non-compact weakly compact n-homogeneous polynomial. Using [5, Proposition 3.2(b)]

we can prove that P /∈ K ◦ P(nE;E) and P ∈ W ◦ P(nE;E). Since Pf (nE;E) ⊆ K ◦ P(nE;E), it follows that,

although E is a semi-Tsirelson space, (W ◦ P(nE;E))∞n=0 fails to be a π1-holomorphy type.

In view of the example above, in addition to the domain space being semi-Tsirelson, some condition should be

imposed on the target space to obtain a π1-holomorphy type. We have found such a condition in [8]:

Definition 1.2. [8, Definition 4.3] Let (I, ‖ · ‖I) be a normed operator ideal. A Banach space E has the (I, ‖ · ‖I)-

approximation property if F(F ;E)
‖·‖I

= I(F ;E) for all Banach spaces F , where F is the ideal of finite rank

operators.

Here are the new examples of π1-holomorphy types we provide in this work:

Theorem 1.1. Let (I, ‖ · ‖I) be a Banach operator ideal, let E be a semi-Tsirelson Banach space and let F be a

Banach space with the (I, ‖ · ‖I)-approximation property. Then (I ◦ P(nE;F ))∞n=0 is a π1-holomorphy type.
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Extensões compactas de operadores multilineares

geraldo botelho ∗ & kuo po ling †

O objetivo deste trabalho é provar que, sob certas condições, as extensões de Nicodemi de operadores multi-

lineares compactos são compactas também. Uma aplicação deste resultado para a teoria isométrica/isomorfa de

espaços de operadores multilineares compactos é fornecida.

Começamos por descrever as extensões de Nicodemi, que foram introduzidas por P. Galindo, D. Garćıa, M.

Maestre e J. Mujica [6] seguindo uma idéia original de Nicodemi [10] (veja também [5] e [8]). Neste trabalho,

E, F e G são espaços de Banach (reais ou complexos), m é um número inteiro positivo e L(mE;G) denota o

espaço de Banach de operadores m-lineares cont́ınuos de Em em G munido com a norma do supremo. Quando

m = 1, simplesmente escrevemos L(E,G) para o espaço dos operadores lineares, e quando G é o corpo dos escalares

K = R ou C, escrevemos L(mE) := L(mE;K) e E′ := L(E;K). Dados inteiros positivos m e n, consideramos os

isomorfismos isométricos canônicos

Im,n:L(m+nE;G) −→ L(mE;L(nE;G)) , Im,n(A)(x)(y) = A(x, y);

Tm,n:L(mE;L(nF ;G)) −→ L(nF ;L(mE;G)) , Tm,n(A)(x)(y) = A(y)(x).

Escrevemos Im,1 = Im e Tm,1 = Tm. Dado um operador linear e cont́ınuo R1:L(E;G) −→ L(F ;G), definimos um

operador linear e cont́ınuo

Rm:L(mE;G) −→ L(mF ;G),

para todo m, por indução, colocando

Rm+1(A) := I−1m (T−1m (Rm ◦ Tm(R1 ◦ Im(A)))).

A sequência (Rm)∞m=1 é chamada de sequência de Nicodemi começando com R1. Se E é um subespaço de F e,

para cada u ∈ L(E;G), R1(u) é uma extensão de u para F , então para cada m e cada A ∈ L(mE;G), Rm(A) é uma

extensão de A para Fm. Por Lf (mE;G), denotamos o subespaço de L(mE;G) de todos os operadores m-lineares

de tipo finito. Por LK(mE;G), denotamos o subespaço fechado de L(mE;G) de operadores m-lineares compactos.

O espaço de operadores lineares compactos (m = 1) é denotado por K(E;G).

1 Resultados Principais

De acordo com a notação estabelecida acima, o objetivo deste trabalho então é determinar condições sobre os

espaços de Banach E e G tais que se a extensão de um operador linear compacto por R1 também é um operador

linear compacto, então a extensão de um operador m-linear compacto por Rm também é um operador m-linear

compacto, isto é,

R1(K(E;G)) ⊆ K(F ;G) =⇒ Rm(LK(mE;G)) ⊆ LK(mF ;G).

Nosso resultado principal decorrerá da seguinte série de lemas:

Lema 1.1. Sejam E um espaço de Banach tal que Lf (mE) = L(mE) e G um espaço de Banach com a propriedade

de aproximação. Então Lf (mE;G) = LK(mE;G).
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Pesquisa do Estado de Minas Gerais, e-mail: kuo@famat.ufu.br

60 



A demonstração do lema acima é uma adaptação da demonstração de [4, Theorem 3.6].

Lema 1.2. Seja A ∈ L(mE;L(nF ;G)). Então A ∈ LK(mE;LK(nF ;G)) se, e somente se,

Tm,n(A) ∈ LK(nF ;LK(mE;G)).

A demonstração do lema acima é uma aplicação do refinamento do Lema da Precompacidade de Kakutani obtida

por Mujica [9].

Lema 1.3. Para todo m,n ∈ N, I−1m,n (LK(mE;LK(nE;G))) ⊆ LK(m+nE;G).

Lema 1.4. Para todo m,n ∈ N, Im,n (LK(m+nE;G)) ⊆ L(mE;LK(nE;G)).

O resultado principal do trabalho é o seguinte:

Teorema 1.1. Se R1 (K(E;G)) ⊆ K(F ;G), Lf (mE) = L(mE) para m = 1, . . . , k, e G um espaço de Banach com

a propriedade de aproximação, então Rm (LK(mE;G)) ⊆ LK(mF ;G) para m = 1, . . . , k.

Como aplicação do teorema principal obtemos o

Teorema 1.2. Sejam E um espaço de Banach tal que Lf (mE) = L(mE) para m = 1, . . . , k, e G um espaço

de Banach com a propriedade de aproximação. Se K(E;G) e K(F ;G) são (isometricamente) isomorfos, então

LK(mE;G) e LK(mF ;G) são (isometricamente) isomorfos para cada m ∈ {1, . . . , k}.

Como exemplos de espaços E satisfazendo a condição Lf (mE) = L(mE) dos dois teoremas acima temos:

• Lf (m`p) = L(m`p) para m < p (relembre que `p é um espaço reflexivo com a propriedade da aproximação e então

combine [2, Proposition 4.1 e Proposition 3.5].

• Lf (mc0) = L(mc0) para todo m (veja, por exemplo, [7, Theorem 3.4.1].

• Se T ∗ denota o espaço de Tsirelson original, então Lf (mT ∗) = L(mT ∗) para todo m (relembre que T ∗ é um espaço

reflexivo com a propriedade da aproximação - pois tem base de Schauder - e então combine [1, Theorem 6] com [2,

Proposition 3.5].

• Se T ∗J denota o espaço de Tsirelson-James, então Lf (mT ∗J ) = L(mT ∗J ) para todo m (veja [3, Remark 23(b)].
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on a system of a non-Newtonian micropolar fluid

geraldo m. de araújo ∗ , marcos a. f. de araújo † & elizardo f. l. lucena ‡

1 Introduction

Let Ω be a bounded domain in R3 with smooth boundary ∂Ω, and let T > 0. We denote by QT the time space

cylinder I × Ω, with lateral boundary Σ = I × ∂Ω, where I = (0, T ) is a time interval. In this work we study the

problem described by the equation∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂u

∂t
−∇ · [(ν+ν0|e(u)|2)e(u)]+(u · ∇)u+∇p=∇×w+f in QT ,

∇ · u = 0 in QT

∂w

∂t
− ν1∇ · [|e(u)|2e(w)]+(u · ∇)w+aw = b∇× u+g in QT ,

u = 0, w = 0 on Σ,

u(x, 0) = u0(x), w(x, 0) = w0(x) in Ω,

(1.1)

where u(x, t) ∈ R3, w(x, t) ∈ R3 and p(x, t) ∈ R, denotes for (x, t) ∈ QT , respectively, the unknown velocity, the

microrotational velocity and the hidrostatic pressure of the fluid. The functions f = (f1, f2, f3) and g = (g1, g2, g3)

stand given external body forces, e = e(u) : R3 → R32

sym denote the symmetric part of the velocity gradient, i. e.,

e(u) =
1

2

[
∇u+ (∇u)T

]
(1.2)

whose components are defined as in [7] by

2eij =
∂ui
∂xj

+
∂uj
∂xi

, i, j = 1, 2, 3 (1.3)

and R32

sym represents the set of all symmetric 3× 3 matrices, i. e.,

R32

sym = {D ∈ R32

;Nij = Nji, i, j = 1, 2, 3}.

Fluids described by (1.1) are sometimes named fluids with shear-dependent viscosity. Models belonging to this

class of non-Newtonian fluid mechanics are frequently used in several fields of chemistry, glaciology, biology and

geology, as discussed in Málek, Rajagopal, Růžička [5].

Notice that, using the notation

〈Ku, ϕ〉 = 〈−ν0∇.(|e(u)|2e(u)), ϕ〉 = ν0

∫
Ω

|e(u)|2eij(u)eij(ϕ)dx for all ϕ ∈ V4 ∩ V, (1.4)

we have

〈Ku1 −Ku2, u1 − u2〉 =ν0

∫
Ω

[
|e(u1)|2eij(u1)− |e(u2)|2eij(u2)

]
[eij(u1)− eij(u2)] dx > 0, (1.5)

because M = |e(u)|2 is monotonous. Is not difficult to show that K : V4 ∩ V → (V4 ∩ V )′ is monotonous,

hemicontinuous and bounded.

We remember that V4 = V4(Ω) is usually defined as the closure of V in the space W 1,4(Ω)-norm of gradient,

that is, ||∇u||4 ≡
{∫

Ω

|∇u(x)|4
}1/4

. For details about the other functional spaces, see for instance, Lions [3].
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2 Mathematical Results

Definição 2.1. We consider u0 ∈ H,w0 ∈ L2(Ω)3, f, g ∈ L2(I;L2(Ω)3). A weak solution to (1.1) is a pair of

functions {u,w} such that u ∈ L4(I;V4)∩L2(I;V )∩L∞(I;H), w ∈ L∞(I;L2(Ω)3)∩L2(I;H1
0 (Ω)3), satisfying the

identity ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∫ T

0

〈
∂u

∂t
, ϕ

〉
dt+ ν

∫ T

0

a(u, ϕ)dt+

∫ T

0

b(u, u, ϕ)dt+ ν0

∫ T

0

∫
Ω

|e(u)|2eij(u)eij(ϕ)dxdt

=

∫ T

0

(∇× w,ϕ)dt+

∫ T

0

(f, ϕ)dt, ∀ϕ ∈ D(I;V),

∫ T

0

〈
∂w

∂t
, φ

〉
dt+

∫ T

0

b(u,w, φ)dt+ a

∫ T

0

(w, φ)dt+ ν1

∫ T

0

∫
Ω

|e(u)|2eij(w)eij(ϕ)dxdt

= b

∫ T

0

(∇× u, φ)dt+

∫ T

0

(g, φ)dt, ∀φ ∈ D(I;D(Ω)),

u(0) = u0, w(0) = w0.

(2.6)

Teorema 2.1. Let u0 ∈ H, w0 ∈ L2(Ω)3, f, g ∈ L2(I;L2(Ω)3). Then there exists a weak solution to Problem (1.1).

Teorema 2.2. The weak solution of the problem (1.1) is unique if n = 2.

Teorema 2.3. If u0 ∈ V ∩ V4, w0 ∈ H1
0 (Ω)3, f, g ∈ L2(L2(Ω)3) , then there exists a pair of functions {u,w}

defined for (x, t) ∈ QT , solution to the boundary value problem (1.1) satisfying the following regularity properties

u ∈ C(I;H), u ∈ L∞(I;V4),
∂u

∂t
∈ L2(I;H), w ∈ C(I;L2(Ω)), w ∈ L∞(I;H1

0 (Ω)3),
∂w

∂t
∈ L2(I;L2(Ω)3).

In the proof of Theorem 2.1 the key point is the passage to the limit in nonlinear elliptic term involving |e(u)|2e(u)

and |e(u)|2e(w). For this we use Faedo-Galerkin’s method, Lemma de Korn’s (see [1]), an argument of compactness

and standard monotone operator method (see [2] and [3]). In the proof of Theorem 2.2 we use the method of energy

and in Theorem 2.3 we obtain regularity taking ϕr = u′m, φr = w′
m in the Galerkin’s approximation.
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on fractional integro-differential equations with

state-dependent delay

giovana Siracusa ∗, ravi agarwal † & Bruno de Andrade ‡

1 Introduction

In the last decades, the theory of fractional calculus has gained importance and popularity, due mainly to its

demonstrated applications in the most varied fields of sciences and engineering. Likewise, it is well known that

functional differential equations with state-dependent delay appear frequently in applications as model of equations

and for this reason the study of this type of equations has received great attention in the last years.

However, research in these equations is very limited to ordinary differential equations. The main subject of this

work is to obtain sufficient conditions for the existence of mild solutions for a class of fractional integro-differential

equations with state-dependent delay described in the form

u′(t) =

∫ t

0

(t− s)α−2

Γ(α− 1)
Au(s)ds+ f(t, uρ(t,ut)), t ∈ [0, b], (1.1)

u(0) = ϕ ∈ B, (1.2)

where 1 < α < 2, A : D(A) ⊂ X → X is a linear densely defined operator of sectorial type on a complex Banach

space X , the history xt : (−∞, 0] → X given by xt(θ) = x(t + θ) belongs to some abstract phase space B defined

axiomatically and f : [0, b] × B → X and ρ : [0, b] × B → (−∞, b] are appropriated functions. Notice that the

convolution integral in (1.1) is known as the Riemann-Liouville fractional integral.

Equation (1.1)-(1.2) is the abstract version of the following fractional integro-differential equation which has

many physical applications, e.g., in the theory of heat conduction in materials with memory (see [6]):

u′(t, ξ) =

∫ t

0

(

(t− s)α−2

Γ(α− 1)

)

uξξ(s, ξ)ds+

[

m(t)

(
∫ t

0

u(t− σ(‖ u(t) ‖), ξ′)dξ′
)β

]

, (1.3)

u(t, 0) = u(t, π) = 0, t ≥ 0, (1.4)

u(τ, ξ) = ϕ(τ, ξ), τ ≤ 0, 0 ≤ ξ ≤ π, (1.5)

where t ∈ [0, b], ξ ∈ [0, π], 0 < β < 1 < α < 2 and ϕ ∈ C0 × L2(g,X) . In the literature problem (1.1)-(1.2) has

been studied by several authors in the case without delay or with delay depending only on time. In [5] the authors

investigated existence and uniqueness of S-asymptotically ω-periodic mild solutions of (1.1)-(1.2) with infinite delay,

while the case without delay has been considered in [1], [3] and [4] for existence of asymptotically almost periodic

mild solutions, asymptotically behavior of solutions and existence of S-asymptotically ω-periodic mild solutions,

respectively.

The existence of mild solutions for the class of fractional integro-differential equations with state-dependent

described in the form (1.1)-(1.2) constitute an untreated topic and this fact is the main motivation of this paper

(see [2]).
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2 Mathematical Results

In the sequel we introduce the following conditions:

(H1) The function f : [0, b]× B → X verifies the following conditions.

(i) The function f(t, ·) : B → X is continuous for almost everywhere t ∈ [0, b], and for every ψ ∈ B, the

function f(·, ψ) : [0, b] → X is strongly measurable.

(ii) There exist m ∈ C([0, b], [0,∞)) and a continuous non-decreasing function Ω : [0,∞) → (0,∞) such that

‖ f(t, ψ) ‖≤ m(t)Ω(‖ ψ ‖B), for all (t, ψ) ∈ [0, b]× B.

(H2) For all t, s ∈ [0, b], t ≥ s and r > 0, the set {f(s, ψ) : s ∈ [0, t], ‖ ψ ‖B≤ r} is relativelly compact in X .

(Hϕ) The function t→ ϕt is well defined and continuous from the set

R(ρ−) = {ρ(s, ψ) : (s, ψ) ∈ [0, b]× B, ρ(s, ψ) ≤ 0}

into B and there exists a continuous and bounded function Jϕ : R(ρ−) → (0,∞) such that ‖ ϕt ‖B≤ Jϕ(t) ‖

ϕ ‖B for every t ∈ R(ρ).

Remark 2.1. The condition (Hϕ) is frequently verified by continuous and bounded functions.

The main results are as follows:

Theorem 2.1. Let conditions (H1), (H2) and (Hϕ) be hold. If

KbM lim inf
ξ→∞

Ω(ξ)

ξ

∫ b

0

m(s)ds < 1,

then the problem (1.1)-(1.2) has at least one mild solution.

Theorem 2.2. Let conditions (H1), (H2), (Hϕ) be hold. If ρ(t, ψ) ≤ t for every (t, ψ) ∈ I × B and

KbM

∫ b

0

m(s)ds <

∫ ∞

C

1

Ω(s)
ds,

where C = (Mb +KbMH + Jϕ) ‖ ϕ ‖B, then the problem (1.1)-(1.2) has at least one mild solution.
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solutions for a Schrödinger-Kirchhoff type problem

via penalization method

Giovany M. Figueiredo ∗ & João R. Santos Júnior †

1 Introduction

In this work we look positive solutions of the elliptic problem

(Pε) Lεu = f(u) in IR3 and u ∈ H1(IR3).

Here ε is a small positive parameter, Lε is a nonlocal operator defined by

Lεu = M

(
1

ε

∫
IR3

|∇u|2 +
1

ε3

∫
IR3

V (x)u2

)[
−ε2∆u+ V (x)u

]
,

M : IR+ → IR+, V : IR3 → IR and f : R → R are continuous functions which satisfy hypotheses that we will now

briefly describe.

We assume f has a 3-superlinear subcritical growth, satisfies a condition of type Ambrosetti-Rabinowitz, t 7→
f(t)/t3 is non-decreasing in (0,+∞) and f is null in (−∞, 0]. The potential V satisfies hypotheses which were first

introduced in [3] for laplacian case (for p-laplacian case, see [2]). The function M is assumed to be increasing and

there is m0 > 0 such that
M(t1)

t1
− M(t2)

t2
≤ m0

(
1

t1
− 1

t2

)
for all t1 > t2 > 0.

By considering the change of variable x = εz in (Pε) we obtain the equivalent problem

(P̃ε) L̃εu = f(u) in IR3 and u ∈ H1(IR3),

where

L̃εu = M

(∫
IR3

|∇u|2 +

∫
IR3

V (εx)u2

)
[−∆u+ V (εx)u] .

Problem (P̃ε) is a natural extension of two classes of very important problems in applications, namely, Kirchhoff

problems (when V ≡ 0) and Schrödinger problems (when M ≡ 1). Recently, many authors have studied problems

of that nature, see for instance [1], [4], [6] and references there in. We emphasize that, at least in our knowledge,

there is not in the literature actually available results involving problems Schrödinger-Kirchhoff type, where the

potential is like that introduced in [3].

Motivated by results found in [1], [3], [4] and [6], we study existence of multiple positive solutions of (Pε) via

Lusternik-Schnirelmann theory, as well as the concentration behavior of maximum points of these positive solutions.

To obtain our main result we use the same type of truncation explored in [3], however, we make a new approach.

In fact, since the functions M and f are only continuous, we can not use standard arguments on the Nehari manifold

as in [2] and [3]. To overcome this difficulty we use a method introduced in [5].
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On the other hand, due to presence of function M and the fact that domain is unbounded, we have some

additional difficulty. For example, in general, the weak limit of the Palais-Smale sequences is not weak solution

of the autonomous problem and therefore becomes more delicate to show that truncated functional satisfies the

Palais-Smale condition.

2 Mathematical Results

Before to claim our main result we introduce some definitions.

Let X be a topological space and A a closed subset of X. We say A is contractible in X if there exists

h ∈ C([0, 1]×A,X) such that, for every u, v ∈ A,

h(t, u) = u and h(1, u) = h(1, v).

We call category of A in X and denote by catXA to the least integer k such that there exists k closed subsets and

contractibles in X, A1, . . . , An satisfying

A =
k⋃
i=1

Ai.

Now, we are ready to claim our main result about (Pε) problem.

Theorem 2.1. Suppose that the functions M,V and f are as above. Then, given δ > 0 there is ε = ε(δ) > 0 such

that the problem (Pε) has at least catΠδ
(Π) positive solutions, for all ε ∈ (0, ε). Moreover, if uε denotes one of these

positive solutions and ηε ∈ R3 its global maximum, then

lim
ε→0

V (ηε) = V0 := inf
x∈IR3

V (x),

where

Π = {x ∈ Ω : V (x) = V0} 6= ∅

and

Πδ = {x ∈ IR3 : dist(x,Π) ≤ δ}.
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UNIRIO - Universidade Federal do Estado do Rio de Janeiro

VII ENAMA - Novembro 2013

remarks on a nonlinear wave equation in a

noncylindrical domain

g. o. antunes ∗ l. a. medeiros † i. f. lopez ‡ & m. d. da silva §

1 Introduction

We consider a nonlinear wave equation in a domain whose boundary is moving in time. Let T be a positive
real number and let {Ωt}t∈[0,T ] be a family of bounded open sets of Rn, with regular boundary Γt. We de-

note by Q̂ the noncylindrical domain of Rn+1 defined by Q̂ =
⋃

0<t<T

{Ωt × {t}} with regular lateral boundary

Σ̂ =
⋃

0<t<T

{Γt × {t}}. We shall investigate the existence of solutions to the following problem:

∣∣∣∣∣∣∣
u′′ −∆u+ |u|ρ = f in Q̂

u = 0 on Σ̂
u (x, 0) = u0 (x) ,u

′
(x, 0) = u1 (x) in Ω0,

(1.1)

where the derivatives are in the sense of the theory of distributions, ∆ represents the usual Laplace operator in Rn

and ρ is a postive real number satisfying some conditions.
The methodology, cf. Lions [1], consists of transforming (1.1) by means of a perturbation depending of a

parameter ε > 0, into a problem defined in a cylindrical domain Q. Then we have to solve the cylindrical problem
and get estimates to take the limit when ε→ 0.

2 Notations, Assumptions and Main Result

As usual we represent by L2 (Ω) the Lebesgue space of square integrable functions on Ω. We denote by Lp
(
0, T ;L2 (Ωt)

)
and Lp

(
0, T ;H1

0 (Ωt)
)

the following spaces

Lp
(
0, T ;L2 (Ωt)

)
=
{
v ∈ Lp

(
0, T ;L2 (Ω)

)
; v (t) ∈ L2 (Ωt)

}
,1 ≤ p ≤ ∞

and
Lp
(
0, T ;H1

0 (Ωt)
)

=
{
v ∈ Lp

(
0, T ;H1

0 (Ω)
)

; v (t) ∈ H1
0 (Ωt)

}
,1 ≤ p ≤ ∞.

We develop our work under the following assumptions:
(H1) (Geometric condition) The family {Ωt}t∈[0,T ] is increasing in the following sense, if t1 ≤ t2 then Ωt1 ⊆ Ωt2 .

(H2) (Regularity condition) If v ∈ H1
0 (Ω) and v = 0 a.e. in Ω− Ωt then v ∈ H1

0 (Ωt);

(H3) (Immersion condition) 1 < ρ ≤ n
n−2 , for n ≥ 3 and ρ > 1, for n = 2.

We observe that, as Q̂ is limited, there exists a cylinder Q = Ω× (0, T ) such that Q̂ ⊂ Q.
For each ε > 0 we are looking for uε : Q −→ R solution of the problem:
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∣∣∣∣∣∣∣
u
′′

ε −∆uε + |uε|ρ + 1
εMuε = f̃ in Q

uε = 0 in Σ
uε (x, 0) = ũ0 (x) ,u

′

ε (x, 0) = ũ1 (x) in Ω,
(2.2)

where M is defined by

M (x, t) =

{
1 if (x, t) ∈ Q−

(
Q̂ ∪ {Ω0 × {0}}

)
0 if (x, t) ∈ Q̂ ∪ {Ω0 × {0}} ,

f̃ is a extension for f , null out of Q̂, ũ0 (x) and ũ1 (x) are extensions for uo (x) and u1 (x) respectively, null out of
Ω0.

We call attention to the fact that the nonlinearity |uε|ρ causes troubles in the process of calculus of a priori
estimate for the problem (2.2), by energy method, because we get in certain point of our proof a term of the type∫

Ω

|∇uε (t)|2 dx+
1

ρ+ 1

∫
Ω

|uε (t)|ρ uε (t) dx

which one cannot control the sign. At this point of the proof we employ an argument contained in Tartar [2] plus
contradiction process.

The symbols |·| and ‖·‖ denote the norms of the Hilbert spaces L2 (Ω) and H1
0 (Ω) respectively.

The main result is contained in the following Theorem:

Theorem 2.1. Given u0 ∈ H1
0 (Ω0), u1 ∈ L2 (Ω0) and f ∈ L1

(
0,∞;L2 (Ωt)

)
. Set

γ =
(
|ũ1|2 + ‖ũ0‖+ 1ρ+ 1

∫
Ω

|ũ0|ρ ũ0dx+
∥∥∥f̃∥∥∥

L1(0,∞;L2(Ωt))

)
(

1 +
∥∥∥f̃∥∥∥

L1(0,∞;L2(Ωt))

)
e
‖ ef‖

L1(0,∞;L2(Ωt)) ,

where ũ0, ũ1and f̃ are extensions of u0, u1 and f , respectively, and were defined above. Suppose, in addition to the
hypotheses (H1)-(H3), that

‖ũ0‖ <

(
1

2Cρ+1
0

) 1
ρ−1

(2.3)

and

γ <
1
4

(
1

2Cρ+1
0

) 2
ρ−1

, (2.4)

where C0 is the constant of the embedding of H1
0 (Ω) into Lρ+1 (Ω). Then, there exists a global solution for the

problem (1.1), satisfying u ∈ L∞
(
0, T ;H1

0 (Ωt)
)

and u′ ∈ L∞
(
0, T ;L2 (Ωt)

)
.
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stabilizability and critical set restrictions for the

zakharov-kuznetsov equation

Gleb G. Doronin ∗ & Nikolai A. Larkin †

We are concerned with initial-boundary value problems (IBVPs) posed on bounded rectangles and on a strip

located at the right half-plane {(x, y) ∈ R2 : x > 0} for the Zakharov-Kuznetsov (ZK) equation

ut + (1 + u)ux + uxxx + uxyy = 0, (0.1)

that is a two-dimensional analog of the well-known Korteweg-de Vries (KdV) equation

ut + uux + uxxx = 0 (0.2)

with clear plasma physics applications [18].

Equations (0.1) and (0.2) are typical examples of so-called dispersive equations which attract considerable

attention of both pure and applied mathematicians in the past decades. The KdV equation is probably more

studied in this context. The theory of the initial-value problem (IVP) for (0.2) is considerably advanced today

[1, 3, 8, 9, 15, 17].

Recently, due to physics and numerics needs, publications on initial-boundary value problems in both bounded

and unbounded domains for dispersive equations have been appeared [2, 4, 5, 10, 19]. In particular, it has been

discovered that the KdV equation posed on a bounded interval possesses an implicit internal dissipation. This

allowed to prove the exponential decay rate of small solutions for (0.2) posed on bounded intervals without adding

of any artificial damping term [10]. Similar results were proved for a wide class of dispersive equations of any odd

order with one space variable [7].

However, (0.2) is a satisfactory approximation for real waves phenomena while the equation is posed on the

whole line (x ∈ R); if cutting-off domains are taken into account, (0.2) is no longer expected to mirror an accurate

rendition of reality. The correct equation in this case (see, for instance, [1, 19]) should be written as

ut + ux + uux + uxxx = 0. (0.3)

Once bounded domains are considered as a spatial region of waves propagation, their sizes appear to be restricted

by certain critical conditions. An important result regarding these conditions is the explicit description of a

spectrum-related countable critical set

N =
2π√

3

√
k2 + kl + l2 ; k, l ∈ N.

While studying the controllability and stabilization of solutions for (0.3), the set N provides qualitative difficulties

when the length of a spatial interval coincides with some of its elements [14]. In fact, it suffices to see that function

u(x) = 1− cosx is a stationary (not decaying) solution for linearized (0.3) posed on (0, 2π), and 2π ∈ N .
Quite recently, the interest on dispersive equations became to be extended to multi-dimensional models such as

Kadomtsev-Petviashvili (KP) and ZK equations. As far as the ZK equation is concerned, the results on both IVP

and IBVP can be found in [6, 12, 13]. Our work has been inspired by [16] where (0.1) posed on a strip bounded in

x variable was concerned with. Studying this paper, we have found that the term uxyy in (0.1) delivers additional
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dissipation which may ensure decay of small solutions. For instance, the term uxyy provides the exponential decay

of small solutions in a channel-type domain; namely, in a half-strip unbounded in x direction [11]. However, there

are restrictions on a width of a channel. The following questions arise:

• Whether width limitations for these strip-like domains are somewhat technical?

• Are there some critical rectangles or strips in which solutions of ZK do not decay likewise in the KdV case?

In the present communication we put forward the hypotheses that there are critical restrictions on the size of

both bounded and unbounded domains (like N for (0.3)). Our main results are:

1. the existence and uniqueness of global solutions of (0.1) posed both on bounded rectangles and on a strip;

2. the exponential decay rate of these solutions for sufficiently small initial data;

3. explicit description of critical size conditions for linear (0.1);

4. comparison between size restrictions for linear and nonlinear models.
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nonlinear boundary damping

for nonlinear kirchhoff plates

h. r. clark ∗, m. r. clark †, a. t. lourêdo ‡, & a. m. oliveira §

1 Introduction

Let Ω be a bounded and set of R2 with its boundary Γ a C4- class. Suppose that Γ is made up of two parts Γ0

and Γ1, both with positive measure and Γ0 ∩ Γ1 is a empty set.

Let u : Ω × (0,∞) → R be a function which represents an approach for small transverse vibrations of a bar.

This kind of phenomenon can be described by a nonlinear biharmonic equation with variable coefficients. Our goal

here will be developed a study on these kind of equations. Precisely, we consider the equation

u′′ + ∆2u− η(t)∆u+ θ(u) = 0 in Ω× (0,+∞), (1.1)

subjected to the initial and boundary conditions

u(x, 0) = u0(x), u′(x, 0) = u1(x) in Ω,

u =
∂u

∂ν
= 0 on Γ0 × (0,+∞),

∂4u
∂ν

+ (1− µ)
∂B1u

∂τ
− η(t)

∂u

∂ν
= δ(x, u′) on Γ1 × (0,+∞),

∆u+ (1− µ)B2u = 0 on Γ1 × (0,+∞).

(1.2)

The objects of initial-boundary value problem (1.1)-(1.2) are defined as follow: η : [0,∞)→ R, h : R→ R and

δ : Γ1 ×R→ R are given functions. The exterior unit normal vector at each point x ∈ Γ directed to the outwards

of Ω is denoted by ν = (ν1, ν2) and τ = (−ν2, ν1) is the unit tangential vector defined at each point x ∈ Γ and

oriented in the positive direction of Γ. As x ∈ Ω ⊂ R2 then the vector x := (x, y) and thus the operators B1 and

B2 are defined by

B1u(x, t) = ν1ν2[uyy(x, t)− uxx(x, t)] + (ν2
1 − ν2

2)uxy(x, t),

B2u(x, t) = 2ν1ν2uxy(x, t)− ν2
1uyy(x, t)− ν2

2uxx(x, t),

and 0 < µ < 1/2 is a constant known as coefficient of Poisson. Finally, ∂B1

∂τ means the tangential derivative of the

operator B1 in the direction of τ . The other elements of (1.1)-(1.2) are usual.

2 Mathematical Results

The main results of this work related to problem (1.1)-(1.2) are: existence and uniqueness of solutions, and

exponential decay rate associated with the energy. Thus, we have the following results.
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‡Instituto de Matemática, UEPB, PB, Brasil, aldotl@cct.uepb.edu.br
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Theorem 2.1. Suppose, for T > 0 arbitrary, that

(1) η ∈ Lips([0, T );R), η(t) ≥ η0 > 0 and η(t)t ≥ 0;

(2) δ ∈ Lips(Γ1 × R;R) such that [δ(x, s)− δ(x, r)](s− r) ≥ δ0(s− r)2, δ(x, 0) = 0, δ0 > 0;

(3) θ ∈ Lips(R,R) with θ(0) = 0 and θ(s)s ≥ 0.

Then for each set of initial data (u0, u1) ∈ V ∩H4(Ω)× V such that

∂∆u0

∂ν
− η(0)

∂u0

∂ν
+ (1− µ)

∂B1u0

∂τ
= δ(u1) and ∆u0 + (1− µ)B2u0 = 0 on Γ1,

there exists a unique function u : Ω× (0, T )→ R solution of problem (1.1)-(1.2) in the class

u ∈ L∞(0, T ;V ∩H4(Ω)), u′ ∈ L∞(0, T ;H2(Ω)), u′′ ∈ L∞(0, T ;L2(Ω)),

and moreover u satisfies (1.1)-(1.2) in the following sense

u′′ + ∆2u− η∆u+ θ(u) = 0 in L∞(0, T ;L2(Ω)),

∂∆u

∂ν
− η ∂u

∂ν
+ (1− µ)

∂B1u

∂τ
= δ(u′) in L∞(0, T ;H3/2(Γ1)),

∆u+ (1− µ)B2u = 0 in L∞(0, T ;H1/2(Γ1)),

where V =
{
u ∈ H2(Ω) : u = ∂u

∂ν = 0 on Γ0

}
.

Let x ∈ R2 7→ m(x) := x − x0 ∈ R2 be a function for fixed x0 ∈ R2 and Γ0 = {x ∈ Γ; m(x) · ν(x) ≤ 0} and

Γ1 = {x ∈ Γ; m(x) · ν(x) > 0}, where “ · ” is the usual scalar product in R2. We also will assume that

η(x, s) = [m(x) · ν(x)]η1(s) for all x ∈ Γ1,

[η1(s)− η1(r)] (s− r) ≥ η1(s− r)2 for all s, r ∈ R and η1 > 0,

|η1(s)|R ≤ η̂1|s|R for all s ∈ R, where η1 ∈ C0(Γ1;R).

(2.1)

In these conditions we can state the following result.

Theorem 2.2. Suppose the hypotheses of Theorem 2.1 and (2.1) hold. Then there exist positive real constants α

and β such that the energy

E(t) = |u′(t)|2 + ‖u(t)‖2 + η(t)|∇u(t)|2 +

∫
Ω

Θ(u(s))ds

satisfies

E(t) ≤ αE(0) exp(−β t) for all t ≥ 0,

where Θ(t) =
∫ t

0
θ(s)ds.
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asymptotically periodic solution of neutral partial

differential equations with infinite delay

hernán r. henŕıquez ∗

&

claudio Cuevas and alejandro caicedo †

In this work we discuss the existence and uniqueness of asymptotically almost automorphic mild solutions to

some abstract nonlinear integro-differential equation of neutral type with infinite delay.

1 Introduction

The study of the existence of periodic solutions is one of the most interesting and important topics in the qualitative

theory of differential equations due to both its mathematical interest and ist applications in different field, such

that as physics, economy, mathematical biology, control theory, engineering among others.

Motivated by the fact that abstract neutral functional differential equations (abbreviated, ANFDE) arise in

many areas of applied mathematics, this type of equations has received much attention in the last decades. In

particular, the existence of almost periodic solutions of ANFDE has been considered by many authors. We refer

the reader to [1, 2, 3, 4, 5, 6] and the references therein.

2 Existence Results

Our objective in this work is to establish existence of asymptotically almost automorphic mild solutions for a class

of semi-linear ANFDE of first order, which includes the abstract differential equation and the abstract Volterra

integro-differential equation. Throughout this work, X is a Banach space endowed with a norm ∥ · ∥. We denote by

A,B(t) : Dom(A) ⊂ X → X, t ≥ 0, closed linear operators defined on the subspace Dom(A), which is independent

of t. This work is devoted to study of the existence and uniqueness of asymptotically almost automorphic and mild

solutions for the integro- differential equation of neutral type with infinite delay

d

dt
D(t, xt) = AD(t, xt) +

∫ t

0

B(t− s)D(s, xs)ds+ g(t, xt), t ≥ 0, (2.1)

x0 = ϕ ∈ B (2.2)

where x(t) ∈ X, the function xt : (−∞, 0] → X, that denotes the segment of x(·) at t, is given by xt(θ) = x(t+ θ),

D(t,Ψ) = Ψ(0) + f(t,Ψ), and f, g : [0,∞)×B → X are appropriate functions. We assume that xt for t ≥ 0 belong

to a phase space B defined axiomatically.

In this section we study the existence of asymptotically almost automorphic mild solutions of problem (2.1)-

(2.2). We assume that f, g : R+×B → X are continuous functions. We begin by studying the existence of compact

asymptotically almost automorphic mild solutions. We introduce the followings conditions: Lipschitz condition for

a function f : R+ × B → X.
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( H) There is constant Lf ≥ 0 such that

∥f(t,Ψ1)− f(t,Ψ2)∥ ≤ Lf∥Ψ1 −Ψ2∥B

for all (t,Ψ) ∈ R× B, i = 1, 2, and the condition

(R4) There is a positive function φ ∈ L1(R+) such that ∥R(t)∥ ≤ φ(t)for all t ≥ 0.

Theorem 2.1. Let B a fading memory space. Assume that the resolvent operator R(·) satisfies condition (R4),

R(·)ϕ(0), R(·)f(0, ϕ(0)) ∈ AAAc (X). Let f, g ∈ AAAc(R+ × B, X) be functions that satisfy (H). If K(Lf +

∥ϕ∥1Lg) < 1, then the problem (2.1)-(2.2) has a unique mild solution x ∈ AAAc(X).

When f and g satisfy a local Lipschitz condition, modifying slightly the argument used in the proof of Theorem

2.1 we can establish a result of existence of local type.

Theorem 2.2. Let B be a fading memory space. Assume that the resolvent operator R(·) satisfies condition (R4),

R(t) ≤ M̃ for t ≥ 0, R(t)ϕ(0) → 0 and R(t)f(0, ϕ(0)) → 0 as t → ∞. Let f, g ∈ AAAc(R+ × B, X) be functions

that satisfy the Lipschitz conditions

∥f(t,Ψ1)− f(t,Ψ2)∥ ≤ Lf (r)∥Ψ1 −Ψ2∥B,

∥g(t,Ψ1)− g(t,Ψ2)∥ ≤ Lg(r)∥Ψ1 −Ψ2∥B

for each t ≥ 0 and Ψ1,Ψ2 ∈ B such that ∥Ψ1∥B ≥ r, ∥Ψ2∥B ≥ r, where Lf , Lg : R+ → R+ are nondecreasing

continuous functions such that Lf (0) = Lg(0) = 0 and f(t, 0) = g(t, 0) = 0 for all t ≥ 0. Then there exists ϵ > 0

such that for each ϕ ∈ B satisfying ∥ϕ∥B ≤ ϵ, there is a unique compact asymptotically almost automorphic mild

solution of problem (2.1)-(2.2).
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1 Introduction

For investigating the dynamics of continuos-time systems described by Ordinary Differential Equations (ODEs),

one first step is to integrate to obtain trajectories. Since most ordinary differential equations are not soluble

analytically, numerical integration is an important way to obtain information about the system. For this, the

dynamics of the map produced by the discretization (viewed as a discrete dynamical system) should correspond

closely to the dynamics of the differential equation. Is well known that conventional numerical methods used

universally (e.g., Runge-Kutta, predictor-corrector, Taylor-based and others) produce misleading dynamic in the

integration of ODEs. Therefore is desirable to construct numerical integrators computationally feasible and able to

preserve, as much as possible, the dynamic of the underlined original system.

In this work, motivated by recent progress in efficient algorithms and the stable procedures now available for

computing matrix exponentials (see, e.g., [3], [4]), an alternative approach to construct exponential-based methods

based on the Local Linearization approach is presented and dynamical properties of the discrete map resulting of

the discretization are studied. This class of methods are derived by combining the LL method with conventional

explicit Runge Kutta methods in a stable way (see [2]).

As a main result of this work it is obtained that the LLRK integrators have a number of convenient dynamical

properties: A-stability, regularity under quite general conditions, preservation of the dynamics of the exact solution

around hyperbolic equilibrium points and periodic orbits and unlike the majority of the exponential integrators, the

convergence, stability and the above mentioned dynamical properties are satisfied not only for the discretizations

but also for the numerical schemes that implement them in practice.

2 LLRK methods

Consider the initial-value problem

x′ (t) = f (x (t)) ,x (t0) = x0 (2.1)

Let us suppose that f ∈ C1
(
Rd,Rd

)
, fx the Jacobian of the function f . Starting from the initial value X0 = Xt0 ,

approximations {Xi} to {X (ti)}, (i = 1, 2, . . . , N) can be obtained recursively as follows:

Xn+1 = Xn + Φ(t; tn,Xn) = [Id−1×d−1 0d−1×1] exp

([
fx(Xn) f(Xn)

0 0

]
(t− tn)

)
[01×d−1 1]

T
+Zn (tn+1) ,

where Zn (tn+1) is an approximation in t = tn+1 to the solution R (t) of the equation

dR (t) = g (t,R(t)) dt, t ∈ [tn, tn+1], R(tn) = 0, (2.2)

with g (t,R) = f(Xn + Φ(t; tn,Xn) + R)−fx (Xn) Φ(t; tn,Xn)− f (Xn).
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The idea is to approximate R (tn+1) from the initial condition R(tn) = 0 in (2.2), by one step of an explicit

Runge-Kutta method. The resulting integrator will be called LLRK scheme. Hence, when the classic RK order p

is used, the corresponding resultant method (LL RKp):

Xn+1 = Xn + Φ(tn+1; tn,Xn)+h
s∑

j=1

bjkj , (2.3)

where ki = g(tn+cih,h
∑i−1

j=1 aijkj), i = 1, .., s, with coefficients: c = [ci], A = [aij ], b = [bj ] (see [1]).

3 Dynamical properties

From the dynamical point of view, for the map resulting of the LLRK discretization we have the properties:

Theorem 3.1. The numerical schemes obtained from (2.3) are A-stable

Theorem 3.2. Suppose that the vector field f and its derivatives up to order p are defined and bounded on Rd.

Then

i) All equilibrium points of the given ODE (2.1) are fixed points of any LLRKp discretization.

ii) If f ∈ C1, then any LLRK discretization is regular for step-sizes h small enough.

The next two theorems deal with the dynamical behavior of the LLRK discretizations in the neighborhood of

steady states:

Theorem 3.3. The phase portrait of (2.1) near a hyperbolic equilibrium point is correctly reproduced by LLRK

discretizations for sufficiently small step-sizes. Also, any trajectory of equation (2.1) can be correctly approximated

by a trajectory of the LLRK discretization if the discrete initial value is conveniently adjusted. Furthermore, any

trajectory of a LLRK discretization approximates some trajectory of the continuous system with a suitably selection

of the starting point.

Theorem 3.4. Suppose that the equation (2.1) has a hyperbolic closed orbit Γ = {x(t) : t ∈ [0, T ]} of period T in

an open bounded set Ω ⊂ Rd . Let Ω be the closure of Ω, then: For h sufficiently small, the LLRK discretizations

have a closed invariant curve Γh , i.e., (1 + hϕ(.;h))(Γh) = Γh , which converges to the periodic orbit Γ of the

continuous system.
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an abstract result on cohen strongly summing linear

operators

jamilson r. campos ∗

We present an abstract result that characterizes the coincidence of certain classes of linear operators with the

class of Cohen strongly summing linear operators. As a consequence, we establish a few alternative characterizations

for the class of Cohen strongly summing linear operators.

1 Introduction

It is a folklore that in infinite dimensional spaces always exists unconditionally convergent series which does not

converge absolutely. So, A. Grothendieck [5] introduces the concept of absolutely summing operators as those that

improve the convergence of series, towards transforming an unconditionally convergent series in an absolutely con-

vergent one. Motivated by the fact that the class of absolutely summing operators is not closed under conjugation,

J. S. Cohen [4] introduces the class of strongly p-summing linear operators which characterizes the conjugate of the

class of absolutely p∗-summing linear operators, with 1/p + 1/p∗ = 1.

The concept of Cohen strongly summing multilinear operator was introduced and studied by D. Achour and

L. Mezrag [1] and related concepts and new generalizations of concept of Cohen strongly summing multilinear

operators have been recently studied, such as the class of multiple Cohen strongly summing multilinear operators

[2].

We prove an abstract result derived from the Full General Pietsch Domination Theorem [6, Theorem 4.6] which

has an immediate application regarding the class of Cohen strongly summing linear operators. Although it is not

present in this paper, this result can be extended to the class of Cohen strongly summing multilinear operators

from where similar results are obtained (see [3]).

2 Mathematical Results

Let us denote by lp(E) the space of absolutely p-summing sequences in a Banach space E, that is, sequences which∑∞
i=1 ||xi||p < ∞ and by lwp (E) the space of sequences in E which (ϕ(xi))

∞
i=1 ∈ lp for all ϕ ∈ E

′
. We also denote

by lp〈E〉 the space of sequences Cohen strongly p-summing in E, that is, sequences which
∑∞

i=1 |ϕi(xi)| < ∞, for

all (ϕi)
∞
i=1 ∈ lwp∗(E

′
), with 1/p + 1/p∗ = 1.

Definition 2.1 (Cohen, [4]). Let 1 < p ≤ ∞. An operator T ∈ L(E;F ) is Cohen strongly p-summing if there exists

a constant C > 0 such that for all m ∈ N, xi ∈ E and ϕi ∈ F
′
, i = 1, ...,m,

m∑
i=1

|ϕi(T (xi))| ≤ C ||(xi)
m
i=1||p||(ϕi)

m
i=1||w,p∗ . (2.1)

We denote by Dp(E;F ) the space of Cohen strongly p-summing linear operators. The smallest C such that

(2.1) is satisfied defines a norm on Dp(E;F ), with which this space is complete.

Let p∗ ∈ (1,∞), with 1 = 1/p + 1/p∗, and

Γ = {(q0, q1) ∈ [1,∞ )× (1,∞) : 1/q0 = 1/q1 + 1/p∗} .
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We will denote by C(q0,q1;p)(E;F ) the class of all operators T ∈ L (E;F ) such that exists a constant C > 0 satisfying m∑
j=1

|ϕi (T (xi))|q0
1/q0

≤ C ‖(xi)
m
i=1‖q1 ‖(ϕi)

m
i=1‖w,p∗ , (2.2)

for all positive integers m and all xi ∈ E, ϕi ∈ F
′
, i = 1, ...,m.

It follows immediately from Definition 2.1 that Dp(E;F ) ⊂ C(q0,q1;p)(E;F ), for all (q0, q1) ∈ Γ. Another

noteworthy fact is that the class C(q0,q1;p)(E;F ) is trivial if p < q1.

Under all conditions of Theorem [6, Theorem 4.6] and notations given above we will establish the following

theorem:

Theorem 2.1. Let f : X → Y be an application belonging to H and let 0 < q0, q1, p0, p1, p
∗ <∞, such that

1/q0 = 1/q1 + 1/p∗ e 1/p0 = 1/p1 + 1/p∗.

If (R1)(x,b)(·) is constant, for each x and for each b, then the following statements are equivalent:

(i) f is R1, R2-S-abstract (q1, p
∗)-summing;

(ii) f is R1, R2-S-abstract (p1, p
∗)-summing.

The consequence of the above theorem is the coincidence Dp(E;F ) = C(q0,q1;p)(E;F ), which implies several ways

to characterize the class of Cohen strongly summing linear operators, by means of inequalities like that (2.2). This

is shown by the following corollary:

Corollary 2.1. For all (q0, q1) , (p0.p1) ∈ Γ, C(q0,q1;p)(E;F ) = C(p0,p1;p)(E;F ). In particular,

C(q0,q1;p)(E;F ) = C(1,p;p)(E;F ) = Dp(E;F ), for all (q0, q1) ∈ Γ.
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Espaços de Hilbert torcidos e interpolação complexa

jesus castillo ∗ & valentin ferenczi † & manuel gonzalez ‡

1 Introdução

Dados Y e Z espaços de Banach, uma soma torcida X de Y e Z é um espaço que contém uma cópia isomorfa de

Y de tal maneira que o quociente associado seja isomorfo a Z. Em outros termos temos uma sequência exata

0→ Y → X → Z → 0.

Quando X é simplesmente a soma direta de Y ⊕ Z, diz-se que a soma torcida é trivial.

Quando Y ' Z ' `2, somas torcidas de Y com Z são chamadas de Hilbert torcidos. O primeiro exemplo

de Hilbert torcido não-trivial foi construido em 1975 por Enflo, Lindenstrauss and Pisier [1]. Um exemplo mais

simples apareceu em 1979: o espaço Z2 de Kalton e Peck [4]. O espaço Z2 é extremo entre os Hilbert torcidos no

seguinte sentido: na sequência exata

0→ `2 → Z2 → `2 → 0,

o mapa quociente q : Z2 → `2 é estritamente singular. Diremos nesse caso que a soma torcida é singular. Isso

equivale a dizer que Z2 não contém cópia complementada de `2.

A importância de Z2 vem também da relação que ele tem com a teoria clássica de interpolação. Dos trabalhos

de Rochberg e Weiss [5] segue que a cada esquema de interpolação complexo do tipo de Calderon-Zygmund,

Xθ = (X0, X1)θ, é sempre associado um jeito de definir uma soma torcida, em geral não trivial, de Xθ com Xθ.

Por exemplo o espaço Z2 de Kalton-Peck é o Hilbert torcido associado ao esquema de interpolação `2 = (c0, `1)1/2.

Ver os trabalhos de Kalton [3] e o resumo de Godefroy [2] sobre esse assunto.

2 Resultados

Neste trabalho relacionamos propriedades do espaços X0, X1, e possivelmente Xθ, aparecendo num esquema de

interpolação complexa, com as propriedades da soma torcida induzida. Mais especificamente encontramos condições

suficientes sobre os espaços interpolados para afirmar que a soma torcida associada é singular. Assim por exemplo

a singularidade da soma torcida definindo Z2 poderá ser visto como consêquencias das propriedades de c0 e `1 na

fórmula `2 = (c0, `1)1/2.

Dado um espaço de Banach X com base de Schauder, definimos o seguinte ı́ndice ”assintótico”em X:

AsympX(n) = lim
m→+∞

sup
m<x1<···<xn,‖xi‖≤1

‖x1 + · · ·+ xn‖.
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Teorema 2.1. Considere um esquema de interpolação entre dois espaços X0, X1 com base incondicional, e suponha

AsympXi
(n) ≤ fi(n), i = 0, 1.

onde f0(n) e f1(n) são sequências não equivalentes.

Suponha que para todo subespaço de blocos W de Xθ, exista k tal que para todo n, exista uma sequência finita

de blocos {y1, ..., yn} na bola unitária de W tal que

‖y1 + · · ·+ yn‖ ≥ k−1f0(n)1−θf1(n)θ.

Então a soma torcida induzida é singular.

Um exemplo de aplicação com hipóteses mais simples:

Teorema 2.2. Considere um esquema de interpolação entre dois espaços X0, X1 com base incondicional, e suponha

que Xi satisfaz uma `pi-estimativa superior, onde p0 6= p1. Seja 1
p = 1−θ

p0
+ θ

p1
, e seja C ≥ 1. Suponha que todo

subespaço de blocos W de Xθ contenha, para todo n, uma sequência finita de blocos {y1, ..., yn} que é C-equivalente

com a base de `np .

Então a soma torcida induzida é singular.

Como consequência obtemos novas construções de Hilbert torcidos não-triviais.

Teorema 2.3. A interpolação de um espaço reflexivo X com base incondicional e assintoticamente `p, p 6= 2, com

o espaço dual X∗, induz um Hilbert torcido singular.

Por exemplo, a interpolação do espaço de Tsirelson T com T ∗ induz um Hilbert torcido singular.
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soluções radiais para uma classe de equações eĺıpticas

que modelam mems eletrostáticos

joão marcos b. do ó ∗ & esteban p. silva †

1 Introdução

Neste trabalho estudamos uma classe de equações diferenciais quasilineares eĺıpticas envolvendo uma não linearidade

singular, que surge, em aplicações, na modelagem de MEMS eletrostáticos. MEMS são micro dispositivos compostos

por componentes mecânicos e eletrônicos acoplados a um chip, formando um sistema em miniatura (medindo entre

1 e 100 micrometros - mais fino que um fio de cabelo). São componentes essenciais da tecnologia atual, reponsável

por grandes avanços em telecomunicação, produtos comerciais, engenharia biomédica e exploração espacial. Como

fonte de informação sobre as aplicações, desenvolvimento e modelagem desses dispositivos, sugerimos bernstein,

d. e pelesko j. [7], além de esposito p.et al [4].

Mais especificamente, tratamos do seguinte problema:
−(rα|u′|βu′)′ =

λrγf(r)

(1− u)2
, r ∈ (0, 1),

0 ≤ u(r) ≤1, r ∈ (0, 1),

u′(0) = u(1) = 0.

(Pλ)

O operador Lu := −rα|u′|βu′ em (Pλ) aparece, e tem sido estudado, em vários contextos. Ele corresponde à

forma radial dos operadores p-laplaciano e k-hessiano para escolhas apropriadas dos parâmetros α, β e γ :

Operator α β γ

Laplacian n− 1 0 n− 1

p-Laplacian (p > 1) n− 1 p− 2 n− 1

k-Hessian n− k k − 1 n− 1

jacobsen, j.; schimitt, k. [5, 6] provam resultados de existência e multiplicidade de soluções radiais do problema

de Liouville-Bratu-Gelfand, com respeito a este operador. Destacamos também o trabalho de clement et al, que

aborda problemas do tipo Brezis-Niremberg. Como guia de problemas envolvendo tal operador, sugerimos [1, 2, 3]

e suas referências.

2 Resultados

Nosso primeiro resultado garante a axistência de um valor ćıtico para o parâmetro λ, isto é, uma barreira que delimita

a existência de solução para o problema. Provamos também a existência de um ramo de soluções minimais, isto

é, qualquer outra solução deve estar por cima desta. Nossas soluções minimais são obtidas como limite de uma

sequencia dada de forma recursiva, o que possibilita o cálculo de aproximações numéricas dessas soluções, informação

muito relevenate em aplicações.
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Teorema 2.1. Existe λ∗ > 0 tal que

1. Se 0 ≤ λ ≤ λ∗, (Pλ) admite pelo menos uma solução;

2. Se λ > λ∗, (Pλ) não admite solução.

Para cada λ ∈ (0, λ∗), (Pλ) admite uma única solução minimal positiva clássica, que denotamos por uλ, e que pode

ser obtida através do limite da sequencia (un) dada recursivamente como segue: u0 = 0 e un é a única solução de
−r−γ(rα|u′n+1|βu′n+1)′ =

λf

(1− un)2
, r ∈ (0, 1),

u′n+1(0) = un+1(1) = 0.

(Pλ(n))

Além disso, a função λ 7→ uλ é estritamente crescente em (0, λ∗).

Proof: A prova é baseada em argumentos de comparação via método de sub e supersolução.

O Teorema seguinte caracteriza as soluções estáveis, isto é, as soluções que têm maior probabilidade de ocorrer.

Teorema 2.2. Para −1 ≤ β ≤ 0, as soluções minimais são as soluções estáveis de (Pλ).

Provamos ainda que (Pλ∗) tem solução única, a qual pode ser obtida como o limite pontual das soluções minimais,

isto é:

u∗ := lim
λ↗λ∗

uλ, x ∈ (0, 1).

Teorema 2.3. A função u∗ é uma solução minimal de (Pλ) com λ = λ∗. Além disso, para −1 ≤ β ≤ 0, u∗ é única.

Proof: Supondo, por contradição, que (Pλ) admite uma solução alternativa v ≥ u∗, nós constrúımos uma solução

para um problema dado por uma perturbação de (Pλ) e então uma solução para (Pλ) para λ ≥ λ∗. Isto contradiz

a maximalidade de λ∗.
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um problema de controle ótimo com restrições

envolvendo a equação de transporte com renovação

José L. Boldrini ∗ & Ćıcero A. da S. Filho †

1 Introdução

Analisamos um problema de controle ótimo associado a um sistema de equações diferenciais (1.2) que modela as

dinâmicas de certas populações de mosquitos levando em conta a população de indiv́ıduos jovens, em fase aquática,

a população de indiv́ıduos adultos e a sua interação com os recursos do meio ambiente (alimentos dispońıveis, por

exemplo). Considera-se, além disso, que a população jovem sofre um processo de maturação de tal forma que é

estruturada por idade.

Essas populações estão submetidas à atuação de um controle externo, um agente qúımico por exemplo, que

afeta as taxas de mortalidade, modificando-as; no caso dos indiv́ıduos jovens, tal atuação pode depender do ńıvel

de maturação (idade) do indiv́ıduo. Temos assim, uma versão controlada de um modelo considerado por Calsina

e Elidrissi em [1]. Quanto ao critério de otimização para a escolha do controle ótimo, consideramos a minimização

de um funcional análogo ao considerado em Barbu e Iannelli [2], o qual não é necessariamente convexo.

Descrição matemática do modelo:

Dada a idade máxima (dada) de maturação dos indiv́ıduos jovens (quando se convertem em adultos), l > 0, e

também o tempo final de interesse T > 0, denotamos Q = (0, l)× (0, T ). As variáveis de estado do sistema são as

seguintes: u(a, t), a ∈ [0, l], t ∈ [0, T ], a população de indiv́ıduos jovens (estruturada por idade), v(t), t ∈ [0, T ], a

população de adultos (considerada sem estrutura de idade) e r(t), t ∈ [0, T ] a intensidade das fontes de alimentos.

Atua-se nestas populações através de um um controle externo (associado à ação do agente qúımico e que em

prinćıpio pode depender do tempo e da idade de maturação) que deve pertencer ao conjunto dos controles definido

por:

U = {v ∈ L∞ (Q) ; γ1 (a) ≤ v (a, t) ≤ γ2 (a)} ,

onde γ1, γ2 : (0, l)→ R são funções mensuráveis limitadas dadas tais que 0 ≤ γ1(a) ≤ γ2(a) ≤ λ2, q.t.p. em (0, l);

as quais estão associadas aos valores mı́nimo e máximo da atuação do agente qúımico.

O nosso objetivo é o de mostrar a existência de um controle c ∈ U que minimiza o funcional:

min

{∫ T

0

∫ l

0

G(a, u(a, t))dadt+
1

2
ρ1

∫ T

0

∫ l

0

c2(a, t)dadt+
1

2
ρ2

∫ T

0

v2dt+
1

2
ρ3

∫ T

0

r2dt

}
(1.1)

A primeira parcela em (1.1) está associada à busca de se minimizar uma ponderação da população jovem; G :

(0, l)×R→ R é uma função dada; G(a, y) é mensurável em a, de classe C2 em y com G ≥ 0 e G,Gy, Gyy limitadas;

ela não é convexa pois pode-se ter maior ênfase na eliminação de certas ”faixas de maturidade”. A segunda parcela

em (1.1) busca minimizar o custo de aplicação do agente qúımico (pode levar em conta tanto aspectos financeiros

quanto ambientais); ρ1 > 0, é um peso relativo que se atribui à esta parcela. A terceira parcela em (1.1) busca

minimizar a população de adultos; ρ2 ≥ 0. A quarta parcela em (1.1) leva em conta a possibilidade de diminuir as

fontes de alimentos das populações de mosquitos; ρ3 ≥ 0 é o peso relativo que se atribui à esta possibilidade
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Além disso, as variáveis de estado devem ser restritas pelas equações da dinâmica, isto é, devem estar sujeitas

ao sistema de populações seguinte:

ut(a, t) + ua(a, t) +m1(r(t))u(a, t) + µ1(c(a, t))u(a, t) = 0 (a, t) ∈ Q,
v′(t) +m2(r(t))v(t) + µ2(L1(c)(t))v(t) = u(l, t) t ∈ (0, T ),

r′(t)− [g(r(t))− h(L2(u, v)(t))]r = 0 t ∈ (0, T ),

u(0, t) = bv(t) t ∈ (0, T ),

u(a, 0) = u0(a) a ∈ (0, l),

v(0) = v0,

r(0) = r0.

(1.2)

Na primeira equação de (1.2), m1(r(t)) é a taxa de mortalidade natural (que pode depender dos recursos do

ambiente) dos indiv́ıduos jovens; µ1(c(a, t)) é a taxa adicional de mortalidade dos jovens causada pela ação do

agente qúımico (controle externo). Na segunda equação de (1.2), m2(r(t)) é analogamente a taxa de mortalidade

natural (que também pode depender da quantia de recursos do ambiente) dos adultos; µ2(L1(c)(t) é a taxa de

mortalidade adicional dos adultos também eventualmente causada pela ação do agente qúımico (controle externo);

tal ação é mediada por L1(c)(t) =
∫ l

0
c(a, t)H0(a, t)da, em que H0 ∈ L∞(Q) é uma dada função não negativa. Na

terceira equação de (1.2), g(·) é uma função conhecida do tipo Verhurst, e está associada à taxa de recuperação

do ambiente natural; h(·) é também uma funcção conhecida associada à possibilidade de degradação dos recursos

do ambiente causada pela ação do agente qúımico e mediada por L2(u, v)(t) =
∫ l

0
u(a, t)H1(a, t) + v(t)H2(a, t)da,

com funções não negativas dada H1, H2 ∈ L∞(Q). Na quarta equação de (1.2), b > 0 é a taxa de fertilidade dos

adultos. Finalmente, temos u0 ∈ L∞(0, l), com u0 ≥ 0 e números reais não negativos v0 e r0 correspondendo,

respectivamente, os dados iniciais de jovens, adultos e fontes de alimentos.

Hipóteses técnicas suplementares são as seguintes: m1, m2, µ1, µ2, h : R→ [0,∞) são funções de classe C2 com

m1, m2, µ1, µ2, h e suas derivadas até a segunda ordem limitadas; g : R→ R é de classe C2 com g, g′, g′′ limitadas

e existe uma constante d > 0 com:g(r) ≥ 0, se 0 ≤ r ≤ d e g(r) < 0, se r > d. Considere também que 0 ≤ r0 ≤ d.

2 Resultados

O principal resultado que obtivemos foi o seguinte:

Teorema 2.1 (Existência e Unicidade). Nas condições descritas, existe uma função C(M,T ), limitada para M e

T limitados, tal que, para ‖u0‖L∞(0,l), v0 ≤ M e ρ−11 (‖u0‖L∞(0,l) + v0)C(M,T )T < 1, o problema (1.1)-(1.2) tem

uma única solução c∗ ∈ U .

Para provar este resultado foram utilizados o Teorema do Ponto Fixo de Banach juntamente com o Prinćıpio

Variacional de Ekeland.
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global well-posedness and exponential decay rates for

a kdv-burgers equation with indefinite damping ∗

josé h. rodrigues † & valéria n. domingos cavalcanti ‡

Neste trabalho, os autores consideram o problema

ut + uxxx − uxx + λu+ αuux = 0, em R× (0,∞), (0.1)

u(0) = u0, emR, (0.2)

onde α : R→ Ré uma função que pode assumir valores negativos em R.

A boa colocação global do problema em Hs(R), para 0 ≤ s ≤ 3, bem como o comportamento assimptótico de

suas soluções são estudados.

1 Principais Resultados

Apresentamos aqui os principais resultados descritos no trabalho.

Para cada T > 0 e s ∈ [0, 3] definimos

Bs,T := C([0, T ];L2(R)) ∩ L2(0, T ;Hs+1(R)),

munido da norma

‖u‖Bs,T
= sup
t∈[0,T ]

‖u(t)‖Hs(R) +

{∫ T

0

‖u(t)‖Hs+1(R)dt

} 1
s+1

.

Temos o seguinte resultado de existência e unicidade para o problema (0.1)-(0.2).

Teorema 1.1. Sejam T > 0 e λ ∈ H1(R). Para cada u0 ∈ Hs(R), 0 ≤ s ≤ 3, o problema não linear (0.1)-(0.2)

admite uma única solução u, que pertence a classe Bs,T . Além disso, existe uma função cont́ınua e não decrescente

α : R+ × (0,+∞)→ R+ tal que

‖u‖Bs,T
≤ α(‖u0‖L2(R), T )‖u0‖Hs(R).

No que concerne o comportamento assimptótico das soluções obtidas no resultado acima temos o seguinte.

Teorema 1.2. Sejam 0 ≤ s ≤ 3 e λ ∈ H1(R) tal que

λ ≥ λ0 + λ1, quase sempre em R,

‖λ1‖Lp(R) ≤
(
λ0

cp

)1− 1
2p

,
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para algum λ0 > 0 e λ1 ∈ Lp(R), com p ≥ 1 e cp uma constante positiva que depende somente de p. Então,

exsitem ν, T0 > 0 e uma função cont́ınua e não decrescente β : (0,+∞)× R+ → R+ tal que para cada u0 ∈ L2(R)

a correspondente solução u de (0.1)-(0.2) satisfaz

‖u(t)‖Hs(R) ≤ β(T0, ‖u0‖L2(R))e
−νt, t ≥ T0.
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controlabilidade nula de um sistema parabólico com

não-linearidade não-local

juan ĺımaco ∗ & andré r. lopes †

1 Introdução

Seja Ω ⊂ Rn um aberto limitado com fronteira ∂Ω de classe C2. Para T > 0 consideremos o cilindro Q = Ω× (0, T )

de Rn+1 com fronteira lateral Σ = ∂Ω× (0, T ). Consideremos também ω b Ω aberto não-vazio e 1ω denota a função

caracteristica de ω .

O resultado principal deste trabalho é estudar a controlabilidade nula do seguinte sistema parabólico não-linear



ut − γ

(∫
Ω

u dx,

∫
Ω

v dx

)
∆u+ f(u, v) = h1ω em Q

vt − β

(∫
Ω

u dx,

∫
Ω

v dx

)
∆v + g(u, v) = 0 em Q

u(x, t) = 0, v(x, t) = 0 em Σ

u(x, 0) = u0(x), v(x, 0) = v0(x) em Ω.

(1.1)

Em (1.1), u = u(x, t), v = v(x, t) denotam o estado e h = h(x, t) denota a função controle que atua sobre o

sistema através de ω× (0, T ). Além disso, (ut, vt) representam as derivadas de (u, v) em relação ao tempo e (u0, v0)

o estado inicial.

No sistema (1.1) consideramos γ, β : R2 7→ R globalmente Lipschitz-continuas satisfazendo{
0 < γ0 ≤ γ ≤ γ1 < +∞
0 < β0 ≤ β ≤ β1 < +∞

f, g ∈ C1(R2) e globalmente Lipschitz-continuas satisfazendo f(0, 0) = g(0, 0) = 0.

Definição 1.1. Dizemos que (1.1) é localmente nulo controlável no tempo T se, existe ε > 0 tal que, para cada

u0, v0 ∈ L2(Ω) com

|(u0, v0)|L2(Ω) ≤ ε,

existe controle h ∈ L2(ω × (0, T )) tal que o estado associado (u, v) satisfaz

u(x, T ) = v(x, T ) = 0 em Ω. (1.2)

Definição 1.2. Dizemos que (1.1) é nulo controlável no tempo T se, para cada u0, v0 ∈ L2(Ω), existe controle

h ∈ L2(ω × (0, T )) tal que o estado associado (u, v) satisfaz (1.2).
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2 Resultado

O resultado principal deste trabalho é o seguinte:

Teorema 2.1. Sob as hipóteses sobre γ, β, f, g, o sistema não linear (1.1) é localmente nulo controlável no

tempo T .

O controle nulo do sistema (1.1) tem sido recentemente estudado usando Teorema de função inversa para

dimensão infinita (Teorema de Liusternik, ver [1]).

Neste trabalho, faremos uma demonstração diferente para obter o controle nulo de (1.1). Usaremos uma for-

mulação por meio de argumento de ponto fixo (Teorema de Kakutani) para o problema de controlabilidade nula

que encontra-se desenvolvida com detalhes em [8].

Para o estudo da controlabilidade nula de sistemas parabólicos lineares e não-lineares pode ver-se [2],[3],[4],[5],[6],[7].
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1 Introdução

Seja Ω ⊂ Rn um aberto limitado com fronteira ∂Ω de classe C2. Para T > 0 consideremos o cilindro Q = Ω× (0, T )

de Rn+1 com fronteira lateral Σ = ∂Ω× (0, T ). Consideremos também ω b Ω aberto não-vazio e 1ω denota a função

caracteristica de ω .

O objetivo deste trabalho é estudar a controlabilidade nula da seguinte equação parabólica não-linear


ut −A(t)u+ g(x, t, u) = h1ω em Q

u(x, t) = 0 em Σ

u(x, 0) = u0(x) em Ω,

(1.1)

onde A(t)u =
n∑

i,j=1

Bij(u(., t), t)
∂2u

∂xi
∂xj

e Bij : L1(Ω)× [0, T ] 7→ R é conhecida.

Em (1.1), u = u(x, t) denota o estado e h = h(x, t) denota a função controle que atua sobre o sistema através

de ω × (0, T ). Além disso, ut representa a derivada de u em relação ao tempo e u0 é o estado inicial.

O problema (1.1) é dito não-local devido a presença do termo Bij(u(., t), t).

No sistema (1.1) consideramos g globalmente Lipschitz-continua satisfazendo g(x, t, 0) = 0.

Nosso trabalho é uma generalização do resultado de [1], onde o controle nulo foi estabelecido quando g ≡ 0.

Definição 1.1. Dizemos que (1.1) é nulo controlável no tempo T se, para todo u0 ∈ L2(Ω) existe um controle

h ∈ L2(ω × (0, T )) tal que a solução fraca de (1) satisfaz u(x, T ) = 0 em Ω com |h|L2(ω×(0,T )) ≤ C|u0|L2(Ω).

Definição 1.2. Dizemos que (1.1) é localmente nulo controlável no tempo T se, existe δ = δ(T ) tal que para todo

u0 ∈ BL2(Ω)(0, δ) existe um controle h ∈ L2(ω × (0, T )) tal que a solução fraca de (1) satisfaz u(x, T ) = 0 em Ω

com |h|L2(ω×(0,T )) ≤ C|u0|L2(Ω).
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2 Resultado

O resultado principal deste trabalho é o seguinte:

Teorema 2.1. Suponha que{
Bij = Bji : L1 × [0, T ] 7→ R , 0 < β0 ≤ Bij ≤ β1 < +∞
Bij é globalmente Lipschitz-continua em L2(Ω)× [0, T ] para todo i,j

isto é, existe M > 0 tal que {
|Bij(w, t)−Bij(z, s)| ≤M(|w − z|L2(Ω) + |t− s|L2(Ω))

∀(w, t), (z, s) ∈ L2(Ω)× [0, T ]

para todo i, j. Suponha também que existe uma constante K > 0 tal que

n∑
i,j=1

Bij(z, t)ξiξj ≥ K|ξ|2Rn

∀ξ ∈ Rn; (z, t)q.s em L1(Ω)× [0, T ].

Então o sistema não-linear (1.1) é localmente nulo controlável no tempo T > 0.

A prova deste Teorema é feita utilizando uma formulação por meio de argumento de ponto fixo para o problema

de contrololabilidade nula e encontra-se desenvolvida com detalhes em [8].

Para o estudo da controlabilidade nula de problemas parabólicos lineares e não-lineares pode ver-se [2],[3],[4],[5],[6],[7].
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1 Introdução

Seja Ω um aberto limitado de RN (N ≥ 1), cuja fronteira Γ = ∂Ω é uma variedade de classe C2. Fixe T > 0 e

denote por Q o cilindro Q = Ω× (0, T ) ⊂ RN+1, com fronteira lateral Σ = ∂Ω× (0, T ). Considere também ω ⊂⊂ Ω

um (pequeno) subconjunto aberto não-vazio e 1ω a função caracteŕıstica de ω.

O objetivo do nosso trabalho é estudar a controlabilidade nula do seguinte sistema parabólico-eĺıptico linear

acoplado:


yt − β1(t)∆y = a(x, t)y + b(x, t)z + v1ω em Q,

−β2(t)∆z = c(x, t)y + d(x, t)z em Q,

y = z = 0 em Σ,

y(x, 0) = y0(x) em Ω,

(1.1)

onde y = y(x, t) e z = z(x, t) denotam o estado do sistema, v = v(x, t) é a função controle que atua no sistema

através do conjunto ω× (0, T ), βi(t) ∈ C1([0, T ]) satisfaz 0 < c0 ≤ βi(t) ≤ c1 <∞, para i = 1, 2, a, b, c, d ∈ L∞(Q),

com |d|L∞(Q) < c0µ1, onde µ1 é o primeiro autovalor do operador −∆. Além disso, (yt, zt) representam as derivadas

de (y, z) em relação ao tempo e y0 o estado inicial.

O produto interno e a norma de L2(Ω) serão representados por (·, ·) e | · |, respectivamente.

O sistema (1.1) pode ser visto como a linearização de um sistema parabólico-eĺıptico com termos não-lineares

locais e não-locais



yt − β1

(∫
Ω

ydx,

∫
Ω

zdx

)
∆y = F (y, z) + v1ω em Q,

−β2

(∫
Ω

ydx,

∫
Ω

zdx

)
∆z = G(y, z) em Q,

y = z = 0 em Σ,

y(x, 0) = y0(x) em Ω,

(1.2)

onde as não-linearidades F e G são de classe C1, globalmente Lipschitz, com F (0, 0) = G(0, 0) = 0.

Definição 1.1. Diz-se que (1.1) é nulo controlável em T > 0 se dado y0 ∈ L2(Ω), existe um controle v ∈ L2(ω ×
(0, T )) tal que a solução fraca (y, z) de (1.1) satisfaz:

y(x, T ) = 0 em Ω, lim sup
t→T−

|z(., t)|L2(Ω) = 0, (1.3)
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2 Resultado Principal - Teorema do Controle Nulo

Teorema 2.1. Em (1.1), suponha que

a ∈ L∞(Q), c ∈ R, c 6= 0 q.s., b = b(x), d = d(x), b, d ∈ L∞(Ω), |d|L∞(Ω) < c0µ1. (2.4)

Então, (1.1) é nulamente controlável em T > 0. Além disso,

|v|L2(ω×(0,T )) ≤ c|y0|L2(Ω). (2.5)

Para demonstrar este teorema, basta obter uma Desigualdade de Observabilidade para o Estado Adjunto asso-

ciado ao sistema (1.1). Para isto devemos também obter uma desigualdade do tipo Carleman para o mesmo Estado

Adjunto.

Seguiremos as idéias dadas em [4] para provar o Teorema 2.1.

Para o estudo de controlabilidade nula de problemas parabólicos lineares e não-lineares pode-se ver [1], [2], [3],

[5], [6].
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[4] fernández-cara, e., ĺımaco, j., de menezes, s. b. - Null Controllability for a parabolic-elliptic coupled

system, Bull Braz Math Soc., New Series 44(2), 1-24, 2013

[5] fernández-cara, e. and zuazua, e. - Null and approximate controllability of weakly blowing-up semilinear
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controlabilidade exata para um sistema de bresse com

coeficientes variáveis

juan a. soriano ∗ & rodrigo a. schulz †

1 Introdução

Seja L > 0. Considere o sistema de Bresse

ρ1ϕtt − k(a(x)ϕx + ψ + lω)x − k0l[ωx − lϕ] = h1χq em Q,

ρ2ψtt − (b(x)ψx)x + k(ϕx + ψ + lω) = h2χq em Q,

ρ1ωtt − k0[c(x)ωx − lϕ]x + kl(ϕx + ψ + lω) = h3χq em Q, (1.1)

onde Q = (0, L) × (0, T ) e χq é a função caracteŕıstica de q = (l1, l2) × (0, T ) com (l1, l2) ⊂⊂ (0, L). Assuma

condições de fronteira do tipo Dirichlet, isto é,

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = ω(0, t) = ω(L, t) = 0, t ∈ (0, T ),

e condições iniciais

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1, ω(·, 0) = ω0, ωt(·, 0) = ω0.

As constantes positivas ρ1, ρ2, k, k0, l e o termo b(x) dependem da composição do material. Denotamos por ϕ, ψ

e ω, respectivamente, os deslocamentos longitudinais, verticais e o ângulo de cisalhamento e por {ϕ,ψ, ω} a solução

buscada.

Observação 1: Esse sistema é mais geral que o sistema de Bresse usual pois inclui uma generalização do laplaciano,

ou seja, inclúımos coeficientes variáveis a(x), b(x) e c(x) nos termos onde figuram duas derivadas em relação a

variável x que, em particular, podem ser escolhidos iguais a 1, b0 e 1, respectivamente, com b0 > 0.

Observação 2: O sistema de Bresse se reduz ao sistema de Timoshenko quando l→ 0.

A energia do sistema é definida por

E(t) =
1

2

∫ L

0

ρ1ϕ
2
t + ρ2φ

2
t + ρ1ω

2
t + k(a(x)− 1)ϕ2

x + b(x)ψ2
x + k0(c(x)− 1)ω2

x + k(ϕx + ψ + lω)2 + k0[ωx − lϕ]2 dx

de onde segue que E(t) = E(0), ∀t ≥ 0.

2 Resultados

Nosso principal resultado é a controlabilidade de 1.1. Para isso consideramos:
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Hipótese 1: Sejam a, b, c ∈W 1,∞(0, L) tais que∣∣∣∣∣∣∣
a(x) ≥ 1 em (0, L)

b(x) > 0 em (0, L)

c(x) ≥ 1 em (0, L)

Hipótese 2: o aberto (l1, l2) é tal que (l1, l2) ⊂ (0, L)

Teorema 2.1. Sejam ϕ0, ψ0, ω0 ∈ H1
0 (0, L) e ϕ1, ψ1, ω1 ∈ L2(0, L). Então existe T0 > 0 tal que, para T > T0,

podemos obter controles h1 = h1(x, t), h2 = h2(x, t) e h3 = h3(x, t) pertencentes a L2((l1, l2) × (0, T )) tais que a

solução de 1.1 verifica

ϕ(x, T ) = ϕt(x, T ) = ψ(x, T ) = ψt(x, T ) = ω(x, T ) = ωt(x, T ) = 0.

A demonstração da controlabilidade é baseada no método HUM (Hilbert Uniqueness Method). Para isso faz se

necessário demonstrar uma desigualdade de observabilidade dada por

‖ϕ0‖2H1
0 (0,L) + ‖ψ0‖2H1

0 (0,L) + ‖ω0‖2H1
0 (0,L) + ‖ϕ1‖2L2(0,L) + ‖ψ1‖2L2(0,L) + ‖ω1‖2L2(0,L) ≤ C

∫ T

0

∫ l2

l1

ϕ2
t + ψ2

t + ω2
t dx dt

onde C é uma constante positiva, T > T0 e ϕ = ϕ(x, t), ψ = ψ(x, t), ω = ω(x, t) é solução de 1.1 com h1 = h2 =

h3 = 0. Um agravante na demonstração de tal desigualdade é a existência de coeficientes variáveis nas equações do

sistema 1.1, os quais nos impedem de usar prinćıpios de continuação única decorrentes do teorema de Holmgren.
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estabilização local para equações de termodifussão

juan a. soriano ∗ & juliano de andrade† & rodrigo a. schulz‡

1 Introdução

Neste trabalho investigamos taxas de decaimento para o modelo de termodifussão unidimensional dado por∣∣∣∣∣∣∣∣∣∣∣∣

ρutt − (λ+ 2µ)uxx + γ1θ1x + γ2θ2x = 0, em (0, 1)× (0,∞)

cθ1t +
√
kq1x + γ1utx + dθ2t = 0, em (0, 1)× (0,∞)

nθ2t +
√
Dq2x + γ2utx + dθ1t = 0, em (0, 1)× (0,∞)

τ1q1t + a(x)q1 +
√
kθ1x = 0, em (0, 1)× (0,∞)

τ2q2t + b(x)q2 +
√
Dθ2x = 0, em (0, 1)× (0,∞)

(1.1)

com dados iniciais ∣∣∣∣∣∣∣
u(x, 0) = u0(x), ut(x, 0) = u1(x),

θ1(x, 0) = θ01(x), θ2(x, 0) = θ02(x),

q1(x, 0) = q01(x), q2(x, 0) = q02(x),

(1.2)

e condições de fronteira dadas por

u(0, t) = u(1, t) = θ1(0, t) = θ1(1, t) = θ2(0, t) = θ2(1, t) = 0, (1.3)

onde u, θ1, q1, θ2 e q2 são: o deslocamento, a temperatura, o fluxo de calor, o potencial qúımico e o fluxo associado,

respectivamente.

Os coeficientes λ, µ, ρ, γ1, γ2, k, D, n, c, d, τ1, τ2 são constantes positivas e satisfazem

nc− d2 > 0 (1.4)

Assumiremos que a, b ∈ L∞(0, 1) são funções não negativas tais que

a(x) ≥ a0 > 0 em I1 ⊂ (0, 1)

b(x) ≥ b0 > 0 em I2 ⊂ (0, 1)

e I1 ∩ I2 6= ∅.
Definimos a energia do sistema como

E(t) = E1(t) + E2(t)

onde

E1(t) =
1

2

∫ 1

0

(λ+ µ)u2x + ρu2t + cθ21 + nθ22 + τ1q
2
1 + τ2q

2
2 + 2dθ1θ2 dx

e

E2(t) =
1

2

∫ 1

0

(λ+ µ)u2xt + ρu2tt + cθ21t + nθ22t + τ1q
2
1t + τ2q

2
2t + 2dθ1tθ2t dx
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2 Resultado

Nosso principal resultado é dado por

Teorema 2.1. sob as hipóteses acima, a energia E(t) associada ao sistema (1.1)− (1.3) decai exponencialmente,

isto é, existem constates positivas c1 e c2 tais que

E(t) ≤ c1e−c2tE(0), ∀t > 0 (2.5)

Usando o Método de Faedo Galerkin encontramos uma solução regular para o problema (1.1) − (1.3) e para

obtermos a estabilização local usamos a técnica dos multiplicadores junto com o método usado em Lasiecka, I. e

Tataru, D. [1] ou Wenden, C., Soriano, J.A. , Falcão, F.A. and Rodrigues, J.H. [4]. A Teoria de Semigrupos também

pode ser usada para a obtenção de uma solução regular do Problema (1.1)− (1.3) (ver [2] e [3]).
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On the local solvability in Morrey spaces of the

Navier-Stokes equations in a rotating frame

Ferreira, Lucas Catao ∗ & de Almeida, Marcelo †

1 Introduction

In this paper we consider the initial value problem (IVP) for the incompressible rotating Navier-Stokes equations

∂u

∂t
−∆u+ (u · ∇)u+ ΩJu+∇p = 0, x ∈ R3, t > 0 (1.1)

∇ · u = 0, x ∈ R3, t ≥ 0 (1.2)

u(x, 0) = u0(x), x ∈ R3, (1.3)

where u is the velocity field of fluid and the scalar function p denotes the pressure at the point x ∈ R3 and t > 0.

The term Ω ∈ R is the so-called Coriolis parameter which corresponds twice the speed of rotation around the

vertical axis e3 = (0, 0, 1). The operator J is the skew-symmetric 3 × 3 matrix such that ΩJu = Ωe3 × u which

is called Coriolis force. We prove local-in-time (non-uniform) solvability for the rotating Navier-Stokes equations

in Morrey spaces Mσ
p,µ(R3). Theses spaces contain singular and nondecaying functions which are of interest in

statistical turbulence. We give an algebraic relation between the size of existence time and angular velocity Ω. The

evolution of velocity u is analyzed in suitable Kato-Fujita spaces based in Morrey spaces. We show the asymptotic

behavior uΩ → w in L∞(0, T ;Mσ
p,µ(R3)) as Ω → 0, where w is the solution for the Navier-Stokes equations with

the same data u0. Particularly, for µ = 3 − p, the solution is approximately self-similar for small |Ω|, when u0 is

homogeneous of degree −1.

Let us review some works about local and global solvability for (1.1)-(1.3). Local-in-time existence of solutions

in the Besov space Ḃ0
∞,1 was proved in [1] and [5] with existence time T depending on Coriolis parameter Ω (i.e.

non-uniform). Indeed the paper [1] considered the equation (1.1) with a additional drift term Mx · ∇u with M

a real matrix. In the paper [2], the author showed local non-uniform solvability in L∞av, which is a subspace of

L∞ having vertical averaging property. Precisely, L∞av(R3) = {u ∈ L∞(R3) : u − u ∈ Ḃ0
∞,1(R3)} where u =

limL→+∞
1

2L

∫ L
−L u(x1, x2, x3)dx3. The motivation for introducing the space L∞av(R3) was that the Stokes-Coriolis

semigroup is unbounded on L∞(R3). Afterwards the authors of [3] introduced the space FM0 and showed a result

of local-in-time solvability, uniformly on Ω, where FM0 = {f̂ : f ∈ M has no point mass at x = 0}, and M
is the space of finite Radon measures. We have the inclusions FM0 ⊂ Ḃ0

∞,1 ⊂ BUC. Concerning small global

solvability for (1.1)-(1.3), uniformly on Ω, we have results on Sobolev space H
1
2 , FMδ = {f ∈ FM ;supp(f̂) ⊂ Fδ},

(FM0)−1 = div[(FM0)3], FḂ
2− 3

p
p,∞ with p > 3 and Ḃ1/2,sp

2,p with sp = −1+ 3
p and 3 < p <∞. Here Fδ is a sum-closed

frequency set, FM = (M)∧ = {f̂ : f ∈ M}, FḂsp,∞ = (Ḃsp,∞)∨ denotes Fourier Besov spaces, and Ḃ1/2,sp
2,p is a

homogeneous hybrid-Besov space. The continuous inclusions W
1
2 ,2(R3) ⊂ L3(R3) ⊂ L3,∞(R3) ⊂ M2,1(R3) holds

true, where the first one follows from Sobolev embedding. On the other hand, there is no any inclusion relation

between M2,1(R3) and the spaces FMδ ⊂ FM0 ⊂ (FM0)−1, F Ḃ
2− 3

p
p,∞ and Ḃ1/2,sp

2,p . The same occurs between

Mp,µ(R3) and Ḃ0
∞,1(R3), L∞av(R3), for 1 ≤ p < ∞ and 0 ≤ µ < 3. Then we are providing a new initial data class

for IVP (1.1)-(1.3), which contains in particular nondecaying functions at infinity.
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2 Mathematical Results

Teorema 2.1. Let 1 < q′ < p < q <∞, Ω ∈ R, 0 ≤ µ < 3 with µ ≥ 3− p and u0 ∈Mσ
p,µ.

(i) Let µ > 3− p. There exists C > 0 independent of Ω and u0, TΩ := T (Ω) > 0, and a unique local-in-time mild

solution u ∈ Hq,TΩ
for the IVP (1.1)-(1.3) satisfying ‖u‖Hq,TΩ

≤ 2γΩ, where γΩ = C(1 +TΩ |Ω|)2‖u0‖p,µ. The

data-map solution is locally Lipschitz continuous from Mσ
p,µ to Hq,TΩ

.

(ii) Let µ = 3− p and γΩ = C(1 + T |Ω|)2‖u0‖p,µ, where T > 0 is arbitrary and C is as in item (i). There exists

δ := δ(T,Ω) > 0 and a unique mild solution u ∈ Hq,T satisfying ‖u‖Hq,T
≤ 2γΩ provided that ‖u0‖p,µ < δ.

For Ω = 0, there is δ0 > 0, δ0 ≥ δ, such that if ‖u0‖p,µ < δ0 then we can take T = ∞ and u is the unique

global solution verifying ‖u‖Hq,∞ ≤ 2γ0 = 2C‖u0‖p,µ. In the first conclusion of this item, we can replace δ by

δ0 provided that T |Ω| is small enough.

Observação 2.1. Let φ ∈ C∞0 , φ ≥ 0, φ(0) = 1,
∫
R3 φdx = 1, and φ(x) = 0 for |x| ≥ 1. Let {λj} ⊂ Rn satisfy

|λj | = 4j and define

f =
∞∑
j=1

eiλj ·xφ(x− λj). (2.4)

Then f is a nondecaying function and belongs to Mp,µ(R3), for 1 ≤ p <∞ and 0 ≤ µ < 3, but not to FMδ, FM0,

(FM0)−1, Ḃ1/2,sp
2,p nor FḂ

2− 3
p

p,∞ .

Teorema 2.2. Under the hypotheses of Theorem 2.1.

(i) (Vanishing angular velocity limit) Let uΩ be the solution corresponding to angular velocity Ω, and let w be the

solution of the Navier-Stokes equations (Ω = 0) both with the initial data u0. Then

uΩ → w in L∞(0, T ;Mp,µ) as Ω→ 0, (2.5)

where either T > 0 is arbitrary if µ = 3− p or T = T0 if µ > 3− p (see Remark ??).

(ii) (Approximate self-similarity as Ω→ 0) Assume µ = 3− p. Let uΩ(x, t) be the solution with data u0 homoge-

neous of degree −1 and with existence time TΩ, where ‖u0‖p,µ ≤ δ0 and TΩ →∞ as Ω→ 0. Then, for small

values of |Ω| , uΩ is approximately self-similar in L∞loc(0,∞;Mp,µ), that is, uΩ(x, t) converges in the sense of

(2.5), for any fixed T > 0, to the self-similar solution w of the Navier-Stokes equations.
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comportamento assintótico para um problema

parabólico com difusão grande

luis a. f. de oliveira ∗ & ricardo de sá teles †

Estamos interessados em examinar a questão da continuidade do atrator de trajetórias para um problema

parabólico onde se garante existência de solução, mas não unicidade.

1 Introdução

Seja Ω ⊂ Rn (n > 3) um subconjunto aberto, limitado, conexo, com fronteira suave Γ e para cada ponto x ∈ Γ,

ν = ν(x) indica o vetor normal exterior unitário a Γ no ponto x. Além disso, sejam d > 1 e dλ1 > 2 (λ1 é o primeiro

autovalor do Laplaciano com condição de Neumann homogênea), α ∈ (0, 1) e f : R→ R é uma função de classe C1

satisfazendo as seguintes hipóteses: existem constantes positivas cf , C, c1, c2, c3 e 2 < p < 2n
n−2 tais que

f ′(u) > cf ,

|f(u1)− f(u2)| 6 C|u1 − u2|(1 + |u1|p−2 + |u2|p−2),

c1|u|p − c3 6 f(u) · u,

|f(u)|
p

p−1 6 c2(|u|p + 1),

para quaisquer u, u1, u2 ∈ R.
Vamos examinar a questão da continuidade do atrator de trajetórias para o problema

∂u

∂t
= d∆u− f(u) + |u|α−1u (t, x) ∈ (0,∞)× Ω,

∂u

∂ν
= 0 (t, x) ∈ (0,∞)× Γ, (1.1)

com relação ao coeficiente de difusão d.

A definição de solução fraca global para (1.1), o resultado de existência e a construção de uma famı́lia de

atratores de trajetórias para cada d, nas condições acima, podem ser encontrados em Teles [1] e Chepyzhov [2].

Nessas referências também se define uma topologia adequada para trabalharmos, a qual é denotada por Θ+
loc. É

importante observar que a famı́lia de atratores obtida estará contida num conjunto absorvente que independe de d.

Consideremos a decomposição L2(Ω) = [w0] ⊕ Y, onde w0(x) = 1√
|Ω|

e Y é o espaço das funções de L2(Ω)

com média nula. Com isso, se u = u(t, x) é uma solução de (1.1), então vamos adotar a decomposição u(t, x) =

β(t)w0(x) + v(t, x) escrita de maneira única, sendo β(t) = 1√
|Ω|

∫
Ω
u(t, x)dx e v(t, x) = u(t, x) − β(t)w0(x). Essa

decomposição nos permite reescrever a equação (1.1) como um sistema de equações.

Queremos demonstrar que se u(t, x) = β(t)w0(x) + v(t, x) é uma solução da equação (1.1), d → +∞ e A∞ é o

atrator de trajetórias da equação diferencial ordinária

γ′(t) = −f(γ(t)) + |γ(t)|α−1γ(t), t > 0

γ(0) = γ0 ∈ R,
∗IME, USP, SP, Brasil, e-mail: luizaug@ime.usp.br
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então

• a função componente v satisfaz v → 0 na topologia Θ+
loc; e

• a famı́lia {Ad}d ∪ {Ã∞} é semicont́ınua superiormente em d =∞, onde Ã∞ é a imersão de A∞ em [w0]⊕ Y
através da aplicação γ ∈ R 7→ γw0.

2 Resultado

Teorema 2.1. Se Ã∞ é a imersão de A∞ em L2(Ω) = [w0] ⊕ Y, então a famı́lia de atratores de trajetórias

{Ad}d ∪ {Ã∞} é semicont́ınua superiormente em d = ∞, isto é, para toda vizinhança O de Ã∞ na topologia Θ+
loc

existe d0 > 0 tal que se d > d0, então Ad ⊂ O(Ã∞).
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Comparison and positive solutions for a class of

dirichlet problem involving the (p, q)-laplacian

luiz fernando O. faria ∗ † , oĺımpio h. miyagaki ‡& dumitru motreanu §

1 Introduction

In [4], we study the existence of (positive) solutions for the following quasi-linear elliptic equation with Dirichlet

boundary condition

−∆pu− µ∆qu = f(x, u,∇u) in Ω

u > 0 in Ω (1.1)

u = 0 on ∂Ω,

on a bounded domain Ω in RN with a C1,α-boundary ∂Ω, for some 0 < α ≤ 1. In the left-hand side of the equation

in (1.1) we have the p-Laplacian ∆p and the q-Laplacian ∆q with 1 < q < p < +∞, and a constant µ ≥ 0. The

problem covers the corresponding statement with p-Laplacian in the principal part, for which it is sufficient to take

µ = 0. Here −∆p is regarded as the operator −∆p : W 1,p
0 (Ω)→W−1,p′(Ω), where 1

p + 1
p′ = 1, defined by

〈−∆pu, v〉 =

∫
Ω

|∇u|p−2∇u∇vdx for all u, v ∈W 1,p
0 (Ω).

The right-hand side of the equation in (1.1) is in the form of convection term, meaning a nonlinearity f(x, u,∇u)

which depends on the point x in the domain Ω, on the solution u and on its gradient ∇u. The essential feature of

this paper is the dependence on the gradient ∇u, which prevents the use of variational methods.

We assume that f : Ω× R× RN → R is a continuous function satisfying the growth condition:

(F) b0|t|r0 ≤ f(x, t, ξ) ≤ b1(1+|t|r1 +|ξ|r2) for all (x, t, ξ) ∈ Ω×R×RN , with constants b0, b1 > 0, r1, r2 ∈ [0, p−1),

r0 ∈ [0, p− 1) if µ = 0, and r0 ∈ [0, q − 1] if µ > 0.

Since we are looking for positive solutions of problem (1.1), without any loss of generality we will suppose in the

sequel that f(x, t, ξ) ≡ 0 for all t ≤ 0 and (x, ξ) ∈ Ω× RN .

The (p, q)-Laplacian problems have received much interest due to their rich mathematical substance and various

applications in quantum physics, biophysics, plasma physics, chemical reaction design (see, e.g., [1], [5]).

The aim of this result is to prove the existence of a positive solution. The solution is constructed through an

approximating process (see e.g. [2]) based on gradient bounds and regularity up to the boundary. The positivity

of the solution is shown by applying a new comparison principle which is established here.

2 Mathematical Results

The Sobolev space W 1,p
0 (Ω) with 1 < p <∞ is endowed with the norm

‖u‖ =

(∫
Ω

|∇u|pdx
) 1

p

, u ∈W 1,p
0 (Ω).
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†Partially supported by Fapemig CEX APQ 01960/10
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Throughout the paper the solutions of the elliptic boundary value problems are in the weak sense.

The following result is a slightly extended version of [3, Lemma 2].

Lemma 2.1. Let w1, w2 ∈ L∞(Ω) satisfy wi ≥ 0 a.e. in Ω, w
1/q
i ∈ W 1,p(Ω), ∆pw

1/q
i ∈ L∞(Ω) for i = 1, 2, and

w1 = w2 on ∂Ω, where 1 < q < p < +∞. If w1/w2, w2/w1 ∈ L∞(Ω), then there holds∫
Ω

(
−∆pw

1/q
1 + µ∆qw

1/q
1

w
(q−1)/q
1

+
∆pw

1/q
2 + µ∆qw

1/q
2

w
(q−1)/q
2

)
(w1 − w2)dx ≥ 0.

Lemma 2.1 enables us to establish a comparison principle for a subsolution and a supersolution of the Dirichlet

problem

−∆pu− µ∆qu = g(u) in Ω (2.2)

u = 0 on ∂Ω, (2.3)

where 1 < q ≤ p < +∞, µ ≥ 0 and g : R→ R is a continuous function.

We recall that u1 ∈W 1,p(Ω) is a subsolution of problem (2.2)− (2.3) if u1 ≤ 0 a.e. on ∂Ω and∫
Ω

(|∇u1|p−2∇u1∇ϕ+ µ|∇u1|q−2∇u1∇ϕ)dx ≤
∫

Ω

g(u1)ϕdx

for all ϕ ∈ W 1,p
0 (Ω) with ϕ ≥ 0 a.e. in Ω, while u2 ∈ W 1,p(Ω) is a supersolution of (2.2) − (2.3) if the reversed

inequalities are satisfied with u2 in place of u1 for all ϕ ∈W 1,p
0 (Ω) with ϕ ≥ 0 a.e. in Ω.

Theorem 2.1. Let g : R→ R be a continuous function such that t1−qg(t) is nonincreasing for t > 0 if µ > 0, and

t1−pg(t) is nonincreasing for t > 0 if µ = 0. Assume that u1 ∈W 1,p
0 (Ω) and u2 ∈W 1,p

0 (Ω) are a positive subsolution

and a positive supersolution of problem (2.2) − (2.3), respectively. If ui ∈ L∞(Ω) ∩ C1,α(Ω), ∆pui ∈ L∞(Ω),

ui/uj ∈ L∞(Ω) for i, j = 1, 2, then u2 ≥ u1 in Ω.

Our main result is the following existence theorem of positive solutions.

Theorem 2.2. Under assumption (F ), problem (1.1) admits a (positive) solution u ∈ C1
0 (Ω).
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measure neutral functional differential equations as

generalized odes

márcia federson ∗ miguel frasson † jaqueline g. mesquita ‡ & patricia tacuri §

1 Introduction

In the paper [2], we introduce a class of equations called measure neutral functional differential equations, which we

refer to simply as measure NFDEs and which encompasses classic classes of NFDEs. Our main results in [2] state

that, similarly to other kinds of differential equations, measure NFDEs can also be regarded as abstract generalized

ODEs. Then, using the relation between measure NFDEs and generalized ODEs, we prove results on the existence

and uniqueness of solutions and continuous dependence of solutions on parameters for our class of measure NFDEs.

We focus our attention on equations of the form

D
[
N(xt, t)

]
= f(xt, t)Dg,

where D[N(xt, t)] and Dg(t) are the distributional derivatives of N(xt, t) and g(t) respectively in the sense of L.

Schwartz (see the references [1] and [6]). We call the above equation a measure neutral functional differential

equation or simply measure NFDE.

2 A glimpse of the main results

Let t0, σ, r be given real numbers, with σ, r > 0. The theory of neutral functional differential equations is usually

concerned with equations of type
d

dt
N(yt, t) = f(yt, t), t ∈ [t0, t0 + σ],

where xt(θ) = y(t + θ), for θ ∈ [−r, 0]. Because we would like to model real-world problems undergoing jumps or

discontinuities, we will consider the space of regulated functions from [t0 − r, t0 + σ] to Rn as our phase space. We

denote by G([a, b], X) the space of all regulated functions f : [a, b]→ X. When endowed with the usual supremum

norm, G([a, b], X) is a Banach space.

Let O ⊂ G([t0 − r, t0 + σ],Rn) be open and consider the set

P = {yt : y ∈ O, t ∈ [t0, t0 + σ]} ⊂ G([−r, 0],Rn).

Assume that f : P × [t0, t0 +σ]→ Rn is a function such that, for each y ∈ O, the mapping t 7→ f(yt, t) is integrable

(in a sense that we will specify later) on [t0, t0 + σ] with respect to a nondecreasing function g : [t0, t0 + σ]→ R.

We assume that N is a linear and autonomous operator which means that N(xt, t) = N(t)xt. Therefore the

previous equation can be rewritten as

D[N(t)xt] = f(xt, t)Dg.
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Using the Riesz-type Representation Theorem for bounded linear functionals on the space of regulated functions

by M. Tvrdý, see [7, Th. 3.8], we have that the operator N is given by

N(t)ϕ = ϕ(0)−
∫ 0

−r
dθ[µ(t, θ)]ϕ(θ),

where ϕ ∈ G([−r, 0],Rn) and µ : R× R→ Rn×n is a mensurable and normalized function satisfying

µ(t, θ) = 0, θ > 0; µ(t, θ) = µ(t,−r), θ 6 −r.

Moreover, we assume that µ is a left-continuous function in θ ∈ (−r, 0), of bounded variation on θ ∈ [−r, 0], and

the variation of the µ on [s, 0], var[s,0]µ, tends to zero as s→ 0. See [5].

Combining the above equations, we obtain

N(t)xt −N(0)x0 =

∫ t

0

f(xs, s)dg(s),

which implies

x(t)−
∫ 0

−r
dθ[µ(t, θ)]x(t+ θ)− x(0) +

∫ 0

−r
dθ[µ(0, θ)]ϕ(θ) =

∫ t

0

f(xs, s)dg(s)

where the integral on the right-hand side can be understood is in the sense of Riemann-Stieltjes, Lebesgue-Stieltjes

or even Kurzweil-Henstock-Stieltjes. Therefore, the integral form of equation

D[N(t)xt] = f(xt, t)Dg.

can be written as

x(t) = x(0) +

∫ t

0

f(xs, s)dg(s) +

∫ 0

−r
d[µ(t, θ)]x(t+ θ)−

∫ 0

−r
d[µ(0, θ)]ϕ(θ).

We establish a one-to-one correspondence between the solutions of the integral form of our measure NFDE and

the solutions of a certain class generalized ODE introduced by Jaroslav Kurzweil. Then we obtain a result on

the existence and uniqueness of solutions of measure NFDEs via the correspondence between these equations and

generalized ODEs.

A very nice example is given as well.
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existence of periodic orbits in an electromechanical

system under parametric and external excitations

márcio j.h. dantas ∗ rubens sampaio & roberta lima †

1 Introduction

Consider the following O.D.E. system

p′1 (s) =
ε z (s) − ε k

ε k + ω0
,

w′
1 (s) =

v5 sin (s) − z (s) − w1 (s)

ε k + ω0
,

z′ (s) =
−(ε z (s) + ω0)

2
cos (p1 (s) + s) sin (p1 (s) + s) − v3 z (s) + v2 w1 (s)

(ε k + ω0)
(
ε sin (p1 (s) + s)

2
+ 1
) .

(1.1)

The equation (1.1) models a very simple system composed by a cart whose motion is driven by a DC motor. The

coupling between the motor and the cart is made by a mechanism called scotch yoke. In this simple system, the

coupling is a sort of master-slave condition: the motor drives, the cart is driven, and that is all. All parameters

in (1.1) are dimensionless. For the physical meaning of the above system as well as its deduction from the first

principles see [1]. In this note some modifications of the model in [1] were included in (1.1). In the above system

w1, z are oscillations around adequately chosen parameters. In (1.1) an external excitation, given by v5 sin (s), and

a detuning parameter k are introduced. With this last parameter a correction of the frequency ω0 is performed.

Note that (1.1) is subject to parametric and external excitations. As a final remark, one can observe that in the

above system there is a 1 : 2 resonance between the periods of parametric and external excitations.

The aim of this note is to give a proof of the existence of a 2π-periodic orbit of (1.1). Our main tool is the

Regular Perturbation Theory.

2 An sketch of the proof

In (1.1), take the following initial conditions (p1 (0) , w1 (0) , z (0)) = (0, B0, C0) + ε (0, B,C). Let Φ be the flow of

the above system. It is well known, see [2, Th. 3.3, pg.21], that Φ is a C∞ mapping of the initial conditions as well

as of the parameters. So

Ψ (s,B,C, k, ε) = Φ (s, 0, B0 + εB,C0 + εC, k, ε) (2.2)

where B0, C0 are adequately chosen parameters, is a C∞ mapping. Hence

Ψ (s,B,C, k, ε) = Ψ0 (s,B0, C0, k) + Ψ1 (s,B,C, k) ε+O
(
ε2
)
, (2.3)
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where Ψi, i = 0, 1 and the remainder O
(
ε2
)

are C∞ mappings. One has that Ψ0 (s,B0, C0, k) = (p10 (s) , w10 (s) ,

z0 (s)) satisfies the following system

p′10 (s) = 0, w′
10 (s) = −w10 (s) + z10 (s)

ω0
+
v5 sin (s)

ω0
,

z′0 (s) =
v2 w10 (s) − v3 z0 (s)

ω0
− ω0 sin (2 s+ 2 p10 (s))

2

(2.4)

with initial conditions given by p10 (0) = 0, w10 (0) = B0, z0 (0) = C0. And Ψ1 (s,B,C, k) = (p11 (s) , w11 (s) ,

z1 (s)) with p11 (0) = 0, w11 (0) = B, z1 (0) = C satisfies

p′11 (s) =
z0 (s) − k

ω0
, w′

11 (s) = −w11 (s) + z11 (s)

ω0
− k (v5 sin (s) − z0 (s) − w10 (s))

ω2
0

,

z′1 (s) = −ω0 cos (2 s+ 2 p10 (s)) p11 (s) +
v2 w11 (s) − v3 z1 (s)

ω0
+ F (s, p10 (s) , w10 (s) , z0 (s) , k)

(2.5)

where F is an 2π periodic function in the variable s. Such function is C∞ and is directly obtained from the usual

perturbation procedure. Since the matrix

A =

(
− 1

ω0
− 1

ω0
v2

ω0
− v3

ω0

)
has all eigenvalues with negative real parts, it follows that there are B0, C0 such that w10 (s) , z10 (s) are 2π

periodic functions. Of course p10 (s) = 0. And (1.1) has a 2π periodic solution if, and only if, Ψ (2π,B,C, k, ε) =

Ψ (0, B,C, k, ε). After some simplifications this last equation is equivalent to

Ψ1 (2π,B,C, k) − (0, B,C) +O (ε) = (0, 0, 0) . (2.6)

Let us denote by Λ (k,B,C, ε) the left hand-side of (2.6). From the properties of the matrix A and after a long,

but straightforward computation, one obtains that there are B1, C1 such that Λ (0, B1, C1, 0) = (0, 0, 0) and

∂Λ

∂ (k,B,C)
(0, B1, C1, 0) =


−2π

ω0
0 0

T1 A11 − 1 A12

T2 A21 A22 − 1

 .

Hence, it follows from the Implicit Function Theorem that there are C∞ functions k (ε) , B (ε) , C (ε) such that

Λ (k (ε) , B (ε) , C (ε) , ε) = (0, 0, 0) for ε adequately small. Thus, one gets from (2.3) and (2.2) that (1.1) has 2π

periodic solutions for the initial condition (0, B (ε) , C (ε)) and k = k (ε).
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asymptotic behavior for a class of extensible beams

and plates

Marcio A. Jorge Silva ∗

1 Introduction

In the present work we establish new results about well-posedness and long-time behavior of solutions to the

following nonlocal equation related to a class of extensible beams and plates with nonlinear fractional damping and

source term

utt + ∆2u−M
(∫

Ω

|∇u|2dx
)

∆u+N

(∫
Ω

|∇u|2dx
)

(−∆)
θ
ut + f(u) = h (1.1)

in Ω× (0,∞), where Ω ⊂ Rq is a bounded domain with smooth boundary ∂Ω, 0 ≤ θ ≤ 1, M and N are nonlinear

scalar functions, f(u) is a nonlinear source term and h is an external forcing term. With respect to the displacement

u = u(x, t) we consider simply supported boundary condition

u = ∆u = 0 on ∂Ω× [0,∞), (1.2)

and initial conditions

u(·, x) = u0(x), ut(x, 0) = u1(x), x ∈ Ω. (1.3)

Our first result is concerned with existence, uniqueness, continuous dependence and continuity of weak solutions

to the problem (1.1)-(1.3). Then we can study the long-time behavior of solutions through the dynamical system

generated by (1.1)-(1.3). Our second (and main) result shows the existence of a compact global attractor to the

corresponding dynamical system. It is worth noting that all results hold by taking 0 ≤ θ ≤ 1. However, the main

range is when we consider θ ∈ [0, 1/2), emphasizing the case θ = 0. Our results complement those ones given in

[1, 2, 3, 4].

2 Results

The precise hypotheses on M, N, θ, f and h, are given below.

(H1) Let M and N be C1-functions on [0,∞) such that

M(τ) ≥ 0 and N(τ) > 0, ∀ τ ≥ 0, (2.4)

2M(τ)τ −
∫ τ

0

M(s)ds ≥ −λ
1/2
1

4
τ − 2m0, ∀ τ ≥ 0, (2.5)

for some constant m0 > 0.

(H2) Let f be a C1-function on R such that f(0) = 0, and

|f ′(u)| ≤ k1(1 + |u|ρ/2), ∀ u ∈ R, (2.6)
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for some constants k1 > 0, and ρ satisfying

ρ > 0 if 1 ≤ q ≤ 4 and 0 < ρ ≤ 8

q − 4
if q ≥ 5. (2.7)

Also, let us assume that there exist constants l0, l1 > 0 such that

−λ1

8
|u|2 − l0 ≤

∫ u

0

f(s)ds ≤ f(u)u+
λ1

8
|u|2 + l1, ∀ u ∈ R. (2.8)

(H3) Let h ∈ H and 0 ≤ θ ≤ 1.

The well-posedness of problem (1.1)-(1.3) is the following.

Theorem 2.1. Under assumptions (H1)-(H3) we have:

(i) If (u0, u1) ∈ H := (H2(Ω) ∩H1
0 (Ω))× L2(Ω), then problem (1.1)-(1.3) has a weak solution in the class

u ∈ L∞(0, T ;H2(Ω) ∩H1
0 (Ω)), ut ∈ L∞(0, T ;L2(Ω)), (2.9)

satisfying

(u, ut) ∈ C([0, T ],H), ∀ T > 0.

(ii) If z1 = (u, ut), z
2 = (v, vt) are two weak solutions corresponding to initial data z1

0 = (u0, u1), z2
0 = (v0, v1),

respectively, then

||z1(t)− z2(t)||H ≤ eCt||z1
0 − z2

0 ||H, ∀ t ∈ [0, T ], (2.10)

for some positive constant C = C(‖z1
0‖H, ‖z2

0‖H, T ). In particular, problem (1.1)-(1.3) has uniqueness.

Remark 2.1. Theorem 2.1 implies that the family of evolution operators S(t) : H → H defined by

S(t)(u0, u1) = (u(t), ut(t)), t ≥ 0, (2.11)

where (u, ut) is the unique weak solution of (1.1)-(1.3), defines a nonlinear C0-semigroup. Then we can study the

asymptotic behavior of solutions through the dynamical system (H, S(t)).

Our main result is the following.

Theorem 2.2. Under assumptions of Theorem 2.1 we have:

(i) The dynamical system (H, S(t)) given by (2.11) has a compact global attractor A ⊂ H, which is characterized

by unstable manifold A = M+(N ), emanating from the set N consisting of stationary solutions of S(t).

(ii) The dynamical system (H, S(t)) given by (2.11) has a global minimal attractor Amin = N .
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eigenvalue decay of positive integral operators on

compact two-point homogeneous spaces

mario h. de castro ∗ & ana c. piantella †

1 Introduction

Let M be a compact two-point homogeneous space of dimension m. Such space is both a riemannian m-manifold

and a compact symmetric space of rank 1. In this work, we will always consider m ≥ 2. Let dx be the usual volume

element on M and L2(M) the Hilbert space of all square-integrable complex functions on M endowed with the inner

product

〈f, g〉2 :=
1

σ

∫
M
f(x)g(x) dx, f, g ∈ L2(M), (1.1)

and the derived norm || · ||2, the normalization constant being defined by σ :=
∫
M dx.

We will deal with integral operators defined by

K(f) =

∫
M
K(·, y)f(y) dy, (1.2)

in which the generating kernel K:M ×M → C is an element of L2(M ×M). In this case, (1.2) defines a compact

operator on L2(M).

If K is L2-positive definite in the sense that∫
M

∫
M
K(x, y)f(x)f(y) dxdy ≥ 0, f ∈ L2(M), (1.3)

then K becomes a self-adjoint operator and the standard spectral theorem for compact and self-adjoint operators

is applicable and we can write

K(f) =

∞∑
n=0

λn(K)〈f, fn〉2fn, f ∈ L2(M), (1.4)

in which {λn(K)} is a sequence of nonnegative reals (possibly finite) decreasing to 0 and {fn} is an 〈·, ·〉2-orthonormal

basis of L2(M). The numbers λn(K) are the eigenvalues of K and the sequence {λn(K)} takes into account possible

repetitions implied by the algebraic multiplicity of each eigenvalue.

We observe that the addition of continuity to K implies that K is also trace-class (nuclear) ([2]), that is,∑
f∈B

〈K∗K(f), f〉1/22 <∞, (1.5)

whenever B is an orthonormal basis of L2(M). In particular,

∞∑
n=1

λn(K) =

∫
M
K(x, x) dx <∞, (1.6)

and we can extract the most elementary result on decay rates for the eigenvalues of such operators, namely,

λn(K) = o(n−1). (1.7)

The object of study in this paper is the analysis of decay rates for the sequence {λn(K)} under additional

assumptions on the kernel K.
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2 Mathematical Results

Two-point homogeneous spaces can be considered as the orbit of some compact subgroup H of the orthogonal group

G, i.e., M = G/H. If e is the identity of G and π:G→ G/H is the natural mapping then o = π(e) is called the pole

of M. Clearly, the point o is invariant under all motions of H. Each M has an invariant Riemannian metric d(·, ·)
and admits essentially one invariant second order differential operator, the Laplace-Beltrami operator ∆.

Let θ be the distance of a point from the pole. We can choose a geodesic polar coordinate system (θ, u), where

u is an angular parameter, in which the radial part of ∆ can be written, up to a multiplicative constant, as

∆θ =
1

(sinλθ)σ(sin 2λθ)ρ
d

dθ
(sinλθ)σ(sin 2λθ)ρ

d

dθ
, (2.8)

where the values of σ, ρ and λ depend on M. Furthermore, the change of variables x = cos 2λθ gives us

∆x = (1− x)−α(1 + x)−β
d

dx
(1− x)1+α(1 + x)1+β

d

dx
, (2.9)

with α = (σ + ρ− 1)/2 = (d− 2)/2 and β = (ρ− 1)/2.

We will write B = −∆x and denote Br the r-th power of B, r = 0, 1, 2, . . .. The Sobolev space of order r

constructed from B is defined as in [3, p.37] and [4] by W r
2 (M) := {f ∈ L2(M):Bjf ∈ L2(M), j = 1, 2, . . . , r}.

The action of B on kernels is done separately: we keep one variable fixed and differentiate with respect to the

other. The symbol BryK will indicate the r-th order of B acting on the kernel K with respect to the variable y

(we will never differentiate with respect to the first variable x). For r ∈ Z+, we find convenient to introduce the

following notation K0,r(x, y) := BryK(x, y), x, y ∈ M, to abandon the operator symbol. The integral operator

associated with K0,r will be written as K0,r.

We are ready to describe the results. We emphasize that all the results take for granted the ordering on the

eigenvalues mentioned before and do not include the case when M is the real projective space.

Theorem 2.1. Let K ∈ L2(M ×M) be a L2-positive definite kernel satisfying K(x, ·) ∈ W r
2 (M), x ∈ M a.e.. If

K0,r belongs to L2(M×M) then

λn(K) = o(n−1/2−2r/m). (2.10)

If we replace the basic assumption in Theorem 2.1 with the nuclearity of K0,r then we can obtain an improvement

on the previous decay rate.

Theorem 2.2. Let K ∈ L2(M ×M) be a L2-positive definite kernel satisfying K(x, ·) ∈ W r
2 (M), x ∈ M a.e.. If

K0,r is trace-class then

λn(K) = o(n−1−2r/m). (2.11)
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lp-boundedness properties for Volterra difference

equations

Mario Choquehuanca ∗, Claudio Cuevas †, Filipe Dantas ‡ & Herme Soto §

1 Introduction

Let X be an arbitrary Banach space. In this work, we study lp-boundedness properties for Volterra functional

difference equation given by

u(n+ 1) = λ

n∑
j=−∞

a(n− j)u(j) + f(n, un), n ∈ Z, (1.1)

where λ is a complex number, a(n) is a summable C-valued function, f is an appropriate function and un : Z− → X

is the history function, which is defined by un(θ) = u(n+ θ) for all θ ∈ Z−.

2 Mathematical Results

2.1 Linear Volterra difference equations

In this section we are concerned with the study of the existence of lp-solutions for linear Volterra difference equations

described by

u(n+ 1) = λ
n∑

j=−∞
a(n− j)u(j) + f(n), n ∈ Z, (2.2)

where λ is a complex number, a : N→ C is a summable function and f is in lp(Z, X).

For a given λ ∈ C, let s(λ, k) ∈ C be the solution of the difference equation

s(λ, k + 1) = λ
k∑

j=0

a(k − j)s(λ, j), k = 0, 1, 2, . . . , s(λ, 0) = 1. (2.3)

In this case, s(λ, k) is called the fundamental solution to the equation (2.2) generated by a(·). We define the

set Ωs := {λ ∈ C : ||s(λ, ·)||1 :=
∑∞

k=0 |s(λ, k)| < +∞}.

Theorem 2.1. Let λ be in Ωs. Then for any f ∈ lp(Z, X) the equation (2.2) has a unique solution u(n) in lp(Z, X)

which is given by

u(n+ 1) =
n∑

j=−∞
s(λ, n− j)f(j). (2.4)

The solution u(n) satisfies u ∈ lp′
(Z, X) for all 1 ≤ p ≤ p′ ≤ ∞, and the following estimate holds:

||u||
l
p′

(Z,X)
≤ ||s(λ, ·)||

1− 1
p+

1
p′

1 ||s(λ, ·)||
1
p′

∞
||f ||lp (Z,X). (2.5)

In particular, if p =∞, we get

||u||∞ ≤ ||s(λ, ·)||1||f ||∞. (2.6)
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2.2 lp-boundedness properties

To establish the main result, we need introduce the following:

We will define the phase space B axiomatically.

Specifically, B will denote a vector space of functions defined from Z− into X endowed with a norm denoted

‖ · ‖B so that (B, ‖ · ‖B) is a Banach space and the following axiom holds:

(A) There are a positive constant J and nonnegative functions K(·),M(·) defined on Z+ having the following

property: If x : Z→ X is a function such that x0 ∈ B, then for all n ∈ Z+ the following conditions are fulfilled:

(i) xn ∈ B,

(ii) J‖x(n)‖ ≤ ‖xn‖B ≤ K(n) max0≤i≤n ||x(i)||+M(n)‖x0‖B.

To obtain our results, we consider also the following axiom:

(B) If (ϕn)n∈N is a uniformly bounded sequence in B which converges pointwise to ϕ, then ϕ ∈ B and ‖ϕn −
ϕ‖B → 0 as n→∞.

Theorem 2.2. Assume that B is a phase space that satisfies axiom (B). Let λ be in Ωs and let f : Z×B → X be

a function that satisfies the following Lipschitz condition:

||f(k, ϕ)− f(k, ψ)|| ≤ Lf (k)||ϕ(0)− ψ(0)||, (2.7)

for all ϕ,ψ ∈ B and each k ∈ Z, where Lf : Z→ R+ is lp-summable and f(·, 0) ∈ lp(Z, X). Then there is a unique

bounded solution u(n) of equation (1.1) such that u ∈ lp(Z, X).
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Boundaries for Algebras of Analytic Functions

M. Lilian Lourenço ∗

1 Introduction

Throughout the paper X will be a complex Banach space. As usual, SX , BX and X∗ will denote the unit sphere,

the closed unit ball, and the (topological) dual of X, respectively.

A result of Šilov asserts that if A is a unital separating subalgebra of C(K) (K a compact Hausdorff topological

space), there is a smallest closed subset S ⊂ K such that every function in A attains its norm at some point of

S [8, Theorem I.4.2]. Globevnik introduced the corresponding concept for a subalgebra of Cb(Ω), the space of

bounded continuous functions on a topological space Ω not necessarily compact [9]. In fact, he considered the case

of Ω = BX , the unit ball of a Banach space X.

If A is a subspace of Cb(Ω), we will say that a subset B ⊂ Ω is a boundary for A if

‖f‖ = sup
b∈B
|f(b)|, ∀f ∈ A .

The algebra of continuous and bounded functions on BX that are analytic on the interior endowed with the

sup-norm is denoted by A∞(BX). By Au(BX) we mean the subalgebra of A∞(BX) of the uniformly continuous

functions. Recall that a function is analytic if it Fréchet differentiable in its domain. For background on analytic

functions we refer to [12].

Globevnik [9] described the boundaries for A∞(Bc0). As a consequence of the description, he showed that this

algebra has no minimal closed boundary. Aron, Choi, Lourenço and Paques [5] gave examples of boundaries for

A∞(B`∞) and they also showed that the unit sphere of `1 is the intersection of all closed boundaries for A∞(B`1).

The first author showed in [1] that for every infinite compact Hausdorff topological space K the subset of extreme

points of the unit ball of C(K) is a boundary for A∞(BC(K)). It is also known that for either X = C(K), K or X

a non-reflexive Banach space which is an M-ideal in its bidual, there is no minimal boundary for Au(BX) ([1] and

[2]). Research on the theme of describing boundaries in the sense of Globevnik has been carried on in recent years,

see among many others [3], [4], [6], [7], [10] and [11].

In this note we prove that if X is a Banach space with infinite-dimensional centralizer and its unit ball has

an extreme point, then for both algebras A∞(BX) and Au(BX), the generalized torus is a boundary and the

intersection of all closed boundaries is empty.

2 Mathematical Results

Proposition 2.1. Let X be a complex function module and K its base space. Given a discrete sequence (tn) in K,

the set

N = {x ∈ BX : x(tn) = 0 for some n}

is a boundary for A∞(BX) and also for Au(BX).

Corollary 2.1. Let X be a complex function module whose base space K is infinite. Then there is a discrete

sequence (tn) ⊂ K such that the set

N = {x ∈ BX : x(tn) = 0 for some n}
∗It is a joint work with M. ACOSTA and P. GALINDO Instituto de Matemática ,USP,, Brasil, mllouren@ime.usp.br
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is a boundary for A∞(BX) and for Au(BX). If moreover there is an extreme point in BX , then the intersection

of all closed boundaries is empty.

Proposition 2.2. Let X be a complex function module and K its base space. Assume that the function t ∈ K 7→
‖x(t)‖ is continuous for all x ∈ X. If the set

Λ := {x ∈ BX : x(t) 6= 0,∀t ∈ K}

is a boundary for A∞(BX) or Au(BX), then the set

T := {x ∈ BX : ‖x(t)‖ = 1,∀t ∈ K}

is also a boundary for the corresponding algebra. This is the case if BX has an extreme point and K is zero-

dimensional.

Corollary 2.2. Let X be a dual complex Banach space whose centralizer is infinite-dimensional and KX its base

space. The torus T := {x ∈ BX : ‖x(t)‖ = 1,∀t ∈ KX} is a closed boundary for A∞(BX) or Au(BX) and the

intersection of all closed boundaries is empty.
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Optimally results to Timoshenko system with Second Sound and past

history

Mauro de L.Santos ∗ D. S. Almeida Júnior †

In this paper we consider the Timoshenko system with second sound and past history acting in the shear

angle displacement. We show the exponential decay of the solution if only if χ2 := χ0 − %21δb0
%3k2

= 0. Here χ0 =[(
τ − %1

%3k

)(
%2 − b%1

k

)
− τ%1δ

2

%3k

]
is a new number to stablity of Timoshenko system with second sound introduced

by Santos et al in [1]. On the contrary, we show that in general the Timoshenko system with second sound and

past history is polynomially stable with an optimal decay rate.

1 Introdution

A heat flux equation of the Jeffreys type can be expressed as

τqt + q = −k0 ∇θ − τk1∇θt (1.1)

where q is the heat flux, which is the heat per unit area, and it is a vector. θ is the difference of temperature, τ

is the relaxation time, k0 is thermal conductivity and k1 is the effective thermal conductivity. The physical ideas

leading to Equation (1.1) can be seen in [2]. If k1 = 0, then equation (1.1) reduces to

τqt + q = −k0 ∇θ. (1.2)

We shall call equation (1.2) Cattaneo’s equation (see [2]). When τ = 0, then equation (1.2) reduces to the Fourier’s

law given by

q = −k0 ∇θ (1.3)

and, if de = γdθ, as for a solid, then

et = −divq (1.4)

leads to diffusion equation,

θt − κ∆θ = 0, (1.5)

where e is the internal energy, γ is the heat capacity and κ = k0
γ is the thermal diffusivity. Considering initial

conditions (for example Dirichlet boundary conditions) for θ, we obtain the exponential decay to (1.5), that is,

the associated one parameter semigroup is exponentially stable. The diffusion equation (1.5) has the un-physical

property (paradox physical) that if a sudden change of temperature is made at some point on the body, it will

be felt instantly everywhere, though with exponentially small amplitudes at distant points. In a loose manner of

speaking, we may say that diffusion gives rise to infinite speeds of propagation. The temperature of a body is the

macroscopic consequence of certain kinds of vibratory motions, the motions of molecules of gas or the vibrations

of a lattice in a solid on microscopic scales. Heat is transported by near-neighbor excitation in which changes of

momentum and energy on a microscopic scale are propagated as waves.

∗Universidade Federal do Pará e-mail: ls@ufpa.br
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In some applications like laser cleaning computer chips with very short laser pulses, see reference [1], it is worth

while thinking of another model removing this paradox, but still keeping the essentials of a heat conduction process.

One such model is given by the simplest Cattaneo law (1.2) replacing the Fourier law. Combining the equations

(1.2) and (1.4) we obtain the equation

θtt − c∆θ +
1

τ
θt = 0. (1.6)

The equation (1.6) is a hyperbolic differential equation, free form of the paradox of instantaneous propagation and

it transmits waves of temperature with a speed c =
√

k0
τγ . The waves are attenuated as a result of relaxation, and

steady heat flow may be induced by temperature gradients. It is obvious that Cattaneo’s law has many desirable

properties.

Following the main idea about deformation in elastic structures, we consider the Timoshenko system given by

the equations of motion

%Aϕtt = Sx (1.7)

%Iψtt = Mx − S (1.8)

By t we denote the time variable, x is the space variable, ϕ is the transverse displacement, ψ is the rotation of

the transversal section across of the neutral axes, % is the mass density, M is the curvature moment, S is the stress,

A is the area of the transversal section and I is the inertial moment of the transversal section. The corresponding

constitutive laws are given by

M = EIψx −
∫ ∞

0

g(s)ψx(x, t− s) ds− δθ, S = κAG(ϕx + ψ). (1.9)

In these equations δ denotes the density, A is the cross-sectional area, I is the area moment of inertia, E and G are

the elastic constants and κ is the shear coefficient. Therefore, from the constitutive laws (1.7) and the balance of

the energy given by the Cattaneo law, we get the system

%1ϕtt − k(ϕx + ψ)x = 0 in Ω, (1.10)

%2ψtt − bψxx +

∫ ∞

0

g(s)ψxx(x, t− s) + k(ϕx + ψ) + δθx = 0 in Ω, (1.11)

%3θt + qx + δψxt = 0 in Ω, (1.12)

τqt + βq + θx = 0 in Ω (1.13)

where Ω =]0, l[×]0,∞[. Here we consider the following boundary conditions

ϕ(0, t) = ϕ(l, t) = ψx(0, t) = ψx(l, t) = θ(0, t) = θ(l, t) = 0 (1.14)

and the following initial conditions:

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), ψ(x, 0) = ψ0(x), ψt(x, 0) = ψ1(x),

θ(x, 0) = θ0(x), q(x, 0) = q0(x). (1.15)

We show that the above system is exponentially stable if only if χ2 = 0. On the contrary, we show that in general

the Timoshenko system with second sound and past history is polynomially stable with an optimal decay rate.
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sobre o coeficiente de Fujita para alguns sistemas de

reação-difusão

m. loayza ∗

Consideramos os sistemas parabólicos ut−∆u = h(t)vp, vt−∆v = h(t)uq e ut−∆u = h(t)(ur + us), vt−∆v =

h(t)(uq + vs) em Ω× (0, T ) com a condição de Dirichlet na fronteira. Supomos h ∈ C[0,∞), p, q, r, s ≥ 1, Ω ⊂ RN

um domı́nio limitado ou não limitado com fronteira regular e dados inicias não negativos. Mostramos uma relação

entre a existência de solução global (ou explosão em tempo finito) do sistema e o comportamento assintótico da

solução do problema linear ut −∆u = 0.

1 Introdução

Seja Ω um domı́nio limitado ou não limitado com fronteira regular. Em [6], Meier considerou o seguinte problema

parabólico semilinear 
ut −∆u = h(t)up em Ω× (0, T )

u = 0 em ∂Ω× (0, T )

u(0) = u0 ≥ 0 em Ω,

(1.1)

onde h ∈ C[0,∞), p > 1 e u0 ∈ L∞(Ω). Ele mostrou que

• se lim supt→∞ ‖S(t)u0‖p−1∞
∫ t
0
h(σ)dσ = ∞, para todo u0 ≥ 0, então qualquer solução não trivial de (1.1)

explode num tempo finito.

• se existe u0 ≥ 0, u0 6= 0 tal que
∫∞
0
h(σ)‖S(σ)u0‖p−1∞ dσ <∞, então existem soluções globais para (1.1).

Destes resultados segue imediatamente que se h(t) ∼ tq para t suficientemente grande, então o coeficiente de

Fujita de (1.1) satisfaz p∗ = 1 + q+1
s∗ , onde s∗ = sup{s > 0; existe u0 ≥ 0, lim supt→∞ ts‖S(t)u0‖∞ < ∞} e

(S(t))t≥0 é o semigrupo do calor. Este valor é cŕıtico pois: se 1 < p ≤ p∗, então qualquer solução não trivial de (1.1)

explode num tempo finito. Se p > p∗, então o problema (1.1) admite soluções globais. Desde o trabalho Fujita [2],

determinar o valor cŕıtico para o problema (1.1) e problemas derivados tem sido objeto de intensa pesquisa, veja

por exemplo [2], [5], [6] e [7].

Estamos interessados em estender os resultados de Meier para os sistemas
ut −∆u = h(t)f(u, v) em Ω× (0, T ),

vt −∆v = h(t)g(u, v) em Ω× (0, T ),

u = v = 0 em ∂Ω× (0, T ),

u(0) = u0 ≥ 0 , v(0) = v0 ≥ 0 em Ω,

(1.2)

onde f(u, v) = vp, g(u, v) = uq e f(u, v) = ur + vp, g(u, v) = uq + vs, onde p, q, r, s ≥ 1.

Quando f(u, v) = vp, g(u, v) = uq, h(t) = 1 e Ω = RN Escobedo e Herrero [3] mostraram que se γ = max{p, q},
então

• se 1 < pq ≤ 1 + 2
N (γ + 1), então qualquer solução não trivial de (1.2) explode num tempo finito.

• se pq > 1 + 2
N (γ + 1), então o problema (1.2) admite soluções globais.

Podemos observar que é coeficiente cŕıtico esta associado ao produto pq e é (pq)∗ = 1 + 2
N (γ + 1). Quando Ω é

um domı́nio limitado (pq)∗ = 1, veja [4].

No caso em que f(u, v) = ur + vp, g(u, v) = uq + vs, h = 1 e Ω = RN , S. Cui[1] mostrou que para p ≥ q
∗Departamento de Matemática , UFPE, PE, Brasil, miguel@dmat.ufpe.br
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• se algumas das seguintes condições vale: a) r ≤ 1 + 2/N , b) s ≤ 1 + 2/N , c) N(pq − 1)/2(p + 1) ≤ 1 d)

N(pq − 1)/(p+ 1) > 1, q ≤ 1 + 2/N e s < Nq(Nq − 2), então toda solução não trivial de (1.2) explode num tempo

finito.

• se r > 1 + 2/N , s > 1 + 2/N , N(pq − 1)/2(p+ 1) > 1 e ( q > 1 + 2/N ou q ≤ 1 = 2/N e s > Nq/(Nq − 2),

então o problema (1.2) admite soluções globais.

2 Resultados

Teorema 2.1. Sejam f(u, v) = vp, g(u, v) = uq com p ≥ q ≥ 1 e pq > 1.

• Se lim supt→∞ ‖S(t)u0‖
pq−1
p+1
∞

∫ t
0
h(σ)dσ = ∞, para todo u0 ∈ C0(Ω), u0 ≥ 0, então toda solução não trivial

de (1.2) explode num tempo finito.

• Se existe u0 ∈ C0(Ω), u0 ≥ 0, u0 6= 0 tal que
∫∞
0
h(σ)‖S(σ)u0‖

pq−1
p+1
∞ dσ <∞, então existe (ũ0, ṽ0) ∈ [C0(Ω)]2

com ũ0, ṽ0 ≥ 0 tal que a correspondente solução do problema (1.2) é global.

Observação 2.1. (i) Note que quando p = q, o resultado anterior reduz-se ao resultado de Meier.

(ii) No caso em que h(t) ∼ ta com a > −1 para t suficientemente grande, podemos concluir que a) if 1 < pq <

1 + (p+1)(a+1)
s∗ , então cada solução não trivial de (1.2) explode num tempo finito e, b) se pq > 1 + (p+1)(a+1)

s∗ , então

o problema (1.2) possui soluções globais. De [3], vemos que s∗ = N/2 e de [4] que s∗ = +∞.

A situação é bem mais delicada no caso em que f(u, v) = ur + vp e g(u, v) = uq + vs.

Teorema 2.2. Suponha que f(u, v) = ur + vp e g(u, v) = uq + vs, com r, s > 1, p ≥ q ≥ 1 and pq > 1.

• Suponha que alguma das seguintes condições vale: a) lim supt→∞ ‖S(t)u0‖r−1∞
∫ t
0
h(σ)dσ =∞,

b) lim supt→∞ ‖S(t)u0‖s−1∞
∫ t
0
h(σ)dσ =∞, c) lim supt→∞ ‖S(t)u0‖

pq−1
p+1
∞

∫ t
0
h(σ)dσ =∞,

d) lim supt→∞ ‖S(t)u0‖
q( s−1

s )
∞ (

∫ t/2
0

h(σ)dσ)
∫ t
t/2

h(σ)dσ =∞, para todo u0 ∈ C0(Ω), u0 ≥ 0 então toda solução não

trivial de (1.2) explode num tempo finito.

• Se existe u0 ∈ C0(Ω), u0 ≥ 0, u0 6= 0 verificando
∫∞
0
h(σ)‖S(σ)u0‖r−1∞ dσ < ∞,

∫∞
0
h(σ)‖S(σ)u0‖s−1∞ dσ <

∞,
∫∞
0
h(σ)‖S(σ)u0‖

pq−1
p+1
∞ dσ < ∞ e

∫∞
0
h(σ)‖S(σ)u0‖

q s−1
s∞ dσ < ∞, então o problema (1.2) possui uma solução

global.
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signorini’s problem for the mindlin-timoshenko system

milton l. oliveira ∗ & fagner d. araruna †

1 Introduction

In this work we are interested in study the following Mindlin-Timoshenko system:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ρh3

12 φ
′′ − λ

(
∂2φ

∂x21
+ (1−µ)

2

∂2φ

∂x22
+ (1+µ)

2

∂2ψ

∂x1∂x2

)
+k

(
φ+

∂w

∂x1

)
= 0 in Q,

ρh3

12 ψ
′′ − λ

(
∂2ψ

∂x22
+ (1−µ)

2

∂2ψ

∂x21
+ (1+µ)

2

∂2φ

∂x1∂x2

)
+k

(
ψ +

∂w

∂x2

)
= 0 in Q,

ρhw′′ − k
[

∂
∂x1

(
∂w

∂x1
+ φ

)
+ ∂

∂x2

(
∂w

∂x2
+ ψ

)]
= 0 in Q,

(1.1)

let T be a positive real number and Q = Ω × (0, T ) where Ω is a bounded open set of Rn with smooth boundary

Γ. Here we suppose that Γ = Γ0

⋃
Γ1 satisfying Γ0

⋂
Γ1 = ∅.

We impose the following boundary conditions at the left end

φ = ψ = w = 0 on Σ0. (1.2)

where Σ0 = Γ0 × (0, T ). The conditions (1.2) assures the beam remains clamped at x = 0. At the right end, we

impose ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ

[
ν1
∂φ

∂x1
+ µν1

∂ψ

∂x2
+

(1− µ)

2
ν2

(
∂φ

∂x2
+
∂ψ

∂x1

)]
= −γ1φ′ on Σ1,

λ

[
ν2
∂ψ

∂x2
+ µν2

∂φ

∂x1
+

(1− µ)

2
ν1

(
∂φ

∂x2
+
∂ψ

∂x1

)]
= −γ2ψ′ on Σ1,

∂w

∂ν
+ ν1φ+ ν2ψ ≥ 0, w ≥ g on Σ1,(

∂w

∂ν
+ ν1φ+ ν2ψ

)
(w − g) = 0 on Σ1,

(1.3)

where Σ1 = Γ1×(0, T ). The conditions (1.3)1 and (1.3)2 represent a dissipative boundary feedback. The conditions

(1.3)3 and (1.3)4 are known as contact conditions. The expression σ =
∂w

∂ν
+ ν1φ + ν2ψ is the stress tensor on

the boundary and g is the obstacle. In this way, d = w − g is the distance of the body to obstacle. Thus, when

the distance d is positive there is not contact (σ = 0) . When there is not distance (d = 0) , the stress tensor σ is

positive. Anyway we have σd = 0, for all time t. To complete the system, let us include the initial conditions

φ (·, 0) = φ0, φ
′ (·, 0) = φ1, ψ (·, 0) = ψ0, ψ

′ (·, 0) = ψ1, w (·, 0) = w0, w
′ (·, 0) = w1 in Ω. (1.4)
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2 Contact Problem

The main result that give us the solution of the contact problem is as follows.

Theorem 2.1. Given data (φ0, φ1, ψ0, ψ1, w0, w1) ∈ V × L2(Ω)× V × L2 (Ω)×K× L2 (Ω) there exists at least a

solution (φ, ψ,w) of (1.1)-(1.4).

Proof To prove this theorem we penalize our problem, then we show that the penalized problem has solutions

using Galerkin’s method and we make the passage to the limit in the penalized problem to obtain the solution of

the contact problem.
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maximal lineability of continuous surjections in

euclidean spaces

nacib gurgel albuquerque ∗

1 Introduction

Lately the study of the linear structure of certain subsets of surjective functions in RR (such as everywhere surjective

functions, perfectly everywhere surjective functions, or Jones functions) has attracted the attention of several

authors working on Real Analysis and Set Theory (see, e.g. [1, 2, 6, 7, 4]). The previously mentioned functions

are, indeed, very “exotic” and all the previous classes are nowhere continuous, thus, it is natural to ask about the

set of continuous surjections. In this work we prove, in a more general framework than that of RR, that the set of

all continuous and surjective functions between arbitrary euclidean spaces Rm and Rn, with m,n arbitrary positive

integers, is c-lineable [1] (that is, it contains a c-dimensional vector space such that every non-zero element of which

is a continuous surjective function from Rm onto Rn, where c stands the cardinality of the real line). Since the set

of all continuous functions from Rm to Rn is c-dimensional, this result is optimal in terms of dimension [3].

2 Mathematical Results

Let m and n be positive integers. Throughout this we shall denote

Sm,n = {f : Rm −→ Rn ; f is continuous and surjective} .

The following result guarantees that Sm,n 6= ∅. It uses the fact that S1,2 6= ∅ (see [8, p.42], [9, p.272] or [10]).

Lemma 2.1. There exists a continuous surjection from Rm onto Rn.

Working on each coordinate we have the following.

Lemma 2.2. The set B = {ϕr}r∈(R+)n of C(Rn;Rn) is linearly independent, has cardinality c, and every nonzero

element of span(B) is continuous and surjective.

Now our main result.

Theorem 2.1. Sm,n is c-lineable.

Proof. Fix f ∈ Sm,n. We will prove that the set C = {F ◦ f}F∈B is so that span(C) is the space we are looking

for. The surjectivity of f assures that G ◦ f = 0 implies G = 0, for every function G from Rn to Rn. Thus, if

Gi ∈ B, i = 1, . . . , k and

0 =
k∑

i=1

αi · (Gi ◦ f) =

(
k∑

i=1

αiGi

)
◦ f,
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then
∑k

i=1 αiGi = 0; so, since B is linearly independent, we conclude that αi = 0, i = 1, . . . , k and thus, C is

linearly independent. Thus, clearly it has cardinality c. Furthermore, any nonzero function

l∑
i=1

λi · (Fi ◦ f) =

(
l∑

i=1

λiFi

)
◦ f

of span(C) is continuous and surjective, since it is the composition of continuous surjective functions (recall that,

from Lemma 2.2,
∑l

i=1 λiFi is a continuous surjective function). Therefore, span(C) only contains, except for the

zero function, continuous surjective functions.
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Zygmund functions and other problems on lineability, Proc. Amer. Math. Soc., 138, no.11, pp. 3863-3876,

2010.
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The multidimensional Muskat problem

Nikolai Chemetov ∗ & Wladimir Neves †

1 Introduction

We consider a generalized Muskat Problem posed in bounded domains, which seems more realistic from the physical

point of view. The original Muskat problem was proposed by Morris Muskat [7] to study the encroachment of water

into an oil sand. Due to applications to oil reservoir, this problem is of great practical interest, and also in view

of the mathematical difficulties to show solvability of the system, the Muskat Problem takes attention of many

mathematicians.

In fact, many important results concerning the Muskat Problem have been obtained, we address for instance:

Ambrose [1], Constantin, Córdoba, Gancedo, Strain [4], Córdoba A., Córdoba D., Gancedo [5], Escher, Matioc [6],

Siegel, Caflisch, Howison [9], Székelyhidi Jr. [10]. Albeit, most of these mentioned existence results are related to

almost small perturbations of planar interfaces, which separate two fluids. The existence, of weak solutions for

general data, is not known. The literature concerning the Muskat Problem is really huge nowadays, we do not

pretend here to cover all of them. We address the reader to the references there in the above cited works, which

seems to us very good to have an up to date scenario of the Muskat Problem.

One observes that, in the original formulation of the Muskat problem given by the standard Darcy’s law equation,

the fluids are assumed to behave ideally with itself, that is to say, the viscosity of the fluids only takes place in the

constitutive relation of the interaction forces, and do not in the Cauchy stress tensor.

Here, we follow our original idea established in [3], which is to perturb the Darcy’s law equation with a positive

(small as needed) viscosity term. Then we formulate an initial boundary value problem assuming Dirichlet boundary

data, and in this way, it is shown the solvability of a generalized multidimensional Muskat problem. Despite the

introduced new term in the original Darcy’s law could have just a mathematical aspect, the model proposed to

study the Muskat Problem, which relies in a more general Darcy’s law equation, is presented with details in this

talk under physical arguments. Moreover, as in any fluid flow problem, the range of validity of Darcy’s law may

be expressed in terms of the Reynolds number Re, which is generally defined in terms of a characteristic length.

In particular, for consolidated porous media Re is expressed in terms of mean porous size, on the other hand for

unconsolidated porous media, it is in terms of grain size. In any case, it is claimed that Darcy’s law is applicable

for Re less than 10, where the viscous forces are predominant. Darcy’s law may breakdown for many reasons, for

instance when the Re number is bigger than 100, or applying for gases at low pressure, or if the mean porous

diameter of the medium is comparable with the mean free path of the gas, etc. The reader is addressed to some

empirical or almost-empirical modifications of Darcy’s law studied by Scheidegger, see [8].

2 Mathematical Results

Let T > 0 be any fixed real number and Ω ⊂ Rd (with d = 2 or 3) is an open and bounded domain having a C2−
smooth boundary Γ. We define by ΩT := (0, T )×Ω, ΓT := (0, T )×Γ. Moreover, the outside unitary normal to Ω
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at x ∈ Γ is denoted by n = n(x). Then, we formulate a generalized Muskat initial-boundary value problem, denoted

GMP: For all (t,x) ∈ ΩT , find (ρ(t,x), ν(t,x),v(t,x)) solution of
∂tρ+ v · ∇ ρ = 0, ∂tν + v · ∇ ν = 0,

h(t,x, ρν) v − div
(
ρν Dv

)
= −∇p+ ρG, divv = 0,

ρ|t=0 = ρ0, ρ|Γ−
T

= ρb, ν|t=0 = ν0, ν|Γ−
T

= νb, v|ΓT
= b,

(2.1)

where G is a given vector function, also ρ0, ρb, ν0, νb are given initial-boundary data for the density and effective

viscosity respectively, b is the boundary data for the velocity field v and

Γ−
T : = {(t, r) ∈ ΓT : (b · n)(t, r) < 0} ,

Γ+
T : = {(t, r) ∈ ΓT : (b · n)(t, r) > 0} (2.2)

called respectively the in-flux, and out-flux boundary zones of the ”oil-water” mixture.

In this talk, we show that, the GMP is solvable and describes the motion of immiscible fluids. One of the main

difficulties, to prove the solvability for GMP, is to show the strong convergence of an approximating sequence

for the density function. Another important issue is the trace of the density function, once it is just assumed

measurable and bounded, in fact, we follow the technical and important results proved by Boyer in [2]. Similar

remarks are also posed for the kinematic viscosity.
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[4] Constantin P., Córdoba D., Gancedo F., Strain R.M., On the global existence for the Muskat problem. See

pre-print: arXiv:1007.3744.
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caos distribucional para operadores lineares

n.c. bernardes jr.∗ , a. bonilla †, v. müller ‡ & a. peris §

1 Introdução

O estudo da dinâmica de operadores lineares em espaços de dimensão infinita tem atráıdo a atenção de muitos

pesquisadores nos últimos 30 anos. Neste contexto, o conceito mais estudado é o de hiperciclicidade, ou seja, a

existência de vetores com órbitas densas. Caos foi introduzido na dinâmica linear por Godefroy e Shapiro [3], que

adotaram a definição de caos no sentido de Devaney. Assim, um operador linear T sobre um espaço de Fréchet

X é dito caótico se é hiperćıclico e tem um conjunto denso de pontos periódicos. Operadores caóticos têm sido

intensamente estudados nos últimos 20 anos. Indicamos os excelentes livros [1] e [4] para um estudo bastante

atualizado desta área.

Mais recentemente, muitos pesquisadores começaram a estudar outros conceitos importantes de caos no contexto

da dinâmica linear, tais como caos no sentido de Li-Yorke, caos distribucional e propriedades de especificação.

No presente trabalho, estudamos caos distribucional para operadores lineares. Estabelecemos algumas caracte-

rizações fundamentais e aplicamos nossos resultados a algumas classes importantes de operadores, como operadores

de deslocamento com peso e operadores de composição.

No que se segue, X denotará um espaço de Fréchet arbitrário, ou seja, um espaço vetorial real ou complexo

munido de uma sequência crescente (‖ · ‖k)k∈N de seminormas que define a métrica

d(x, y) :=

∞∑
k=1

1

2k
min{1, ‖x− y‖k} (x, y ∈ X),

com a qual X é completo. Além disso, B(X) denotará o conjunto de todos os operadores lineares cont́ınuos

T : X → X.

2 Resultados

Começemos lembrando o conceito de caos distribucional. Dado A ⊂ N, a densidade superior de A é definida por

dens(A) := lim sup
n→∞

card([1, n] ∩A)

n
·

Se M é um espaço métrico e f : M → M é uma aplicação cont́ınua, um par (x, y) ∈ M × M é dito um par

distribucionalmente ε-caótico para f (ε > 0) se

dens{n ∈ N : d(fn(x), fn(y)) ≥ ε} = 1 e dens{n ∈ N : d(fn(x), fn(y)) < δ} = 1 para todo δ > 0.

A aplicação f é dita (uniformemente) distribucionalmente caótica se existem ε > 0 e um subconjunto não-enumerável

S de M tais que (x, y) é um par distribucionalmente ε-caótico para f sempre que x e y são elementos distintos

em S. Este conceito de caos foi introduzido por Schweizer e Smı́tal [6] e é uma extensão natural do conceito de

caos no sentido de Li e Yorke [5].
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No nosso trabalho consideramos o seguinte conceito: x ∈ X é um vetor distribucionalmente irregular para

T ∈ B(X) se existem m ∈ N e A,B ⊂ N com udens(A) = udens(B) = 1 tais que

lim
n∈A

Tnx = 0 e lim
n∈B
‖Tnx‖m =∞.

Estabelecemos, entre outras, a seguinte caracterização fundamental:

Teorema 2.1. Um operador T ∈ B(X) é distribucionalmente caótico se e somente se T admite um vetor distribu-

cionalmente irregular.

Também estabelecemos uma condição suficiente para caos distribucional denso, que é bastante útil.

Teorema 2.2. Se X é separável, T ∈ B(X) e existe um subconjunto denso X0 de X tal que

Tnx→ 0 para todo x ∈ X0,

então as seguintes afirmações são equivalentes:

(i) T é distribucionalmente caótico;

(ii) T é densamente distribucionalmente caótico;

(iii) T admite uma variedade uniformemente distribucionalmente irregular e densa;

(iv) T admite uma órbita distribucionalmente ilimitada.

Em seguida, estabelecemos diversas aplicações dos nossos resultados, incluindo caracterizações no caso de ope-

radores deslocamento com peso e de operadores de composição.

Indicamos o nosso artigo [2] para mais detalhes.
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dinâmica topológica coletiva

de aplicações genéricas do espaço de cantor

nilson c. bernardes jr. ∗ & rômulo m. vermersch †

1 Introdução

O estudo de propriedades genéricas é um tema clássico na área de sistemas dinâmicos. No contexto da dinâmica

topológica, tal estudo tem sido desenvolvido nos últimos quarenta anos por diversos pesquisadores. Para o caso

da dinâmica genérica de aplicações cont́ınuas definidas sobre o intervalo unitário fechado, veja [1], por exemplo.

Para o caso de aplicações cont́ınuas e homeomorfismos em variedades compactas, veja [3] e [7], onde muitas outras

referências podem ser encontradas. Finalmente, para dinâmica genérica de aplicações do espaço de Cantor, veja [2],

[4], [5] e [6], por exemplo.

Por outro lado, o estudo da dinâmica coletiva também é um tema importante na área de sistemas dinâmicos.

Enquanto a ação de um sistema dinâmico sobre pontos do espaço fase pode ser pensada como dinâmica individual,

a ação do sistema sobre subconjuntos do espaço fase pode ser pensada como dinâmica coletiva, e é natural comparar

a dinâmica individual com a dinâmica coletiva. O contexto mais usual para a dinâmica coletiva é o da aplicação

induzida sobre o hiperespaço de todos os subconjuntos compactos não vazios munido da métrica de Hausdorff.

É natural combinarmos ambos os temas e estudarmos a dinâmica coletiva de aplicações genéricas. No presente

trabalho desenvolvemos um tal estudo para aplicações cont́ınuas e homeomorfismos do espaço de Cantor. Para tal,

utilizamos os resultados de estrutura de grafos das aplicações cont́ınuas genéricas e dos homeomorfismos genéricos

do espaço de Cantor estabelecidos em [4].

2 Resultados

Dado um espaço métrico compacto (M,d), denotamos por C(M) (resp. H(M)) o espaço de todas as aplicações

cont́ınuas de M em M (resp. de todos os homeomorfismos de M sobre M) munido da métrica do máximo:

d̃(f, g) := max
x∈M

d(f(x), g(x)).

Além disso, denotamos por K(M) o hiperespaço de todos os subconjuntos fechados e não-vazios de M munido da

métrica de Hausdorff:

dH(X,Y ) := max
{

max
x∈X

d(x, Y ),max
y∈Y

d(y,X)
}
.

Dada f ∈ C(M), a aplicação induzida f : K(M)→ K(M) é definida por

f(X) := f(X) (= {f(x) : x ∈ X}).

Note que f ∈ C(K(M)) e, além disso, se f é um homeomorfismo, então f também o é. .

Conforme mencionado na introdução, o objetivo do nosso trabalho é estudar a dinâmica coletiva da aplicação

cont́ınua genérica e do homeomorfismo genérico do espaço de Cantor. Nosso modelo para o espaço de Cantor é
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o espaço produto {0, 1}N, onde {0, 1} é munido com a topologia discreta. Consideramos {0, 1}N munido com a

métrica compat́ıvel d dada por d(σ, σ) := 0 e d(σ, τ) := 1
n , onde n é o menor inteiro positivo tal que σ(n) 6= τ(n)

(σ, τ ∈ {0, 1}N, σ 6= τ).

Como ilustração do tipo de resultado que obtemos, enunciaremos nossos resultados envolvendo caos Li-Yorke e

caos distribucional. Para tal, vamos começar relembrando estes conceitos de caos.

Seja M um espaço métrico. Se f : M → M é uma aplicação cont́ınua, um par (x, y) ∈ M ×M é dito um par

Li-Yorke para f se

lim inf
n→∞

d(fn(x), fn(y)) = 0 e lim sup
n→∞

d(fn(x), fn(y)) > 0.

A aplicação f é dita Li-Yorke caótica se existe um subconjunto não-enumerável S de M tal que (x, y) é um par Li-

Yorke para f sempre que x e y são elementos distintos em S. É conhecido que das noções de caos mais importantes,

essa é a mais fraca.

Dado A ⊂ N, a densidade superior de A é definida por

dens(A) := lim sup
n→∞

card([1, n] ∩A)

n
·

Se f : M →M é uma aplicação cont́ınua, um par (x, y) ∈M ×M é dito um par distribucionalmente ε-caótico para

f (ε > 0) se

dens{n ∈ N : d(fn(x), fn(y)) ≥ ε} = 1 e dens{n ∈ N : d(fn(x), fn(y)) < δ} = 1 para todo δ > 0.

A aplicação f é dita uniformemente distribucionalmente caótica se existem ε > 0 e um subconjunto não-enumerável

S de M tal que (x, y) é um par distribucionalmente ε-caótico para f sempre que x e y são elementos distintos em S.

Teorema 2.1. Para f ∈ C({0, 1}N) genérica, f não possui par Li-Yorke.

Em grande contraste com o resultado acima, temos o seguinte teorema.

Teorema 2.2. Para h ∈ H({0, 1}N) genérico, h é uniformemente distribucionalmente caótico.

Apresentamos também, ainda dentro desse contexto, respostas completas para questões envolvendo caos to-

pológico, conjuntos recorrentes, pontos periódicos, continuidade em cadeia de aplicações cont́ınuas e homeomorfis-

mos e, por fim, sombreamento de homeomorfismos.
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simultaneous reconstruction of coefficients and

sources parameters with Lipschitz dissection of Cauchy

data at boundary

nilson c. roberty ∗

1 Introduction

In this work we study the problem of reconstruction of coefficients and source parameters in second order strongly

elliptic systems [1]. Let Ω be a Lipschitz domain. Let Fα = [fα, ..., fα] ∈ L2(Ω)m×NP , (H,Hν) ∈ H 1
2 (∂Ω)m×NP ×

H− 1
2 (∂Ω)m×NP be the source and the Cauchy data for NP problems. The inverse boundary value problem for

parameter determination investigated is to find (U,α) ∈ H1(Ω)m×NP × RNA satisfying

PαFα,H,Hν


LαU = Fα if x ∈ Ω;

γ[U ] = H if x ∈ ∂Ω;

Bν [U ] = Hν if x ∈ ∂Ω;

(1.1)

Here γ is the boundary trace, Bν is the conormal trace and NA is the number of parameters. The coefficients of

the strongly elliptic operator Lα and the source depend on the parameter α.

Auxiliary mixed problem

Let ∂Ω = ∂ΩD ∪ Π ∪ ∂ΩN a Lipschitz dissection of the boundary. The auxiliary mixed boundary value problem

for problem (1.1) is given by the well posed problem Pαfα,gD,gN : For Dirichlet and Neumann data (gD, gNν ) ∈
H

1
2 (∂Ω)m ×H− 1

2 (∂Ω)m, to find u ∈ H1(Ω)m satisfying

Pαfα,gD,gN


Lαu = fα if x ∈ Ω;

γ[u] = gD if x ∈ ∂ΩD;

Bνu = gNν if x ∈ ∂ΩN ;

(1.2)

Lipschitz Dissection for the Complementary Direct Problems

Consider the splitting of the superscribe Cauchy boundary data following the Lipschitz dissection

HI = γ[U ]|ΓI ; HII = γ[U ]|ΓII ; HI
ν = Bν [U ]|ΓI and HII

ν = Bν [U ]|ΓII .

Under some guess of parameter values α(0), consider 2NP mixed boundary values problems

Pα
(0)

F
α(0) ,HI ,HIIν

and Pα
(0)

F
α(0) ,HII ,HIν

.

Let U I0 and U II0 be its respective solutions.

∗PEN,COPPE,UFRJ, RJ, Brasil, nilson@con.ufrj.br
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2 Mathematical Results

Complementary Problems on Lipschitz Domains

Definition 2.1. Let us consider two mixed boundary value problems PfI ,gI ,gIν and PfII ,gII ,gIIν defined on the same

Lipschitz domain Ω. We say that these problems are complementary if fI = fII , ΓID = ΓIIN , ΓIID = ΓIN and there

exist a Cauchy data (g, gν) such that

gI = gχΓID
and gII = gχΓIID

.

gIν = gνχΓID
and gIIν = gνχΓIID

.

Theorem 2.1. Suppose that two mixed boundary value problems PfI ,gI ,gIν and PfII ,gII ,gIIν has solutions uI and uII ,

respectively. If they are complementary, then

uI = uII .

Proof : It is based on the concept of Calderon Projector gap [1].

Lemma 2.1. Suppose that in the model given by operator Lα and source Fα the associated Cauchy boundary

data are given by (γ[U ],Bν [U ]) = (H,Hν) as posed in problem (1.1). Suppose also that Cauchy data are dissected

according the Lipschitz dissection and the respective mixed problems are solved.

(i) If the parameter α value is the corrected, then U Iα = U IIα .

(ii) If the parameter value for α = α(0) presents a discrepancy in the mixed problems solutions U I
α(0) 6= U II

α(0) , then

for any parameter α in a neighbourhood of α(0),∫
χ(x)(U IIα (x)− U Iα(x))dx = H(vI0 , v

II
0 , H,Hν) +

∫
Ω

(vII0 (x)− vI0(x))F0(x, α(0))dx+

NA∑
i=1

(αi − α(0)
i )

∫
Ω

(vII0 (x)Lα
∂U II0

∂αi
− vI0(x)Lα

∂U I0
∂αi

)dx+O(‖αi − α(0)
i ‖

2)

where vI0 and vII0 are solutions of boundary complementary adjoint homogeneous auxiliary problems in the

sense of the Lipschitz dissection with mass one source χ ∈ L2(Ω) and H depends on the Cauchy data.

Remark 2.1. Based on Lemma (2.1) we create some discrepancy functional that measures observed differences for

guess value of the parameters, i.e.,

dα(UI , UII) = ||U Iα − U IIα ||V , (2.3)

where V can be the norm of continuous functions solutions C(Ω), or square integrable L2(Ω) solutions, or even

with some first derivative control H1(Ω) solutions. Problem (1.1) can now be posed with the following optimization

problem:

“In the guess set of parameters α ∈ {[α1, α2] ⊂ RNA}, to find α that minimizes the discrepancy (2.3) between

Lipschitz dissected solutions.“

Part (ii) of Lemma (2.1) is used in the search for a descend direction.

We presents some numerical experiments.

References

[1] roberty, n. c. - Simultaneous Reconstruction of Coefficients and Source Parameters in Elliptic Systems

Modelled with Many Boundary Value Problems, Mathematical Problems in Engineering, 2013, Article ID

631950.

131 



ENAMA - Encontro Nacional de Análise Matemática e Aplicações
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Soluções não-negativas para equações de Schrödinger

envolvendo expoentes supercŕıticos

olimpio h. miyagaki ∗†, & sandra i. moreira ‡§

1 Introdução

Recentemente vários matemáticos tem estudado equações do tipo

−∆u+W (x)u− k∆(u2)u = p(x, u), (1.1)

em RN , com N ≥ 3, W : RN → R uma função chamada potencial e p : RN × R→ R função cont́ınua.

As soluções de (1.1) estão relacionadas com a existência de ondas estacionárias para equações de Schrödinger

quase-lineares da forma

i∂tz = −∆z +W (x)z − f(
∣∣z2
∣∣)z − k∆

[
g(
∣∣z2
∣∣)] g′(∣∣z2

∣∣)z, (1.2)

em que W é um potencial dado, k uma constante real, f, g são funções reais.

A fim de buscar solução para a equação (1.1) dois métodos variacionais vem sendo amplamente usados. O pri-

meiro por meio de argumentos de minimização com v́ınculos, em [4] e estendidos em [2], onde os autores provaram

a existência de soluções positivas usando um Multiplicador de Lagrange. O segundo, foi fornecido em [3], onde para

superar o problema de que o funcional associado a esta equação pode não estar bem definido, foi introduzido uma

mudança de variáveis, e assim, o problema quase-linear foi transformado em um semi-linear.

Inspirados pelo artigo [1], desejamos estudar as soluções do problema:
−∆u−∆(u2)u = λu+ k(x) |u|q−1

u− h(x) |u|r−1
u

u|∂Ω = 0

(1.3)

onde Ω ⊂ RN , com N ≥ 3, um domı́nio limitado, h, k ∈ L∞(Ω) são funções não-negativas, 3 < q < r, λ ∈ R..

Ao longo do trabalho usaremos as seguintes hipóteses:

(H1) supp k ⊂ supp h.

(H2) h, k ∈ L∞(Ω) são funções não-negativas e supp k and supp h tem medidas positivas.

(H3) 0 < λ(B) = inf
06=u∈H1

0 (B)

∫
B
|∇u|2 dx∫

B
|f(u)|2 dx

, onde f é definida por

f ′(t) = 1√
1+2f2(t)

, em [0,+∞),

f(t) = −f(−t), em (−∞, 0].
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Neste trabalho, usamos as seguintes notações: Ω2 = supp k; Ω̃ = {x ∈ Ω : h(x) = 0}; λ = λ(Ω).

2 Resultado

Teorema 2.1. Seja 3 < q < r. Suponha que

(∗)
∫

Ω2

[
k(x)

r−1
r−q

h(x)
q−1
r−q

]N
2

dx < +∞.

Então existe um número λ∗ com −∞ < λ∗ < λ tal que

1. Se λ∗ ≤ λ < λ(Ω̃) então o problema (1.3) admite uma solução não-negativa.

2. Se λ∗ < λ < λ, o problema (1.3) admite duas soluções não-negativas, 0 ≤ wλ < vλ.

Ideia da Prova: Motivados pelo argumento encontrado em [3], usamos uma mudança de variável para reformular

o problema e obtermos uma equação semilinear, cujo funcional associado é C1. Depois disso, usamos métodos

variacionais para encontar as soluções, a saber: a primeira solução é obtida via minimização e método de sub-

supersolução e a segunda solução é encontrada via teoria de Ljusternik - Schnirelman sobre conjuntos convexos.
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sobre o limite de viscosidade nula no problema de

Cauchy para as equações dos fluidos assimétricos

não-homogêneos em R3

pablo braz e silva ∗, marko rojas-medar † & felipe wergete cruz ‡

Estudamos o problema de Cauchy para as equações do movimento de um fluido assimétrico não-homogêneo,

viscoso e incompresśıvel em R3. Provamos que, quando as viscosidades tendem a zero, existe um pequeno intervalo

de tempo onde as variáveis do fluido convergem uniformemente. No limite, encontramos um fluido assimétrico

não-homogêneo, não-viscoso e incompresśıvel.

1 Introdução

Consideraremos o sistema de equações

ρut + ρ(u · ∇)u− (µ+ µr)∆u +∇p = 2µr rotw + ρf,

divu = 0,

ρwt + ρ(u · ∇)w − (ca + cd)∆w − (c0 + cd − ca)∇(divw) + 4µrw

= 2µr rotu + ρg,

ρt + u · ∇ρ = 0,

(1.1)

em QT = R3 × [0, T ], T > 0, sujeito às condições iniciais
u(x, 0) = u0(x),

w(x, 0) = w0(x),

ρ(x, 0) = ρ0(x),

(1.2)

onde as funções u0,w0 e ρ0 são dadas. Os śımbolos ∇ ,∆ ,div e rot denotam, respectivamente, os operadores

gradiente, Laplaciano, divergente e rotacional. Por outro lado, ut,wt e ρt, denotam, respectivamente, as derivadas

temporais de u,w e ρ.

Este sistema descreve o movimento de um fluido não-homogêneo, viscoso, incompresśıvel e assimétrico (veja [1]

e [2]). As equações no sistema (1.1) representam, respectivamente, a lei de conservação do momento linear, a incom-

pressibilidade do fluido, a lei de conservação do momento angular e a lei de conservação da massa. Os parâmetros

µ, µr, c0, ca, cd ≥ 0 são viscosidades que satisfazem c0 + cd > ca. Para simplificar a notação, escreveremos:

µ̄ = µ+ µr, ν1 = ca + cd e ν2 = c0 + cd − ca .

As funções, u(x, t) ∈ R3, w(x, t) ∈ R3, ρ(x, t) ∈ R e p(x, t) ∈ R são as incógnitas e representam, respectivamente, a

velocidade linear, a velocidade angular de rotação das part́ıculas do fluido, a densidade e a pressão do fluido em um

ponto x ∈ R3 no tempo t ∈ [0, T ]. Por sua vez, são conhecidas as forças externas f e g do momento linear e angular

das part́ıculas, respectivamente. O sistema (1.1) inclui, como caso particular, o sistema usual de Navier-Stokes com
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densidade variável (w = 0 e µr = 0). No que segue, faremos menção a (ρ,u,w) quando nos referirmos a solução do

problema (1.1)-(1.2).

2 Resultados

Como de costume, trabalhamos no âmbito do espaço L2(R3) =
(
L2(R3)

)3
. Quando m for um inteiro não-negativo,

escrevemos Hm(R3) =
(
Wm,2(R3)

)3
. Adaptamos as técnicas usadas em [5], para as equações de Navier-Stokes com

densidade variável, a fim de mostrar o seguinte resultado:

Teorema 2.1. Assuma que

(a) 0 ≤ µ̄, µr, ν1, ν2 ≤ 1, ν1 > ν2,

(b) f,g ∈ L2
(
0, T ;H3(R3)

)
,

(c) ρ0 ∈ C0(R3), ∇ρ0 ∈ H2(R3) e 0 < m ≤ ρ0(x) ≤M <∞,

(d) u0,w0 ∈ H3(R3) e divu0 = 0.

Então existe T0 ∈ (0, T ], independente de µ̄, ν1 e ν2, tal que o problema (1.1)-(1.2) tem uma única solução (ρ,u,w)

que satisfaz

ρ ∈ C0
(
R3 × [0, T0]

)
, ∇ρ ∈ C0

(
[0, T0];H2(R3)

)
, m ≤ ρ(x, t) ≤M e u, w ∈ C0

(
[0, T0];H3(R3)

)
.

Além disso, seja (ρ0,u0,w0) a solução do problema (1.1)-(1.2) com µ̄ = ν1 = ν2 = 0, correspondendo aos

mesmos dados iniciais de (ρ,u,w). Então temos que

sup
0≤t≤T0

[
‖
(
ρ− ρ0

)
(·, t)‖H2 + ‖

(
u− u0

)
(·, t)‖H2 + ‖

(
w −w0

)
(·, t)‖H2

]
−→ 0 quando γ −→ 0,

onde γ := (µ̄, ν1, ν2).
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a formula type itô-kunita-ventzel for young

integration

pedro j. catuogno ∗ & rafael a. castrequini †

We show a formula type Itô-Kunita-Ventzel for continuous paths with bounded p-variation and a substitution

formula for the Young integral. We obtain a composition of two flows of Young systems.

1 Introduction

We give some preliminaires on p-variation paths and Young integration and prove a formula type Itô-Kunita-Ventzel

and a substitution formula adapted to Young integral. We establish an adaptation of the H. Kunita result about

composition of solutions of stochastic differential equations to Young systems, see [2].

It is clear that our results extend naturally to stochastic differential equations driven by a fractional Brownian

motion with Hurst index H > 1
2 , where stochastic integrals are changed by Young integrals, see [1], [3], [4] and [5].

2 Mathematical Results

Let E and V be Banach spaces. We denote by P([a, b]) the set of all partitions D = {a = t0 < ... < tk−1 < tk = b}
of an interval [a, b]. Let Ck([0, T ], E), k = 1, 2, . . . , denote the set of Ck-class paths of [0, T ] in E.

Definition 2.1. Let p ∈ (0,∞). The p -variation of a path X: [0, T ]→ E on the subinterval [a, b] of [0, T ] is defined

by

‖X‖p,[a,b] = ( sup
D∈P([a,b])

∑
ti∈D

(‖Xti+1
−Xti)‖p)

1
p . (2.1)

We say that a path X: [0, T ]→ E is of finite p -variation if ‖X‖p,[0,T ] <∞.

We denote by Vp([0, T ], E) the set of all continuous paths of finite p-variation from [0, T ] to E.

Let E and V be Banach spaces. Let X: [0, T ]→ E and Z: [0, T ]→ L(E, V ) be continuous paths. The Riemann-

Stieltjes integral of Z with respect to X is defined as the limit

lim
|D|→0

∑
si∈D

Zsi(Xsi+1
−Xsi) (2.2)

and is denoted by
∫ t
0
Zs dXs. L. C. Young presented the sufficient conditions for the existence of Riemann-Stieltjes

integrals. More precisely, he proved that the integral
∫ t
0
Zs dXs exists when X has finite p -variation, Z has finite

q-variation and is valid the condition (1/p) + (1/q) > 1. This result is known as Young’s theorem. We also have

that the path W given by W (·) =
∫ ·
0
Zs dXs has the same variation of the integrator X, that is, W has finite

p -variation. We refer the reader to the paper [6] by L. C. Young and also [4]. Based on Young’s Theorem, we

say that a Riemann-Stieltjes integral
∫ t
0
Zs dXs is an integral in the Young sense if there exist p, q ∈ [1,∞) such

that X ∈ Vp([0, T ], E), Z ∈ Vq([0, T ],L(E, V )) and θ = 1
p + 1

q > 1. In this case holds the following Young-Loeve

estimative,

‖
∫ t

s

ZrdXr − Zs(Xt −Xs)‖ ≤ Cp,q‖Z‖q,[s,t]‖X‖p,[s,t] (2.3)
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where Cp,q = 1
1−21−θ .

Definition 2.2. A path F : [0, T ]→ V is Holder continuous with exponent α ≥ 0, or simply α-Holder, if

‖F‖α;H = sup
s6=t

‖F (x)− F (y)‖
|t− s|α

<∞.

Let CαH([0, T ];V ) denote the set of α-Holder paths of V .

Now, we obtain a formula type Itô-Kunita-Ventzel in the context of Young integration.

Theorem 2.1. Let X ∈ Vp([0, T ], V ) and g : [0, T ] × V → W be a continuous function twice continuously differ-

entiable in relation to V ( 1 ≤ p ≤ 2). Let h ∈ C(V,C
1
q

H([0, T ], L(W,U)) and Z ∈ Vp([0, T ],W ) ( 1
p + 1

q > 1) such

that

gt(x) = g0(x) +

∫ t

0

hs(x)dZs

where the integral is in the Young sense. Then

gt(Xt) = g0(X0) +

∫ t

0

hs(Xs)dZs +

∫ t

0

Dxgs(Xs)dXs. (2.4)

The following substitution formula holds.

Theorem 2.2. Let Z ∈ Vp([0, T ], V ), f ∈ Vq([0, T ], Hom(V,W )) and g ∈ V l([0, T ], Hom(W,U)) where 1
q ,

1
l >

1− 1
p . Then for all 0 ≤ s ≤ t ≤ T , ∫ t

s

grdYr =

∫ t

s

gr ◦ frdZr (2.5)

where Yt =
∫ t
0
f(Zr)dZr.

The following Theorem is an adaptation of the H. Kunita results about composition of solutions of stochastic

differential equations to Young systems, see [2].

Theorem 2.3. Let p ∈ [1, 2), p < γ, U ∈ Vp([0, T ], E0), X ∈ Vp([0, T ], E1), f ∈ Lipγ(E,L(E0, E)) and g ∈
Lipγ(E,L(E1, E)). Let V and Y be solutions of dV = f(V )dU and dY = g(Y )dX. Then Z = Y ◦ V satisfies

dZ = g(Z)dX + Y∗f(Z)dU.
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espaços lipschitz-livres associados a uniões e

quocientes de espaços métricos

pedro l. kaufmann ∗

1 Introdução: os espaços Lipschitz-livres

A todo espaço métrico marcado (M,d, 0), onde 0 é um elemento de M , está associado o espaço de Banach Lip0(M)

de funções definidas em M a valores reais que se anulam em 0, munido da norma

‖f‖ = sup

{
|f(x)− f(y)|

d(x, y)
: x, y ∈M,x 6= y

}
.

Lip0(M) admite um pré-dual canônico, o fecho em Lip0(M)∗ do espaço linearmente gerado pelos funcionais de

avaliação δ(x), x ∈M , onde

δ(x)(f) = f(x).

Este espaço é chamado o espaço Lipschitz-livre associado a M , e denotado por F(M); foi definido e estudado em

[5], onde era chamado espaço de Arens-Eells. Os espaços Lipschitz-livres possuem uma interpretação geométrica

muito clara (veja a mesma referência), e permitem estudar certos aspectos da estrutura Lipschitz de espaços métricos

através da estrutura linear de seus respectivos espaços Lipschitz-livres associados. Mais especificamente, a aplicação

δ : M 7→ F(M) é uma isometria (não-linear), e temos o seguinte:

Teorema 1.1. [2, Lemma 2.2]

Sejam M e N , espaços métricos marcados e seja L : M → N uma aplicação Lipschitz satisfazendo L(0M ) = 0N .

Então existe uma única transformação linear L : F(M) → F(N) tal que LδM = δNL, que satisfaz ainda ‖L‖ =

‖L‖Lip, onde ‖ · ‖Lip denota a norma Lipschitz.

Quando os espaços métricos considerados são eles mesmos espaços de Banach, este tipo de tradução linear de

propriedades não lineares faz dos espaços Lipschitz-livres ferramentas para o estudo da geometria não-linear de

espaços de Banach. Mencionamos [2], [3] e referências áı encontradas para algumas importantes aplicações.

2 Algumas diretrizes e resultados

Sob a simplicidade da definição dos espaços Lipschitz-livres se esconde uma complexidade estrutural que vem sido

alvo de pesquisa recente: pouco se sabe ainda mesmo sobre as propriedades dos espaços Lipschitz-livres mais

básicos. Naor e Schechtman [4] ilustraram essa complexidade mostrando que F(R2) não é (linearmente) isomorfo

a um subespaço de L1.

Em contrapartida, Godard [1] caracterizou todos os espaços métricos cujos espaços Lipschitz-livres associados

são isometricamente isomorfos a L1 como sendo aqueles que são subespaços de R-árvores. Motivado por estudar

espaços métricos cujos espaços Lipschitz-livres associados são (não necessariamente isometricamente) isomorfos a

um subespaço de L1, Godard no mesmo artigo iniciou um estudo sobre espaços Lipschitz-livres associados à uniões

de espaços métricos, em função dos espaços Lipschitz-livres associados a cada um desses espaços métricos. Este

estudo está restrito a uniões disjuntas de espaços métricos, que ainda devem satisfazer certas condições de disposição
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(grosseiramente colocando, os espaços devem estar “uniformemente longe” uns dos outros, mas “uniformemente não

longe demais” para que o espaço Lipschitz livre da união seja isomorfo à `1-soma dos espaços Lipschitz-livres de cada

espaço). Apresentaremos um desenvolvimento nesta direção, veja a Proposição 2.1 abaixo. Primeiro, lembramos

que, dado um espaço métrico (M,d) e um subespaço fechado F , o espaço métrico quociente M/F = M/ ∼ (onde

∼ colapsa F em um único ponto) é obtido definindo-se a métrica d em M/F por

d(x, y) = min{d(x, y), d(x, F ) + d(y, F )}.

Lembramos também que um operador de extensão de Lip0(F ) a Lip0(M) é um operador T : Lip0(F )→ Lip0(M)

que satisfaz T (f)|F = f , f ∈ Lip0(F ).

Proposição 2.1. Seja (W,d, 0) e sejam M e N subespaços de W com intersecção fechada F = M ∩ N e 0 ∈ F ,

satisfazendo:

1. existe um operador de extensão T de Lip0(F ) em Lip0(M ∪N) linear, ‖ · ‖-cont́ınuo e w∗-w∗ cont́ınuo, e

2. existe C ≥ 1 tal que, para cada x ∈M e cada y ∈ N , d(x, F ) + d(y, F ) ≤ C d(x, y).

Então,

F(M ∪N) ' F(M/F )⊕1 F(N/F )⊕1 F(F )

com distorção linear ≤ C(‖T‖+ 1).

Discutiremos generalizações deste resultado para uniões de maior ordem, problemas e resultados relacionados

com a existência dos mencionados operadores de exensão, relações com os resultados de Godard e com o problema

de incluir isomorficamente um espaço Lipschitz-livre em L1, e problemas abertos relacionados.
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1 Introdução

Equações de leis de conservação hiperbólicas em geral possuem soluções fracas que são descont́ınuas mas que são

de interesse f́ısico. Um método numérico, quando aplicado a estas equações, precisa tomar um certo cuidado

para conseguir aproximações qualitativamente corretas destas soluções descont́ınuas. Em especial, pelo teorema de

Godunov, métodos lineares de ordem maior ou igual a 2 produzem soluções numéricas com oscilações próximas às

descontinuidades, no caso geral. Estas oscilações, além de qualitativamente incorretas, podem ser amplificadas e

gerar instabilidades no caso de equações não-lineares.

Os esquemas WENO (essencialmente não-oscilatórios com pesos, em inglês weighted essentially non-oscillatory)

são atualmente uma classe de métodos bastante popular para a resolução numérica deste tipo de problema. Estes

métodos não-lineares evitam realizar interpolações em regiões onde a solução é descont́ınua, através de uma fórmula

que atribui pesos a estênceis de acordo com a suavidade da solução: quanto menos suave for a função em um dado

estêncil, menor será a contribuição deste estêncil para a aproximação final. Desta forma, consegue-se gerar soluções

numéricas com oscilações despreźıveis, isto é, com amplitude da ordem do comprimento da malha de pontos ∆x [9].

Esquemas WENO podem ser constrúıdos com ordem de precisão arbitrariamente alta; isto é vantajoso, pois em

problemas onde descontinuidades vêm acompanhadas de regiões suaves mas com variações rápidas nas grandezas

f́ısicas envolvidas (por exemplo, ondas de alta frequência ou vórtices), é por vezes mais eficiente computacionalmente

usar um esquema de ordem mais alta do que um esquema de ordem mais baixa que irá precisar de um número

consideravelmente maior de pontos para conseguir uma solução de qualidade qualitativamente comparável [8].

Para mais detalhes, sugerimos o ótimo texto introdutório [9], bem como as referências [2, 3, 4] para o WENO-Z.

2 Resultados

Neste trabalho, apresentaremos alguns resultados recentes sobre duas variantes de esquemas WENO, a saber: o

esquema WENO clássico, que é o WENO original de Liu et al. [6] com os indicadores de suavidade de Jiang e

Shu [7] (também conhecido como WENO-JS); e o esquema WENO-Z, que é uma melhoria em relação ao esquema

clássico, proposto pelos autores do presente trabalho em [2] e estendido em [3]. Os resultados são:

Ordem de precisão dos esquemas WENO. O WENO clássico sofre perda de ordem de precisão na vizinhança

de pontos cŕıticos. A precisão do WENO de 5a ordem pode cair até para 2a ordem, no pior caso [5]. O WENO-

Z sofre do mesmo problema em pontos cŕıticos especiais, onde 2 ou mais derivadas se anulam simultaneamente

[2]. Porém, resultados recentes mostram que se o parâmetro de sensibilidade ε dos dois esquemas for escolhido

adequadamente, então ambos os esquemas não sofrerão esta perda de ordem de precisão. Em [1], foi demonstrado

que a condição ε = Ω(∆x2) (isto é, ε ≥ C∆x2 quando ∆x→ 0 para algum C > 0 independente de ∆x) é necessária

e suficiente para que o WENO clássico não perca a ordem de precisão em pontos cŕıticos. Em [4], conseguimos

∗Departamento de Matemática Aplicada, IM-UFRJ, RJ, Brasil, rborges@ufrj.br
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uma demonstração mais simples deste resultado, e obtivemos uma condição análoga para o WENO-Z da forma

ε = Ω(∆xq), onde q ≥ 2 é um número que cresce quanto maior for a ordem do WENO-Z. Este resultado mostra que

ε pode assumir valores menores no WENO-Z do que no WENO clássico. Isto permite que WENO-Z detecte melhor

as descontinuidades da solução e gere oscilações espúrias menores, ao mesmo tempo em que ele mantém o maior

poder de resolução de estruturas finas — fato confirmado por experimentos numéricos com a equação do transporte

linear e as equações de Euler. As demonstrações e os resultados numéricos podem ser vistos na referência [4].

Ordem de precisão nos pontos cŕıticos × grau de dissipação: o que é mais importante para o poder

de resolução do WENO? O WENO clássico tem um poder menor de resolução de estruturas finas do que o

WENO-M [5] ou o WENO-Z (veja a referência [3] para comparações detalhadas). Na literatura, em geral se atribui

como causa disto o fato de o WENO clássico sofrer com a perda de ordem de precisão na vizinhança de pontos

cŕıticos [5]. Neste trabalho, pretendemos mostrar que a ordem de precisão nos pontos cŕıticos pouco influi no poder

de resolução de um esquema WENO, e que o fator preponderante para o poder de resolução de um esquema WENO

é o seu grau de dissipação. Este estudo ainda está em andamento.

Validade das equações de Euler em 2D como caso teste. Por fim, pretendemos mostrar que as equações de

Euler da dinâmica de fluidos em duas dimensões, amplamente usadas na literatura como teste de performance do

poder de resolução dos esquemas WENO [8], não são um bom parâmetro de comparação quando usadas sozinhas,

pois alguns esquemas podem aparentar estar resolvendo mais estruturas finas quando na verdade estão gerando

oscilações espúrias. Propomos que, em paralelo a estes testes, também sejam realizados testes lineares em 2D para

verificarmos que os esquemas são de fato essencialmente-não oscilatórios. Este estudo também está em andamento.

Referências
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1 Introdução

Apresentamos um novo método para encontrar soluções positivas para uma classe de equações eĺıpticas assintoti-

camente lineares no infinito, considerando λ > 0 :

−∆u+ λu = a(x)f(u) em RN , N ≥ 3. (1.1)

Consideramos que

(A1) a ∈ C2(RN ,R+), com inf
x∈RN

a(x) > 0 ;

(A2) lim
|x|→∞

a(x) = a∞ > λ;

(A3) ∇a(x) · x ≥ 0,∀x ∈ RN , onde a desigualdade estrita é válida para um subconjunto de RN com medida de

Lebesgue não-nula;

(A4) a(x) + ∇a(x)·x
N < a∞,∀x ∈ RN ;

(A5) ∇a(x) · x+ x·H(x)·x
N ≥ 0,∀x ∈ RN , onde H representa a matriz Hessiana da função a.

Além disso, consideramos que f ∈ C(R+,R+) é assintoticamente linear no infinito. Usando argumentos de

concentração de compacidade e uma variedade de Pohozaev geral, obtemos uma solução positiva via teorema de

linking. Ainda, mostramos que um problema de minimização, associado à existência de uma solução ’ground state’,

não possui solução.

2 Desenvolvimento

Associado à equação (1.1), temos o funcional I, dado por I(u) = 1
2

∫
RN

|∇u|2 + λu2dx −
∫
RN

a(x)F (u)dx, onde

F (u) =

∫ u

0

f(s)ds. Assim, soluções da equação (1.1) serão os pontos cŕıticos do funcional I.

Generalizando para RN as ideias apresentadas em [4] para conjuntos limitados, mostramos que toda solução da

equação (1.1) satisfaz a identidade de Pohozaev

2N

∫
RN

G(x, u) dx+ 2
N∑
i=1

∫
RN

xiGxi
(x, u) dx = (N − 2)

∫
RN

|∇u|2dx, (2.2)

onde G(x, u) =

∫ u

0

f(s)a(x)− λsds. Com esta identidade, definimos então a variedade de Pohozaev P como sendo

P =
{
u ∈ H1(RN ) \ {0} ;u satisfaz (2.2)

}
.
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Consideramos também a variedade de Pohozaev P∞, associada com o problema autônomo limite

−∆u+ λu = a∞f(u) em RN . (2.3)

Temos que P∞ =

{
u ∈ H1(RN ) \ {0} ; (N−2)

2

∫
RN

|∇u|2dx = N

∫
RN

G∞(u)dx

}
, onde G∞(u) :=

∫ u

0

a∞f(s)−λsds.

O funcional I∞ associado à equação (2.3) é dado por I∞(u) = 1
2

∫
RN

|∇u|2 +λu2−
∫
RN

a∞F (u)dx, e o conjunto

de caminhos Γ∞ =
{
γ ∈ C([0, 1], H1(RN ))|γ(0) = 0, I∞(γ(1)) < 0

}
, define o ńıvel min-max do teorema do Passo

da Montanha c∞ := min
γ∈Γ∞

max
0≤t≤1

I∞(γ(t)).

Através de várias manipulações, trabalhando com as projeções de funções u ∈ H1(RN ) sobre P e P∞, inspirados

pelas ideias utilizadas por Azzollini e Pomponio em [2], mostramos nosso primeiro resultado:

Teorema 2.1. Assuma que (A1 − A5) são válidas. Então p := inf
u∈P

I(u) = c∞, não é um ńıvel cŕıtico para o

funcional I. Em particular, o ı́nfimo não é atingido.

Como mostramos ainda que P é uma restrição natural do funcional I, temos também que o ı́nfimo p de I sobre

H1(RN ) não é atingido.

Com este resultado, somos motivados a procurar por soluções em ńıveis mais altos de energia. Para encontrar

tal solução, aplicamos ideias similares às utilizadas por Ambrosetti, Cerami e Ruiz em [1]. O argumento deles usa

linking juntamente com a função baricentro, restrito à variedade de Nehari associada ao problema. No nosso caso,

como o termo não-linear da equação é não-homogêneo, utilizamos a variedade de Pohozaev P para fazer a estrutura

de linking, juntamente com a função baricentro apresentada em [1]. Temos então o seguinte resultado:

Teorema 2.2. A equação (1.1) possui uma solução positiva u ∈ H1(RN ).

Observamos ainda que não fazemos uso da condição de que f(s)
s é uma função crescente em s. Conforme

observado por Costa e Tehrani em [3], se na equação (1.1) assumimos que f(s)
s é não-decrescente, o caminho

γ(t) = I(tu) pode não interceptar a variedade de Nehari para um único t. De fato, pode acontecer deste caminho

não interceptar a variedade de Nehari em nenhum ponto, ou interceptá-la para infinitos valores de t. Esta é a razão

principal pela qual fomos motivados a utilizar a variedade de Pohozaev ao invés da variedade de Nehari. Ainda,

como as condições (A3) e (A4) implicam que I∞(u) ≤ I(u),∀u ∈ H1(RN ), os argumentos utilizados por Costa e

Tehrani em [3] não se aplicam.
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1 Introdução

Neste trabalho consideramos o seguinte problema eĺıptico envolvendo o operador biharmônico ∆2

(P)

{
∆2u+ V (|x|)|u|q−2u = Q(|x|)|f(u)

u ∈ D2,2
0 (RN ), N ≥ 5

onde 1 < q < N , q 6= 2, os potenciais V,Q : (0,+∞) → [0,+∞) e a não linearidade f : R → R são cont́ınuos e

satisfazem

(V) Existem números reais a e a0 tais que lim inf
r→+∞

V (r)

ra
> 0, lim inf

r→0

V (r)

ra0
> 0.

(Q) Existem números reais b e b0 tais que lim sup
r→+∞

Q(r)

rb
<∞, lim sup

r→0

Q(r)

rb0
<∞.

(fs) Existem M > 0 e s > max{2, q} tais que |f(t)| ≤M |t|s−1, ∀t ∈ R

(f1) Existe µ > max{2, q} tal que µF (t) ≤ f(t)t ∀t ∈ R, onde F (t) =
∫ t
0
f(r)dr.

(f2) F (t) > 0 ∀t ∈ (0,+∞).

Nossos resultados estendem aqueles tratados em [1], no qual é estudado o mesmo problema com q = 2, isto é,

o caso homogêneo. Quando q 6= 2, o caso não homogêneo, os argumentos são um pouco de diferentes daqueles do

caso homogêneo, visto que as técnicas de minimização como o Teorema dos Multiplicadores de Lagrange não nos

fornecem solução.

Nós generalizamos o Lema Radial de [2] para nosso espaços de Sobolev e provamos estimativas a fim de obter

resultados de imersão cont́ınua. Obtivemos resultados de imersões para espaços de Sobolev de segunda ordem

análogos aos obtidos em [3], os quais foram feitos para espaços de Sobolev de primeira ordem. Cabe ressaltar que os

mesmos argumentos usados na demonstração de nossas estimativas podem ser usados a fim de melhor as estimativas

em [3].

2 Resultados

Considere o espaço de Hilbert D2,2
0 (RN ) como o fecho de C∞0 (RN ) sobre a norma ‖∆u‖2 e seja D2,2

0,r(RN ) o

conjunto das funções radiais em D2,2
0 (RN ). Para p ≥ 1 e a função ν : RN → R defina Lp(RN ; ν) o espaço das

funções mensuráveis u : RN → R tais
∫
RN ν(x)|u|pdx <∞, com a norma ‖u‖p,ν :=

(∫
RN ν(x)|u|pdx

)1/p
.
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Defina o espaço de Banach X := D2,2
0 (RN ) ∩ Lq(RN ;V ), munido da norma ‖u‖ = ‖∆u‖2 + ‖u‖q,V , e Xr o

conjunto das funções radiais em X.

Seja α∗ := N−4
2 + q−1

q (a+N) e α∗0 := N−4
2 + q−1

q (a0 +N). Assim, para ı́ndices s∗ e s∗, os quais serão definidos

abaixo, nós obtivemos o seguinte resultado de imersão.

Teorema 2.1. Sejam V e Q funções satisfazendo (V) e (Q). Se s∗ < s∗, então a imersão

Xr ↪→ Ls(RN ;Q),

é cont́ınua para todo s∗ ≤ s ≤ s∗ quando s∗ < ∞, s∗ ≤ s < ∞ quando s∗ = ∞ ou max{s∗, s∗∗} ≤ s < ∞. Além

disso, a imersão é compacta para todo s∗ < s < s∗ ou max{s∗, s∗∗} < s <∞.

s∗ =



q, b ≤ a, b ≤ −N or b ≥ −N + q(N−4)
2 − ε

2(N+b+ε)
N−4 , b ≤ a and −N < b < −N + q(N−4)

2 − ε

q + q(b−a)
α∗ , b > a ≥ −N + q(N−4)

2

q + 2(b−a)
N−4 , b > a, b > −N and −N + q(N−4)

2 − ε < a < −N + q(N−4)
2

2(N+b+ε)
N−4 , b > a, b > −N and a ≤ −N + q(N−4)

2 − ε

q + 2(b−a)
N−4 , a < b ≤ −N.

s∗ =



2(N+b0−ε)
N−4 , a0 ≥ b0 > −N or b0 ≥ a0 ≥ −N + q(N−4)

2 + ε

q + 2(b0−a0)
N−4 , b0 ≥ a0 and −N + q(N−4)

2 ≤ a0 < −N + q(N−4)
2 + ε

q + q(b0−a0)
α∗

0
, b0 ≥ a0 and −N − q(N−4)

2(q−1) < a0 < −N + q(N−4)
2

+∞, b0 ≥ a0 and a ≤ −N − q(N−4)
2(q−1) .

s∗∗ = q +
q(b0 − a0)

α∗0
, b0 ≤ a0 < −N −

q(N − 4)

2(q − 1)
.

Teorema 2.2. Sejam V e Q funções satisfazendo (V) e (Q). Seja f uma função satisfazendo (fs), (f1) e (f2). Se

s∗ < s < s∗, então o problema (P) tem uma solução não trivial u ∈ Xr. Mais ainda, se f é ı́mpar is odd e existe

η > 0 tal que F (t) ≥ η|t|s, para todo t ∈ R, então o problema (P) tem infinitas soluções radiais u ∈ Xr.
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Neste trabalho obtemos estimativas inferiores e superiores para n-larguras de conjuntos de funções finitamente e

infinitamente diferenciáveis sobre o toro Td. Tais conjuntos são gerados por operadores multiplicadores espećıficos.

É importante frisar que, em particular, algumas das estimativas obtidas são exatas em termos de ordem.

1 Introdução

Seja A um subconjunto compacto e centralmente simétrico (simétrico com relação à origem, ou seja, −x ∈ A,

sempre que x ∈ A) de um espaço de Banach X. Definimos as n-larguras de Kolmogorov e de Gelfand de A em X,

respectivamente pelos valores

dn(A,X) = inf
Xn

sup
x∈A

inf
y∈Xn

‖x− y‖X e dn(A,X) = inf
Ln

sup
x∈A∩Ln

‖x‖X ,

onde o ı́nfimo na primeira expressão é tomado sobre todos os espaços n-dimensionais Xn de X e na segunda sobre

todos os subespaços Ln de codimensão no máximo n de X. Se Y é um outro espaço de Banach e T : X −→ Y

um operador limitado, definimos as n-larguras de Kolmogorov e de Gelfand de T por dn(T ) = dn(T (BX), Y ) e

dn(T ) = dn(T (BX), Y ), respectivamente, onde BX denota a bola unitária fechada do espaço X.

Dada f ∈ L1(Td), definimos a série de Fourier da função f por∑
k∈Zd

f̂(k)eik·x, f̂(k) =

∫
Td

f(x)e−ik·xdν(x),

onde k · x = k1x1 + k2x2 + · · ·+ kdxd, k = (k1, k2, . . . , kd) ∈ Zd, x = (x1, x2, . . . , xd) ∈ Td e dν denota a medida de

Lebesgue normalizada sobre Td. Para k ∈ Zd, denotamos também |k| =
(
k21 + k22 + · · ·+ k2d

)1/2
.

Dados l, N ∈ N, definimos Hl =
[
eik·x : k ∈ Al\Al−1

]
e TN =

⊕N
l=0Hl, onde Al = {k ∈ Zd : |k| ≤ l}. Seja

Λ = {λk}k∈Zd , λk ∈ C, e sejam 1 ≤ p, q ≤ ∞. Se para todo ϕ ∈ Lp(Td) existe uma função f = Λϕ ∈ Lq(Td) com

expansão formal em série de Fourier dada por

f ∼
∑

k ∈ Zd

λk f̂(k)eik·x,

tal que ‖Λ‖p,q = sup{‖Λϕ‖q : ϕ ∈ Up} < ∞, dizemos que Λ é um operador multiplicador limitado de Lp em

Lq, com norma ‖Λ‖p,q, onde Up denota a bola unitária fechada do espaço Lp(Td). Consideraremos operadores

multiplicadores Λ = {λk}k∈Zd , onde λk é da forma λ(|k|) para uma função real λ definida sobre [0,∞).

2 Resultados

Se Λ(1) = {λk}k∈Zd , onde a função λ : [0,∞) → R é definida por λ(t) = t−γ(ln t)−ξ, t > 1 e λ(t) = 0 para

0 ≤ t ≤ 1, γ, ξ ∈ R, γ > d/2, ξ ≥ 0, temos que Λ(1)Up são conjuntos de funções finitamente diferenciáveis sobre

Td, em particular, se ξ = 0 então Λ(1)Up são classes de Sobolev.
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Se Λ(2) = {λk}k∈Zd , onde a função λ : [0,∞)→ R é definida por λ(t) = e−γt
r

, γ, r > 0, temos que Λ(2)Up são

conjuntos de funções infinitamente diferenciáveis (anaĺıticas para r = 1).

Para os resultados seguintes, usaremos as notações

ϑn =



1, 1 ≤ p ≤ 2, 1 < q ≤ 2,

1, 2 ≤ p <∞, 2 ≤ q ≤ ∞,
1, 1 ≤ p ≤ 2 ≤ q ≤ ∞,

(lnn)−1/2, 1 ≤ p ≤ 2, q = 1,

(lnn)−1/2, p =∞, 2 ≤ q ≤ ∞.

, (a)+ =

{
a, a > 0,

0, a ≤ 0,

an � bn e an � bn, se existirem constantes positivas C1 e C2 tais que an ≥ C1bn e an ≤ C2bn, respectivamente,

para todo n ∈ N. Se tivermos an � bn e an � bn, escreveremos an � bn.

Teorema 2.1. Seja Λ(1) o operador multiplicador definido acima. Então para 1 ≤ p ≤ ∞, 2 ≤ q ≤ ∞, temos

dn(Λ(1)Up;L
q)� n−γ/d+(1/p−1/2)+(lnn)−ξ

{
q1/2, q <∞,
(lnn)1/2, q =∞,

e para 1 ≤ p, q ≤ ∞, temos

dn(Λ(1)Up, L
q) � n−γ/d(lnn)−ξϑn.

Teorema 2.2. Seja Λ(2) o operador multiplicador definido acima. Consideremos as sequências φk = dim Tk e

ψk = φk − φ1−r/dk − 1. Então para 1 ≤ p, q ≤ ∞, temos

d[ψk](Λ
(2)Up, L

q) � e−Rφ
r/d
k ϑk, r > 0, k ∈ N,

d[ψk](Λ
(2)Up, L

q) � e−Rψ
r/d
k ϑk, 0 < r ≤ d, k ∈ N,

dφk−1(Λ(2)Up, L
q) � e−Rφ

r/d
k ϑk, r ≥ d, k ∈ N,

dk(Λ(2)Up, L
q) � e−Rk

r/d

ϑk, 0 < r ≤ 1, k ∈ N,

para 0 < r ≤ 1, 1 ≤ p ≤ ∞, 2 ≤ q ≤ ∞ e para todo k ∈ N, temos

dk(Λ(2)Up, L
q) � e−Rk

r/d

k(1−r/d)(1/p−1/2)+

{
1, 2 ≤ q <∞,
(ln k)1/2, q =∞,

e para todo r > 1 e todo k ∈ N,

dφk
(Λ(2)Up, L

q) � e−γk
r

{
k(d−1)(1/p−1/q), 1 ≤ p ≤ 2 ≤ q ≤ ∞,
k(d−1)(1/2−1/q), 2 ≤ p, q ≤ ∞,

onde R = γ
(
dΓ(d/2)/2πd/2

)r/d
e [ψk] denota a parte inteira do número ψk.

Corolário 2.1. Para 2 ≤ p, q <∞ e 0 < r ≤ 1, temos que

dk(Λ(1)Up, L
q) � k−γ/d(ln k)−ξ e dk(Λ(2)Up, L

q) � e−Rk
r/d

.
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NEW DECAY RATES FOR THE PLATE EQUATION

WITH FRACTIONAL DAMPING

Ruy Coimbra Charão ∗ , Ryo Ikehata † & Cleverson Roberto da Luz ‡

Abstract

In this article we obtain decay rates for the total energy associated to the linear plate equation with effects of

rotational inertia and a fractional damping term depending on a number θ ∈ [0, 1]. We observe that the dissipative

structure of the plate equation with θ = 0 is of the regularity-loss type. This decay structure still remains true

for the plate equation with a power of fractional damping θ > 0. This means that we can have an optimal decay

estimate of solutions under an additional regularity assumption on the initial data. The structure of regularity-loss

becomes more weak when θ increase and does not occur when θ arrive in θ = 1. Our results generalize previous

results by Luz-Charão and some of recent results due to Sugitani-Kawashima. We use a special method in the

Fourier space which we developed in a previous work for the wave equation and it shows to be very effective to

study decay properties for several problems in Rn.

1 Introduction

In this work we study asymptotic behavior of the energy of the plate equation under effects of rotational inertia

and a fractional damping in Rn

utt(t, x) +Autt(t, x) +A2u(t, x) +Aθut(t, x) = 0, (t, x) ∈ (0,∞)×Rn (1.1)

with initial data

u(0, x) = u0(x), ut(0, x) = u1(x) x ∈ Rn, (1.2)

where A is given by the Laplacian operator, that is, A := −∆ = −
∑n
i=1

∂2

∂x2
i

and the fractional power damping θ

satisfies 0 ≤ θ ≤ 1. The function u = u(t, x) represents the transversal displacement of the plate. The term Aθut

represents a frictional dissipation in the plate, and the term Autt corresponds to the rotational inertia effects.

We use the usual notations on the Sobolev spaces. The fractional power operator Aθ : D(Aθ) ⊂ L2(Rn) →
L2(Rn) (θ ≥ 0) with its domain D(Aθ) = H2θ(Rn) is defined by

Aθv(x) := F−1
(
|ξ|2θF(v)(ξ)

)
(x), v ∈ H2θ(Rn), x ∈ Rn,

where F denotes the usual Fourier transform in L2(Rn). The operator Aθ is

nonnegative and self-adjoint in L2(Rn), and the Schwarz space S(Rn) is dense in H2θ(Rn). Note that A1 = A and

A0 = I.

For the initial problem (1.1)–(1.2) we study explicit decay estimates for the associated total energy Eu(t). We

prove that in case of θ ∈ [0, 1] and n > 1 or θ ∈ [0, 1/2] and n = 1, the decay rate is

Eu(t) = O(t−
n−4θ+4
4−2θ +δ) (t→ +∞),
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while, for n = 1 and θ ∈ (1/2, 1], the decay rate is given by

Eu(t) = O(t−
1
2θ+δ) (t→ +∞),

for any δ > 0 (for these results, see Theorem 2.2 below).

2 Main Results

On the existence and uniqueness of solutions the following result holds.

Teorema 2.1. Let n ≥ 1, 0 ≤ θ ≤ 1 and s ≥ 2. If [u0, u1] ∈ Hs(Rn)×Hs−1(Rn) then there exists a unique weak

solution of the initial problem (1.1)–(1.2) in the class

C([0,∞);Hs(Rn)) ∩ C1([0,∞);Hs−1(Rn)).

The proof of Theorem 2.1 is standard (see Luz and Charão [3] for the case θ = 0).

The total energy Eu(t) associated to the solution u(t) of equation (1.1) is defined by

Eu(t) =
1

2

(
‖ut(t)‖2 + ‖∇ut(t)‖2 + ‖∆u(t)‖2

)
,

and it is a non-increasing function of t because satisfies the following energy identity

Eu(t) +

∫ t

0

‖Aθ/2ut(s)‖2 ds = Eu(0), t ≥ 0.

Teorema 2.2. Let n ≥ 1, 0 ≤ θ ≤ 1 and β a positive fixed number satisfying

β >

 2θ, for n = 1 and
1

2
< θ ≤ 1;

4− 2θ

n− 4θ + 4
, otherwise.

If (u0, u1) ∈
[
H2+ 1−θ

β (Rn)∩L1(Rn)
]
×
[
H1+ 1−θ

β (Rn)∩L1(Rn)
]
, then there exists a constant C > 0 and a constant

Cβ > 0 depending on β, such that the total energy associated to the solution u(t, x) of (1.1)-(1.2) satisfies

Eu(t) ≤ Kβ

{
Cβ ‖u0‖2L1 + Cβ ‖u1‖2L1 + ‖u0‖2Hr + 2 ‖u1‖2Hr−1

}
t−1/β , ∀ t ≥ T0

with Kβ =
[
22+βC(1 + 1/β)

] 1
β

, r = 2 + 1−θ
β and T0 is a constant depending on the initial data.

Our method to prove Theorem 2.2 depends on the estimates in the regions of low and high frequencies in the

Fourier space and the application of the Haraux-Komornik lemma. In the region of low frequencies the estimates

also depending on the integrability of the singularity |ξ|−p for p < n.
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uma abordagem numérica do problema de torção

elasto-plástico via algoritmo de complementaridade

sandro r. mazorche∗

1 Intrudução

Os problemas de complementaridade estão presentes em várias aplicações da Engenharia, Economia e outras ciências

em geral. Podemos citar problemas de contacto, obstáculo, elasto-plástico e etc. Neste trabalho, apresentamos um

algoritmo de ponto interior para problemas de complementaridade mista não-linear que chamaremos de FDA-MNCP.

Este algoritmo é uma extensão do algoritmo FDA-NCP [1], um algoritmo para problemas de complementaridade.

O FDA-MNCP começa em um ponto estritamente viável e gera uma sequência de pontos interiores que converge

para uma solução do problema. Veremos resultados teóricos sobre convergência assintótica para o algoritmo FDA-

MNCP. Resultados numéricos são apresentados para uma aplicação de torção elasto-plástico de um corpo ciĺındrico

([2],[3]). Esta aplicação é descrita por uma inequação variacional que sob certas condições de regularidade podemos

tratá-la como um problema de complementaridade.

2 Complementaridade Mista e Algoritmo - FDA-MNCP

Definição do Problema de Complementaridade Mista (MNCP):

Encontrar (x, y) ∈ Ω tal que

{
x • F (x, y) = 0

Q(x, y) = 0.
(2.1)

onde F : Rn × Rm → Rn e Q : Rn × Rm → Rm, são aplicações e Ω = {(x, y) ∈ Rn × Rm / x ≥ 0 e F (x, y) ≥ 0}
é chamado de conjunto de pontos viáveis. A ideia básica do algoritmo FDA-MNCP é encontrar uma direção d de

busca, que seja viável na região Ω e de descida para a seguinte função potencial f(x, y) = φ(x, y)+‖Q(x, y)‖2, onde

φ(x, y) = xTF (x, y). Podemos determinar desta direção resolvendo o seguinte sistema

∇S(xk, yk)dk = −S(xk, yk) + ρkE (2.2)

onde S(x, y) =

(
x • F (x, y)

Q(x, y)

)
, ρk ∈ (0, 1) e E = [1n; 0m] é um vetor coluna de Rn+m.

Logo, a seqüência de direção {dk} gerada pelo algoritmo FDA-MNCP, consiste em um campo uniforme de

direções viáveis do problema de complementaridade em Ω. Uma iteração do algoritmo FDA-MNCP é dado por

(xk+1, yk+1) = (xk, yk) + tkdk. Segue o teorema de convergência assintótica.

Teorema 2.1. Considere a seqüência {(xk, yk)} gerada pelo algoritmo FDA-MNCP, que converge para uma solução

(x∗, y∗) do problema de complementaridade mista. Então,

(i) Tomando β ∈ (1, 2), tk = 1 para k suficientemente grande e a taxa de convergência do algoritmo é superlinear.

(ii) Se tk = 1 para k suficientemente grande e β = 2, então a taxa de convergência é quadrática.

∗Departamento de Matemática , UFJF, MG, Brasil, e-mail: sandro.mazorche@ufjf.edu.br

150 



3 Aplicação

De uma forma bem simplificada, o problema de torção elasto-plástico de um corpo ciĺındrico (sem buracos), cor-

responde a uma desigualdade variacional com restrição de gradiente:

u ∈ K0

∫
Ω

∇u∇(v − u)dx ≥ −r
∫

Ω

(v − u)dx, ∀v ∈ K0 (3.3)

onde x ∈ Ω ⊂ R2, Ω é limitado, simplesmente conexo, com fronteira regular e K0 = {u ∈ H1
0 (Ω) |∇u| ≤ 1}.

O problema (3.3) é equivalente ao problema da membrana com dois obstáculos ([2] e [4]), basta trocar o conjunto

K0 por K1 = {u ∈ H1
0 (Ω) |u| ≤ d(x)}, onde d(x) = d(x, ∂Ω) é a menor distância de x à fronteira de Ω.

u ∈ K1

∫
Ω

∇u∇(v − u)dx ≥ −r
∫

Ω

(v − u)dx, ∀v ∈ K1 (3.4)

Assim, além da equivalência dos problemas (3.3) e (3.4), o problema de torção elasto-plástico pode ser escrito

sob a forma de complementaridade mista.

Encontrar u tal que

−d(x) < u < d(x) ⇔ −∆u+ r = 0 (3.5)

−d(x) = u ⇔ −∆u+ r ≥ 0 (3.6)

d(x) = u ⇔ −∆u+ r ≤ 0 (3.7)

isto é posśıvel devido a resultados de regularidade da solução u ([2], [4]).

4 Resultados Numéricos

Usaremos o método de diferenças finitas, para o problema de torção elasto-plástico na forma de complementaridade

mista. Com o algoritmo FDA-MNCP encontraremos a solução numérica do problema em questão. Também faremos

uma comparação do nosso método com outros métodos [3].

5 Conclusão

Com os resultados numéricos obtidos podemos confirmar os nossos resultados teóricos, para o FDA-MNCP e a

verificação da robustez do mesmo. A escolha da aplicação, foi motivada pelo fato que se trabalhássemos como o

problema sob a forma de (3.3), restrições de gradiente, teŕıamos uma complementaridade na forma generalizada,

ou seja, F (x) ≥ 0, H(x) ≥ 0 e F (x) •H(x) = 0. Um algoritmo para este caso é um interessante trabalho para o

futuro.
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banach spaces of homogeneous polynomials without the

approximation property

seán dineen ∗ & jorge mujica †

1 Introduction

The approximation property was introduced by Grothendieck [9]. Enflo [8] gave the first example of a Banach

space without the approximation property. Enflo’s counterexample is an artificially defined Banach space. The first

naturally defined Banach space without the approximation property was given by Szankowski [13], who proved that

the space L(`2; `2) of continuous linear operators on `2 does not have the approximation property. In this paper we

show that the spaces of homogeneous polynomials on Lp[0, 1] and `p provide plenty of natural examples of Banach

spaces without the approximation property.

Our proofs are based on important results of several authors. Among them we mention Szankowski’s counterex-

ample [13], the relationship between multilinear forms and symmetric multilinear forms on stable Banach spaces

discovered by Diaz and Dineen [3], the complementation properties of spaces of homogeneous polynomials obtained

by Aron and Schottenloher [2], the complementation properties of Lp spaces established by Pelczynski [12], the

relationship between operators on Lp spaces and operators on `p spaces discovered by Arias and Farmer [1], and the

complementation properties of tensor products of `p spaces, obtained also by Arias and Farmer [1]. These results

play a key role in our proofs, and some of them are applied several times.

2 Spaces of homogeneous polynomials

Let E and F denote Banach spaces over K, where K is R or C. Let L(nE;F ) denote the Banach space of all

continuous n-linear mappings from En into F , and let Ls(nE;F ) denote the subspace of all symmetric members

of L(nE;F ). Let P(nE;F ) denote the Banach space of all continuous n-homogeneous polynomials from E into F .

We omit F when F = K. We have the canonical isomorphism P(nE;F ) = Ls(nE;F ). We refer to [4] or [10] for

background information on multilinear mappings and homogeneous polynomials on Banach spaces.

Teorema 2.1. If 1 < p <∞, then P(nLp[0, 1]) contains a complemented subspace isomorphic to L(`2; `2) for every

n ≥ 2. In particular P(nLp[0, 1]) does not have the approximation property for every n ≥ 2.

Teorema 2.2. (a) If 1 < p <∞, then P(n`p) contains a complemented subspace isomorphic to L(`2; `2) for every

n ≥ p. In particular P(n`p) does not have the approximation property for every n ≥ p.

(b) If 1 < p <∞, then P(n`p) has a Schauder basis for every n < p.

Theorem 2.2 (a) proves a conjecture of the second author in [11]. Theorem 2.2 (b) shows that the result in (a)

is the best possible.
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3 Spaces of holomorphic functions

Let H(U) denote the vector space of all complex-valued holomorphic functions on an open subset U of a Banach

space E. Let τ0, τω and τδ respectively denote the compact-open topology, the compact-ported topology and the

bornological topology on H(U). We refer to [4] for background information on these topologies. In the articles [5],

[6] and [7] the authors have given sufficient conditions on E and U for (H(U), τ0), (H(U), τω) and (H(U), τδ) to

have the approximation property. In this section we give some counterexamples to the approximation property in

spaces of holomorphic functions, Indeed, since P(nE) is a complemented subspace of (H(U), τω) and (H(U), τδ),

Theorems 2.1 and 2.2 immediately imply the following theorem.

Teorema 3.1. (a) If U ⊂ Lp[0, 1], where 1 < p <∞, then neither (H(U), τω) nor (H(U), τδ) has the approximation

property.

(b) If U ⊂ `p, where 1 < p <∞, then neither (H(U), τω) nor (H(U), τδ) has the approximation property.
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Ideal topologies and approximation properties

Sonia Berrios ∗ & Geraldo Botelho †

In this work we propose, by introducing the notion of ideal topologies, a unifying approach to the study of

approximation properties in Banach spaces. A method of generating ideal topologies is given and many examples

are provided. The approximation property with respect to a pair of operator ideals and a given ideal topology is

defined. We show that this concept recovers several approximation properties studied in the literature and that

many known results can be regarded as particular cases of more general results that hold in this setting.

1 Results

Definition 1.1. An ideal topology τ is a correspondence that, for all Banach spaces E and F , assigns a linear

topology, still denoted by τ , on the Banach space of all bounded linear from E to F , L(E;F ), such that: for every

operator ideal I (in the sense of Pietsch), if

I τ (E;F ) := I(E;F )
τ

for all Banach spaces E and F , then I τ is an operator ideal.

The following gives a method to generate ideal topologies. By BAN we denote the class of all Banach spaces.

Proposition 1.1. Suppose that for every Banach space E it has been assigned a collection A(E) of bounded subsets

of E such that

u(A) ∈ A(F ) for all E,F ∈ BAN, A ∈ A(E) and u ∈ L(E;F ).

Then the topology τA of uniform convergence on sets belonging to A(E), E ∈ BAN, is an ideal topology.

Example 1.1. (a) The norm topology ‖ · ‖ and the topology of pointwise convergence τP , which are the topology

of uniform convergence on bounded sets and finite sets, respectively, are ideal topologies.

(b) It is plain that bounded linear operators send compact sets to compact sets, so the compact-open topology τc,

which is the topology of uniform convergence on compact sets, is an ideal topology.

We need the following terminology to give more useful examples of ideal topologies. Given an operator ideal I
and a Banach space E, according to [4] we define CI(E) = {A ⊆ E : ∃F,∃u ∈ I(F ;E) such that A ⊆ u(BF )}. The

sets belonging to CI(E) are called I-bounded sets.

Example 1.2. Let I be an operator ideal. It is clear that I-bounded sets are norm bounded. By the ideal property

of I it follows that bounded linear operators send I-bounded sets to I-bounded sets, so the topology τCI of uniform

convergence on I-bounded sets is an ideal topology by Proposition 1.1.

By L we denote the ideal of all bounded operators between Banach spaces and by F and K the ideals of finite

rank and compact operators, respectively.

Definition 1.2. Let I,J be operator ideals and τ be an ideal topology. We say that a Banach space E has the

(I,J , τ)-approximation property, (I,J , τ)-AP for short, if I(F ;E) ⊆ J (F ;E)
τ

for every Banach space F.

Example 1.3. (a) The classical approximation property coincides with the (K,F , ‖ ·‖)-AP, with the (L,F , τc)-AP.

(b) The compact approximation property coincides with the (L,K, τc)-AP.

(c) Let I be an operator ideal. The I-approximation property of [2] coincides with the (L, I, τc)-AP.

∗Universidade Federal de Uberlândia, Brasil, soniles@famat.ufu.br. Supported by Fapemig APQ-04687-10 .
†Universidade Federal de Uberlândia, Brasil, e-mail: botelho@ufu.br. Supported by CNPq 302177/2011-6 e Fapemig PPM-00326-13.
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An important aspect of the approximation properties in Banach spaces is the fact that, sometimes, the approx-

imation by two different classes of operators with respect to two different topologies coincide. The search for this

kind of situation in our case can be rephrased as: When does the equality (I1,J1, τ1)-AP = (I2,J2, τ2)-AP hold?

Before stating our next result on this question we need some notation. Let E be a Banach space, let K be a

closed absolutely convex subset of BE and let a > 1. For each n ∈ N put Bn = an/2K+a−n/2BE . For x ∈ E define

‖x‖K =
(∑∞

n=1 ‖x‖2n
)1/2

where ‖ · ‖n is the gauge of Bn, and let the subspace EK = {x ∈ E : ‖x‖K <∞} of E be

endowed with the norm ‖ · ‖K . Let JK denote the identity embedding from EK to E (for further details see [5]).

Theorem 1.1. (Lima-Nygaard-Oja Factorization Theorem [5, Theorem 2.2]) Suppose T ∈ L(F ;E). Let K =
1
‖T‖T (BF ) and let TK ∈ L(F ;EK) be defined by TK(y) = T (y), y ∈ F . Then T = JK ◦ TK .

Henceforth the expression T = JK ◦ TK above shall be referred to as the LNO factorization of T .

Definition 1.3. An operator ideal I has the Grothendieck property if whenever A is a bounded subset of a Banach

space E such that for every ε > 0 there is a set Aε ∈ CI(E) with A ⊆ Aε + εBE , it holds that A ∈ CI(E).

Example 1.4. González and Gutiérrez [4, Proposition 3(c)] proved that any closed surjective operator ideal has

the Grothendieck property.

Let I be an operator ideal. By LI we denote the ideal of all I-bounded linear operators. An operator T ∈
L(E;F ) is said to be I-bounded if T (BE) ∈ CI(F ) (see [1]). The following proposition is fundamental for the proof

of our next result.

Proposition 1.2. Let T = JK ◦ TK be the LNO factorization of the operator T ∈ L(F ;E). If the operator ideal I
has the Grothendieck property, then T ∈ LI(F ;E) if and only if JK ∈ LI(EK ;E).

Corollary 1.1. Let T = JK ◦ TK be the LNO factorization of the operator T ∈ L(F ;E). If the operator ideal I is

surjective and has the Grothendieck property (in particular, if I is closed and surjective), then T ∈ I(F ;E) if and

only if JK ∈ I(EK ;E).

The following Theorem recovers a result due to Choi, Kim and Lee [3] as a particular case.

Theorem 1.2. Let I,J1,J2 be operator ideals such that J1 has the Grothendieck property, I ⊇ LJ1
= LJ1

◦ LJ2

and such that operators belonging to I map J2-bounded sets to J1-bounded sets. The following statements are

equivalent for a Banach space E:

(a) idE ∈ F(E;E)
τCJ1 .

(b) E has the (LJ1 ,F , ‖ · ‖)-AP

(c) E has the (LJ1 ,F , τCJ2
)-AP.

(d) E has the (I,F , τCJ2
)-AP.
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Estimates of Fourier coefficients on the sphere by

moduli of smoothness

Tháıs Jordão ∗ & Valdir A. Menegatto † & Xingping Sun ‡

1 Introduction

Let Sm denote the m-dimensional unit sphere in the euclidian space Rm+1 endowed with the usual Lebesgue

measure σm. In this work we will deal with the usual spaces Lp(Sm) := Lp(Sm, σm), the norm of which we denote

by ‖ · ‖p.

We can express f ∈ Lp(Sm) in its series
∑∞

k=0

∑dk

l=1 ck,l(f)Yk,l(x), in which {Yk,l : l = 1, 2, . . . , dk}k≥0 are the

usual spherical harmonics, dk := dim span{Yk,l : l = 1, 2, . . . , dk} and ck,l(f) are defined by

ck,l(f) :=

∫
Sm

f(y)Yk,l(y)dσm(y), l = 1, 2, . . . , dk, k = 0, 1, . . . .

The title of this work refers to convenient estimations of the Fourier coefficients ck,l(f) via certain moduli of

smoothness and its K-functional in order to provide decay rates for the sequence of eigenvalues of positive integral

operators generated by kernels having fractional derivatives.

We are interested in a modulus of smoothness defined by the standard shift (translation) operator on Lp(Sm)

defined by the formula

Stf(x) =
1

Rm(t)

∫
Rt

x

f(y)dσr(y), x ∈ Sm, f ∈ Lp(Sm), t ∈ (0, π).

Here, dσr(y) denotes the volume element of the rim Rt
x := {y ∈ Sm : dm(x, y) = t}, where dm stands for the usual

geodesic distance on Sm.

For a fixed positive real number r, the associated rth-order finite difference operator (with step t) is given by

∆r
t (f) := (I − St)

r/2(f) =
∞∑
k=0

(−1)k
(
r/2

k

)
Sk
t (f), f ∈ Lp(Sm), (1.1)

where I denotes the identity operator. The difference operators provide the following convenient rth-order modulus

of smoothness of a function f

ωr(f, t)p := sup{‖∆r
s(f)‖p : 0 < s ≤ t}, f ∈ Lp(Sm). (1.2)

As far as we know, it was introduced in [4] and, in the case in which r is an integer, it coincides with moduli of

smoothness mentioned in [2, 3] and other references as well.

Next, we define the so called spaces of Bessel potentials on Sm. For r > 0, let Λr be the operator defined by the

following spherical harmonics expansion: Λr(f) ∼
∑∞

k=0(1 + k(k+m− 1))rYk(f) (it is the action of (I − δ)r on f ,

in which δ is the Laplace-Beltrami operator on Sm). The space of Bessel potentials is then

W r
p (Sm) := {f ∈ Lp(Sm) : ‖f‖W r

p
:= ‖Λr/2(f)‖p <∞}. (1.3)
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The K-functional constructed from space W r
p , also known as Peetre K-functional is

Kr(f, t)p := inf{‖f − g‖p + tr‖g‖W r
p

: g ∈W r
p (Sm)}, r > 0. (1.4)

The following equivalence between Peetre K-functionals and moduli of smoothness can be found in [4]: there exist

positive constants mr and Mr so that mrωr(f, t)p ≤ Kr(f, t)p ≤Mrωr(f, t)p, f ∈W r
p (Sm).

2 The result

Let us condense the Fourier coeffcients of a function f in the following form sk(f) =
∑dk

j=1 |ck,j(f)|2, k ≥ 0. The

following estimate concerning such sums proved in [3] is the technical result we use to deduce our main result.

Lemma 2.1. (m ≥ 2) Let r be a positive integer, p ∈ (1, 2] and q the conjugate exponent of p. If f belong to

Lp(Sm), then

St,r,q(f) :=

( ∞∑
k=1

(dmk )1/q−1/2(min{1, tk})rqsq/2k (f)

)1/q

≤ cpωr(f, t)p, t ∈ (0, π). (2.5)

The proof of such result boils down to an inequality of the form St,r,q(f) ≤ ap (‖f − ηt(f)‖p + tr‖Λr(ηt(f))‖p),

in which ηt(f) =
∑∞

k=1 η(tk)Yk(f). Here, η is a C∞[0,∞) function satisfying: η(s) ≤ 1, s ∈ [0,∞); η(s) = 1, s ≤ 1

and η(s) = 0, s ≥ 2. The final argument in the proof relies on a realization theorem (Corollary 2.5 in [2]).

Our result refers to linear integral operators LK : L2(Sm)→ L2(Sm) of the form

LK(f)(x) =

∫
Sm

K(x, y)f(y) dσm(y), x ∈ Sm, f ∈ L2(Sm),

in which K : Sm × Sm → C is a positive definite kernel belonging to L2(Sm × Sm, σm × σm). This operator has at

most countably many nonnegative eigenvalues which can be ordered as

α1(LK) ≥ α2(LK) ≥ · · · ≥ 0,

repetitions being included in accordance with algebraic multiplicities. The square root L1/2
K of LK is likewise an

integral operator generated by a kernel K1/2, which appears in the statement below.

Theorem 2.1. Let r be a positive real and K : Sm×Sm → C a positive definite kernel in L2(Sm×Sm, σm× σm).

If K1/2(·, x) ∈W r
2 (Sm), for at least one x ∈ Sm, then

αn(LK) = O(n−1−2r/m), as n→∞. (2.6)

The proof of the theorem consists in an application of Lemma 2.1 to function K1/2(·, x) coupled with some

properties from harmonic analysis. The theorem resembles results that appeared in [1].

References

[1] castro, m. h. and menegatto, v. a. - Eigenvalue decay of positive integral operators on the sphere. Math.

Comp., 81 (2012), pp. 2303–2317.

[2] dai, f. and ditzian, z. - Combinations of multivariate averages. J. Approx. Theory, 131 (2004), pp. 268–283.

[3] ditzian, z. - Smoothness of a function and the growth of its Fourier transform or its Fourier coefficients. J.

Approx. Theory, 162 (2010), pp. 980–986.

[4] rustamov, kh. p. - On approximations of functions on the sphere. Izv. Ross. Akad. Nauk Ser. Mat. 57 (1993),

pp. 127–148; translation in Russian Acad. Sci. Izv. Math. 43 (1994), pp. 311–329.

157 



ENAMA - Encontro Nacional de Análise Matemática e Aplicações
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lineability and algebrability of the set of holomorphic

functions with a given domain of existence

thiago r. alves ∗

1 Introduction

Let U be an open subset of a complex Banach space E. Let H(U) denote the algebra of all holomorphic functions

on U , and let E(U) denote the set of all f ∈ H(U) such that U is the domain of existence of f . Let c denote the

cardinality of the continuum.

In this work we first show that, if E is separable and U is a domain of existence in E, then E(U) is a lineable

set, that is, there is an infinite dimensional subspace F of H(U) such that F ⊂ E(U) ∪ {0}. Next we show that,

under the same hypotheses, E(U) is a c-lineable set, that is, there is a c-dimensional subspace F of H(U) such that

F ⊂ E(U) ∪ {0}. Finally we show that, under the same hypotheses, E(U) is an algebrable set, that is, there is a

subalgebra A of H(U), generated by an infinite algebraically independent set, such that A ⊂ E(U) ∪ {0}.
The notion of lineable set appeared for the first time in [1], and many authors have devoted their attention to

the study of lineable sets and algebrable sets during the last decade. We refer the reader to [2] for a survey on this

recent trend in functional analysis.

2 Lineability and c-lineability of E(U)

Given x ∈ U , let dU (x) denote the distance from x to the boundary of U , and let B(x) denote the ball B(x) =

B(x; dU (x)).

Next lemma is well known and can be found in [4, Theorem 11.4].

Lemma 2.1. Let E be a Banach space, U be an open subset in E and D be a dense subset of U . If f ∈ H(U) is

an unbounded function on B(x) for each x ∈ D, then U is the domain of existence of f .

The proofs of the next theorem and of Theorem 2.4 are based on [4, Theorem 11.4]. Moreover, we use a result

which can be found in [5] to prove Theorem 2.4; namely, `2 \ `1 is c-lineable.

Theorem 2.2. Let E be a separable Banach space and U be a domain of existence in E. If D is a countable dense

subset of U , then the set

F(U) :=

{
f ∈ H(U) : sup

z∈B(x)

|f(z)| =∞ for all x ∈ D

}
is lineable.

Next theorem follows easily from Theorem 2.2 and Lemma 2.1.

Theorem 2.3. Let E be a separable Banach space and U be a domain of existence in E. Then the set E(U) is

lineable.
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Theorem 2.4. Let E be a separable Banach space and U be a domain of existence in E. If (xj)
∞
j=1 is a dense

sequence of U , then the set

F(U) :=

{
g ∈ H(U) : sup

z∈B(xj)

|g(z)| =∞ for all j ∈ N

}

is c-lineable.

Next theorem follows easily from Theorem 2.4 and Lemma 2.1.

Theorem 2.5. Let E be a separable Banach space and U be a domain of existence in E. Then the set E(U) is

c-lineable.

It is clear that Theorem 2.2 follows from Theorem 2.4, and we could have omitted Theorem 2.2. However, we

have decided to display both theorems because the proof of Theorem 2.2 is much simpler and the ideas involved

help to understand better the proof of Theorem 2.4.

3 Algebrability of E(U)

Theorem 3.1. Let E be a separable Banach space, and let U be a domain of existence in E. If D is a countable

dense subset of U , then

F(U) :=

{
f ∈ H(U) : sup

z∈B(x)

|f(z)| =∞ for all x ∈ D

}
is algebrable. In particular, the set F(U) is lineable.

By Theorem 3.1 and Lemma 2.1 we can readily obtain the following theorem.

Theorem 3.2. Let E be a separable Banach space and U be a domain of existence in E. Then the set E(U) is

algebrable. In particular, the set E(U) is lineable.

In Theorem 3.1 we have shown that the functions in H(U) which are unbounded on each of the balls B(x),

with x ∈ D, is algebrable. This reminds us of a result of J. López-Salazar [3], which asserts that H(E) \ Hb(E) is

algebrable whenever E is an infinite dimensional Banach space.
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Long-time dynamics for a model of viscoelastic beam

equation with nonlinear damping

v. narciso ∗

1 Introduction

This paper is concerned with the well-posedness and long-time dynamics of a class of nonlinear viscoelastic beams

with nonlinear damping and source terms
utt(t) + k∆2u(t)−

∫ t

−∞
µ(t− τ)∆2u(τ)dτ + f(u(t)) + g(ut(t)) = h, in Ω× R+

u(x, 0) = u0 and ut(x, 0) = u1 x ∈ Ω and u|Γ×R+ =
∂u

∂ν
|Γ×R+ = 0.

(1.1)

where Ω ⊂ RN be a bounded domain with smooth boundary Γ = ∂Ω, k is a positive constat, µ represents

the kernel of the memory term, g is a nonlinear damping like g(ut) ≈ |ut|rut, f is a nonlinear source term like

f(u) ≈ |u|αu− |u|βu, with 0 ≤ β < α and h is a external force.

We assume that the memory kernel µ satisfies the following hypotheses:

µ ∈ C1(R+) ∩ L1(R+),

∫ ∞
0

µ(s)ds = µ0 > 0, (1.2)

µ(0) ≥ 0 and µ′(s) ≤ 0, ∀s ∈ R+ (1.3)

∃ δ;µ′(s) + δµ(s) ≤ 0, ∀s ∈ R+. (1.4)

We assume that the functions f and g are of class C1, with f(0) = g(0) = 0, |f ′(u)| ≤ k0(1+ |u|α) and g′(v) ≥ 0,

for all u, v ∈ R. There exist constants k1, L0, L1 > 0 such that

|f(u)− f(v)| ≤ k1(1 + |u|α + |v|α)|u− v|, ∀u, v ∈ R (1.5)

−L0 ≤ f̂(u) ≤ 1

2
f(u)u+ L1, ∀u ∈ R, (1.6)

where f̂(z) =
∫ z

0
f(s)ds. In addition, there exist also constants k2, k3 > 0 such that

|g(u)− g(v)| ≤ k2(1 + |u|r + |v|r)|u− v|, ∀u, v ∈ R (1.7)

and

(g(u)− g(v))(u− v) ≥ k3|u− v|r+2, ∀u, v ∈ R, (1.8)

where α, r satisfies 0 < α, r ≤ 2
N−2 if N ≥ 3 and α, r > 0 if N = 1, 2. When the space dimension N = 1, 2 the

equation (1.1) models the vibrations of viscoelastic beams and plates.

2 Mathematical Results

Let L2
µ(R+;H2

0 (Ω)) be the Hilbert space of H2
0 (Ω)-valued functions on R+, endowed with the inner product and

norm

〈ϕ,ψ〉µ =

∫ ∞
0

µ(s) (ϕ(s), ψ(s))H2
0 (Ω) dx and ‖ϕ‖µ =

∫ ∞
0

µ(s)‖ϕ(s)‖2H2
0 (Ω)ds.
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Our analysis is given in the Sobolev space H = H2
0 (Ω)× L2(Ω)× L2

µ(R+;H2
0 (Ω)), equipped with the norm

‖(u, v, ηt)‖2H = ‖∆u‖22 + ‖ηt‖2µ + ‖v‖22,

Under assumptions (1.2)-(1) one can prove the following theorem of existence and uniqueness of global solution.

Theorem 2.1. (Existence) Assume that conditions (1.2)-(1.8) hold and that h ∈ L2(Ω). Then, if

(u0, u1, η0) ∈ H1 = H4(Ω) ∩H2
0 (Ω)×H2

0 (Ω)× L2
µ(R+;H4(Ω) ∩H2

0 (Ω))

problem (1.1) has a unique strong solution (u, ut, η
t(s)) in the class

u ∈ L∞(R+;H4(Ω) ∩H2
0 (Ω)), ut ∈ L∞(R+;H2

0 (Ω)), utt ∈ L∞(R+;L2(Ω)).

On the other hand, if the initial data (u0, u1, η0) ∈ H = H2
0 (Ω) × L2(Ω) × L2

µ(R+;H2
0 (Ω)), problem (1.1) has a

unique weak solution (u, ut, η
t) in the class (u, ut, η

t) ∈ C(R+;H).

Remark 2.1. Existence and uniqueness of a strong solution in H1 is proved by using Faedo-Galerkin approximation.

The existence and uniqueness of a weak solution in H is obtained by using density arguments.

Remark 2.2. In view of Theorem 2.1 we can define on H a one-parameter operator

S(t) : (u0, u1, η0) 7→ (u(t), ut(t), η
t(s)), t ≥ 0.

These nonlinear operator map H into itself. It follows that S(t) is a nonlinear C0-semigroup defined on the phase

space H. Then the dynamics of problem (1.1) can be studied through the dynamical system (H, S(t)).

Our main result reads as follows.

Theorem 2.2. (Global attractor) Under the hypotheses of Theorem 2.1, with h ∈ L2(Ω), the dynamical system

(H, S(t)) associated with (1.1) has a global attractor A in H.

Remark 2.3. The first step is to show the dynamic system (H, S(t)) is dissipative. The second step is to verify the

asymptotic smoothness. Then the existence of a compact global attractor is guaranteed by following theorem (see

[2], Thm. 7.1.11).

Theorem 2.3. Let S(t) be a dissipative semigroup defined on a metric space H. Then S(t) has a compact global

attractor in H if and only if it is asymptotically smooth in H.
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existence of solutions for p(x)–Kirchhoff type

problems with nonlocal source and nonlinear Neumann

boundary conditions

v. e. carrera b. ∗ & e. cabanillas. l. † & z. huaringa s. ‡

Abstract

In this work we prove a result on the existence of weak solutions for a p(x)- Kirchhoff type problem with
nonlocal source, subject to Neumann boundary conditions. By means of the Galerkin method, Fixed point
theorem in finite dimensions and the theory of the variable exponent Sobolev spaces we establish our result.

1 Introduction

This paper is devoted to the study of the following p(x)-Kirchhoff problem

M

(∫
Ω

1

p(x)

(
|∇u|p(x) + |u|p(x)

)
dx

)(
−div

(
|∇u|p(x)−2∇u

)
+ |u|p(x)−2u

)
= f(x, u)|u|t(x)

s(x) in Ω

(1.1)

|∇u|p(x)−2 ∂u

∂ν
= g(x, u) on ∂Ω

where Ω ⊆ Rn is bounded domain with smooth boundary ∂, ∂
∂ν is the outer unit normal derivate, p, t, s ∈ C+(Ω),

M : R+ → R is a continuos function, f : Ω× R→ R and g : ∂Ω× R→ R are Carathedory functions.
When p(x) = p (p constant) and t(x) = 0, problem (1.1) is the p-Kirchhoff type problem with nonlinear

boundary condition and has received considerable attention in recent years, see e.g [4]. The p(x)-Kirchhoff type
with Dirichlet boundary conditions has been studied in many papers, we refer to [2]. In [3] the p(x)-Kirchhoff type
problem with nonlinear boundary conditions has been studied. Chen and Gao [1] obtained positive solutions for a
class of nonvariational elliptic system with non local source. Motivated by the above references we deal with the
existence of solutions for p(x)–Kirchhoff type problem (1.1) based on Galerkin method and the Brouwer fixed point
theorem.

2 Mathematical results

In order to discuss problem (1.1), we need some theories on W 1,p(x)(Ω) wich we call a variable exponent Sobolev
space. Denoted by M(Ω) the set of all measurable real functions defined on Ω. Write

C+(Ω) = {p : p ∈ C(Ω), p(x) > 1 for any x ∈ Ω}

and

Lp(x)(Ω) = {u ∈M(Ω) :

∫
Ω

|u(x)|p(x)dx < +∞}

with the norm

|u|Lp(x)(Ω) = |u|p(x) = inf{λ > 0 :

∫
Ω

|u(x)

λ

p(x)

|dx ≤ 1}

and
W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)}

with the norm
||u||1,p(x) = |u|p(x) + |∇u|p(x), ∀u ∈W 1,p(x)(Ω)

∗Universidad Nacional Mayor de San Marcos, FCM, Lima, PERU, vcarrerab@unmsm.edu.pe
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Definição 2.1. We say that u ∈W 1,p(x)(Ω) is a weak solution of (1.1) if

M

(∫
Ω

1

p(x)

(
|∇u|p(x) + |u|p(x)

)
dx

)∫
Ω

(
|∇u|p(x)−2∇u∇v + |u|p(x)−2uv

)
dx =

= ||u||t(x)
s(x)

∫
Ω

f(x, u)

M
(∫

Ω
1

p(x)

(
|∇u|p(x) + |u|p(x)

)
dx
) +

∫
∂Ω

g(x, u)vdt

for all v ∈W 1,p(x)(Ω).

Now, we are ready to state and prove the main result of the present paper

Teorema 2.1. Assume that the following assumptions hold

(M0) M : R+ → R is a continuos function and satisfies

M(t) ≥ m0 > 0 for all t ∈ R+

(f0) f : Ω× R→ R is Carathedory function and satisfies

|f(x, t)| ≤ c1
(

1 + |t|q1(x)−1
)
, ∀(x, t) ∈ Ω× R

where q1 ∈ C+(Ω) and q1(x) < p∗(x) for all x ∈ Ω

(f1) f(x, t)t ≤ a
(
1 + |t|α(x)

)
, ∀(x, t) ∈ Ω× R, where a ∈ C+(Ω)

(g0) g : Ω× R→ R is Carathedory function and satisfies

|g(x, t)| ≤ c2
(

1 + |t|q2(x)−1
)
, ∀(x, t) ∈ Ω× R

where q2 ∈ C+(Ω) and q2(x) < p∗(x) for all x ∈ Ω

(g1) g(x, t)t ≤ b|u|β(x), ∀(x, t) ∈ Ω× R, where β ∈ C+(Ω)

(h) t ∈ C(Ω), s ∈ C+(Ω) with

t+ + α+ < p− , t+ = max
x∈Ω

t(x) , β+ < p−; s(x) < p∗(x), ∀x ∈ Ω

Then problem (1.1) has at least one weak solution. Besides, any solution of (1.1) satisfies the estimate

||u|| ≤ max

{
1,

[
C∗

(
b+

a|Ω|+ α

m0

)] 1

p−−θ

}

where C∗ is a constant the embedding depending of W 1,p(x)(E) ↪→ Lµ(x)(E), E = Ω or ∂Ω, µ = β, s or α, and
θ = max{β+, t+ + α+}.
Proof. We apply the Galerkin method and a well known variant of Brouwer’s fixed point theorem.
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1 Introduction

This work addresses a technique based on Hermite interpolation, to solve the following convection-diffusion equation:

Find u ∈ H1

0 (Ω) such that −∇ · [K∇u] +w · ∇u = f in Ω. (1.1)

where Ω is a bounded domain of ℜN , N = 2, 3, with boundary Γ, f is a given function in L2(Ω), K is a tensor

assumed to be constant, symmetric and positive definite, w is a given velocity field in C0(Ω̄), and ∇ and ∇· denote

the gradient and the divergence operator, respectively.

More specifically we extend to the case of equation (1.1) a Hermite finite element method providing flux continuity

across inter-element boundaries, shown to be a well-adapted tool for simulating purely diffusive phenomena [6].

The method can be viewed as a non trivial improved version of the lowest order Raviart-Thomas mixed method

[4] and its extension to convection-diffusion problems proposed by Douglas and Roberts [2]. However in contrast

to this first order method ours is second order convergent in the L2 norm, though at comparable cost.

Referring to [1] for Sobolev spacesHm(Ω), Hm
0 (Ω) andWm,p(Ω), in the sequel we employ the following notations:

S being a bounded open set of ℜN , we denote the standard norm of Sobolev spaces Hm(S), for any non negative

integer m by ‖ · ‖m,S , including L2(S) = H0(S). The standard semi-norm of Hm(Ω) is denoted by | · |m,S .

2 Method Description and Properties

For simplicity we assume that Ω is a polygon if N = 2 or a polyhedron if N = 3. Let us be given a finite element

partition Th of Ω, consisting of triangles or tetrahedra according to the value of N , and belonging to a quasi-uniform

family of partitions (cf. [3]). h denotes the maximum diameter of the elements of Th. We associate with Th two

finite element spaces Uh and Vh as follows:

Let wh be the constant field in each element of T ∈ Th whose value in T is w(GT ), where GT is the barycenter

of T , and w1

h be the standard continuous piecewise linear interpolate of w at the vertices of Th. For T ∈ Th we

further introduce the operator ΠT : L2(T ) −→ L2(T ), given by ΠT [v] :=
∫

T
vdx/meas(T ), and define the operator

Πh : L2(Ω) −→ L2(Ω) by Πh[v]|T = ΠT [v|T ] ∀T ∈ Th.

Every function v ∈ Vh or u ∈ Uh is such that in each element T ∈ Th it is expressed by {K−1[axt/2 + bt]}x + d,

where x represents the space variable, b is a constant vector of ℜN and a and d are two real coefficients. Now F

being an edge if N = 2 or a face if N = 3 belonging to the boundary ∂T of an element T ∈ Th, and nF being the

unit normal vector on F oriented in a unique manner for the whole mesh, we consider that every function in v ∈ Vh

(resp. u ∈ Uh) is such that its restriction to any T ∈ Th is defined by means of N + 1 degrees of freedom, namely,
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the N mean values of the flux (K∇v +whΠT [v]) · nF (resp. (K∇u) · nF ) over F ⊂ ∂T , and ΠT [v] (resp. ΠT [u]).

All the degrees of freedom of the first type coincide on both sides of every interface F common to two elements of

Th. We refer to [7] for the unisolvence of the above sets of degrees of freedom.

Next we set the discrete variational problem (2.2) below, aimed at approximating (1.1), whose bilinear form ah and

linear form Lh are given by (2.3), where the notation (p, q)S represents
∫

S
pq dS ∀S ⊂ Ω, p, q ∈ L2(S).

Find uh ∈ Uh such that ah(uh, v) = Lh(v) ∀v ∈ Vh, where ∀u ∈ Uh and ∀v ∈ Vh, (2.2)






ah(u, v) :=
∑

T∈Th

[

(∇ · [K∇u]−w1

h · ∇u,ΠT [v])T + (∇u,K∇v +whΠT [v])T + (u,∇ · [K∇v])T
]

;

Lh(v) := −(f,Πh[v])Ω.

(2.3)

If we consider the space V := {v|v ∈ H1(Ω);∇ · [K∇v] ∈ L2(Ω)}, we can extend ah to (Uh + V ) × (Vh + V ).

Then we further introduce the functional ‖ · ‖h: Uh + Vh + V −→ ℜ given by: ‖ v ‖2h:= (Πh[v],Πh[v])Ω +
∑

T∈Th

{(∇v,∇v)T + (∇ · [K∇v],∇ · [K∇v])T }. The expression ‖ · ‖h obviously defines a norm over V , Uh and Vh.

In this manner, it is easy to establish the continuity of ah over (Uh + V ) × (Vh + V ) with a mesh independent

constant M . Since ah is not coercive, problem (2.2) is well-posed if and only an inf-sup condition holds for ah over

Uh × Vh [4]. We refer to [7] for the proof of the following result:

Proposition 2.1. If h is sufficiently small and w ∈ W 1,∞(Ω), ∃α > 0 independent of h such that

∀u ∈ Uh \ {0} sup
v∈Vh\{0}

ah(u, v)

‖ v ‖h
≥ α ‖ u ‖h . (2.4)

Now the second Strang inequality extended to the non coercive case (cf. [5]) reads,

‖ u− uh ‖h≤
1

α

[

M inf
w∈Uh

‖ u− w ‖h + sup
v∈Vh\{0}

ah(u, v)− Lh(v)

‖ v ‖h

]

. (2.5)

From the construction of Vh, the numerator on the right hand side of (2.5) vanishes identically. Hence applying

standard results to the inf term, and arguments similar to those in [6] for estimating ‖ u− uh ‖Ω, we can prove,

Theorem 2.1. Assume that w ∈ W 1,∞(Ω), Ω is convex and h is sufficiently small. Then if u ∈ H2(Ω) and

f ∈ H1(Ω) there exists a mesh independent constant C such that,

‖ u− uh ‖Ω +h ‖ u− u ‖h≤ Ch2 [|u|2,Ω + |f |1,Ω]. (2.6)
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operador biharmônico e com potencial que tende a

zero no infinito
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1 Introdução

Considere a seguinte equação eĺıptica em RN com o operador biharmônico:

(P )

{
∆2u+ V (x)u = K(x)f(u) in RN ,

u 6= 0, in RN ; u ∈ D2,2(RN ),

em que ∆2u = ∆(∆u), N ≥ 5, V,K : RN → R são potenciais cont́ınuos não negativos, K tende a zero no infinito

e f : R → R é uma função cont́ınua com crescimento subcŕıtico no infinito. Aqui D2,2(RN ) é o fecho de C∞0 (RN )

em relação à norma |u| =
(∫

RN
|∆u|2dx

) 1
2

.

Impomos as seguintes hipóteses em V e K:

I) V (x) > 0, K(x) ≥ 0 in RN and K ∈ L∞(RN ).

II) Se {An} ⊂ RN é uma sequência de conjuntos de Borel tais que |An| ≤ r, para todo n e para algum r > 0, então

lim
r→∞

∫
An∩Bcr

K(x)dx = 0,uniformemente em n. (K1)

III) Ocorre uma das seguintes condições:

K/V ∈ L∞(RN ), (K2)

Existe α ∈ (2, 2∗), com 2∗ =
4N

N − 4
, tal que lim

|x|→∞

K(x)

V (x)
2∗−α
2∗−2

= 0. (K3)

Denotamos por (V,K) ∈ K quando V e K satisfazem I, II e III acima. Destacamos que (K1) é mais fraca que

qualquer uma das hipóteses abaixo:

i) Existem r ≥ 1 e ρ ≥ 0 tais que K ∈ Lr(RN \Bρ(0)); ii) K(x)→ 0 as |x| → ∞;

iii) K = H1 +H2, com H1 e H2 verificando i) e ii) respectivamente (veja [1]).

Sobre a função f , impomos as seguintes condições:

IV) lim sup
s→0

f(s)

s2∗−1
= 0. (f1)

V) f tem crescimento subcŕıtico no infinito, a saber, lim sup
s→∞

f(s)

s2∗−1
= 0. (f2)

VI) f(s) = 0 para s ≤ 0, s−1f(s) é uma função não decrescente em (0,∞), e sua primitiva F é superquadrática no

infinito, isto é,

lim sup
s→∞

F (s)

s2
=∞. (f3)
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Lembramos que a condição (f3) é mais fraca que a usual condição de Ambrosetti e Rabinowitz e indicamos [2]

para exemplos e maiores informações.

Equações com o operador biharmônico em domı́nios limitados surgem no estudo de ondas viajantes em pontes

suspensas e no estudo de deflexão estática de uma placa elástica num fluido (veja [3] e suas referências). Em

domı́nios ilimitados, sabemos que a equação não linear de Schrödinger com termos adicionais contendo derivadas de

maior ordem está proximamente relacionada com o auto foco de ondas Whistler em plasmas na fase final. Equações

de quarta ordem não linear de Schrödinger foram introduzidas por Karpman e Shagalov para considerar o papel

dos termos de pequena dispersão na propagação de feixes de laser intenso num meio de grandes quantidades com

não linearidade do tipo Kerr (veja [4]). Voltando nossa atenção para equações de Schrödinger com o operador

biharmônico e com potenciais citamos os seguintes importantes trabalhos [5, 6, 7, 8], entre vários outros.

Neste trabalho usamos uma técnica análoga àquela usada por Alves e Souto em [1]. Para obter a geometria

do passo da montanha, usamos condições de crescimento subcŕıtico em f , além de uma condição espećıfica sobre

sua primitiva F . Também impusemos convenientes condições de crescimento sobre V e K para conseguir uma

desigualdade do tipo Hardy e, com isso, conseguir uma convergência forte no espaço todo, de forma que pudemos

contornar a perda de compacidade na imersão de Sobolev, que é uma das grandes dificuldades deste tipo de

problema. De fato, assumimos as condições (K2) e (K3) para conseguirmos a imersão compacta de E ⊂ D2,2(RN )

em LqK(RN ), com 2 < q < 2∗, sendo LqK(RN ) o usual espaço Lq(RN ) com peso K(x).

2 Resultado

Teorema 2.1. Suponha (V,K) ∈ K, (f1), (f2) e (f3). Então o problema (P ) tem uma solução de energia mı́nima.
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Taxas de decaimento para sistemas de Bresse com

dissipação localizada não-linear
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1 Introdução

No presente trabalho, apresentamos taxas de decaimento para o sistema de Bresse com dissipação não linear:

ρ1ϕtt − k(ϕx + ψ + lw)x − k0l(wx − lϕ) + α1(x)g1(ϕt) = 0 em (0, L)× (0,∞), (1.1)

ρ2ψtt − bψxx + k(ϕx + ψ + lw) + α2(x)g2(ψt) = 0 em (0, L)× (0,∞), (1.2)

ρ1wtt − k0(wx − lϕ)x + kl(ϕx + ψ + lw) + α3(x)g3(wt) = 0 em × (0, L)× (0,∞), (1.3)

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = w(0, t) = w(L, t) = 0, t > 0 (1.4)

ϕ(x, 0) = ϕ0, ϕt(x, 0) = ϕ1, ψ(x, 0) = ψ0, ψt(x, 0) = ψ1, w(x, 0) = w0, wt(x, 0) = w1, x ∈ (0, L) (1.5)

onde ρ1, k, ρ2, b, l e k0 são constantes positivas relacionadas com a composição material.

Denotamos por w o deslocamento ângular longitudinal, ϕ deslocamento ângular vertical e ψ o deslocamento

ângular de cisalhamento.

A energia do sistema (1.1)− (1.5) é dado por

E(t) :=
1

2

∫ L

0

(ρ1|ϕt|2 + ρ2|ψt|2 + ρ1|wt|2 + b|ψx|2 + k|ϕx + ψ + lw|2 + k0|wx − lϕ|2)(x, t) dx. (1.6)

2 Resultado

Consideremos as seguintes hipóteses:

Hipótese 1. A função feedback gi, para cada i = 1, 2, 3, é cont́ınua e monótona crescente, e satisfaz as seguintes

condições:

(i) gi(s)s > 0 para s 6= 0,

(ii) kis ≤ gi(s) ≤ Kis para |s| > 1,

onde ki e Ki são constantes positivas.

Hipótese 2. Assumiremos que αi ∈ L∞(0, L) são funções não negativas tais que

αi(x) ≥ αi > 0 in Ii, i = 1, 2, 3, and Ĩ :=
3⋂

i=1

Ii 6= ∅. (2.1)

Seja Γ := (a1, a2) um intervalo aberto de (0, L). O cerne do trabalho reside em provar que para cada solução

fraca do problema (1.1)− (1.5) a seguinte desigualdade de observabilidade é satisfeita

E(0) ≤ C
∫ T

0

∫
Γ

ρ1|ϕt(x, t)|2 + ρ2|ψt(x, t)|2 + ρ1|wt(x, t)|2dxdt, (2.2)
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para alguma constante C = C(T,E(0)) > 0 e para T suficientemente grande.

Assumindo que (2.2) ocorre, estamos em condições de enunciar o nosso principal resultado:

Teorema 2.1. Suponhamos que as hipóteses 1 e 2 sejam válidas. Então existe uma constante pisitiva T0 > 0 tal

que se {ϕ,ψ,w} é uma soução do problema (1.1)− (1.5) cuja energia inicial satisfaz E(0) < K, então

E(t) ≤ S
(
t

T0
− 1

)
, ∀t > T0, (2.3)

com limt→∞ S(t) = 0, onde a função escalar S(t) (Contração não-linear) é a solução da seguinte EDO:

d

dt
S(t) + q(S(t)) = 0, S(0) = E(0), (2.4)

onde a função q é definida em Lasiecka e Tataru [2]
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existence of solutions for a p(x)-kirchhoff type

problem with nonlocal source

W Barahona M ∗ & E Cabanillas L † &

P. Seminario H ‡ & R De La Cruz M §

Abstract

In this we prove a result on the existence of weak solutions for a Kirchhoff type problem involving nonlocal

source, with variable exponent. By means of the Galerkin method, a fixed point theorem in finite dimensions

and the theory of the variable exponent Sobolev spaces, we establish our result.

1 Introduction

This paper is devoted to the study of the following p(x)-Kirchhoff problem

−M(

∫
Ω

|∇u|p(x)

p(x)
dx)div(|∇u|p(x)−2∇u) + λ

∫
Ω

u(y)r(y)dy = f(x, u) in Ω (1.1)

u = 0 on ∂Ω

where Ω is a bounded domain in Rn with a smooth boundary ∂Ω, p(x), r(x) ∈ C+(Ω) with

1 < p− = min
x∈Ω

p(x) ≤ p+ = max
x∈Ω

p(x) <∞

1 < r− = min
x∈Ω

r(x) ≤ r+ = max
x∈Ω

r(x) <∞,

M is a continuous function, f is a Caratheodory function and λ < 0.

The p(x)-Kirchhoff type equations with Dirichlet boundary conditions have studied by Dai and Hao [2], Fan [3].

For the nonlocal p(x)-Laplacian problems with nonlinear boundary conditions see [4]. Recently Avci [1] obtained

the existence of solutions for a p(x)-Kirchhoff type equation (1.1) with λ = 0, by using the Galerkin method.

Motivated by the above references, we focus the case of nonlocal p(x)-Laplacian problem with nonlocal source

of variable exponent. This is new topic even when r(y) = r is a constant.

2 Mathematical Results

First, we recall some definitions of the generalized Lebesgue-Sobolev Spaces Lp(x)(Ω) and W
1,p(x)
0 (Ω).

Set

C+(Ω) = {p(x) ∈ C(Ω) : p(x) > 1,∀x ∈ Ω}
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For any p(x) ∈ C+(Ω), we define the variable exponent Lebesgue Space

Lp(x)(Ω) = {u ∈M(Ω) :

∫
Ω

|u(x)|p(x)dx <∞}

with the norm

|u|p(x) = inf{µ > 0 :

∫
Ω

|u(x)|p(x)dx ≤ 1}

where M(Ω) is the set of all measurable real functions defined on Ω.

Define the Space

W 1,p(x)(Ω) = {u ∈ Lp(x)(Ω) : |∇u| ∈ Lp(x)(Ω)}

with the norm

‖u‖ = |u|p(x) + |∇u|p(x)

It is known that |∇u|p(x) and ‖u‖ are equivalent norms in W
1,p(x)
0 (Ω). Hence we will use the norm ‖u‖ = |∇u|p(x)

for all u ∈W 1,p(x)
0 (Ω).

The main result of this paper is given by the following theorem:

Teorema 2.1. Assume that f : Ω× R −→ R is a Caratheodory function and satisfies the growth condition

f(x, t)t ≤ a(1 + |t|α(x)), ∀(x, t) ∈ Ω× R

where α ∈ C+(Ω).

Further, assume that a < C(α+, r+, p−), 1 ≤ r+ + 1 < p−, 1 ≤ α+ + 1 < p−, where C(α+, r+, p−) is a positive

constant (to be specified in the proof) depending of α+, r+, p− and the embedding constant of W
1,p(x)
0 ↪→ Lα(x)(Ω).

Then the problem (1.1) has at least one weak solution. Further, any solution u of (1.1) satisfies the estimate

‖u‖ ≤ C(α+, r+, p−, |Ω|)

Proof Our main arguments rely on the Brouwer fixed point theorem and the Galerkin method.
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Wellposedness for stochastic continuity equations

with Ladyzhenskaya-Prodi-Serrin condition

Wladimir Neves ∗ & Christian Olivera †

1 Introduction

In this work we establish wellposedness for stochastic divergence-free continuity equations. Namely, we consider

the following Cauchy problem: Given an initial-data u0, find u(t, x;ω) ∈, satisfying{
∂tu(t, x;ω) +

(
u(t, x;ω)

(
b(t, x) +

dBt

dt
(ω)
))

= 0, u|t=0 = u0, (1.1)(
(t, x) ∈ UT , ω ∈ Ω

)
, where UT = [0, T ]×d, for T > 0 be any fixed real number, b : [0, T ] × Rd → Rd is a given

vector field, with div b(t, x) = 0, Bt = (B1
t , ..., B

d
t ) is a standard Brownian motion in Rd.

The Cauchy problem for the stochastic transport equation has taken great attention recently, see for instance

[2], [3], [5], [6], [7], and more recently the initial-boundary value problem in [9]. Concerning the deterministic case

of the problem trasport, also in a non-regular framework, the reader is mostly addressed to [4] and [1]. Those

papers deal respectively with the Sobolev and the BV spatial regularity case, where the uniqueness proof relies on

commutators. The main issue in this work is to prove uniqueness of weak L∞−solution of the Cauchy problem

(1.1) for vector fields

b ∈ Lq([0, T ], (Lp(Rd))d), p, q <∞, p ≥ 2, q > 2, and
d

p
+

2

q
< 1, (1.2)

The last condition LPSC is known in the fluid dynamic’s literature as the Ladyzhenskaya-Prodi-Serrin condition,

with ≤ in place of <. Here, we do not assume any differentiability (one of the main assumptions in [2]), nor

boundedness (also important in [5]) of the vector field b. The uniqueness result is established using the transportation

property of the continuity equation for divergence free vector fields.

2 Mathematical Results

Theorem 2.1. Assume conditions LPSC, and div b(t, x) = 0. If u, v ∈ L∞(UT × Ω) are two weak L∞−solutions

for the Cauchy problem trasport, with the same initial data u0 ∈ L∞(Rd), then for each t ∈ [0, T ], u(t) = v(t)

almost everywhere in Rd × Ω.

Theorem 2.2. Assume conditions LPSC, and div b(t, x) = 0. Let {un
0} be any sequence, with un

0 ∈ L∞(d) (n ≥ 1),

converging weakly-star to u0 ∈ L∞(d). Let u(t, x), un(t, x) be the unique weak L∞−solution of the Cauchy problem

trasport, for respectively the initial data u0 and un
0 . Then, for all t ∈ [0, T ], and for each function ∈ C0

c (d) P− a.s.∫
d

un(t, x) (x) dx convergesto

∫
d

u(t, x) (x)dx
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P-a.s..

Moreover, if un
0 converges to u0 in L∞(Rd), then

un(t, x) converge to u(t, x) in

L∞(UT × Ω).
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Operators that attain their minima

Xavier Carvajal ∗ & Wladimir Neves †

1 Introduction

We shall be concentrated on this talk in a class of bounded linear operators on complex Hilbert spaces, or on a

subspace of it, which attains their minima on the unit sphere. Hereupon by a subspace, we are always saying a closed

subspace. Certainly, the study of bounded linear operators that attain their minima have some similarities with the

ones that achieve their norm as studied by the authors in [1]. Although, they not share the same characteristics,

for instance the injectivity property plays an important role for that ones studied here, that is to say, the class of

operators that attains their minima.

We are going to study mostly the operators that satisfy the N ∗ and AN ∗ properties, defined respectively in

Definition 1.1 and Definition 1.2. The class of the N ∗ operators contains, for instance, the compact ones which

are non-injective (see Proposition 1.1). Then, to introduce the theory, let H, J be complex Hilbert spaces and

L(H,J) the Banach space of linear bounded operators from H to J . We emphasize the case that will appear most

frequently later, namely L(H,H) = L(H). Furthermore, we recall that, the space L(H,J) is a Banach space with

the norm

‖T‖ = sup
‖x‖H≤1

‖Tx‖J = sup
‖x‖H=1

‖Tx‖J (1.1)

and, it is well known that, if H has finite dimension, then the closed unit ball in H is compact (Heine-Borel Theorem)

and the above supremum is a maximum. The important question whenever such a supremum is a maximum in the

infinite dimensional case was studied by the authors in [1], where it is present many characterizations for operators

that achieve their norm. Analogously, we now define the following value

[T ] := inf
‖x‖H=1

‖Tx‖J (1.2)

and ask when such an infimum is a minimum. This is one of the main issues of this presentation, which motivates

the following

Definition 1.1. An operator T ∈ L(H,J) is called to satisfy the property N ∗, when there exists an element x0 in

the unit sphere, such that [T ] = ‖T x0‖J .

We start the study by the following considerations:

1. An operator with zero minimum on the unit sphere should be non-injective in order to satisfy the property

N ∗. Indeed, if there exists an element x0 in the unit sphere, such that, ‖T x0‖J = [T ] = 0, it follows that Tx0 = 0,

and for T injective, x0 = 0, which is a contradiction. Equivalently, if T is injective and satisfies the property N ∗,
then [T ] > 0.

2. If T is non-injective, then T attains its minimum and further [T ] = 0. In fact, when T is non-injective,

we have Ker T 6= {0}, and hence there exists an element x ∈ Ker T , x 6= 0, such that Tx = 0. Therefore,

‖T (x/‖x‖)‖ = 0 = [T ].

3. Let us consider T ∈ L(H,J) with H finite dimensional. It is well-known that, dimT (H) ≤ dimH, and since

S is a compact set, it follows that T (S) is compact. Therefore, applying the Weierstrass’ Theorem, T attains its

minimum on S. We have the following cases:
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• If dimT (H) = dimH, then KerT = {0} and thus T is injective. We conclude in this case that [T ] > 0.

• If dimT (H) < dimH, then KerT 6= {0} and T is non-injective. Thus [T ] = 0.

On the other hand, if the dimension of H or the dimension of J are finite and T ∈ L(H,J), then there exists

an x in the closed unit ball in H (indeed in the boundary, i.e. the unit sphere), such that

[T ] = ‖Tx‖J .

Therefore, any operator of finite range satisfies the property N ∗. Moreover, an important class, which we have

the complete characterization of the property N ∗, are the non-injective compact operators. Indeed, we have the

following

Proposition 1.1. Let T ∈ L(H,J) be a compact operator, with H infinite dimensional. Then, T satisfies the

property N ∗ if, and only if, T is non-injective.

The restriction of a compact operator to a subspace is a compact operator. Although, we have seen for instance

that, injectiveness is an important property w.r.t. the property N ∗. Since the restriction of a non-injective operator

is not necessarily non-injective, it does not follow easy (even for the compact operator algebra) the following property

Definition 1.2. We say that T ∈ L(H,J) is an AN ∗ operator, or to satisfy the property AN ∗, when for all closed

subspace M ⊂ H (M 6= {0}), T |M satisfies the property N ∗.

Remark 1.1. Let T ∈ L(H,J), if dimH <∞ or dim J <∞, then T satisfy the property AN ∗.

We stress that by a subspace, we always mean a closed subspace, thus on the definition quoted above M is

always closed. Moreover, it is not difficult to see that, one of the motivations to study the classes N ∗ and AN ∗ is

related to show the injective property.
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ANALYTICAL AND NUMERICAL APPROACHES FOR

A STUDY OF QUALITATIVE SOLUTIONS IN A STIFF

ISOTHERMAL SYSTEM OF EULER EQUATIONS

A. Alvarez∗ & E. Abreu† & W. Lambert‡

1 Motivation and the model problem
In this work we are interesting in the study of the long time formation of waves appearing in balance laws by means

of singular perturbation techniques [2, 5, 4, 1] and numerical analysis [3, 4]. For concreteness, we performed such

analysis applied to relaxation towards a 3 x 3 system of isothermal Euler equations. In short, we apply a Chapman-

Enskog like-expansion [2, 5] to get a reliable approximation the 3 x 3 system of isothermal Euler equations. Next,

we performed a numerical analysis in order to construct and implement a locally conservative computational scheme

for solving a full non-linear balance system as well as the approximating solutions from the outer expansion for

comparison purposes. Thus, we combine these two approaches in order to study the long term behavior of the

qualitative structure of the solution appearing in non-linear stiff systems of balance laws.

Consider the system of balance laws,

Ut + Fx(U) =
1

ǫ
Q(U), with U(x, t) ∈ Ω ⊂ R

N and J = {U ∈ Ω : Q(U) = 0} (1.1)

where U is the momentum projection with open Ω. Moreover, the assumption that the source term Q(U) has a

nonempty J , is equilibrium manifold.

In [5] is defined the notion of “stability condition” for the system (1.1). We stress that this condition is different

from that one introduced in [1], in which a notion of strictly convex entropy for the system is derived with source

terms of the form (1.1), in which in turn admits a nontrivial constant annihilator. It is worth mentioning that for

some realistic physical examples this condition is not fulfilled as to the case magnetohydrodynamics [5].

Our proposed numerical method was made following the ideas of [4], which might be seen a generalization of the

Nessyahu-Tadmor scheme to a non-homogeneous case of balance laws (1.1). Central schemes enjoy the desirable

property of being locally conservative and no Riemann problems are solved and hence field-by-field decompositions

are avoided. The main disadvantage is the excessive numerical viscosity since this scheme need to satisfy restrictive

Courant-Friedrichs-Lewy (CFL) conditions, but it is possible bypass this by means of using high-resolution MUSCL-

type interpolants [3]. In short, integration of the (1.1) over all intervals of volume [xj , xj+1]× [tn, tn+1] reads:

un+1

j+1
=
1

2

(

un
j + uj+1

)

+
1

8

[

(u′)nj − (u′)nj+1

]

+
∆t

∆x
[F ((u(xj+1, t+∆t/2))− F ((u(xj , t+∆t/2))]

+
∆t

2ǫ
[Q(uj+1/2(t

n+1)) +Q(uj+1/2(t
n))] dt+

1

8ǫ

∫ tn+1

tn
[(Q′)j(t)− (Q′)j+1(t)] dt.

(1.2)

where u(xj , t+∆t/2) = uj(t)−
∆t
2∆x

F ′
j +

∆t
2ǫ
Q(u) can be viewed as a predictor step.

2 Mathematical results and numerical experiments
We study the following Euler equations with a relaxation temperature towards a constant value:

∂

∂t







ρ

ρu

E






+

∂

∂x







ρu

ρu2 + p

(E + p)u






=

1

ǫ







0

0

(E(ρ, ρu)− E)un






. (2.3)
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Here E is the energy in the gas that results if we bring T to a reference temperature T without changing the

density or momentum. We are using the ideal gas law p = RρT = a2ρ, where a
√
RT is the isometrically sound

speed and along with the equations of state gives E(ρ, ρu) = a2ρ
γ−1

+ 1

2
ρu2. Here an approximation in the form of an

asymptotic series is obtained in the transition layer(s) by treating that part of the domain as a separate perturbation

problem to (2.3). In this work we provide, our first attempt to address an “outer expansion” approximation to the

Euler equations (2.3). Thus, let us consider Uj = [ρj(x, t), (ρu)j(x, t), Ej(x, t)]
⊤ = [ρj , wj , Ej ]

⊤. Following [5, 1]

we assume the solution of the system (1.1) can be approximated by U = U0 + ǫU1 + ǫ2U2 + · · · . Plugging this into

(1.1) and matching coefficients of power ǫ we get for Order O(ǫ−1), E0 =
a2ρ0

γ − 1
+

1

2

w2
0

ρ0
and for Order O(1) the

next three equations, ρ0t + w0x = 0 along with,

w0t +

(

w2
0

ρ0
+ a2ρ0

)

x

= 0 and E0t +

(

E0w0

ρ0
+ a2w0

)

x

=
a2ρ1

γ − 1
+

1

2

(

2
w0w1

ρ0
−

w2
0

ρ2
0

ρ1

)

− E1 (2.4)

Next, we get the Order O(ǫ), let E0 = H(ρ0, w0) after some straightforward algebra, we get:

E1 =Hρ0
w0x +Hw0

[

w2
0

ρ0
+ a2ρ0

]

x

−

[

E0w0

ρ0
+ a2w0

]

x

+
a2ρ1

γ − 1
+

1

2

(

2
w0w1

ρ0
−

w2
0

ρ2
0

ρ1

)

. (2.5)

We use (2.3) and ρl = 2, (ρu)l = 1, El = 1, for x < 0.2 and ρr = 1, (ρu)r = 0.13962, Er = 1, for x > 0.2,

as a Riemann problem in order to study the shock-capturing properties of the proposed approach in this work by

three distinct ways: by means of an implementation of the direct outer expansion, by an operator splitting approach

(with respect to the stiff term and to the homogeneous counterpart) and, finally, by a non-splitting procedure; the

latter two with respect to system (2.3) taking into account the scheme (1.2) to get approximations to the Orders

O(ǫ−1), O(1) and O(ǫ). Our numerical solutions (see Figure 1) to the relaxation towards a 3 x 3 system of isothermal

Euler equations (2.3) show a very good qualitative resemblance for quantities E, p and p u. We observe that for

ǫ << 1 the approximations quickly reach the equilibrium. Thus, numerical analysis and asymptotic analysis are

then reliable and mandatory approaches for solving perturbation problems associated to system of balance laws

(1.1) and (2.3).
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Figure 1: Numerical solution of balance isothermal Euler equations (2.3) at time t = 1.5 with scale ǫ = 0.1. Both splitting

and the non-splitting schemes were able to capture with accuracy the same wave structure for large times.
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multiplicidade de soluções para um problema

quaselinear com crescimento do tipo côncavo convexo

alex j. becker ∗ & márcio l. miotto †

Neste trabalho pretendemos garantir condições para a existência e multiplicidade de soluções fracas de um

problema eĺıtico quaselinear com crescimento do tipo côncavo convexo.

1 Introdução

Estabeleceremos a existência, bem como a multiplicidade de soluções fracas para a seguinte classe de problemas

(Pλ)

{
−∆pu = λf(x)|u|q−1 + h(x)|u|r−1 em Ω

u = 0 em ∂Ω

onde Ω ⊂ RN é um domı́nio limitado, os expoentes satisfazem a condição 1 < q < p < r < p∗
.
= Np

N−p , sendo o

operador ∆pu = div(|∇u|p−2∇u), λ um parâmetro real positivo e as funções f e h satisfazem as seguintes condições:

(H1) f ∈ Lq′(Ω), q′ = q
q−1 , onde f+ 6≡ 0 e f− ∈ L∞(Ω);

(H2) h ∈ L∞(Ω), com h não negativa.

O problema (Pλ) com tais condições sobre os expoentes p, q e r é classificado como um problema eĺıtico quaseli-

near subcŕıtico com crescimento superlinear e sublinear, ou simplesmente com crescimento do tipo côncavo convexo.

Problemas semilineares, bem como quaselineares com tais condições de crescimento são amplamente estudados tanto

no caso subcŕıtico, quanto no caso cŕıtico (r = p∗), e também em domı́nios limitados ou ilimitados.

Citamos por exemplo o trabalho de Ambrosetti, Brézis e Cerami que em [1], justificaram a existência de uma

constante positiva λo tal que o problema (Pλ), com p = 2 e f ≡ 1 ≡ h, admite ao menos duas soluções positivas se

λ ∈ (0, λo), tem uma solução positiva para λ = λo e não possui solução positiva se λ ∈ (0, λo). Mencionamos ainda

o trabalho de Wu [2], o qual considerou o problema (Pλ) no caso em que p = 2 e h ≡ 1 e assumindo que f ∈ C(Ω),

com f+ 6≡ 0. Ele obteve, via métodos variacionais, mais precisamente através da variedade de Nehari, a existência

de λo > 0 tal que o problema (Pλ), com p = 2, admite ao menos duas soluções se λ ∈ (0, λo). Ressaltamos, que

o problema (Pλ) possui alguns variantes, dentre outros, o caso cŕıtico, ou seja, pode-se admitir que r = p∗. Para

referências destas variantes, e também para outros problemas relacionados mencionamos os seguintes trabalhos

[3, 4, 5, 6, 7, 8, 9, 10, 11].

O nosso resultado pode ser visto como uma variação dos trabalhos aqui citados, no caso particular em que

envolve expoente subcŕıtico de Sobolev. Sob as nossas condições sobre as funções peso f e h, obtemos o seguinte

resultado acerca da existência e multiplicidade de soluções do problema (Pλ).

Teorema 1.1. Suponha que f, h sejam funções mensuráveis em RN que satisfaçam as condições (H1) e (H2),

respectivamente. Então existe uma constante positiva Λo = Λo(N, q, p, r, h), onde para todo λ ∈ (0,Λo) o problema

(Pλ) admite ao menos duas soluções fracas não triviais.

Para a justificarmos este resultado, utilizamos argumentos variacionais, mais especificamente, empregamos o

Prinćıpio Variacional de Ekeland, para garantir a existência de uma primeira solução fraca para (Pλ), e o Teorema

do Passo da Montanha para obter a existência de uma segunda solução fraca para (Pλ).
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Ressaltamos que este trabalho é um resultado preliminar que surgiu como aplicação de algumas das técnicas

abordadas em uma disciplina de métodos variacionais, embasada dentre outras referências em [12, 13, 14], a qual foi

cursada pelo mestrando no Programa de Pós-Graduação em Matemática da Universidade Federal de Santa Maria.

Uma vez que o acadêmico cursa o primeiro ano de mestrado, faz-se relevante tal estudo para o desenvolvimento de

sua dissertação, bem como o aporfundamento do conhecimento e o uso dessas de técnicas na resolução de problemas

eĺıticos.
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1 Introdução

Neste trabalho estudamos a resolução do sistema não-linear

ϕt − ξ2∆ϕ = ϕ(ϕ− 1)(1− 2ϕ)− |∇ϕ|(µ1c+ µ2θ) em Q, (1.1)

θt + `ϕt − div(k(ϕ, θ, c)∇θ) = f(x, t) em Q, (1.2)

ct − div(D1(ϕ, θ, c)∇c+D2(ϕ, θ, c)∇ϕ) = 0 em Q, (1.3)

com condições iniciais e de fronteira

ϕ = 0, θ = 0, c = 0 em S,

ϕ(x, 0) = ϕ0(x), θ(x, 0) = 0, c(x, 0) = c0(x) em Ω,

onde Ω ⊂ Rn é um domı́nio aberto, limitado e C2 na fronteira. Seja T um número positivo finito; Q = Ω× (0, T )

indica o cilindro de espaço-tempo com a superf́ıcie lateral S = ∂Ω× (0, T ).

O presente problema tem uma estrutura que é similar ao problema de solidificação não isotérmica para uma liga

binária apresentado em [2] e [3]. A equação (1.1) é a equação tipo Allen-Cahn para o campo de fase e, basicamente,

é obtido de [2] e [3]. As equações (1.2) e (1.3) são equações obtidas por formas mais gerais dos balanços de energia

térmica e de massa. As constantes positivas ξ, µ1, µ2, ` estão associadas com as propriedades do material; k(·) está

associada com a condutividade térmica; D1(·) e D2(·) são os coeficientes de difusão do soluto na matriz do solvente,

isto é, o material que constitui a outra liga binária; f(·) é um dado campo externo associado com a densidade

de fontes de calor ou bacias; e as condições iniciais ϕ0(·), θ0(·) e c0(·), respectivamente são, o campo de fase, a

temperatura, e concentração de soluto.

Muita atenção tem sido dada aos métodos de campo de fase nos processos de solidificação durante as duas

últimas décadas por muitos autores. Para mais informações, ver, por exemplo [2, 4-6] e as referências deles. Nestas

obras, muitas situações e diferentes hipóteses têm sido consideradas.

Neste trabalho, a equação de campo de fase (1.1) foi obtido em [2]. E num certo sentido, (1.1) pode ser

considerado mais preciso do que o formato final indicado em [2]. As outras duas equações generalizam equações

encontradas em [2,3,7].

No entanto, para tal modelagem mais precisa, devemos pagar o preço que a não-linearidade do acoplamento na

equação de campo de fase (1.1), isto é, o termo −|∇ϕ|(µ1c + µ2θ), envolvendo os produtos da temperatura e da
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concentração, com as derivadas do campo de fase, é muito mais dif́ıcil de manusear em termos matemáticos que o

acoplamento clássico habitual entre a equação de campo de fase e a temperatura e equações de concentração.

Para resolver os problemas (1.1) - (1.3) com as condições iniciais e de fronteira dadas, temos que usar uma

combinação de técnicas: teoria do grau e o prinćıpio do máximo em conjunto com um método espectral de Galerkin

semidiscreto para a construção de soluções aproximadas, em seguida, passar para o limite para a obtenção de

soluções do problema original. A regularidade e singularidade são obtidos para o caso dos domı́nios bidimensionais

quando k = k(ϕ), D1(ϕ, θ) e D2 = D2(ϕ, θ) e os outros dados são suficientemente suaves. Neste caso especial, as

estimativas de erro para as aproximações semidiscretas podem ser obtidas.
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1 Introdução

Neste trabalho, vamos analizar a existência de solução para o modelo de campo de fase para a solidificação de uma

liga binária, a uma temperatura constante. Tal modelo é devido a Warren - Boettinger [2], e envolve a concentração

relativa c e um parâmetro de ordem φ que representa o estado de solidificação da liga, sendo igual a 0, se o sistema

está em uma fase sólida e igual a 1 se estiver em uma fase ĺıquida. A evolução no tempo de c e φ é dada pelas

seguintes equações: 

∂φ

∂t
= ε∆φ+ F1(φ) + c F2(φ) em Ω × (0,+∞),

∂c

∂t
= div(D1(φ)∇c+D2(c, φ)∇φ) em Ω × (0,+∞),

∂φ

∂n
=
∂c

∂n
= 0 sobre ∂Ω × (0,+∞),

φ(0) = φ0, c(0) = c0 em Ω,

(1.1)

onde Ω é um subconjunto aberto do Rd, com 1 6 d 6 3, e com fronteira ou bordo ∂Ω, n é o vetor unitário normal

à ∂Ω e ε > 0 é uma constante.

As funções F1, F2, D1 e D2 que aparecem em (1.1) possuem as seguintes propriedades:

(1) F1 e F2 são funções regulares tais que Fi(0) = Fi(1) = 0 para i = 1, 2.

(2) D1 é uma função positiva e regular limitada por duas constantes positivas.

(3) D2 é uma função regular tal que D2(c, .) = 0 para c = 0 e 1.

Esses modelos estão sendo usados para descrever as transições de fase de materiais puros devido aos efeitos

térmicos. Isso resulta em sistemas não lineares parabólicos para o campo de fase e temperatura. No entanto as não

linearidades são diferentes das do problema (1.1).

2 Resultado de existência de solução

Provaremos a existência de uma solução fraca para o problema (1.1), supondo que as funções não-lineares Fi e

Di = 1, 2 são Lipschitzs e limitadas. Mais precisamente, vamos supor que

(H1) F1, F2 são Lipschitz e limitadas com |Fi(r)| 6M1 para i = 1, 2 e ∀ r ∈ R.

(H2) D1 ∈ C(R) é Lipschitz positiva e limitada com 0 < Ds 6 D1(r) 6 D1, ∀ r ∈ R.
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†Departamento de Matemática , UFV, MG, Brasil, thiago.marciano@ufv.br

182 



(H3) D2 ∈ C(R× R) é Lipschitz e limitada com |D2(r1, r2)| 6M2, ∀ (r1, r2) ∈ R× R.

Para provar o resultado de existência, um importante resultado da teoria eĺıptica será usado neste trabalho,

mais precisamente temos.

Lema 1. Seja k ∈ N e u ∈ H2(Ω) satisfazendo que ∆u ∈ Hk(Ω) e (∂u/∂n) = 0 sobre ∂Ω. Então u ∈ Hk+2(Ω)

e existe uma constante C > 0 independente de u tal que

||u||Hk+2(Ω) 6 C(||∆u||Hk(Ω) + ||u||Hk(Ω)). (2.2)

Agora, podemos enunciar o principal resultado deste trabalho:

Teorema 1. Assumindo que (H1)− (H3) sejam válidas, e seja V = H1(Ω).

(1) Para qualquer (φ0, c0) ∈ L2(Ω)× L2(Ω) e T > 0, existe um par de funções (φ, c) satisfazendo

φ, c ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;V ′),

tal que φ(0) = φ0, c(0) = c0 e〈
∂φ

∂t
, v

〉
V ′,V

+ ε2
∫
Ω

∇φ.∇v dx =

∫
Ω

(F1(φ) + cF2(φ))v dx,

〈
∂c

∂t
, w

〉
V ′,V

+

∫
Ω

(D1(φ)∇c+D2(c, φ)∇φ).∇w dx = 0 (2.3)

para todo v, w ∈ H1(Ω) e q.t.p. em (0, T ).

(2) Para qualquer (φ0, c0) ∈ H1(Ω)× L2(Ω) e T > 0, existe um par de funções (φ, c) satisfazendo

φ ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)),

c ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;V ′),

tal que φ(0) = φ0, c(0) = c0 e

∂φ

∂t
− ε2∆φ = F1(φ) + cF2(φ) q.t.p em Qr,

∂φ

∂t
= 0 q.t.p. sobre ∂Ω × (0, T ),〈

∂c

∂t
, v

〉
V ′,V

+

∫
Ω

(D1(φ)∇c+D2(c, φ)∇φ).∇v dx = 0, (2.4)

para todo v ∈ H1(Ω) e q.t.p. em (0, T ).

A demostração deste resultado está em [1], e como ferramenta principal, é utilizado o método de Faedo - Galerkin.
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1 Introdução

A finalidade deste trabalho é estudar numericamente a estabilização interna da equação da placa de Bernoulli-Euler.

Consideraremos uma placa quadrada sujeita a uma força de amortecimento agindo apenas em um sudomı́nio dela.

A estabilização desta equação já foi estudada por diversos pesquisadores e entre eles, podemos citar os trabalhos

[1] e [4].

Não é simples construir sistemas de dimensão finita que sejam precisos, isto é, que se aproximem do modelo

matemático que descreve as situações desejadas e que sejam exponencialmente estáveis, com decaimento de energia

uniforme. Os sistemas aproximados obtidos utilizando o método de elementos finitos ou diferenças finitas, em geral,

não são uniformemente estáveis com relação ao parâmetro de discretização. Alguns trabalhos foram realizados

propondo novas ideias para contornar este problema, como em [2] e [3].

Para evitar isto, pode ser visto em [5] e [6] que adicionando um termo de viscosidade no problema numérico,

as aproximações são uniformemente e exponencialmente estáveis, como desejado. Neste trabalho, a partir dos

resultados obtidos em [5] e [6], será implementado um algoritmo para obtenção da solução numérica da equação de

Bernoulli-Euler. O método numérico utilizado é o das diferenças finitas e serão apresentadas algumas simulações.

2 Apresentação do Problema: Placa Bidimensional Quadrada

Considere o quadrado Ω = (0, π)× (0, π) e seja O ⊂ Ω o retângulo [a, b]× [c, d], com 0 < a < b < π e 0 < c < d < π.

Denotando por χO a função caracteŕıstica de O, nosso objeto de estudo é modelado pelo seguinte problema:
ω̈(t) + ∆2ω(t) + χOω̇(t) = 0 , x ∈ Ω, t ≥ 0,

ω(t) = ∆ω(t) = 0, x ∈ ∂Ω, t ≥ 0,

ω(x, 0) = ω0(x), ω̇(x, 0) = ω1(x), ∀x ∈ Ω,

(2.1)

onde ( ˙ ) denota a derivada em relação ao tempo e ∆2ω representa o bilaplaciano de ω. Nota-se que o termo

de damping χOω̇(t) é efetivo apenas no subconjunto O ⊂ Ω e as últimas duas relações de (2.1) representam as

condições iniciais e de contorno do problema.

A demonstração de existência e unicidade de solução de (2.1) pode ser encontrada em [6].

Como estamos interessados em estudar numericamente (2.1), assim como em [5], para discretizar o domı́nio

espacial, consideramos uma malha uniforme com espaçamento h:

h =
π

m+ 1
, m ∈ N.

Denotamos por ωj,k a aproximação da solução ω do sistema acima no ponto xj,k = (jh, kh); j, k = 0, . . . ,m+ 1.

Assim, definimos ωh ∈ Vh = R
(m2) como sendo o vetor cujas componentes são ωj,k, para 1 ≤ j, k ≤ m, ou seja,
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os nós da malha nos quais precisamos calcular a solução aproximada. Assim, aplicando o Método das Diferenças

Finitas nas variáveis espaciais, obtemos:
ω̈j,k + (A0hωh)j,k + (χOω̇h)j,k + h2(A0hω̇h)j,k = 0, 1 ≤ j, k ≤ m , t ≥ 0 ,

ωh(0) = ω0h , ω̇h(0) = ω1h,

(2.2)

onde A0h representa a discretização, de segunda ordem, do bilaplaciano, já considerando as condições de contorno

dadas em (2.1).

Note que adicionamos no sistema (2.2), o termo h2(A0hω̇h), chamado de viscosidade numérica. Além disto, ω0h

e ω1h são, respectivamente, aproximações suaves dos dados iniciais ω0 e ω1 na malha definida acima.

Segundo [5], a famı́lia de sistemas definida por (2.2) é exponencialmente uniformemente e exponencialmente

estável e é sabido que a energia do sistema semi-discretizado no instante t é dada por:

Eh(t) =
1

2

{
‖ω̇h(t)‖2 + ‖A1/2

0h ωh(t)‖2
}
. (2.3)

Novamente, aplicando o Método das Diferenças Finitas no sistema (2.2), obtemos um sistema de equações

lineares que pode ser resolvido para cada tempo discreto tn = n∆t e desta forma, é posśıvel obter uma solução

aproximada para o sistema (2.1). Além disso, são feitas simulações numéricas que mostram o comportamento da

placa ao longo do tempo, comprovando os resultados teóricos obtidos na literatura. Finalmente, apresenta-se uma

análise de erro numérico e o decaimento de energia associada ao problema.
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bandlimited majorants for truncated and odd

functions via de branges spaces

felipe ferreira ∗ & emanuel carneiro †

1 Introduction

We start by recalling some of the main features of de Branges’ theory of Hilbert spaces of entire functions [1]. A

function F analytic in the open upper half plane, U = {z ∈ C; Im (z) > 0} has bounded type if it can be written as

the quotient of two functions that are analytic and bounded in U . If F has bounded type in U then, according to

[1, Theorems 9 and 10], we have

lim sup
y→∞

y−1 log |F (iy)| = v(F ) <∞.

The number v(F ) is called the mean type of F . We say that an entire function F : C→ C, not identically zero, has

exponential type if

lim sup
|z|→∞

|z|−1 log |F (z)| = τ(F ) <∞. (1.1)

In this case, the nonnegative number τ(F ) is called the exponential type of F . If F : C → C is entire we define

F ∗ : C→ C by F ∗(z) = F (z). We will say that F is real entire if F restricted to R is real valued.

A Hermite-Biehler function E : C→ C is an entire function that satisfies the inequality

|E∗(z)| < |E(z)| (1.2)

for all z ∈ U . We define the de Branges space H(E) to be the space of entire functions F : C→ C such that

‖F‖2E :=

∫ ∞
−∞
|F (x)|2 |E(x)|−2 dx <∞ ,

and such that F/E and F ∗/E have bounded type and nonpositive mean type in U . This is a Hilbert space with

respect to the inner product

〈F,G〉E :=

∫ ∞
−∞

F (x)G(x) |E(x)|−2 dx.

The Hilbert space H(E) has the special property that, for each w ∈ C, the map F 7→ F (w) is a continuous linear

functional on H(E). Therefore, there exists a function z 7→ K(w, z) in H(E) such that

F (w) = 〈F,K(w, ·)〉E . (1.3)

The function K(w, z) is called the reproducing kernel of H(E). If we write

A(z) :=
1

2

{
E(z) + E∗(z)

}
and B(z) :=

i

2

{
E(z)− E∗(z)

}
, (1.4)

then A and B are real entire functions and E(z) = A(z)− iB(z).

We now consider Hermite-Biehler functions E satisfying the following properties:
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(P1) E has bounded type in U ;

(P2) E has no real zeros;

(P3) E(0) is a real number;

(P4) A,B /∈ H(E).

By Krein’s theorem we see that if E satisfies (P1) then E has exponential type, τ(E) = v(E) and every function

F ∈ H(E) has exponential type τ(F ) ≤ τ(E).

2 Mathematical Results

Let x 7→ x0+ denote the characteristic function of the positive real axis. Now we can state the main theorem.

Theorem 1. Let λ > 0. Let E be a Hermite-Biehler function satisfying properties (P1) - (P4) above. Assume also

that ∫ ∞
0

e−λ|x| |E(x)|−2 dx <∞.

The following properties hold:

(i) If L : C→ C is an entire function of exponential type at most 2τ(E) such that L(x) ≤ x0+e−λ|x| for all x ∈ R
then ∫ ∞

−∞
L(x) |E(x)|−2 dx ≤

∑
ξ>0

B(ξ)=0

e−λ|ξ|

K(ξ, ξ)
, (2.5)

where the sum on the right-hand side of (2.5) is finite. Moreover, there exists an entire function z 7→
L(B2, λ, z) of exponential type at most 2τ(E) such that L(B2, λ, x) ≤ x0+e

−λ|x| for all x ∈ R and equality in

(2.5) holds.

(ii) If M : C → C is an entire function of exponential type at most 2τ(E) such that M(x) ≥ x0+e
−λ|x| for all

x ∈ R then ∫ ∞
−∞

M(x) |E(x)|−2 dx ≥
∑
ξ≥0

B(ξ)=0

e−λ|ξ|

K(ξ, ξ)
, (2.6)

where the sum on the right-hand side of (2.6) is finite. Moreover, there exists an entire function z 7→
M(B2, λ, z) of exponential type at most 2τ(E) such that M(B2, λ, x) ≥ x0+e−λ|x| for all x ∈ R and equality in

(2.6) holds.
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equações de navier-stokes em doḿınios tridimensionais

com uma dimensão fina

felipe c. minuzzi ∗ & joão paulo lukaszczyk †

1 Introdução

As equações clássicas de Navier-Stokes descrevem o movimento de um fluido homogêneo em um domı́nio bi ou

tri dimensional sujeito a um campo de forças externos. Mais precisamente,



ut + u · ∇u− µ∆u+∇p = f ; em Ω× (0, T )

divu = 0 ; em Ω× (0, T )

u(x, 0) = u0(x) ; em Ω× (0, T )

u(x, t) = 0 ; ∀ x ∈ ∂Ω,∀ t ∈ (0, T )

(1.1)

onde Ω ⊂ Rn, n = 2 ou 3, T > 0, f : Ω × (0, T ) → Rn é a força externa, u : Ω × (0, T ) → Rn é o campo de

velocidades, p : Ω× (0, T )→ R é a pressão, µ > 0 é a viscosidade do sistema e u0 é a velocidade inicial dada. Neste

sistema de equações, a condição divu = 0 representa a incompressibilidade do fluido.

Em aplicações, domı́nios finos estão presentes em muitos campos, tais como mecânica dos sólidos, meteorologia,

fisiologia, problemas de geof́ısica e dinâmica dos oceanos, entre outros.

Neste trabalho, pretende-se estudar soluções fracas em espaços do tipo Sobolev do sistema de Navier Stokes em

domı́nios tridimensionais finos, isto é, domı́nios onde uma dimensão é pequena se comparada com as outras. Com

o uso do método de Galerkin, encontra-se resultados com relação a existência e unicidade, bem como solução global

no tempo.

2 Resultados

Considera-se, neste trabalho, Ωε ⊂ R3 um domı́nio tal que Ωε = ω × (0, ε), onde ε ∈ (0, 1) e ω é um domı́no

suave de R2. Sejam Hε =
{
u ∈ L2(Ωε); divu = 0, u · n = 0 em ∂Ωε

}
(onde n é a normal de ∂Ωε apontada para

fora), Vε =
{
u ∈ H1

0 (Ωε); divu = 0
}

e D(Aε) o domı́nio do operador de Stokes Aε.

O resultado fundamental referente a existência de solução fraca dado por [3] é o que segue:

Teorema 2.1. Dados u0 ∈ Hε e f ∈ L2(0, T, Vε), então existe u = uε ∈ L2(0, T, Vε)∩L∞(0, T,Hε), para todo T > 0,

solução de (1.1). Se u0 ∈ Vε então existe Tε = Tε(Ωε, µ, u0, f) > 0 tais que uε ∈ L2(0, Tε, D(Aε)) ∩ L∞(0, Tε, Vε) é

a única solução de (1.1).

Com relação a solução global no tempo, tem-se o seguinte resultado de [4]
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Teorema 2.2. Seja Rε : (0,∞)→ R uma função monótona positiva satisfazendo lim
ε→0

εR2
ε = 0. Então existe ε0 tal

que para todo ε ≤ ε0, para todo u0 ∈ Vε e para toda f(t) ∈ Hε com

| A1/2
ε u0 |2ε + | f(t) |2ε≤ R2

ε

tem-se Tε =∞, onde | · |ε é a norma em Hε.
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Existência de soluções para uma classe de problemas

eĺıticos

francisco h. s. dias ∗ & márcio l. miotto †

1 Introdução

No presente trabalho apresentamos condições suficientes para a existência de soluções fracas para o problema de

Dirichlet :

(Ph,f )

{
−∆u = h(x)uq + f(x, u), em Ω,

0 ≤ u ∈ H1
0 (Ω), 0 < q < 1,

onde ∆ denota o operador Laplaciano, Ω ⊂ RN é um domı́nio limitado com fronteira ∂Ω suave, N ≥ 1, h ∈ L∞(Ω)

e a função f(x, s) satisfaz hipóteses apropriadas.

O problema (Ph,f ) foi estudado sob os mais diversos comportamentos das aplicações h e f . Mencionamos dentre

outros, os trabalhos de Brezis e Oswald em [2] onde h(x) ≡ 0, Brezis e Nirenberg [3] com h(x) ≡ 1, Ambrosetti,

Brezis e Cerami [4] que consideram f como a soma de um termo sublinear com um superlinear. Por sua vez, sendo

λ uma constante positiva Perera em [5] supõe h(x) ≡ −λ e f(x, s) ≡ g(s) ∈ C1(Ω), satisfazendo determinadas

hipóteses, enquanto Wang em [6] considera h(x) ≡ λ, e f(x, s) ı́mpar para |s| → 0. Destacamos ainda outros

trabalhos similares a esse, [7,8,9,10,11] os quais obtêm resultados de existência de soluções através de argumentos

variacionais em domı́nios ilimitados.

As condições sobre f e h que serão utilizadas no presente trabalho, são devidas a Li, Wu e Zhou [1]. Suponhamos

que:

(h1) h ∈ L∞(Ω) e h(x) 6≡ 0;

(f1) f(x, s) ∈ C(Ω× R); f(x, 0) ≡ 0; f(x, s)  0 ∀s ≥ 0, x ∈ Ω;

(f2) lim
s→0+

f(x, s)

s
= µ ∈ [0, λ1); lim

s→∞

f(x, s)

s
= ξ ∈ (λ1,+∞) uniformemente em x ∈ Ω, onde λ1 > 0 é o primeiro

autovalor de −∆ em Ω.

2 Resultados

A seguir, enunciamos os dois resultados principais deste trabalho.

Teorema 2.1. Suponhamos que as condições (h1), (f1) e (f2) sejam válidas. Então existe uma constante Λ,

Λ = Λ(µ, q, f,N,Ω) tal que para toda h ∈ L∞(Ω) com |h|∞ < Λ, o problema (Ph,f ) tem uma solução não negativa

u1 ∈ H1
0 (Ω), com I(u1) > 0 e u1 > 0 q.t.p em Ω se h(x) ≥ 0.

Para o nosso próximo resultado, acrescentaremos a hipótese de que existe uma função v ∈ H1
0 (Ω) tal que

(h2)

∫
Ω

h(x)(v+)q+1 dx > 0.
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Teorema 2.2. Suponhamos que as condições (h1), (f1), (f2) e (h2) sejam satisfeitas. Então existe uma constante

Λ = Λ(µ, q, f,N,Ω) > 0 tal que para toda h ∈ L∞(Ω) com |h|∞ < Λ, o problema (Ph,f ) tem uma solução

u2 ∈ H1
0 (Ω), u2 ≥ 0 e I(u2) < 0. Além disso, se h(x) ≥ 0, então u2 > 0 q.t.p em Ω.

Motivados por Li, Wu e Zhou [1], utilizando técnicas de minimização combinadas com o Prinćıpio Variacional de

Ekeland, Figueiredo [12] e o Teorema do Passo da Montanha, Rabinowitz [13], provamos os dois teoremas anteriores.

Observemos ainda que nas hipóteses do teorema anterior, através de uma aplicação do Prinćıpio do Máximo

Forte, Gilbarg [14], obtemos que se h(x)  0 existe Λ > 0 tal que para toda h ∈ L∞(Ω) com |h|∞ < Λ, o problema

(Ph,f ) tem ao menos duas soluções positivas u1, u2 ∈ H1
0 (Ω), tais que I(u2) < 0 < I(u2).
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[9] alves, c.o., gonçalves, j.v. and miyagaki, o. h. - Multiple positive solutions for semilinear elliptic

equations in RN involving critical exponents. Nonlinear Analysis, 34, 593-615, 1998.

[10] alves, c.o. and miyagaki, o. h. - Multiple positive solutions for equations involving critical Sobolev

exponent in in RN . Electron J. Differential Equations, 1997, 1-10, 1997.

[11] miotto, m.l. and miyagaki, o. h. - Multiple positive solutions for semilinear Dirichlet problems with

sign-changing weight function in infinite strip domains. Nonlinear Analysis. Theory, Methods and Applications,

71, 3434-3447, 2009.

[12] figueiredo, d.g. - Lectures on the Ekeland variational principle with applications and detours., Heidelberg:

Springer-Verlag, 1989.

[13] Minimax Methods in critical point theory with applications to differential equations., Providence: American

Mathematical Society, 1986.

[14] gilbarg, d. and trudinger, n.s. - Elliptic Partial Differential Equations of Second Order. Springer-Verlag,

Berlin/Heidelberg, 1983.

191 



ENAMA - Encontro Nacional de Análise Matemática e Aplicações
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o teorema de hutton polinomial

geraldo botelho ∗ & let́ıcia g. polac †

1 Introdução

Um operador linear cont́ınuo entre espaços de Banach é aproximável se pode ser aproximado, na norma usual de

operadores, por operadores cont́ınuos de posto finito. Em [3], Hutton provou que um operador é aproximável se, e

somente se, seu adjunto é aproximável. Neste trabalho provaremos que polinômios homogêneos cont́ınuos satisfazem

essa mesma propriedade.

Sejam E e F espaços de Banach e P :E −→ F um polinômio m-homogêneo cont́ınuo. Em [1], Aron e Schotten-

loher definiram o adjunto de P como sendo o seguinte operador linear cont́ınuo:

P ′:F ′ −→ P(mE) , P ′(ϕ)(x) = ϕ(P (x)),

onde P(mE) é o espaço dos polinômios m-homogêneos cont́ınuos de E no corpo dos escalares. É claro que essa

definição generaliza a noção de adjunto u′ de um operador linear u. O objetivo deste trabalho é provar que um

polinômio homogêneo cont́ınuo pode ser aproximado por polinômios de posto finito se, e somente se, seu adjunto é

aproximável.

As seguintes notações serão utilizadas:

• E′= dual topológico do espaço vetorial normado E.

• L(E;F )= espaço dos operadores lineares cont́ınuos de E em F .

• P(mE;F )= espaço dos polinômios m-homogêneos cont́ınuos de E em F .

• P(mE)= espaço dos polinômios m-homogêneos cont́ınuos de E sobre o corpo K = R ou C.

2 Resultados

Definimos polinômios homogêneos de posto finito de acordo com a definição geral de Mujica [4, p.872]:

Definição 2.1. Sejam E e F espaços vetoriais e U ⊆ E . Uma aplicação f :U −→ F tem posto finito se o subespaço

vetorial [f(U)] de F gerado pela imagem de f tem dimensão finita.

Dados espaços de Banach E e F , denotamos:

• F(E;F ) = o conjunto de todos os operadores lineares cont́ınuos de posto finito de E em F .

• PF (E;F ) = o conjunto de todos os polinômios m-homogêneos cont́ınuos de posto finito de E em F .

Vejamos primeiramente que a propriedade que desejamos provar vale para operadores/polinômios de posto finito:

Teorema 2.1. Sejam E e F espaços de Banach e P ∈ P(mE;F ). Então P ∈ PF (mE;F ) se, e somente, se

P ′ ∈ F(F ′;P(mE)).

Como estamos interessados em polinômios que podem ser aproximados por polinômios de posto finito, definimos:

Definição 2.2. Sejam E e F espaços de Banach. Um polinômio homogêneo P ∈ P(mE;F ) é denominado apro-

ximável se existe uma sequência (Pn)∞n=1 em PF (mE;F ) tal que Pn −→ P na norma usual de polinômios m-

homogêneos.
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Denotaremos por PA(mE;F ) o conjunto de todos os polinômios m-homogêneos aproximáveis de E em F. Assim

PA(mE;F ) = PF (mE;F ).

Fazendo m = 1 na definição acima, recuperamos a definição de operadores lineares aproximáveis. Nesse caso,

denotaremos por A(E;F ) o conjunto de todos os operadores aproximáveis de E em F .

A definição a seguir é devida a Pietsch [5]:

Definição 2.3. Um ideal de operadores I é uma subclasse da classe L de todos os operadores lineares cont́ınuos

entre espaços de Banach tal que, para todos espaços de Banach E e F, suas componentes

I(E;F ) := L(E;F ) ∩ I

satisfazem as seguintes condições:

(1) I(E;F ) é um subespaço vetorial de L(E;F ) que contém os operadores lineares cont́ınuos de posto finito.

(2) A propriedade de ideal: se u1 ∈ L(F0;F ), u2 ∈ I(E0;F0) e u3 ∈ L(E;E0), então a composição u1 ◦ u2 ◦ u3

pertence a I(E;F ).

É claro que a classe de todos operadores lineares cont́ınuos de posto finito F é um ideal de operadores que

contém todos os outros ideais de operadores. E como o fecho de um ideal de operadores é também um ideal de

operadors, então A = F é também um ideal de operadores.

A demonstração do nosso teorema principal combina o teorema original de Hutton com o seguinte teorema de

fatoração, provado por Botelho, Çaliskan e Moraes [2]:

Teorema 2.2. Sejam m ∈ N, I um ideal de operadores, E e F espaços de Banach e P ∈ P(mE;F ). Então

P ′ ∈ I(F ′;P(mE)) se, e somente se, existem um espaço de Banach G, um operador linear u ∈ L(G;F ) e um

polinômio Q ∈ P(mE;G) tais que u′ ∈ I(F ′;G′) e P = u ◦Q, ou seja, o seguinte diagrama é comutativo:

E
P //

Q ��@
@@

@@
@@

F

G

u

??~~~~~~~

Conforme anunciado, o Teorema de Hutton também vale para polinômios m-homogêneos:

Teorema 2.3. (Teorema de Hutton Polinomial) Sejam E e F espaços de Banach e P ∈ P(mE;F ). Então

P ∈ PA(mE;F ) se, e somente se, P ′ ∈ A(F ′;P(mE)).

Este Teorema de Hutton Polinomial não foi por nós encontrado em nenhuma referência.
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sobre a igualdade CCdual = CC.

giselle moraes r. pereira ∗

geraldo márcio de azevedo botelho †

1 Introdução

Um ideal clássico da teoria de ideais de operadores lineares entre espaços de Banach é o ideal CC dos operadores

completamente cont́ınuos formado pelos operadores lineares cont́ınuos que transformam sequências fracamente

convergentes em sequências convergentes em norma. Uma caracteŕıstica importante deste é ideal é que o ideal CC
não é simétrico (isto é, existe um operador completamente cont́ınuo cujo adjunto não é completamente cont́ınuo)

nem anti-simétrico (isto é, existe um operador não completamente cont́ınuo cujo adjunto é completamente cont́ınuo).

O objetivo deste trabalho é identificar condições sobre os espaços de Banach E e F de forma a garantir que um

operador de E em F é completamente cont́ınuo se, e somente se, seu adjunto é completamente cont́ınuo. É imediato

que a equivalência acima é verdadeira acrescentando a condição dos espaços E e F ′ serem espaços de Schur. Na

verdade, neste caso todos os operadores de E em F satisfazem a propriedade desejada. Mais interessante é investigar

situações em que a equivalência ocorre sem atingir todos os operadores entre E e F . O objetivo deste trabalho é

exibir uma tal situação. Mais precisamente, mostraremos que se E for um espaço de Banach reflexivo de dimensão

infinita, então: (i) um operador de E em E é completamente simétrico se, e somente se, seu adjunto é completamente

simétrico; (ii) nem todo operador de E em E é completamente simétrico. Este trabalho foi baseado na dissertação

[4] e nas referências [1,2,3,5].

2 Resultados

Dado um ideal de operadores I no sentido de Pietsch [5], seu dual é definido da seguinte forma: dados espaços de

Banach E e F ,

Idual(E;F ) := {u ∈ L(E;F ) : u′ ∈ I(F ′;E′)},

onde u′ denota o adjunto do operador u.

Dizemos que um ideal de operadores I é: simétrico se I ⊆ Idual, anti-simétrico se Idual ⊆ I e completamente

simétrico se I = Idual. É imediato que:

Proposição 2.1. Seja I um ideal de operadores para o qual existem espaços de Banach E e F e um operador

u ∈ L(E;F ) tal que u /∈ I(E;F ), u′ ∈ I(F ′;E′) e u′′ /∈ I(E′′;F ′′). Então o ideal I não é nem simétrico nem

anti-simétrico.

Denotaremos por CC(E;F ) o conjunto de todos os operadores u:E −→ F completamente cont́ınuos, isto é,

xn
w−→ x em E =⇒ u(xn) −→ u(x) em F .

Chamando de IdE o operador identidade no espaço de Banach E, é fácil verificar que Id`1 ∈ CC(`1; `1), Id`∞ /∈
CC(`∞; `∞) e Idc0 /∈ CC(c0; c0). Segue então da Proposição 2.1 que o ideal CC dos operadores completamente

cont́ınuos não é simétrico nem anti-simétrico.
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Queremos identificar condições sobre os espaços E e F de forma a garantir que CC(E;F ) = CCdual(E;F ). Em

primeiro lugar relembre que um espaço no qual toda sequência fracamente convergente é convergente em norma é

chamado de espaço de Schur. É imediato que:

Proposição 2.2. Seja E um espaço de Schur. Então CC(E;F ) = L(E;F ) para todo espaço de Banach F .

Da Proposição 2.2 segue que

Proposição 2.3. Se E e F ′ são espaços de Schur, então CC(E;F ) = CCdual(E;F ).

Observe que, na igualdade acima, os espaços na verdade coincidem com L(E;F ). Trabalharemos agora para

obter um caso em que a igualdade vale sem que os espaços sejam iguais a L(E;F ).

Proposição 2.4.

(a) K(E;F ) ⊆ CC(E;F ) para todos espaços de Banach E e F .

(b) Seja E um espaço reflexivo. Então K(E;F ) = CC(E;F ) para todo espaço de Banach F .

Demonstração: Veja [1, Proposição 7.2.8]. �

Proposição 2.5. Sejam E e F espaços de Banach.

(a) Se E é reflexivo, então CC(E;F ) ⊆ CCdual(E;F ).

(b) Se F é reflexivo, então CC(E;F ) ⊇ CCdual(E;F ).

Demonstração: (a) Seja u ∈ CC(E;F ). Da reflexividade de E, pela Proposição 2.4(b) sabemos que u ∈ K(E;F ).

Pelo Teorema de Schauder, u ∈ Kdual(E;F ), ou seja, u′ ∈ K(F ′;E′). Aplicando agora a Proposição 2.4(a) temos

que u′ ∈ CC(F ′;E′), e isso significa que u ∈ CCdual(E;F ).

(b) Seja u ∈ CCdual(E;F ), ou seja, u′ ∈ CC(F ′;E′). Da reflexividade de F , e portanto de F ′, pela Proposição 2.4(b)

sabemos que u′ ∈ K(F ′;E′), ou seja u ∈ Kdual(E;F ). Pelo Teorema de Schauder, u ∈ Kdual(E;F ) = K(E;F ), e

pela Proposição 2.4(a) conclúımos que u ∈ CC(E;F ). �

Provamos agora o resultado principal:

Teorema 2.1. Seja E um espaço de Banach reflexivo de dimensão infinita. Então

CC(E;E) = CCdual(E;E) 6= L(E;E).

Demonstração: De fato, como E é espaço de Banach reflexivo, pela Proposição 2.5 temos que CC(E;E) =

CCdual(E;E). E como em dimensão infinita, a bola unitária fechada BE nunca é compacta na topologia da

norma, logo IdE /∈ K(E;E). Pela Proposição 2.4(b) segue que IdE /∈ K(E;E) = CC(E;E). Portanto CC(E;E) =

CCdual(E;E) 6= L(E;E). �

Obtemos ainda uma consequência importante para a Teoria dos Espaços de Banach:

Corolário 2.1. Não existe espaço de Banach reflexivo de Schur de dimensão infinita.

A demonstração desse resultado segue imediatamente da Proposição 2.2 e do Corolário 2.1.
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sobre soluções de equações eĺıpticas envolvendo o

N-laplaciano e crescimento cŕıtico exponencial

gustavo da silva araújo ∗ & uberlandio batista severo †

Neste trabalho, estudamos existência, multiplicidade e não-existência de soluções positivas, com respeito a um

parâmetro positivo λ, para uma classe de problemas eĺıpticos quasilineares em domı́nios limitados de R
N , N ≥ 2,

envolvendo o operador N -laplaciano e uma não-linearidade f(t) que se comporta como tα, para algum α ∈ (0, N−1),

quando t → 0+ e possui crescimento cŕıtico exponencial do tipo Trudinger-Moser em +∞. Na obtenção dos

resultados, podemos destacar a utilização de teoremas do tipo minimax, métodos de sub e supersolução e um

refinamento da Desigualdade de Trudinger-Moser devido a P.-L. Lions.

1 Introdução

Em diversas áreas da Matemática Aplicada, F́ısica e Mecânica podemos encontrar fenômenos que podem ser mode-

lados por equações que envolvem o operador p-laplaciano, p > 1. Tal operador surge, por exemplo, em glaciologia,

no estudo dos fluidos não-newtonianos e na extração de petróleo. Para mais detalhes sobre o desenvolvimento dos

aspectos f́ısicos para problemas modelados pelo operador p-laplaciano, citamos, por exemplo, [GR] e suas referências.

Mais especificamente, estamos interessados na análise de existência, não-existência e multiplicidade de soluções

fracas para a seguinte classe de problemas eĺıpticos quasilineares:











−∆Nu = λf(u), em Ω

u > 0, em Ω

u = 0, sobre ∂Ω,

(Pλ)

onde Ω ⊂ R
N , N ≥ 2, é um domı́nio limitado com fronteira suave, ∆Nu = div(|∇u|N−2∇u) =

∑N
i=1

∂
∂xi

(

|∇u|N−2 ∂u
∂xi

)

é o operador N -laplaciano, λ é um parâmetro positivo e a não-linearidade f(t) = h(t)e|t|
N/(N−1)

é uma função que

satisfaz as seguintes condições: existem constantes α ∈ (0, N − 1) e t∗ ∈ (0, 1) tais que

(A1) h ∈ C1((0,∞)), h(t) = 0 para todo t ≤ 0 e h(t) > 0 para todo t > 0;

(A2) a função t 7→ f(t) é não-decrescente em (0, t∗) ∪ (1/t∗,∞);

(A3)

{

(1) limt→0+
h(t)

tα
> 0

(2) a aplicação t 7→ t1−Nf(t) é não-crescente em (0, t∗);

(A4)

{

(1) limt→∞ h(t)eε|t|
N/(N−1)

= ∞, para todo ε > 0

(2) limt→∞ h(t)e−ε|t|N/(N−1)

= 0, para todo ε > 0;

(A5) limt→∞ h(t)teεt
1/(N−1)

= ∞, para todo ε > 0;

(A6) existem R > 0 e C > 0 tais que, para todo s ≥ R, F (s) ≤ Cf(s), onde F (s) =
∫ s

0
f(t)dt.

As hipóteses (A1)− (A6) sobre a não-linearidade f são basicamente consideradas por Giacomoni, Prashanth e

Sreenadh em [GPS].
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2 Resultados

Ao analisarmos o problema (Pλ), obtivemos dois resultados que merecem destaque. O primeiro deles nos garante

a existência de solução fraca para λ suficientemente pequeno e certas propriedades desta solução. O enunciado

preciso deste resultado é o seguinte:

Teorema 2.1. Se a não-linearidade f satisfaz (A1), (A2), (A3)-(1) e (A3)-(2), então existe λ0 > 0 tal que, para

qualquer λ ∈ (0, λ0), o problema (Pλ) possui uma única solução, digamos uλ, com a propriedade ‖uλ‖L∞(Ω) ≤ t∗.

Para provar o teorema acima, associamos ao problema (Pλ) um problema auxiliar, o qual denotamos por (˜Pλ), e,

utilizando minimização de funcionais e um prinćıpio de comparação devido a Abdellaoui e Peral em [AP], provamos

que o problema (˜Pλ) possúıa uma única solução ũλ em W
1,N
0

(Ω), a qual satisfaz a condição ‖ũλ‖L∞(Ω) ≤ t∗.

O outro resultado do nosso estudo é o teorema a seguir, no qual conseguimos estabelecer uma condição global

em relação ao parâmetro λ para que o problema (Pλ) possua multiplas soluções fracas.

Teorema 2.2. Seja Ω ⊂ R
N , N ≥ 2, um domı́nio limitado com fronteira suave. Suponha que f(t) = h(t)e|t|

N/(N−1)

,

t ∈ R, satisfaz as hipóteses (A1)-(A6). Então, existe Λ > 0 tal que (Pλ) admite, pelo menos, duas soluções, digamos

uλ e vλ, para todo λ ∈ (0,Λ), uma solução para λ = Λ e nenhuma solução para λ > Λ.

Na demonstração da existência da primeira solução para (Pλ), λ ∈ (0,Λ), utilizamos um argumento de mini-

mização local na topologia de C = C1(Ω) ∩ C0(Ω), onde C0(Ω) = {u ∈ C(Ω);u = 0 em ∂Ω}, para mostrar que,

restrito a C, o funcional energia Jλ associado ao problema (Pλ) possúıa mı́nimo local uλ. Em seguida, trabalhamos

no intuito de provar que uλ é também mı́nimo local de Jλ em W
1,N
0

(Ω). A prova foi feita por contradição: uti-

lizando iteração de Moser, método dos Multiplicadores de Lagrange e resultados de regularidade de DiBenedetto

[DI] e Tolksdorf [TO], obtemos uma contradição com o fato de uλ ser mı́nimo local de Jλ|C . Para a obtenção da

segunda solução, quando λ ∈ (0,Λ), podemos destacar a utilização de uma versão generalizada do Teorema do

Passo da Montanha e de um refinamento da desigualdade de Trudinger-Moser devido a P.-L. Lions (ver [CCH]).

Foi necessário estudarmos também os ńıveis cŕıticos e as sequências de Palais-Smale.

Diante do fato já provado de que, para λ ∈ (0,Λ), o problema possúıa solução, garantimos a existência de

solução para o problema (PΛ).

Finalmente, para garantir que o problema (Pλ) não possui solução para λ > Λ, fizemos uso de um argumento

por contradição: utilizando, dentre outros, resultados de regularidade de Tolksdorf [TO], Prinćıpio do Máximo de

Vázquez e um método de sub e supersolução, foi posśıvel provarmos que o primeiro autovalor de −∆N em W
1,N
0

(Ω)

não era isolado, o que é um absurdo.

Referências

[AP] abdellaoui, b.; peral, i. Existence and nonexistence results for quasilinear elliptic equations involving the

p-laplacian with a critical potential, Annali di Matematica 182, 247-270 (2003).
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Propriedades Assintóticas de um Sistema Semilinear de

Ondas Elásticas com Potencial do Tipo Dissipativo

Jaqueline Luiza Horbach ∗ & Cleverson Roberto da Luz †

1 Introdução

Neste trabalho encontramos taxas de decaimento para a energia total associada ao seguinte sistema:
utt(t, x)− a2∆u(t, x)− (b2 − a2)∇div(u(t, x)) + V (x)ut(t, x) = |u(t, x)|p−1u(t, x)

u(0, x) = εu0(x)

ut(0, x) = εu1(x)

com t ∈ R+, x ∈ Rn, ε > 0 e os coeficientes de Lamé a > 0 e b > 0 satisfazem 0 < a2 < b2. No problema acima

u(t, x) = (u1(t, x), · · · , un(t, x)) é uma função vetorial que representa o deslocamento da onda no ponto x e no

instante de tempo t.

E ainda, assumiremos que o expoente do termo não-linear satisfaz as seguintes condições se n = 2 temos

1 +
4

n− 1
< p <∞ e se n ≥ 3 temos 1 +

4

n− 1
< p <

n+ 2

n− 2
.

Vamos considerar dados iniciais pequenos, isso é necessário para mostrar a existência de solução global e [u0, u1] ∈
(H1(Rn))n × (L2(Rn))n tal que supp(u0) ∪ supp(u1) ⊂ {|x| ≤ R}, onde R > 0 é uma constante e |x| é a norma

Euclidiana usual para x ∈ Rn.

Para a função potencial V (x) ∈ L∞(Rn) vamos supor que existe uma constante C0 > 0 tal que V (x) ≥ C0

1 + |x|
.

A energia total associada ao sistema é

E(t) =
1

2

(
||ut(t)||2 + a2||∇u(t)||2 + (b2 − a2)||div(u(t))||2

)
.

O termo dissipativo é F(t) =
∫
Rn V (x)|ut|2dx. Em todo o trabalho || · || denota a norma usual no espaço (L2(Rn))3.

Neste trabalho mostramos estimativas de decaimento no tempo para a energia total do sistema de ondas elásticas

não absorvente acima. Os casos do sistema de ondas elásticas linear e do sistema semilinear absorvente foram

estudadas por Charão e Ikehata [2], nesse artigo Charão e Ikehata encontraram taxas polinomiais para a energia

total.

O caminho para estudar o problema semilinear não absorvente é estudar primeiro o caso linear de maneira

completa. Depois obter resultados para o caso semilinear não absorvente usando as estimativas do problema linear,

combinadas com estimativas e ideias mais avançadas utilizadas em trabalhos anteriores de Todorova-Yordanov [6]

e Ikehata-Todorova-Yordanov [3].

Para o caso da equação da onda com dissipação do tipo potencial

utt(t, x)−∆u(t, x) + V (t, x)ut(t, x) + η|u(t, x)|p−1u(t, x) = 0,

existem vários trabalhos com resultados sobre o decaimento e não decaimento da energia total, podemos citar

por exemplo [4], [7] para o caso η = 0. Recentemente, Todorova-Yordanov [6] obtiveram taxas de decaimento

para a energia total considerando V (x) ≈ (1 + |x|)−γ com 0 ≤ γ < 1 e η = 0. Eles também estudaram o
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problema semilinear com η = 1 (ver [5]). Para o sistema de ondas elásticas em domı́nios exteriores, com uma

dissipação localizada próximo ao infinito, Charão-Ikehata [1] obtiveram taxas de decaimento polinomial assumindo

uma condição adicional sobre os coeficientes de Lamé: b2 < 4a2.

2 Existência e Unicidade de Soluções Globais e Taxas de Decaimento

para a Energia Total

Usando a teoria de semigrupos obtém-se o seguinte resultado:

Teorema 1. Suponha que p e V = V (x) satisfazem as condições acima. Então, para dados iniciais (u0, u1) ∈
(H1(Rn))n × (L2(Rn))n com suporte contido no conjunto {x ∈ Rn / |x| ≤ R}, R > 0 fixo, a equação admite uma

única solução local fraca u = u(t, x), definida em algum intervalo maximal de existência (0, Tm), tal que

u ∈ C([0, Tm); (H1(Rn))n) ∩ C1([0, Tm); (L2(Rn))n)

e satisfaz a propriedade da velocidade finita de propagação u(t, x) = 0 para |x| ≥ bt+R , 0 ≤ t < Tm .

O tempo Tm depende dos dados iniciais e vai a infinito se os dados iniciais tendem a zero.

Além disso, se Tm <∞ então,

lim sup
t→Tm

{
||ut(t)||2 + a2||∇u(t)||2 + (b2 − a2)||div(u(t))||2

}
= lim sup

t→Tm

2E(t) = +∞.

Teorema 2. Assumindo as hipóteses acima, supondo que F (n, p) =
n(p− 1)− p− 3

p− 1
> 1 − C0

b
se 0 < C0 ≤ b e

ainda considerando que δ satisfazendo

1− C0

b
< δ < F (n, p) se 0 < C0 ≤ b e 0 ≤ δ < F (n, p) se C0 > b.

Então existe ε1 tal que para todo ε ∈ (0, ε1) a equação tem uma única solução global e

E(t) < K(1 + t)δ−1

para todo t ≥ 0 e com K uma constante positiva dependendo dos dados iniciais, δ, R, p, ||V ||L∞ .
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tensor product stabilization under multiplicative

perturbation

joão zanni ∗ & carlos kubrusly †

This work establishes some partial results for uniform stabilization of tensor products under multiplicative

perturbation. In other words, if T = A ⊗ B is a tensor product we investigate which operators C and D ensures

uniform stability for ST = (C ⊗D)(A⊗B).

1 Introduction

In this work an operator T is a bounded (i.e. continuous) linear transformation of a Hilbert space into itself,

where H will denote a complex infinite-dimensional Hilbert space and B[H] is the set of all operators defined on

H. An operator T ∈ B[H] is uniformly stable if the power sequence {Tn}n∈N converges to the null operator in

the uniform topology (i.e., if ‖Tn‖ → 0). The notion of “stable operator” comes from discrete-time dynamical

systems. Consider an autonomous homogeneous difference equation xn+1 = Txn, with xn = x0 for every integer

n ≥ 0. A discrete-time invariant free bounded linear system modeled by the previous equation is uniformly stable

if the Hilbert space-valued sequence {xn}n∈N converges to zero uniformly for all initial conditions. Equivalently

‖T‖ = sup‖x‖=1 ‖Tnx‖ → 0. In this case, the linear operator T and the linear model are said to be uniformly

(asymptotically) stable.

The multiplicative stabilization problem investigates necessary and sufficient conditions for which ST is uni-

formly stable for some multiplicative perturbation S ∈ B[H]. We can rephrase this problem in terms of discrete-time

dynamical systems: given a model as above, one wants to establish which class of operators S is able to make the

system xn+1 = STxn, with x0 = x, uniformly stable.

This question has been under investigation for some decades, for instance, see [1], [2], [6] and the references

therein. Bhaya [1] investigates multiplicative stabilization for finite dimension. Cain [2] generalizes Bhaya results

for infinite-dimensional spaces. More recently, Kubrusly and Vieira [6] improved Cain’s results and had given

a collection of necessary and sufficient conditions for ST be uniformly stable when a proper contraction T is

multiplicatively perturbated by a compact contraction S. Moreover, the investigation of stabilization of operators

could bring an answer to the milestone Invariant Subspace Problem (e.g., [4] and [7]).

This paper investigates a possible generalization of the results established in [6] for tensor product properties.

That is, which classes of multiplicative perturbation S = C ⊗ D uniformly stabilize the original tensor product

T = A⊗B, where ⊗ denotes the tensor product.

2 Stabilization of Tensor Products

In this section we summarize the main results of this note. Since the text is required to be short we will restrict

ourselves to just enunciate the theorems.

Teorema 2.1. Let T = A⊗ B ∈ B[H⊗K], where A ∈ B[H] and B[K]. If one of them is uniformly stable and the

other is power bounded then T is uniformly stable.
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Let S = C ⊗ D ∈ B[H ⊗ K] be a multiplicative perturbation for the tensor product T = A ⊗ B ∈ B[H ⊗ K].

Theorem 2.1 shows which conditions CA and DB should satisfy for ST to be uniformly stable. Thus a solution to

our problem is to determine C and D which satisfy the Theorem 2.1 conditions. It can be show that result holds

for several classes of contraction. In particular, Kubrusly and Vieira [6] show T is a proper contraction if and only

if ST is uniformly stable for every S = C ⊗D compact contraction. However, what does happen when T is not a

proper contraction or even a contraction?

Let T ∈ B[H]. A class S of operators in B[H] satisfy the numerical sup property if supS∈Sr(ST ) = w(T ), where

r(·) and w(·) denotes the spectral radius and the numerical radius, respectively. The numerical radius sup property

holds for the classes of all orthogonal projections, nonnegative contraction, positive contractions and strictly positive

contractions (e.g., [6]).

Teorema 2.2. Let T = A⊗B ∈ B[H⊗K], such that A ∈ B[H] is a proper contraction (i.e., ‖Ax‖ < ‖x‖, x ∈ H,

‖A‖ ≤ 1) and B ∈ B[K] is a spectraloid operator with numerical range less than 1 (i.e., r(B) = w(B) ≤ 1). If

C ∈ B[H] is a compact contraction and D ∈ B[K] belongs to a class which satisfies the numerical radius sup property

then ST is uniformly stable.

Notice that spectraloid operators are not unusual. It can be shown that every normaloid operator is spectraloid

(e.g., [3, p.117]). Thus all self-adjoint, unitary, normal, quasinormal, subnormal and hyponormal operators are also

spectraloids.

Let T = A ⊗ B = diag(k+1
k+2 )k≥0 ⊗

(
B1 0

0 B2

)
, where B1 =

(
0 0

2 0

)
and B2 is a normal operator whose

spectrum is the closed unit disc D = {λ ∈ C : |λ| ≤ 1}. It is readily verified that A is a proper contraction for

which r(A) = ‖A‖ = 1. Moreover, one can show σ(B) = {0}∪D = D and ‖B‖ = ‖B2‖ = 2. Thus B is a spectraloid

non-contraction with w(B) = 1. In particular, T = (A ⊗ B) is not a contraction. On other hand, consider a

compact contraction C = diag( 1
n )n≥1 and D an operator which belongs to a class satisfying the numerical radius

sup property. So r(ST ) = r(CA)r(DB) ≤ r(CA)w(B) ≤ r(CA) < 1. Therefore ST is an uniformly stable operator.

In other words Theorem 2.2 could be interpreted as an attempt to stabilize tensor products for a class more general

than those treated in [6].

Summarizing: in the present note we investigate uniform stability for tensor products by multiplicative pertur-

bation. This can be thought as an attempt to extent the results of [6] for tensor products.
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A lagrangian approximation scheme for balance laws

Eduardo Abreu ∗ & John Perez †

In [4, 8, 6, 1] the authors present distinct Lagrangian formulations to the case of linear and non-linear transport

flow problems; to the purely linear transport problem the space-time integral curves coincide with characteristic

equations [1, 6]. Such Lagrangian approach provides a very accurate solution to purely advection problems, virtually

free of numerical diffusion. They have in common the fact that the advection is treated by a characteristic tracing

algorithm from a fixed Eulerian space-time control volume over each time step for evolution. In this work we

provide a new view to such approach and its extension to the case of non-linear scalar balance laws of the form
∂u(x,t)

∂t
+ ∂f(u(x,t))

∂x
= s(x, u(x, t)), u(x, 0) = ϕ(x), −∞ < x < ∞, t > 0, as introduced in [3, 5], where s(x, u) =

∂a(x)
∂x

or s(x, u) = ∂a(x)
∂x

u, a(·) is a bounded piecewise smooth function and f is an even convex function that

satisfies f(0) = 0 and f ′′ > 0, −∞ < u < ∞. It is also worth mentioning that numerical schemes for this type

of balance laws need to be able to compute efficiently and accurately steady state or nearly steady state solutions

for which the flux gradients ∂f(u(x, t))/∂x are non-zero, but are exactly or approximately balanced by the source

terms s(x, u(x, t)). Numerical schemes, which in turn respect the balance that occurs on the steady flow are called

Well Balanced [3, 5]. Our Lagrangian approximate scheme exhibits the required property to be locally conservative.

1 Mathematical Results and Numerical Experiments

For the construction of the scheme, we consider the balance law in a generalized divergence form in space-time [2],

∇t,x

[

u

f(u)

]

= s(x, u), u(x, 0) = ϕ(x), (1.1)

where the functions u(·, t) ∈ Lp(R) for t ≥ 0. We will consider the sequences Un = (Un)j , j ∈ Z for n = 0, 1, 2, · · · ,

for a given mesh h > 0 and a time level tn =
∑i=n−1

i=0 ∆ti with t0 = 0. In the time level tn, the numerical solution

of u in the cells [xn
j− 1

2

, xn
j+ 1

2

] and [xn+1
j− 1

2

, xn+1
j+ 1

2

] are defined by,

U(xj , t
n) = Un

j =
1

hn
j

∫ xn

j+1
2

xn

j− 1
2

u(x, tn) dx and U
n+1

j =
1

hn+1
j

∫ x
n+1

j+1
2

x
n+1

j− 1
2

u(x, tn+1) dx j ∈ Z. (1.2)

The discrete counterpart of the space Lp(R) is l
p
h, the space of sequences U = (Uj), with j ∈ Z, such that

‖U‖lp
h
=

(

h
∑

j∈Z
|Uj |

p
)

1
p

, 1 ≤ p < ∞, see, e.g., [7]. In a similar way as in papers [4, 8, 6, 1], we consider finite-

volume cell centers of the form Dj = {(t, x) / tn ≤ t ≤ tn+1, σj(t) ≤ x ≤ σj+1(t)} and by the divergence theorem

applied over the region inside the surface in the balance law (1.1) we get the equivalence
∫∫

Dj
∇t,x [u, f(u)]

T
dV =

∫∫

Dj
s(x, u)dV ⇔

∮

∂Dj
[u, f(u)]

T
· nds =

∫∫

Dj
s(x, u)dA, where the parameterized curves σj(t) and σj+1(t) are

naturally impervious zero-flux boundaries. In addition, σj(t) is the solution of the following family of ordinary

differential equations σ′
j(t) =

f(u)

u
, with initial condition σj(t

n) = xn
j in tn ≤ t ≤ tn+1. Therefore, the space-time

evolution of the balace law (1.1) is then given by the resolution of this system of ODEs jointly with (1.2), because

the spatial and temporal “dimensions” are coupled through the characteristic tracing along the naturally impervious
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zero-flux boundaries by construction and the local approximations U
n+1

j , j ∈ Z are projected over the original grid:

U
n+1

j = 1
h
n+1

j

[

∫ xn
j+1

xn
j

u(x, tn)dx+

∫∫

Dj

s(x, u)dA

]

, Un+1
j = 1

h

[

(h2 − fn
j k

n)U
n+1

j−1 + (h2 + fn
j k

n)U
n+1

j

]

. (1.3)

Although the natural setting would be an implicit approach to the ODE dynamics, here we consider for simplicity

the an explicit approximation [3, 5] fn
j =

f(Un
j )

Un
j

≈ f(u)
u

and notice that now the curve σj(t) is a straight line for fn
j

along with kn = ∆tn = tn+1 − tn. This is the basis of the new well balanced Lagrangian approximation scheme.

When f(u) = au and s(x, u) = 0 we get fj = a and by means of a simple mathematical reasoning, the above

construction can be viewed as a finite difference scheme for linear hyperbolic conservation laws, which in turn we

can apply linear stability by means of the Fourier analysis [7]. Indeed, after some calculation it is possible to show

that this method is consistent and stable, and so convergent in the sense of Lax Equivalence Theorem [7] and we

found the following Courant-Friedrichs-Lewy (CFL) condition |aλ| ≤ 1
2 , where λ = k

h
. This gives some support to

use maxj |f
n
j λ

n| ≤ 1
2 in the numerical experiments as a CFL-like condition for the case non-linear balance law. A

very preliminary analysis of the modified equation with respect to the new scheme by means of Fourier analysis [7]

reveal a resemblance of the diffusive-dispersive relation as such for upwinding schemes,

vt + avx =
h2

2k

(

1

2
−

a2k2

h2

)

vxx −
ah2

3

(

1−
a2k2

h2

)

vxxx +O(k3). (1.4)
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Figure 1: Approximation of (1.1) for f(u) = u2/2, a(x) = −cos2(π x
2 ), x ∈ [−1, 1] and 0 elsewhere with I.C.

u(x, 0) = 0. The new scheme captured the propagation of waves in both directions t = 0.2 (left) and t = 3 (middle)

as in [3]. The numerical rate of convergence (∼ 1) agrees well with the theoretical prediction (right frame).
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método da energia no espaço de Fourier para a

equação de placas com dissipação fracionária

máıra fernandes gauer ∗ & cleverson roberto da luz †

1 Introdução

O objetivo principal deste trabalho é investigar propriedades assintóticas da equação de placas em Rn com dissipação

fracionária usando o método da energia no espaço de Fourier. Esse método foi introduzido por Umeda-Kawashima-

Shizuta [8], Ide-Haramoto-Kawashima [2] e Dharmawardane-Rivera-Kawashima [1].

Mais especificamente, queremos obter taxas expĺıcitas de decaimento para a energia total e a norma L2(Rn) da

seguinte equação de placas

utt(t, x) + ∆2u(t, x) +Aθut(t, x) = 0, em (0,+∞)× Rn, (1.1)

com dados iniciais

u(0, x) = u0(x), ut(0, x) = u1(x), em Rn (1.2)

satisfazendo u0 ∈ H2(Rn), u1 ∈ L2(Rn).

O termo dissipativo Aθut acima será especificado a seguir. Denotando por F a transformada de Fourier usual,

para cada 0 ≤ θ ≤ 1 definimos o operador

Aθ : H2θ(Rn) ⊂ L2(Rn)→ L2(Rn)

dado por

Aθv(x) = F−1(|ξ|2θF(v)(ξ))(x),

para todo v ∈ H2θ(Rn) e x ∈ Rn. O operador Aθ é um operador não-negativo e auto-adjunto em L2.

Os resultados obtidos e o método utilizado foram baseados no trabalho de Ikehata-Natsume (2012) [3], em

que foram encontradas taxas de decaimento para a energia e solução da equação de ondas em Rn com dissipação

fracionária. Podemos citar também outros trabalhos em relação às equações de placas semilineares, como Luz-

Charão [6] e Sugitani-Kawashima [7] que encontraram várias estimativas de decaimento que incluem a energia total

e a norma L2 da solução. Em [5], Liu-Kawashima estudaram a seguinte equação de placas semilinear com termo

de memória:

utt + ∆2u+ u+ g ∗∆u = f(u).

Eles provaram a existência global e estimativas de decaimento da norma L2 da solução usando o método da energia

no espaço de Fourier e o teorema da contração. Uma situação mais geral foi considerada por Liu [4], que estudou a

equação de placas acima com efeitos de inércia rotacional e um termo semilinear que inclui derivadas da função u.
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2 Resultados

Definimos a energia associada ao problema (1.1)-(1.2) por

Eu(t) =
1

2

(
||ut(t)||2 + ||∆u(t)||2

)
no espaço X = H2(Rn)× L2(Rn), onde ‖ · ‖ representa a norma em L2(Rn).

Usando a teoria de semigrupos, mostramos que para cada (u0, u1) ∈ H2(Rn) × L2(Rn) o problema (1.1)-(1.2)

admite uma única solução fraca u ∈ C([0,+∞);H2(Rn)) ∩ C1([0,+∞);L2(Rn)).

Os resultados obtidos sobre o comportamento assintótico são os seguintes:

Teorema 2.1. Sejam n ≥ 1, (u0, u1) ∈ (H2(Rn) ∩ L1(Rn))× (L2(Rn) ∩ L1(Rn)) e θ ∈ [0, 1]. Então

Eu(t) ≤ C(1 + t)−
n

4−2θ ||u1||2L1 + C(1 + t)−
n+4
4−2θ ||u0||2L1 + Ce−ηt(||u1||2 + ||∆u0||2), ∀ t ≥ 0,

onde C > 0 e η > 0 são constantes.

Teorema 2.2. Seja n ≥ 5 e θ ∈ [0, 1]. Se (u0, u1) ∈ (H2(Rn) ∩ L1(Rn)) × (L2(Rn) ∩ L1(Rn)), então a seguinte

estimativa é válida:

||u(t)||2 ≤ C(1 + t)−
n−4
4−2θ ||u1||2L1 + C(1 + t)−

n
4−2θ ||u0||2L1 + Ce−ηt(||u0||2 + ||u1||2), ∀ t ≥ 0,

onde C > 0 e η > 0 são constantes.
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teoria e simulação numérica da equação de onda

não-linear

natanael p. quintino ∗ & ivo f. lopez † & mauro a. rincon ‡

1 Introdução

Neste trabalho analisamos numericamente a equação da onda não-linear

∣

∣

∣

∣

∣

∣

∣

∣

∣

utt −∆u+ |u|ρ = f em Q, ρ > 1,

u = 0 sobre Σ,

u(0, x) = u0(x),
∂u

∂t
(0, x) = u1(x), para x ∈ Ω,

(1.1)

onde Q = (0, T )×Ω ∈ R
n+1, T > 0, com Ω sendo um aberto limitado do R

n possuindo fronteira Γ e Σ = (0, T )×Γ.

A solução u do Problema (1.1) é uma função que depende das variáveis temporal t e espacial x.

Quando ρ = 2 e f = 0, o Problema (1.1) tem solução desde que as condições iniciais u0 e u1 sejam suficientes

pequenas, ver Lions [1].

Em Medeiros et all [3], foi demonstrada a existência de solução global para o Problema (1.1) sujeita a restrições

envolvendo as normas de u0, u1 e f . O resultado se aplica para ρ > 1, com n igual a 1 ou 2, e, também, com

restrições adicionais em ρ, para n ≥ 3.

Neste trabalho, investigamos o comportamento de soluções numéricas para o Problema (1.1) considerando dados

iniciais satisfazendo a restrição proposta em [3] e, também, para dados iniciais com norma maior.

2 Método Numérico

Usando o Método de Galerkin associado à formulação variacional do Problema (1.1) definindo como funções base

polinômios lineares por partes, aplicando o Métodos dos Elementos Finitos (MEF) em relação à variável espacial x

e definindo as matrizes associadas, obtemos o sistema de equações diferenciais ordinárias para cada t ∈ (0, T ) fixo

dado por

Ad′′(t) +Bd(t) +Q(d(t)) = F (t),

onde A e B são matrizes quadradas do tipo tridiagonal, para o caso unidimensional, e de banda, para o caso

bidimensional; F , vetor dependente de t; e Q, vetor dependente da incógnita d(t). Aplicando o Método de Newmark,

método que utiliza uma aproximação de ordem quadrática para a segunda derivada temporal, ver Logan [2] ou

Rincon et all [3], podemos discretizar o sistema de EDO obtendo um sistema não-linear. O sistema não-linear é

resolvido para tn = n∆t, utilizando o Método de Newton Modificado.

Neste trabalho buscamos investigar se, da mesma forma que nos resultados anaĺıticos citados, obteŕıamos soluções

numéricas limitadas quando normas de u0, u1 e f fossem menores que uma dada restrição e, também, verificar se

quando estas normas fossem maiores, a solução se comportaria como não limitada e, até mesmo, não existiria para

todo tempo T > 0. Os trabalhos anaĺıticos mostravam que se a solução u(t) fosse positiva, esta seria limitada,
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mas esta situação claramente não é esperada em um problema de evolução de ondas. Por outro lado, especulava-se

se a existência de soluções não limitadas estaria relacionada com uma predominância de valores negativos para a

solução u(x, t).

Nos experimentos numéricos realizados, obtivemos solução limitada para normas de u0, u1 e f menores, ver

Figura (1). Por outro lado, mesmo no caso homogêneo, com combinações de u0 e u1 com normas maiores, a solução

numérica evolui oscilando inicialmente e, aos poucos, se torna predominantemente negativa e tem norma crescendo

com taxas cada vez maiores e apresentando pouca oscilação, ver Figura (2). Para valores de ρ maiores o crescimento

da norma da solução com o tempo se acelera.

Figura 1: Gráfico x× um(tn, x), para ρ = 2 e n = 0, τ/2 e τ , respectivamente, com τ = 160 sendo o total de passos

no tempo, |u0| < 0, 005 e |u1| = 0

Figura 2: Gráfico x× um(tn, x), para ρ = 2 e n = 0, τ/2 e τ , respectivamente, com τ = 160 sendo o total de passos

no tempo, considerando |u0| < 20 e |u1| = 0
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estabilização da equação de berger-timoshenko como

limite singular da estabilização uniforme do sistema de

von-kármán para vigas ∗

pammella queiroz de souza †

Nesse trabalho estamos interessados em analisar o seguinte sistema de Von-Kármán para vibrações de vigas que

ocupa o intervalo (0, L):
εvtt −

[
vx +

1

2
w2
x

]
x

= 0, 0 < x < L, t > 0,

wtt + wxxxx − wxxtt −
[(
vx +

1

2
w2
x

)
wx

]
x

= 0, 0 < x < L, t > 0,
(0.1)

sujeito a condições de contorno. Em (0.1), v = v(x, t) representa a deformação longitudinal, w = w(x, t) a transversal

e ε > 0 é um parâmetro.

Em [2] e [3] foi provado que, quando ε→ 0, e para condições de contorno apropriadas, a solução w = wε de (0.1)

converge (em uma topologia adequada) para a solução do modelo de Berger-Timoshenko para vibrações transversais

de vigas:

wtt + wxxxx − wxxtt −

(
1

2L

∫ L

0

w2
xdx

)
wxx = 0. (0.2)

É importante notar que esse comportamento do sistema limite é muito senśıvel às condições de contorno. De fato,

como mostrado em [3], para alguns casos, o limite w obedece a seguinte equação linear de viga

wtt + wxxxx − wxxtt = 0.

Os resultados que iremos abordar são tratados em [1] e concerne na análise de algumas propriedades anaĺıticas

para o modelo de Berger-Timoshenko com dissipação. Mais precisamente, estudamos existência e unicidade de

solução e a estabilização uniforme, em relação a ε, do seguinte sistema:

εvtt =

[
vx +

1

2
w2
x

]
x

− εαvt, 0 < x < L, t > 0,

wtt + wxxxx − wxxtt =

[(
vx +

1

2
w2
x

)
wx

]
x

− wt + wxxt, 0 < x < L, t > 0,

v(0, t) = v(L, t) = 0, t > 0,

w(0, t) = w(L, t) = wxx(0, t) = wxx(L, t) = 0, t > 0,

v(x, 0) = v0(x), vt(x, 0) = v1(x), 0 < x < L,

w(x, 0) = w0(x), wt(x, 0) = w1(x), 0 < x < L.

(0.3)

A existência e unicidade de solução é garantida no seguinte resultado:

Teorema 0.1. Consideremos ε > 0, 0 ≤ α ≤ 1 e (v0, v1, w0, w1) ∈ X = H1
0 (0, L) × L2(0, L) ×

[
H2 ∩H1

0 (0, L)
]
×

H1
0 (0, L), então o problema (0.3) tem única solução (fraca) na classe (v, vt, w, wt) ∈ C([0,∞);X ). Além disso, a

energia total Eε(t) dada por

Eε(t) =
1

2

∫ L

0

[
εvt

2 + w2
t + w2

xt + w2
xx +

(
vx +

1

2
w2
x

)2
]
dx

∗Esse trabalho é uma parte da dissertação de mestrado na Universidade Federal da Paráıba, 2012
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obedece a lei de dissipação de energia

dEε(t)

dt
= −

∫ L

0

[
εαv2t + w2

t + w2
xt

]
dx.

Para mostrar a existência de solução usamos a teoria de semigrupo.

O decaimento exponencial uniforme da solução é garantido como no seguinte resultado:

Teorema 0.2. Seja {v, w} a solução global do problema (0.3) com dados iniciais no espaço X . Suponhamos que

0 ≤ α ≤ 1. Então, existem constantes positivas c > 0 e µ > 0, tais que, para t > 0 e 0 < ε < 1,

Eε(t) ≤ cEε(0)e−
µ

1+εαEε(0)
t.

É também natural investigar o comportamento da taxa de decaimento quando a dissipação aparece nas condições

de contorno. Por isso, vamos analisar o seguinte sistema:

εvtt =

[
vx +

1

2
w2
x

]
x

, 0 < x < L, t > 0,

wtt + wxxxx − wxxtt =

[(
vx +

1

2
w2
x

)
wx

]
x

, 0 < x < L, t > 0,

v(0, t) = w(0, t) = wx(0, t) = 0, t > 0,[
vx +

1

2
w2
x

]
(L, t) = −εαvt(L, t), t > 0,

wxx(L, t) = −wxt(L, t), t > 0,[
wxxx − wxtt −

(
vx +

1

2
w2
x

)
wx

]
(L, t) = wt(L, t), t > 0,

v(x, 0) = v0(x), vt(x, 0) = v1(x), 0 < x < L,

w(x, 0) = w0(x), wt(x, 0) = w1(x), 0 < x < L.

(0.4)

Uma vez que o problema (0.4) está bem posto, analisamos a taxa de decaimento uniforme (em relação a ε) para

o sistema (0.4) por meio do seguinte resultado:

Teorema 0.3. Seja {v, w} solução global (fraca) do sistema (0.4). Suponhamos que 0 ≤ α ≤ 1. Então existem

constantes positivas c, µ > 0 tais que, para t > 0 e 0 < ε < 1,

Eε(t) ≤ cEε(0)e−
µ

1+εαE(0)
t.
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of the uniform stabilization of the Von Kármán system of beams and plates. M2AN Math. Model. Numer. Anal,

36 (4) 657-691, 2002.

[2] perla menzala, g., and zuazua, e. - Timoshenko’s beam equation as limit of a nonlinear one-dimensional
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operadores hiperćıclicos definidos em espaços de

fréchet

rafaela n. bonfim ∗ & vińıcius v. Fávaro †

Sejam E um espaço de Fréchet e T um operador linear cont́ınuo em E (lembrando que um espaço de Fréchet é

um espaço vetorial topológico, localmente convexo, metrizável e completo). Diremos que T é hiperćıclico se, para

algum elemento x ∈ E, a órbita de x sob T , dada por Orb(x, T ) = {x, Tx, T 2x, ...}, for densa em E. Nesse caso,

tal elemento x ∈ E será chamado um vetor hiperćıclico para T .

Nos últimos 25 anos, diversos autores vêm estudando resultados nas mais diversas direções envolvendo hipercicli-

cidade. Uma excelente referência para consulta de resultados envolvendo hiperciclicidade é [3]. O termo hipercicli-

cidade foi utilizado pela primeira vez por B. Beauzamy em [1] e foi motivado pelo conhecido conceito de ciclicidade

na teoria de operadores em espaços de Hilbert que é bastante usado no estudo de subespaços T -invariantes.

O primeiro exemplo de operador hiperćıclico apareceu em 1929 no trabalho [2] de Birkhoff, apesar de não

aparecer nessa linguagem de hiperciclicidade que utilizamos hoje. Essencialmente, ele mostrou a existência de uma

função f no espaço de Fréchet H(C) das funções inteiras definidas em C, munido da topologia compacto-aberta,

tal que o conjunto {f(z), f(1 + z), ..., f(n + z), ...} é denso em H(C).

Neste trabalho, apresentaremos a demonstração detalhada deste exemplo devido a Birkhoff a fim de comprovar

a dificuldade que é, na maioria das vezes, mostrar que um dado operador T num espaço de Fréchet é hiperćıclico

exibindo o vetor cuja órbita é densa no espaço. Depois provaremos um Critério Geral de Hiperciclicidade e,

como caso particular, obteremos o Critério de Kitai [4], que é uma ferramenta extremamente útil para provar a

hiperciclicidade de operadores.

1 Resultados

Aqui listamos os principais resultados deste trabalho. Começamos com o enunciado preciso para o problema de

Birkhoff:

Teorema 1.1. (Birkhoff) Existe uma função f ∈ H(C) com a seguinte propriedade: Para qualquer g ∈ H(C)

e ε > 0 dados, e para todo R > 0 existe um número natural n tal que | f(z + n) − g(z) |< ε qualquer que seja

z ∈ C com | z |≤ R. Em outras palavras, o operador L : H(C) → H(C) dado por L(f)(z) = f(z + 1), ∀z ∈ C, é

hiperćıclico.

Vejamos agora um critério geral de hiperciclicidade e o caso particular conhecido como Critério de Kitai.

Teorema 1.2. (Critério de Hiperciclicidade) Seja T um operador linear cont́ınuo em um espaço de Fréchet E

separável. Suponhamos que existam subconjuntos densos Z e Y de E, uma sequência de inteiros positivos (nk)k∈N

e uma famı́lia de aplicações Snk
: Z → Z tais que

(i) para cada y ∈ Y , Tnky 7→ 0, quando k →∞;

(ii) para cada z ∈ Z, Snk
z 7→ 0, quando k →∞;

(iii) Tnk ◦ Snk
z 7→ z, quando k →∞, para todo z ∈ Z.

∗Instituto de Matemática , UFU, MG, Brasil, rafaelanevesbonfim@yahoo.com.br
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Então T é hiperćıclico.

Corolário 1.1. (Critério de Kitai) Seja T um operador linear cont́ınuo em um espaço de Fréchet E separável.

Suponhamos que existam subconjuntos densos Z e Y de E e que exista uma aplicação S : Z → Z tal que

(i) para cada y ∈ Y , Tny 7→ 0, quando n→∞;

(ii) para cada z ∈ Z, Snz 7→ 0, quando n→∞;

(iii) T ◦ S = Idz.

Então T é hiperćıclico.
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189 (1929) 473-475.
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boundary observability of star shaped sources in the

modified helmholtz equation

roberto m. g. silva ∗ & nilson c. roberty †

1 Introduction

In 1938, a well known result, due Novikov, says that if we consider the problem of reconstruction of an unknown

characteristic source inside a domain modelled by Poisson equation with a source given by a non homogeneous char-

acteristic star-shaped function, then this kind of source can be reconstructed uniquely from the Cauchy boundary

data. In this work we assume that the model is given by a modified Helmholtz equation, in which the Laplacian

operator is perturbed by an absorption term, and prove an uniqueness result for the case of characteristic source.

The main applications are in stationary and transient inverse problems modelled with partial differential equations.

Let Ω = B1(0) ⊂ Rd, d ≥ 2 be the open unitary ball centred at the origin. The inverse problem for the modified

Helmholtz operator is, given Cauchy datum (g, gν) ∈ H 1
2 (Ω)×H− 1

2 (Ω), to find (u, f) ∈ H1(Ω)× L2(Ω) such that
−∆u+ κ2u = f, in Ω

u = g, on ∂Ω

∂νu = gν , on ∂Ω.

(1.1)

This problem had been studied for generic sources by Alves, Martins and Roberty, [3], who showed that it is useless

to change the input Dirichlet data g . Without loss of generality, we can consider d = 2. The unique information

available is given by only one measurement, say, (0, gν). Also, considering this data the unique available boundary

information, there exist a very large class of solutions (u, f) ∈ H1
0 (Ω) × L2(Ω) satisfying equation (1.1), where

H1
0 (Ω) = {u ∈ H1(Ω)|u(1, θ) = 0, θ ∈ [−π, π)}.

Lemma 1.1. Let H−∆+κ2(Ω) = {v ∈ L2(Ω); (−∆ + κ2)v = 0} and H2
0 (Ω) = {u ∈ H2(Ω);u(1, θ) = 0, u′(1, θ) =

0, θ ∈ [−π, π)}. If κ2 and κ4 are not eigenvalues of the laplacian and bilaplace operators, respectively, then,

L2(Ω) = H−∆+κ2(Ω)⊕ (−∆− κ2)(H2
0 (Ω)).

Proof : Note that, by Green’s Identity,
∫

Ω
fvdx = −

∫
∂Ω
gνvdσ, and, if f ∈ (H−∆+κ2(Ω))

⊥
, then

∫
Ω
fvdx = 0. In

this way, we can consider the following decomposition, L2(Ω) = H−∆+κ2(Ω)⊕(H−∆+κ2(Ω))
⊥

. For more information,

see [3], where it is shown that (H−∆+κ2(Ω))⊥ = (−∆− κ2)(H2
0 (Ω))L

2(Ω). �

Therefore we can investigate problem (1.1) by studying the following fourth order Dirichlet problem:
∆2u− κ4u = −∆f − κ2f, in Ω

u = 0, on ∂Ω

∂nu = gn, on ∂Ω.

(1.2)

2 Mathematical Results

Lemma 2.1. Let Jm be the Bessel function of the first kind and Im be the modified Bessel function. Then

∗Nuclear Engineering Program, COPPE ,UFRJ, RJ, Brasil, rmamud@con.ufrj.br
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(i) {φlm(r, θ) = Jm(µlmr)e
imθ;m ∈ Z, l ∈ N and µlm root of Jm(r) = 0} forms a orthogonal basis for the space

{φ ∈ C∞(Ω); φ(1, θ) = 0, θ ∈ [−π, π)} which is dense in H1
0 (Ω) ⊂ L2(Ω).

(ii) {ξlm(r, θ) = [Jm(κlm)Im(κlmr)−Im(κlm)Jm(κlmr)]e
imθ;m ∈ Z, l ∈ N and κlm root of Jm(x)I

′

m(x)−Im(x)J
′

m(x) =

0}, forms a orthogonal basis for the space {φ ∈ C∞(Ω); φ(1, θ) = 0, φ′(1, θ) = 0, θ ∈ [−π, π)} which is dense

in H2
0 (Ω) ⊂ L2(Ω).

Lemma 2.2. Define {
ψlm(r) := 1

2 (Jm(κlm)Im(κlmr)− Im(κlm)Jm(κlmr)),

ϕlm(r) := 1
2 (Jm(κlm)Im(κlmr) + Im(κlm)Jm(κlmr)).

(2.3)

Then,

(i) If l1 6= l2, then
∫ 1

0
ψl1m(r)ψl2m(r)rdr = −

∫ 1

0
ϕl1m(r)ϕl2m(r)rdr, else, ‖ψl2m‖L2(Ω) = ‖ϕl2m‖L2(Ω);

(ii) (κl2m)2
∫ 1

0
ϕl2m(r)ψl1m(r)rdr = (κl1m)2

∫ 1

0
ϕl1m(r)ψl2m(r)rdr and

∫ 1

0
(ψlm(r)ϕlm(r))′rndr = 0 for n ≥ 1.

Theorem 2.1. Let ĝmν =
∫ π
−π gν(θ) exp(−imθ)dθ, and

(u0, f0)(r, θ) =

(
+∞∑

m=−∞

ĝmν
2κπ

Jm(κ)Im(κr)− Im(κ)Jm(κr)

Jm(κ)I ′m(κ)− Im(κ)J ′m(κ)
exp(imθ),−

+∞∑
m=−∞

κĝmν
π

Im(κ)Jm(κr)

Jm(κ)I ′m(κ)− Im(κ)J ′m(κ)
exp(imθ)

)
.

Then (u0, f0) is a particular solution of inverse problem (1.1). Furthermore, given Cauchy data (0, gν(θ)), the

solution of problem (1.1) in H1
0 (Ω)×H−∆−κ2(Ω) is unique.

Remark 2.1. A general L2(Ω) source solution will belong in the following linear manifold

f = f0 + h ∈ {f0} ⊕ (−∆− κ2)(H2
0 (Ω))L

2(Ω) = {f0} ⊕ (H−∆+κ2(Ω))⊥,

in which will have the following representation f = f0+
∑+∞
m=−∞

∑+∞
l=1 h

l
m[Jm(κlm)Im(κlmr)−Im(κlm)Jm(κlmr)]e

imθ.

Definition 2.1. Let Cs(Ω) ⊂ L2(Ω) some class of functions that depends on some parameter s. We say that Cs(Ω)

is an uniqueness class if there exist an unique h0 ∈ L2(Ω), such that h0 ∈ Cs(Ω)
⋂(
{f0} ⊕ (H−∆+κ2(Ω))⊥

)
.

An example of a such class is the set of star shaped characteristic functions Cω(Ω), which has been investigated

with generalized Fourier series representation. Functional properties of the integral equation for the Source-to-

Neumann Operator is investigated. Numerical experiments related with centroid and parametric star shaped

boundary reconstruction is presented.
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estabilização de energia para uma classe dissipativa de

equação de placas

rodrigo capobianco ∗

1 Introdução

No presente trabalho estudamos a boa colocação e o comportamento assintótico para a seguinte equação viscoelástica

da placa com dissipação não local

utt + ∆2u−
∫ t

0

g(t− τ)∆2u(τ) dτ +M

(∫
Ω

|∇u(t)|2 dx
)
ut = 0 em Ω× (0,∞), (1.1)

com condições de fronteira

u = ∆u = 0 sobre ∂Ω× [0,∞), (1.2)

e condições iniciais

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (1.3)

onde Ω é um conjunto aberto e limitado de Rn com fronteira ∂Ω bem regular, ∆2 = ∆(∆) denota o operador

biharmônico, g é o núcleo da memória e M é uma função não linear.

O principal objetivo é estabelecer os mesmos resultados obtidos em Cavalcanti et al [2], porém com hipóteses

menos restritivas sobre as funções g e M . Mais precisamente, em [2] os autores estabeleceram existência e unicidade

de soluções fracas para o sistema (1.1)-(1.3) com restrições a g, g′ e g′′, e também com M ∈ C1([0,∞)) tal que

M(s) ≥ 0 para todo s ≥ 0. Além disso, para determinar que tal solução decai de forma exponencial, foi assumido

que

M(s) ≥ λ0 > 0, ∀ s ≥ 0. (1.4)

Neste trabalho, os mesmos resultados foram obtidos utilizando apenas hipóteses sobre g, g′ e M ≥ 0, mas sem

a necessidade de considerar a condição (1.4). Isto nos permite dizer que o termo de memória na equação (1.1) é

suficiente para estabilizar o sistema. Com respeito a existência de soluções usamos o método de Faedo-Garlerkin,

assim como em [2]. Ver também Lions [1]. Para determinar a estabilidade exponencial de soluções via método de

energia perturbada, utilizamos ideias análogas a Berrimi e Messaoudi [4]. Ver também os trabalhos de Lagnese [3]

e Muñoz Rivera el al [5].

2 Resultados

Iniciamos com as condições sobre as funções g e M .

∗Universidade Estadual de Londrina, UEL, PR, Brasil, e-mail: rocap22@hotmail.com. Mestrando no Programa de Pós-Graduação
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Núcleo da memória g. Seja g : R+ −→ R+ uma função de classe C1 tal que

g(0) > 0, 1−
∫ ∞

0

g(τ) dτ = l > 0. (2.1)

Além disso, suponhamos que exista uma constante ξ1 tal que

g′(t) ≤ −ξ1g(t), ∀ t ≥ 0. (2.2)

Termo não local M . Seja M : [0,∞] −→ R, com M ∈ C1([0,∞]), tal que

M(s) ≥ 0, ∀ s ≥ 0. (2.3)

O principal resultado do presente trabalho é dado a seguir.

Teorema 2.1. Sob as hipóteses (2.1)-(2.3), temos:

1. Se (u0, u1) ∈ (H2(Ω)∩H1
0 (Ω))×L2(Ω), então o problema (1.1)-(1.3) possui uma única solução fraca na classe

u ∈ C0([0,∞);H2(Ω) ∩H1
0 (Ω)) ∩ C1([0,∞);L2(Ω)). (2.4)

2. Se os dados iniciais (u0, u1) ∈ H3
Γ(Ω)×H1

0 (Ω), onde

H3
Γ(Ω) =

{
u ∈ H3(Ω) | u = ∆u = 0 sobre ∂Ω

}
, (2.5)

então o problema (1.1)-(1.3) possui uma única solução mais regular na classe

u ∈ L∞(0, T ;H3
Γ(Ω)), ut ∈ L∞(0, T ;H1

0 (Ω)), utt ∈ L∞(0, T ;H−1(Ω)). (2.6)

3. Em ambos os casos, a energia

E(t) =
1

2
‖ut(t)‖22 +

1

2
‖∆u(t)‖22

satisfaz

E(t) ≤ CE(0)e−γt, ∀ t ≥ 0, (2.7)

para determinadas constantes C > 0 e γ > 0.
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o teorema de bishop-phelps-bollobás para operadores

definidos em c0-somas de espaços de banach a espaços

uniformemente convexos

thiago grando ∗ & mary lilian lourenço †

Mostramos que o par (c0 (
⊕∞

i=1Xi) , Y ) satisfaz a propriedade de Bishop-Phelps-Bollobás, onde Xi são espaços

de Banach de dimensão finita, sempre que Y for uniformemente convexo.

1 Introdução

Na década de 50, o matemático Robert James mostrou que um espaço de Banach X é reflexivo, se e somente

se, todo funcional linear e cont́ınuo definido em X atinge a norma. Tal resultado é conhecido como Teorema de

James. Inspirados no resultado de James, em 1961, Erret Bishop e Robert R. Phelps começam a estudar classes

de funcionais lineares cont́ınuos definidos em espaços de Banach não reflexivos, que atigem a norma e provam que

tal classe é densa em X∗. Este resultado é conhecido como Teorema de Bishop-Phelps [2]. Em 1970, o matemático

húngaro B. Bollobás [3], provou uma “versão quantitativa”do teorema de Bishop-Phelps, conhecido como teorema

de Bishop-Phelps-Bollobás, que pode ser enunciado como

Teorema 1.1 (B. Bollobás). Seja ε > 0 um número arbitrário. Se x ∈ SX e x∗ ∈ SX∗ são tais que |1−x∗(x)| < ε2

4 ,

então existem y ∈ SX e y∗ ∈ SX∗ tais que y∗(y) = 1, ‖y − x‖ < ε e ‖y∗ − x∗‖ < ε .

Diversos trabalhos e propriedades surgem para investigar o problema da densidade dos operadores que atigem

a norma. Surgiu também a idéia de buscar o equivalente do Teorema de Bishop-Phelps-Bollobás para o caso de

operadores. Em 2008, M. D. Acosta, R. M. Aron, D. Garćıa e M. Maestre [1], introduziram a seguinte definição

que chamaram de propriedade de Bishop-Phelps-Bollobás(BPBP):

Definição 1.1. Sejam X e Y espaços de Banach sobre um corpo K. Dizemos que o par (X,Y ) satisfaz a propriedade

de Bishop-Phelps-Bollobás, se dado ε > 0, existirem η(ε) > 0 e β(ε) > 0 com lim
ε→0

β(ε) = 0 tais que, para cada

T ∈ SL(X,Y ), se x ∈ SX satisfaz ‖Tx‖ > 1− η(ε), então existem x0 ∈ SX e um operador R ∈ SL(X,Y ) tais que

‖R(x0)‖ = 1, ‖x− x0‖ < β(ε), ‖T −R‖ < ε.

Em [1], os autores apresentaram alguns pares de espaços de Banach que tem BPBP. Em 2012, S. K. Kim, [4],

mostrou que um par (c0, Y ) tem a propriedade de Bishop-Phelps-Bollobás quando Y for uniformemente convexo.

Além disso, quando Y for estritamente convexo, se (c0, Y ) tem a propriedade de Bishop-Phelps-Bollobás então Y

é uniformemente convexo considerando como espaço de Banach real.

2 Resultados

Supondo {Xi}i uma famı́lia de espaços de Banach tais que dimXi = i, para cada i, considere X = c0 (
⊕∞

i=1Xi).

Tendo em vista as técnicas apresentadas em [4], e munidos dos seguintes resultados:

∗Instituto de Matemática e Estatśtica , IME-USP, SP, Brasil, tgrando@ime.usp.br
†Instituto de Matemática e Estatśtica , IME-USP, SP, Brasil, mllouren@ime.usp.br
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Lema 2.1 (1, Lema 6.1). Sejam ε > 0 e Y um espaço de Banach uniformemente convexo com módulo de convexidade

δ(ε). Se T ∈ SL(X,Y ) e A ⊂ N tem a propriedade que ‖TPA‖ > 1 − δ(ε), então ‖T (I − PA)‖ ≤ ε, onde PA é a

projeção canônica de X em lA∞.

Lema 2.2 (1, Lema 5.1). Sejam Y um espaço de Banach estritamente convexo e T ∈ L(X,Y ). Se ‖T (x)‖ = ‖T‖
para algum x =

∑
i βiei ∈ SX , então T (ek) = 0 para todo k ∈ {j ∈ N : |βj | < 1}, onde (en)n é a base canônica de

X.

mostramos que:

Teorema 2.1. Seja Y um espaço de Banach uniformemente convexo. Então o par (X,Y ) tem a propriedade de

Bishop-Phelps Bollobás.

Idéia da prova: Dado 0 < ε < 1, sejam T ∈ SL(X,Y ) e x ∈ SX , satisfazendo a estimativa ‖T (x)‖ > 1 − η(ε) >

1− δ(ε), onde η(ε) > 0 é o número positivo do Teorema 2.5 em [4], e 0 < δ(ε) < 1 é o módulo de convexidade de Y .

Podemos escolher u ∈ SX com suporte finito A, de forma que ‖T (u)‖ > 1− δ(ε), e pelo Lema 2.1, ‖T (I−PA)‖ ≤ ε.
A idéia é construir um vetor em SX e um operador em SL(X,Y ), que aproximem a x e a T , respectivamente. Para

esse fim, considerando TA a restrição de TPA em lA∞, segue de ([4], Teorema 2.5) que existem ũ ∈ SX e R̃ ∈ SL(X,Y )

tais que

‖R̃(ũ)‖ = 1,

∥∥∥∥R̃− TA
‖TA‖

∥∥∥∥ < ε, ‖u− ũ‖ <
√
ε+

√
ε2 + 2ε.

Definindo o operador R : X → Y por R(ei) = R̃(ei), se i ∈ A e R(ei) = 0, se i ∈ Ac, e o vetor v = (vi)i∈N ∈ SX
por vi = ũi, se i ∈ A e vi = xi, se i ∈ Ac, obtemos as estimativas desejadas.

Teorema 2.2. Seja Y um espaço de Banach real estritamente convexo. Se o par (X,Y ) tem BPBP, então Y é

uniformemente convexo.
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