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Boundaries for Au(BE) and Awu(BE)
M. D. Acosta ∗ & R. M. Aron † & L. A. Moraes ‡

A classical result of Šilov states that if K is a compact Hausdorff topological space and A is a unital and
separating subalgebra of C(K) then there is a minimal closed subset M ⊂ K such that ‖f‖ = maxm∈M |f(m)| for
every f ∈ A. This set is known as the Šilov boundary for A.

Five years after Šilov’s paper, Bishop proved that if A is a separating Banach algebra of continuous functions
on a compact metrizable space K, then K has a minimal subset M (not necessarily closed) satisfying the following
condition: For all f ∈ A, there exists m ∈ M such that |f(m)| = ‖f‖. In fact, M is the set of all peak points for
A.

About twenty years after the classical results of Šilov and Bishop, Globevnik considered the problem of extending
those results to the setting of certain subalgebras A ⊂ Cb(Ω), where Ω is a topological space which is not necessarily
compact, and where Cb(Ω) denotes the space of continuous and bounded functions on Ω endowed with the usual
sup norm.

Following Globevnik, we say that a subset Γ of a topological space Ω is a boundary for a function algebra
A ⊂ Cb(Ω) if

‖f‖ = sup{|f(x)| : x ∈ Γ}, forall f ∈ A.

For a complex Banach space X, let Au(BX) be the Banach algebra of those complex valued functions defined
on the closed unit ball BX of X that are uniformly continuous on BX and holomorphic on the interior of BX ,
endowed with the sup norm, let Awu(BX) be the Banach sub-algebra of the elements of Au(BX) that are weakly
uniformly continuous on BX , and let Aw∗u(BX′′) be the Banach algebra of all complex valued functions defined
on the closed unit ball BX′′ of X ′′ that are weakly star (uniformly) continuous on BX′′ and holomorphic on the
interior of BX′′ , endowed with the sup norm.

The space of all holomorphic functions from X into C that, when restricted to any bounded subset of X, are
uniformly weakly continuous is denoted by Hwu(X), and the space of all holomorphic functions from X ′′ into C that,
when restricted to any bounded subset of X ′′, are (uniformly) w∗-continuous is denoted by Hw∗u(X ′′). For every
non-negative integer n, we write Pwu(nX) := P(nX) ∩ Hwu(X) and Pw∗u(nX ′′) := P(nX ′′) ∩ Hw∗u(X ′′), where
P(nX) is the space of continuous n-homogeneous polynomials on X. Let Hb(X) be the space of all holomorphic
functions from X into C that are bounded on bounded subsets of X. Since (BX , w∗) is compact, the boundaries
Γ for Aw∗u(BX′′) (in the sense of Globevnik) that are w∗-closed are boundaries for Aw∗u(BX′′) in the standard
sense, that each f ∈ Aw∗u(BX′′) achieves its norm.

The proofs of the results announced in this note can be found in [1].

Proposition 1. The space of all functions f ∈ Awu(BX) such that f = g|BX for some g ∈ Hwu(X) is dense
in Awu(BX). Moreover, for each f ∈ Awu(BX) there exists a unique f̃ ∈ Aw∗u(BX′′) such that f̃ |BX = f. In
addition, the extension mapping f → f̃ is an algebraic and isometric isomorphism.

Proposition 2. If X is a Banach space whose dual X ′ is separable and Γ is a subset of BX , then Γ is a boundary
for Awu(BX) if and only if Γ

w∗
contains all the complex extreme points of BX′′ .

∗Departamento de Análisis Matemático, Universidad de Granada, 18071 Granada, Spain, e-mail dacosta@ugr.es
†Department of Mathematical Sciences, Kent State University, Kent, Ohio, 44242, United States, e-mail aron@math.kent.edu
‡Instituto de Matemática, Universidade Federal do Rio de Janeiro, 21945-970 Rio de Janeiro, RJ , Brasil, e-mail luiza@im.ufrj.br

1



Proposition 3. Let X be a complex Banach space such that Pwu(nX) = P(nX) for every n ≥ 1. Then Au(BX) =
Awu(BX).

It is well known that Propositions 2 and 3 apply to c0 . We can also apply Proposition 2 to some other special
cases.

We start by considering the space T ∗ defined by Tsirelson. The Tsirelson’s space is a reflexive Banach space
with Schauder basis. For all n ≥ 1 every element of P(nT ∗) is weakly sequentially continuous and, since T ∗ does
not contain a copy of `1, we have that Pwu(nT ∗) = P(nT ∗) for every n ≥ 1. So, these propositions apply and we
deduce that a subset Γ of BT∗ is a boundary for Au(BT∗), if and only if, Γ

w
contains all the complex extreme

points of BT∗ .

Aron and Dineen showed that the Tsirelson-James space T ∗J satisfies the equation Pwu(nT ∗J ) = P(nT ∗J ) for every
n ≥ 1 and that T ∗J has a shrinking basis and so its dual is separable. So, Propositions 2 and 3 apply and we have

that a subset Γ of BT∗J is a boundary for Au(BT∗J ) if and only if Γ
w∗

contains all the complex extreme points of the
closed unit ball of the bidual of T ∗J .

Next we present Proposition 5 and Corollary 1 which are also application of Proposition 2. The definition of
the canonical pre-dual d∗(w, 1) of the Lorentz sequence space d(w, 1) can be found in [1] or [3].

Proposition 4. If w /∈ `p for all p ∈ N then Au(Bd∗(w,1)) = Awu(Bd∗(w,1)).

Since the dual of d∗(w, 1) is separable, Proposition 2 can be used to characterize the boundaries forAwu(Bd∗(w,1)).
This characterization will be given after we describe the set of complex extreme points of the unit ball of its bidual.

Lemma 1. Let X = d′(w, 1), the dual of d(w, 1), and z = (zk) ∈ BX a non-negative, decreasing sequence of real

numbers. Then z is a complex extreme point of BX if and only if lim inf
{ n∑

j=1

wj −
n∑

k=1

zk

}
= 0.

For a sequence x = (xn) ∈ c0, we will denote by x∗ = (x∗n) a decreasing rearrangement of x.

Theorem 1. Let X = d′(w, 1). If z ∈ BX , then z is a complex extreme point of BX if and only if

lim inf {
n∑

j=1

wj −
n∑

k=1

z∗k} = 0.

Proposition 5. If X = d∗(w, 1), we have BX′′ = ExtC(BX′′)
w∗

.

Corollary 1. A subset Γ of Bd∗(w,1) is a boundary for Awu(Bd∗(w,1)) if and only if Bd′(w,1) = Γ
w∗

. As a

consequence, if w /∈ `p for every 1 ≤ p < ∞, then Γ is a boundary for Au(Bd′(w,1)) if and only if Bd′(w,1) = Γ
w∗

.

One way of summarizing a number of these results is to say that Γ is a boundary for Awu(BX) if and only if Γ
is w∗-dense in the set of complex extreme points of BX′′ .
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estabilidade uniforme de equações diferenciais

funcionais impulsivas via equações diferenciais

ordinárias generalizadas

s. m. afonso ∗, e. m. bonotto ∗, m. federson ∗ & l. p. gimenes †

Neste trabalho, consideraremos uma classe de equações diferenciais funcionais com retardamento (escreveremos
EDFR’s) e impulsos em tempo variável que pode ser identificada, de maneira biuńıvoca, com uma certa classe de
equações diferenciais ordinárias (escreveremos EDOs) generalizadas e estabeleceremos um resultado de estabilidade
uniforme da solução nula dessas equações através da teoria das equações diferenciais ordinárias generalizadas, usando
também funcionais de Lyapunov.

1 Descrição da classe de EDFR’s impulsivas

Sejam Rn o espaço euclideano n-dimensional com norma | · | e R+ = [0,+∞).
Denotaremos por G−([a, b],Rn) o espaço das funções f : [a, b] → Rn que são regradas e cont́ınuas à esquerda

em [a, b] ⊂ R, ou seja, f(t−) = f(t) para cada t ∈ (a, b] e o limite à direita f(t+) existe para todo t ∈ [a, b), onde
f(t−) = lim

ρ→0−
f(t+ρ) e f(t+) = lim

ρ→0+
f(t+ρ). Consideraremos G−([a, b],Rn) munido da norma usual do supremo,

‖f‖ = supt∈[a,b] |f(t)|, f ∈ G−([a, b],Rn).
Sejam r > 0 e t0 ≥ 0. Dada uma função y ∈ G−([t0 − r,+∞),Rn), definiremos yt ∈ G−([−r, 0],Rn) por

yt(θ) = y(t+ θ), para θ ∈ [−r, 0] e t ∈ [t0,+∞). Consideraremos a equação diferencial funcional com retardamento
e ação impulsiva  ẏ (t) = f (yt, t) , t 6= τk(y(t)), t ≥ t0,

∆y (t) = Ik (y (t)) , t = τk(y(t)), k = 1, 2, . . . ,
(1.1)

com condição inicial
yt0 = φ, (1.2)

onde φ ∈ G−([−r, 0],Rn) e f : G−([−r, 0],Rn) × [t0,+∞) → Rn. Consideraremos que, para cada y ∈ G−([t0 −
r,+∞),Rn), a aplicação t 7→ f(t, yt) seja Lebesgue integrável. Vamos considerar, também, que os operadores de
impulso Ik(x), k = 1, 2, . . ., sejam funções cont́ınuas de Rn em Rn e que ∆y(t) = y(t+)− y(t−) = y(t+)− y(t) =
Ik(y(t)), k = 1, 2, . . ., para cada y ∈ G−([t0 − r,+∞),Rn) e para cada t ≥ t0.

Vamos supor condições do tipo “Carathéodory” e do tipo “Lipschitz” para a integral indefinida de f e para os
operadores de impulsos Ik, k = 1, 2, . . .. Veja [2].

Consideraremos que as superf́ıcies τk, k = 1, 2, . . ., sejam funções cont́ınuas de Rn em (0,+∞), τ0(x) ≡ t0 <

τ1(x) < τ2(x) < . . . , para cada x ∈ Rn, τk(x)→ +∞ quando k → +∞ uniformemente em x ∈ Rn, e que as curvas
integrais do sistema (1.1)-(1.2) encontram tais superf́ıcies um número finito de vezes.

Uma função y ∈ G−([t0 − r,+∞),Rn) será dita uma solução de (1.1)-(1.2) em [t0 − r,+∞) se satisfizer as
seguintes condições:

(i) ẏ (t) = f (yt, t), para quase todo t ∈ [t0,+∞) \ {s : s = τk(y(s)), k = 1, 2, . . .};
∗Instituto de Ciências Matemáticas e de Computação, Universidade de São Paulo-Campus de São Carlos , SP, Brasil. E-mails:

suzmaria@icmc.usp.br, ebonotto@icmc.usp.br, federson@icmc.usp.br
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(ii) y (t+) = y (t) + Ik (y (t)), t = τk(y(t)) ∈ [t0,+∞), k = 1, 2, . . . ;

(iii) yt0 = φ.

EDFR’s com impulsos em tempo variável satisfazendo as condições acima podem ser identificadas, de maneira
biuńıvoca, com certa classe de EDOs generalizadas, veja [2].

2 Resultado

No que segue, vamos supor que f(0, t) = 0 para todo t e Ik(0) = 0, k = 1, 2, . . .. Isso implica que a função y ≡ 0
é uma solução da equação (1.1) em qualquer intervalo contido em [t0,+∞). Também consideraremos os conjuntos
Ec = {ψ ∈ G−([−r, 0],Rn) : ‖ψ‖ < c} e Eρ = {ψ ∈ G−([−r, 0],Rn) : ‖ψ‖ ≤ ρ}, com 0 < ρ < c. A solução trivial
y ≡ 0 de (1.1) será dita

(i) Estável, se para quaisquer t0 ≥ 0 e ε > 0, existir δ = δ(ε, t0) > 0 tal que se φ ∈ Ec e y : [t0 − r,+∞) → Rn

for solução de (1.1) em [t0,+∞) tal que yt0 = φ e

‖φ‖ < δ,

então
‖yt(t0, φ)‖ < ε, t ∈ [t0,+∞).

(ii) Uniformemente estável, se o número δ no item (i) for independente de t0.

Através da teoria das EDOs generalizadas, usando funcionais de Lyapunov, obtemos o seguinte resultado.

Teorema 2.1. Consideremos a equação diferencial funcional com retardamento e impulsos em tempo variável (1.1).
Suponhamos que as condições (A), (B), (A′), (B′) estejam satisfeitas. Seja U : [t0,+∞) × Eρ → R cont́ınua à
esquerda em (t0,+∞). Suponhamos que U satisfaça as seguintes condições:

(i) U(t, 0) = 0, t ∈ [t0,+∞);

(ii) Existe uma constante K > 0 tal que

|U(t, ψ)− U(t, ψ)| ≤ K‖ψ − ψ‖, t ∈ [t0,+∞), ψ, ψ ∈ Eρ;

iii) Existe uma função monótona crescente b : R+ → R+, tal que b(0) = 0 e

U(t, ψ) ≥ b(‖ψ‖),

para quaisquer t ∈ [t0,+∞) e ψ ∈ Eρ;

(iv) Dados t ≥ t0 e ψ ∈ G−([−r, 0],Rn), para a solução y : [t − r,+∞) → Rn de (1.1) satisfazendo a condição
inicial yt = yt(t, ψ) = ψ, vale a desigualdade

D+U(t, yt) = lim sup
η→0+

U(t+ η, yt+η(t, ψ))− U(t, yt(t, ψ))
η

≤ 0.

Então a solução trivial y ≡ 0 de (1.1) é uniformemente estável.

O resultado acima está descrito no artigo [1] e será discutido no Congresso.
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On asymptotically periodic behavior of fractional

integro-differential equations
Ravi P. Agarwal∗, Bruno de Andrade† and Claudio Cuevas ‡§

Resumo

The periodic behavior of differential equations has been extensively studied over the years. In this talk we

present some of our recent results on asymptotically periodic behavior of fractional integro-differential equations.

1 Introduction

In this work we are interested in discussing sufficient conditions for the existence and uniqueness of an asymptotically

almost periodic mild solution of the fractional Cauchy problem

v′(t) =

∫ t

0

(t− s)α−2

Γ(α− 1)
Av(s)ds+ f(t, v(t)), t ≥ 0, (1.1)

v(0) = u0 ∈ X. (1.2)

where 1 < α < 2, A : D(A) ⊂ X → X is a linear densely defined operator of sectorial type on a complex Banach

space X and f : [0,∞)×X → X is appropriated functions. Notice that the convolution integral in (1.1) is known as

the Riemann-Liouville fractional integral. In the literature problem (1.1)-(1.2) has been studied by several authors.

In [5] the authors investigated existence and uniqueness of S-asymptotically ω-periodic mild solutions of (1.1)-(1.2)

with infinite delay, while the case without delay has been considered in [3] and [4] (see also [2]) for asymptotically

behavior of solutions and existence of S-asymptotically ω-periodic mild solutions, respectively.

2 Existence Results

Below are our main results.

Teorema 2.1. Assume that A is sectorial of type µ < 0. Let f : [0,∞)×X → X be a function asymptotically almost

periodic in t uniformly in x ∈ X and assume that there exists an integrable bounded function Lf : [0,∞)→ [0,∞)

satisfying

‖f(t, x)− f(t, y)‖ ≤ Lf (t)‖x− y‖, ∀ x, y ∈ X,∀ t ≥ 0. (2.3)

Then the problem (1.1)-(1.2) has a unique asymptotically almost periodic mild solution.

Corolário 2.1. Assume that A is sectorial of type µ < 0. Let f : [0,∞) × X → X be a function asymptotically

almost periodic in t uniformly in x ∈ X that satisfy the Lipschitz condition (2.3) with Lf (·) ≡ L. If CM |µ|−1/απL <
α sinπ/α, where C and M are the constants given in Corollary 4.3 in [1], then the problem (1.1)-(1.2) has a unique

asymptotically almost periodic mild solution.

Taking A = −ραI with ρ > 0 and X = C in (1.1), the about result produces the following corollary.
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†DMAT-UFPE, PE, Brasil, e-mail: bruno00luis@gmail.com
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Corolário 2.2. Let f : [0,∞) × C → C be a function asymptotically almost periodic in t uniformly in z ∈ C and

that satisfies the Lipschitz condition (2.3) with Lf (·) ≡ L. Then the problem (1.1)-(1.2) has a unique asymptotically

almost periodic solution whenever L < α sinπ/α
ρπ .
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Weighted pseudo-almost periodic solutions

Ravi P. Agarwal, ∗Claudio Cuevas † & Herme Soto ‡

1 Introduction.

The concept of pseudo-almost periodicity was introduced in the literature in the early nineties by Zhang [10].

Since then, such notion became of great interest to several mathematicians (see Agarwal [3], Cuevas [5], [6]). In

Agarwal et al. Agarwal [4] and Diagana [7], [8], [9], a new generalization of the concept of almost periodicity was

introduced. Such a new concept is called weighted pseudo-almost periodicity. To construct those weighted pseudo-

almost periodic functions, the main idea consists of enlarging the so-called ergodic component. See also the recent

paper by Agarwal et al. Agarwal [1], where they discussed existence and uniqueness of a weighted pseudo-almost

periodic (mild) solution to a class of semi-linear fractional differential equations. Furthermore the authors gave

applications to abstract partial evolution (respectively, fractional relaxation-ascillation) equations.

In this work, we study the existence and uniqueness of a weighted pseudo-almost periodic (mild) solution to the

following semi-linear integral equations with infinite delay of the form

u(t) =

∫ t

−∞

a(t − s)
[

Au(s) + f(s, u(s))
]

ds, t ∈ R, (1.1)

where a ∈ L1([0,∞)), A : D(A) ⊂ X → X is the generator of an integral resolvent family defined on a complex

Banach space X and f : R × X → X is a weighted pseudo-almost periodic function.

2 Existence Results

We introduce the following integrability assumption for strongly continuous functions S : [0,∞) → B(X).

(INT) There is φ ∈ L1([0,∞)) such that ‖S(t)‖ ≤ φ(t) for all t ≥ 0.

Let V be denote the collection of all functions ρ : R → [0,∞) satisfying: ρ is piecewise continuous, and

ρ ∈ L1
loc(R). The notations V∞ stands for the set of weight functions, V∞ := {ρ ∈ V : lim

T→∞
m(T, ρ) = ∞}, where

T > 0 and m(T, ρ) :=
∫ T

−T
ρ(x)dx.

Teorema 2.1. Let ρ ∈ V∞. Assume that A generates an integral resolvent family {S(t)}t≥0 that satisfies the

assumption (INT). Let f ∈ PAP (X,X, ρ) satisfying ‖f(t, u) − f(t, v)‖ ≤ Lf‖u − v‖, ∀ u, v ∈ X, ∀ t ∈ R with

Lf < ‖φ‖−1
1 . Then equation (1.1) has a unique weighted pseudo-almost periodic solution.

Teorema 2.2. Let ρ ∈ V∞. Assume that A generates an integral resolvent family {S(t)}t≥0 that satisfies assump-

tion (INT). Let f ∈ PAP (X,X, ρ) and assume that there is a nondecreasing function L : [0,∞) → [0,∞) such that

for each positive number R, and x, y ∈ X, ||x|| ≤ R, ||y|| ≤ R, we have ||f(t, x)−f(t, y)|| ≤ L(R)||x−y||, ∀t ∈ R,

with lim sup
R→∞

||φ||1L(R) < 1. Then equation (1.1) has a unique weighted pseudo-almost periodic mild solution.

To establish our next result we consider functions f that satisfies the following boundedness condition.

(B0) There is a continuous nondecreasing function W : [0,∞) → [0,∞) such that ‖f(t, x)‖ ≤ W (‖x‖) for all t ∈ R

and x ∈ X.

∗Departament of Mathematical Sciences, Florida Institute of Technology, Melbourne, Florida, USA. e-mail: agarwal@fit.edu
†DMAT-UFPE, PE, Brasil, e-mail: cch@dmat.ufpe.br
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Teorema 2.3. Let ρ ∈ V∞. Assume that A generates an integral resolvent family {S(t)}t≥0 that satisfies assump-

tion (INT). Let f ∈ PAP (X,X, ρ) satisfying (B0) and the following conditions:

(B1) f(t, x) is uniformly continuous in any bounded subset K ⊂ X uniformly in t ∈ R.

(B2) For each ν ≥ 0, lim
|t|→∞

1
h(t)

∫ t

−∞
φ(t − s)W (νh(s))ds = 0, where h is as above.

(B3) For each ǫ > 0 there is δ > 0 such that for every u, v ∈ Ch(X), ‖v − u‖h ≤ δ implies that

sup
t∈R

∫ t

−∞

φ(t − s)‖f(s, v(s)) − f(s, u(s))‖ds ≤ ǫ.

(B4) lim inf
ξ→∞

ξ
β(ξ) > 1, where β(ν) :=

∥

∥

∥

∫ ·

−∞
φ(· − s)W (νh(s))ds

∥

∥

∥

h
.

(B5) For all a, b ∈ R, a ≤ b, and r > 0, the set {f(s, x) : a ≤ s ≤ b, x ∈ X, ‖x‖ ≤ r} is relatively compact in X.

Then equation (1.1) has a weighted pseudo-almost periodic mild solution.
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bound state solutions for degenerate singular

perturbation problems with sign-changing potentials

m. j. alves ∗ r. b. assunção † p. c. carrião ‡ & o. h. miyagaki §

This work is concerned with the study of the degenerate singular perturbation problems

−ε2div(|x|−2a∇u) + |x|−2(a+1−c)V(x)u = |x|−b2∗(a,b)g(x, u), (0.1)

for small ε ∈ R
+, and

−div(|x|−2a∇u) + λ|x|−2(a+1−c)V(x)u = |x|−b2∗(a,b)g(x, u), (0.2)

for large λ ∈ R
+. We consider the case where x ∈ R

N and we search for decaying solutions, that is, solutions such

that u(x) → 0 as |x| → +∞. The other parameters are such that

0 6 a < (N − 2)/2, a 6 b < a+ 1, c = 0. (0.3)

Additionally, we define 2∗(a, b) ≡ 2N/[N − 2(a+1− b)] and 2∗ = 2∗(a, a) ≡ 2N/(N − 2). We are mainly interested

in a superlinear, critical nonlinearity g and in a sign-changing potential V .

These type of problems come from the study of standing waves in anisotropic Schrödinger equation. The

transition from quantum mechanics to classical mechanics can be formally realised by letting ε → 0; therefore, the

existence of solutions for ε small is of physical interest. Aside from being one of the main objects of quantum physics,

the Schrödinger equation also appears in problems of nonlinear optics, in plasma physics, and in condensed matter

physics, where one simulates the interaction effect among many particles through a nonlinear term. Moreover,

several physical phenomena related to equilibrium of anisotropic continuous media that possibly are “perfect”

insulators can be modeled by this type of elliptic problem, where it is allowed for the coefficient of the operator to

be unbounded.

In the case V (x) ≡ 1, g(x, u) ≡ |u|2
∗(a,b)−2u, c = 0, and where at least one of the parameters a or b is different

from zero, the first and the second problems are closely related. In fact, when ε2 = λ−1, then u is a solution to

the second problem if and only if v(x) = λ−1/(2∗(a,b)−2)u(x) is a solution to the first problem. Hence, as far as

the existence and the number of solutions are concerned, both problems are equivalent. However, for more general

perturbations g this is no longer true.

Inspired by Ding and Szulkin in [2], we prove results of existence of bound state solutions to the case of de-

generate, singular, semilinear elliptic problems. We look for solutions to both problems in the space D1,2
a (RN ).

Additionaly, in the case where the nonlinearity g(x, u) is an odd function of u, we obtain infinitely many geometri-

cally distinct solutions.

Now we state our hypotheses. We set G(x, u) ≡

∫ u

0

g(x, s) ds and G̃(x, u) ≡
g(x, u)u

2
−G(x, u) and we assume

the following conditions on the potential V and on the perturbation g.

(V1) V ∈ C(RN ,R) and V is bounded from below.

(V2) There exists b > 0 such that the set {x ∈ R
N :V (x) < b} is non-empty and has finite measure.
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(g1) g ∈ C(RN ,R), G(x, u) > 0 for all (x, u) and g(x, u) = o(u) uniformly in x as u → 0.

(g2)
G(x, u)

u2
→ +∞ uniformly in x as |u| → +∞.

(g3) G̃(x, u) > 0 whenever u 6= 0.

(g4) |g(x, u)|τ 6 a1G̃(x, u)|u|τ for some a1 > 0, τ > max{1, N/2}, and for all (x, u) with |u| large enough.

The main results of our work can be stated as follows.

Teorema 0.1. Suppose that assumptions (V1), (V2), and (g1) to (g4) are verified and that V −1(0) has a nonempty

and bounded interior Ω. Suppose that conditions on the parameters a, b, and c are also verified.

1. If G(x, u) > a0|u|
δ for some a0 > 0, for some 2 < δ < 2∗ and for all |u| small enough, then there exists

ε0 > 0 such that the first problem has at least one nontrivial solution whenever ε ∈ (0, ε0). Moreover, if g is

odd in u, then for each k > 1 there exists εk > 0 such that the first problem has at least k pairs of nontrivial

solutions whenever ε ∈ (0, εk).

2. There exists Λ0 > 0 such that the second problem has at least one nontrivial solution whenever λ > Λ0.

Moreover, if g is odd in u, then for each k > 1 there exists Λk > 0 such that the secondproblem has at least k

pairs of nontrivial solutions whenever λ > Λk.

Teorema 0.2. Suppose that assumptions (V1), (V2), and (g1) to (g4) are verified. Suppose that conditions on the

parameters a, b, and c are also verified.

1. If V (x) < 0 for some x and G(x, u) > a0|u|
δ for some a0 > 0, for some 2 < δ < 2∗ and for all |u| small

enough, then there exists a sequence (εk)k∈N ⊂ R with εk → 0 such that the first problem has a nontrivial

solution for each ε = εk.

2. If V (x) < 0 for some x, then there exists a sequence (λk)k∈N ⊂ R with λk → +∞ such that the secondproblem

has a nontrivial solution for each λ = λk.
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sobre estabilidade para misturas

Margareth S. Alves ∗ & Octavio V. Villagran †

Neste trabalho, investigamos a estabilidade do semigrupo associado a um sistema que modela misturas binárias

com porosidades. Nosso principal objetivo é obter condições que garantam a analiticidade e a falta de estabilidade

exponencial do semigrupo associado ao sistema

ρ1 utt − a11∆u− a12 ∆w − b11 ∆ut − b12 ∆wt + α (u− w) + α1 (ut − wt)− k1∆θ − β1 θ = 0 em Q,

ρ2 wtt − a21 ∆u− a22 ∆w − b21 ∆ut − b22 ∆wt − α (u− w)− α1 (ut − wt)− k2∆θ − β2 θ = 0 em Q,

c θt − κ∆θ + k1∆ut + k2∆wt + β1 ut + β2 wt = 0 em Q,

(0.1)

Q = Ω×]0,∞[, em que Ω é um subconjunto limitado de R
n com fronteira regular, n ≥ 1, u (respectivamente, w)

é o volume fracional de uma das constituintes da mistura, θ é a temperatura. A descrição deste modelo pode ser

encontrada em Ieşan e Quintanilla [4] ou Ieşan e Nappa [5]. Assumimos que ρ1, ρ2, c, κ, α e α1 são constantes

positivas e
(
β2
1 + β2

2

) (
k21 + k22

)
̸= 0. As matrizes A = (aij) e B = (bij) ̸= 0 são simétricas e satisfazem a

a11 > 0, a11 a22 − a212 > 0, b11 ≥ 0, b11 b22 − b212 ≥ 0.

Estudamos (0.1) com as condições iniciais

u(x, 0) = u0, ut(x, 0) = u1, w(x, 0) = w0, wt(x, 0) = w1, θ(x, 0) = θ0 em Ω (0.2)

e as condições de fronteira

u(x, t) = u(x, t) = w(x, t) = w(x, t) = θ(x, t) = θ(x, t) = 0 em ∂Ω. (0.3)

1 Resultados Alcançados

Considere o espaço de Hilbert H = H1
0 (Ω)×H1

0 (Ω)× L2(Ω)× L2(Ω)× L2(Ω) munido do produto interno

⟨(u1, w1, v1, η1, θ1), (u2, w2, v2, η2, θ2)⟩H =

∫

Ω

a11∇u1∇u2dx+

∫

Ω

a22∇w1∇w2dx

+

∫

Ω

a12(u1w2 + w1u2)dx+ α

∫

Ω

(u1 − w1)(u2 − w2)dx

+ρ1

∫

Ω

v1v2dx+ ρ2

∫

Ω

η1η2dx+ c

∫

Ω

θ1θ2dx.

e norma ∥.∥H. O problema misto (0.1)-(0.3) pode ser reduzido ao seguinte problema de Cauchy

d

dt
U(t) = AU(t), U(0) = U0, ∀ t > 0

em que U(t) = (u, w, ut, wt, θ)
′, U0 = (u0, w0, u1, w1, θ0)

′ e o operador linear A : D(A) ⊂ H → H é dado por

A




u

w

v

η

θ




=




v

η
1
ρ1
∆(a11u+ a12w + b11v + b12η + k1θ)− α

ρ1
(u− w)− α1

ρ2
(v − η) + β1

ρ1
θ

1
ρ2
∆(a12u+ a22w + b12v + b22η + k2θ) +

α
ρ1

(u− w) + α1

ρ2
(v − η) + β2

ρ2
θ

1
c∆(κθ − k1v − k2η)− β1

c v −
β2

c



,
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D(A) é o subespaço de H constitúıdo dos vetores (u, v, w, η, θ) tais que v, η, θ ∈ H1
0 (Ω), κθ + k1v + k2η ∈ H2(Ω),

a11u+ a12w + b11v + b12η + c1θ ∈ H2(Ω) e a12u+ a22w + b12v + b22η + c2θ ∈ H2(Ω).

Segue, usando o Teorema de Lumer - Phillips, que o operador A genera um C0-semigrupo de contrações, SA(t),

no espaço H.

Na demonstaração dos resultados abaixo, usamos resultados sobre estabilidade exponencial e analiciticidade de

C0-semigrupos de contração em espaços de Hilbert que podem ser encontrados no livro de Liu e Zheng [6]. Estamos

denotando por CP a constante de Poincaré.

Lema 1.1. Suponha que um dos itens abaixo seja válido.

(a) B é definida positiva;

(b) B é definida não-negativa e

(b.1) b12 ̸= −b11 ou b12 ̸= −b22;
(b.2) b12 = −b11 = −b22, β1 = −β2 e k1 ̸= −k2;
(b.3) b12 = −b11 = −b22, ρ2 (a11 + a12) ̸= ρ1 (a12 + a22) ;

(b.4) b12 = −b11 = −b22, β1 = ϱ k1, β2 = ϱ k2, ϱ ̸= 0 e ϱ < 1
CP

, e k1 ̸= −k2.
Então iR ⊂ ρ (A) .

Teorema 1.1. Suponha que a matriz B seja definida não-negativa e que b12 ̸= −b11 ou b12 ̸= −b22. Então o

semigrupo SA(t) é exponencialmente estável, ou seja, existem constantes positivas M e µ tais que

∥SA(t)∥L(H) ≤M exp(−µ t).

Se B é uma matriz definida positiva temos que o semigrupo SA(t) é anaĺıtico. Além disso, temos:

Teorema 1.2. Suponha que B é definida não negativa e somente um dos itens abaixo é válido.

(a) (b12 ̸= −b11 or b12 ̸= −b22) and (b11k2 ̸= b12k1 or b12k2 ̸= b22k1);

(b) b12 = −b11 = −b22
(b.1) β1 = −β2 and k1 ̸= −k2;
(b.2) (β1, β2) = −ϱ (k1, k2), ϱ > 0, and k1 ̸= −k2,
(b.3) ρ2 (a11 + a12) ̸= ρ1 (a12 + a22) and k2 ̸= −k1.

Então o semigrupo SA(t) é anaĺıtico.

Teorema 1.3. Suponha que b11 = b22 = −b12 e ρ2(a11 + a12) = (a22 + a12)ρ1. Além disso, assuma que

(a) β1 = −β2 e k1 = −k2 ou (b) β1 ̸= −β2 e k1 = −k2.
Então SA(t) não é exponentialmente estável.
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Nonlinear Wave Equations with Acoustic Boundary

Conditions
g. o. antunes ∗ m. d. g. da silva † c. l. frota ‡ & l. a. medeiros §

Let us consider Ω be an open, bounded and connect set of Rn with smooth boundary denoted by Γ. Suppose

Γ = Γ0 ∪ Γ1 where Γ0 is a measurable subset of Γ such that meas (Γ0) > 0 and Γ1 = Γ − Γ0. By Q = Ω × (0, T ),

for T > 0 a real number, we denote a cylinder of Rn+1 with lateral boundary Σ = Γ × (0, T ) = Σ0 ∪ Σ1, being

Σ0 = Γ0 × (0, T ) and Σ1 = Γ1 × (0, T ).

We shall study the existence and uniqueness of solutions to the initial boundary value problem∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u
′′ −∆u+ |u|ρ + βu

′
= 0 in Q

u = 0 on Σ0

αu
′
+ fδ

′′
+ gδ

′
+ hδ = 0 on Σ1

∂u

∂ν
− δ′ = 0 on Σ1

u (x, 0) = u0 (x) , u
′
(x, 0) = u1 (x) in Ω

δ (x, 0) = δ0 (x) , δ
′
(x, 0) = δ1 (x) on Γ,

(1)

where the derivatives are in the sense of the theory of distributions, ∆ represents the usual Laplace operator in Rn,

α and β are positive real constants, ν denotes the unit outward normal, 1 < ρ ≤ n

n− 2
for n ≥ 3, f, g and h are

real valued functions of class C0 in x ∈ Γ satisfying

0 < f1 ≤ f (x) , 0 < g1 ≤ g (x) and 0 < h1 ≤ h (x) .

The boundary conditions in (1)3 and (1)4 are called acoustic boundary conditions and were proposed by [1] in

a study of the linear wave equation. Physically the idea is that each boundary point acts as a spring. Problems

involving locally reacting boundaries were studied by [2], [3], [4], [5] and others.

In the study of the problem (1) we consider the functional space V defined by

V =
{
v ∈ H1 (Ω) ; γ0 (v) = 0 a.e. on Γ0

}
,

where γ0 : H1 (Ω) −→ H1/2 (Γ) is the trace map of order zero of v. We call attention that V is a closed subspace

of H1 (Ω) and the norm

‖u‖V =

(
n∑
i=1

∫
Ω

(
∂u

∂xi

)2

dx

)1/2

is equivalent to the usual norm from H1 (Ω). The symbols (·, ·) , (·, ·)Γ , | · |
2

and | · |2Γ denote the inner products

and norms of the Hilbert spaces L2 (Ω) and L2 (Γ), respectively.

The nonlinearity |u|ρ brings troubles in the process of calculus of a priori estimates because we get, in certain

point of the our proof, a term of the type∫
Ω

|∇u|2 dx+
2

ρ+ 1

∫
Ω

|u|ρ udx

which one cannot control the sign. We overcome this difficulty by employing an argument of Tartar [7].
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1 Mathematical Result

The main result is contained in the following Theorem:

Theorem 1.1. Given u0 ∈ V ∩H2(Ω), u1 ∈ V, δ0, δ1 ∈ L2 (Γ). Set

γ = α |u1|2 + α ‖u0‖2 +
2α

ρ+ 1

∫
Ω

|u0|ρ u0dx+
∣∣∣√fδ1∣∣∣2

Γ
+
∣∣∣√hδ0∣∣∣2

Γ
,

and suppose

γ < α

(
1

2C2
0

) ρ+1
ρ−1

,

where C0 is the constant of embedding of V in Lρ+1 (Ω), 1 < ρ ≤ n

n− 2
n ≥ 3. Then there exists u in the class

u ∈ L∞ (0, T ;V ) , u
′ ∈ L∞ (0, T ;V ) , u

′′ ∈ L∞ (0, T ;L2 (Ω)
)
,

δ, δ
′
, δ
′′ ∈ L∞ (0, T ;L2 (Γ)

)
,

for all T > 0, weak solution of (1).
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existence of global solutions of nonlinear wave

equation with thermo-elastic coupling

ricardo f. apolaya ∗ & manuel m. miranda † & raul m. izaguirre ‡

In this present work, the authors prove the existence of global solutions of nonlinear wave equation with thermo-

elastic coupling give by the system of equation:

u′′(x, t)− µ(t)∆u(x, t) +
n∑
i=1

∂θ

∂xi
(x, t) + F (u(x, t)) = 0 in Q = Ω× (0,∞)

θ′(x, t)−∆θ(x, t) +
n∑
i=1

∂u′

∂xi
(x, t) = 0 in Q = Ω× (0,∞),

where u is displacement, θ is absolute temperature, ∆ denotes the Laplace operator, µ is a positive real function of

t, F : R→ R is continuous function such that s · F (s) ≥ 0, Ω is a smooth bounded open set in Rn with boundary

Γ.

The non linearity F (v) = |v|ρ v usually appears in relativistic quantum mechanic (see Segal [12] or Schiff [11]),

and has been considered by various authors for hyperbolic, parabolic and elliptic equations. Lions [5] studied the

wave equation with the same non linearity, i.e., |v|ρ v, in a smooth bounded open domain Ω of Rn and proved

existence and uniqueness of solution using both Faedo-Galerkin’s and Compactnesss’ methods.

In [1] investigated the system coupling with F (v) = |v|ρ v . They established global existence and strong and weak

solutions by Faedo-Galerkin’s method using a basis of the space H1
0 (Ω) ∩H2(Ω).

Based in the theory developed in the paper [1] , [9] and [14] Strauss approximations of F, we will prove that the

system coupling has a unique global weak solution.

1 Existence of Global Solutions

Teorema 1.1. Let F : R→ R, be continuous such that s · F (s) ≥ 0. Consider

G(s) =

∫ s

0

F (σ) dσ

Given

u0, θ0 ∈ H1
0 (Ω), G(u0) ∈ L1(Ω) and u1 ∈ L2(Ω)

there exists {u, θ} : Q→ R such that:

u, θ ∈ L∞(0,∞;H1
0 (Ω))

u′ ∈ L∞(0,∞;L2(Ω)), θ′ ∈ L2(0,∞;L2(Ω))

and {u, θ} satisfies the equations

u′′(x, t)− µ(t)∆u(x, t) +
n∑
i=1

∂θ

∂xi
(x, t) + γF (u(x, t)) = 0 in L∞

loc(0,∞, L2(Ω))
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θ′(x, t)−∆θ(x, t) +
n∑
i=1

∂u′

∂xi
(x, t) = 0 in L∞

loc(0,∞, L2(Ω))

and the initial conditions

u(0) = u0, u′(0) = u1, θ(0) = θ0
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micropolar fluid with variable viscosity
f. d. araruna ∗ m. a. f. araújo † & g. m. de araújo ‡

1 Introduction

We are interested in the motion of a non-homogeneous viscous incompressible asymmetric fluid with variable
Newtonian viscosity. The governing equations with boundary and initial conditions are the following:

ut − (µr + µ0 + µ1‖u‖2)∆u + (u · ∇) u +∇p = 2µr∇×w + f in Ω× (0, T ),
wt − ĉ∆w + (u · ∇)w − c∇(∇ ·w) = 2µr∇× u + g in Ω× (0, T ),
∇ · u = 0 in Ω× (0, T ),
u = w = 0 on ∂Ω× (0, T ),
u(·, 0) = u0, w(·, 0) = w0 in Ω,

(1.1)

where ĉ = ca + cd and c = c0 + cd − ca.
In (1.1), Ω ⊂ Rn (n ≤ 3) is a bounded open set whose boundary Γ is regular enough and T > 0. The unknowns

u, w and p are, respectively, for the velocity field, the angular velocity of rotation of the fluid particles and the
pressure distribution. The positive constants µ0, µ1, µr , c0 , ca and cd are related with viscosity properties of the
fluid, and satisfy c0 + cd > ca. The symbol ‖·‖ is a norm in a space which will be defined later. Spaces of R3-valued
functions, as well as their elements, are represented by bold-face letters.

For the model derivation (with µ1 = 0) and related physical discussion, see Condiff and Dalher [2] and
Lukaszewicz [7]. Concerning applications, the micropolar fluid model has been used, for example, in the behavior of
liquid crystals, polymeric fluids and blood in thin vessels (see [1], [4], [9] and the references). We observe that (1.1)
includes as particular case the classical Navier-Stokes equations, which have been widely studied (see, for instance,
Ladyzhenskaya [6] or Temam [12], and the references therein). A good referencee for the mathematical aspects of
(1.1) is [7]. This book contains important existence and uniqueness results. In [10] the existence of strong solution
is proved using the Galerkin method, and in [8] the regularity results for weak solutions.

In the context of Navier-Stokes equations, Ladyzhenskaya in [2] was the first to propose the study of this problem
with viscosity depending on velocity u. When the viscosity is of the form in (1.1)1, with µ1 > 0, Lions in [5] showed
existence for n ≤ 4 and uniqueness for n ≤ 3.

In this paper we study the existence of weak solutions of the problem (1.1) with n ≤ 4. We also are interested
in the study of the time-periodic solutions for this system.

Let us consider the following vector spaces usual in the context of incompressible fluids:

V = {ϕ ∈ H1
0(Ω); ∇ ·ϕ = 0 in Ω}

and
H = {ϕ ∈ L2(Ω); ∇ ·ϕ = 0 in Ω, ϕ · ν = 0 on Γ},

equipped with scalar product and norms given by ((·, ·)), ‖·‖ and (·, ·), | · |, respectively.
Our main results are formulated as follows.

Theorem 1.1. If f ∈ L4/3(0, T ; H−1(Ω)), g ∈ L2(0, T ; H−1(Ω)), u0 ∈ V and w0 ∈ H1
0(Ω), then problem (1.1) has

a weak solution.
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Theorem 1.2. Under the assumptions of Theorem 1.1, there exists a solution {u,w} of (1.1) such that u(0) =
u(T ), w(0) = w(T ).

To prove Theorem 1.1 we use essentially Galerkin method combined with monotony and compactness methods.
To prove Theorem 1.2 we apply the Brower fixed point theorem.

References

[1] ariman, t. and turk, m. - On steady and pulsatile flow of blood, J. Appl. Mech., 41 (1974), 1-7.

[2] condiff, d. w. and dahler, j. s. - Fluid mechanics aspects of antisymmetric stress, Phys. Fluids, 11 (1964), 842-854.

[3] dupuy, d., panasenko, g. p. and stavre, r. - Asymptotic methods for micropolar fluids in a tube structure, Math.

Models Methods Appl. Sci., 14 (5) (2004), 735-758.

[4] guillén-gonzález, f., rojas-medar, m. a. and rodŕıguez-bellido, m. a. - Sufficient conditions for regularity and

uniqueness of a 3D nematic liquid crystal model, Math. Nachr., 282 (6) (2009), 846-867.
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on a control result for the semi-galerkin

approximations of a boussinesq system
f. d. araruna ∗ j. l. boldrini † & m. a. rojas-medar ‡

Consider the following controlled version of a nonlinear Boussinesq system usually used to model thermally
driven flow of a fluid contained in Ω:∣∣∣∣∣∣∣∣∣∣∣∣

ut −∆u + u · ∇u +∇p = θg + v1O in Ω× (0, T ),
θt −∆θ + u · ∇θ = w1O in Ω× (0, T ),
∇ · u = 0 in Ω× (0, T ),
u = 0, θ = 0 on Γ× (0, T ),
u(0) = u0, θ(0) = θ0 in Ω.

(0.1)

Here, Ω ⊂ R3 is a bounded open set whose boundary Γ is regular enough and T > 0. The unknowns u, θ and
p denote, respectively, the velocity of the fluid, the temperature and the hydrostatic pressure. The function g is
the external force by unit of mass. The subset O ⊂ Ω is the control domain, which is supposed to be as small as
desired, and v and w stand for control functions which act over the system. Spaces of R3-valued functions, as well
as their elements, are represented by bold-face letters.

Due to the dissipative and nonreversible properties of this system, it is clear that one cannot expect such
exact controllability for this Boussinesq model for arbitrary target states, in the same way as in the case of the
Navier-Stokes equations.

In fact, in the context of the Navier-Stokes equations only partial results are known. Local exact controllability
to uncontrolled trajectories was considered in Fursikov-Imanuvilov [4], Imanuvilov [5] and Fernández-Cara et al. [3].
Concerning this kind of controllability results for other fluid models, much fewer results are known; we can mention
the local exact controllability to trajectories for micropolar fluids obtained by Fernández-Cara and Guerrero in [2].

On the other hand, Lions and Zuazua considered in [6] the same sort of controllability issue, but for finite-
dimensional Galerkin approximations of the Navier-Stokes system; they were able proved that such approximate
systems are exactly controllable. The same sort of result was proved for the Galerkin approximations of the
micropolar fluid equations by Araruna, Chaves-Silva and Rojas-Medar in [1].

The present paper is interested in controllability questions related to the ones in [6] (see also [1]), but now for
a semi-Galerkin approximation for the Boussinesq system (0.1). Here, we just say that, roughly speaking, to get
the semi-Galerkin approximations we will suitably discretize the equation for the velocity in (0.1) but will keep the
equation for the temperature as it is. That is why we will be able to prove exact controllability for the discretized
velocity, but just approximate controllability for the temperature.

We remark that the present results can be viewed as an improvement of the result in [1] in the sense that
there the authors consider Galerkin approximations of the micropolar fluid system; that is, they discretize both
the translation velocity and the microrotational velocity equations to obtain their results; however, the present
techniques could also be applied to a semi-Galerkin approximation of such micropolar fluid system, in which only
the translation velocity equation discretized, and exact-approximate controllability could be achieved as well.

The following vector spaces, usual in the context of incompressible fluids, will be used along the paper:

V = {ϕ ∈ H1
0(Ω); ∇ ·ϕ = 0 in Ω}
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and
H = {ϕ ∈ L2(Ω); ∇ ·ϕ = 0 in Ω, ϕ · ν = 0 on Γ}

Here and in what follows (·, ·) and ‖·‖ denote, respectively the scalar product and the norm in L2(Ω) or L2(Ω).
Next, we will describe the semi-Galerkin approximations of (0.1) that we will analyze. For this, let us consider

{ej}j≥1 a basis of V such that
{ej}j≥1 is linearly independent in L2(O), (0.2)

which existence is guaranteed by an abstract result proved in Lions and Zuazua [7].
Let us fix a natural number N and consider the following finite dimensional subspace of V:

E = span [e1, · · · , eN ]. (0.3)

Let us introduce the semi-Galerkin approximation of the variational formulation for (0.1):∣∣∣∣∣∣∣
(ut, e) + (∇u,∇e) + (u · ∇u, e) = (θg, e) + (v1O, e), ∀ e ∈ E,
(θt, f) + (∇θ,∇f) + (u · ∇θ, f) = (w1O, f), ∀f ∈ H1

0 (Ω),
u(0) = u0 ∈ V, θ(0) = θ0 ∈ L2(Ω),

(0.4)

where g ∈ L∞ (Q). The nonlinear system (0.4) has a unique solution {u, θ} ∈ C0([0, T ];E)× C0([0, T ];H1
0 (Ω)).

The exact-approximate controllability problem for (0.4) is formulated as follows: given T > 0,
{
u0, θ0

}
,
{
uT , θT

}
in E ×L2(Ω) and ε > 0, to find a pair of controls {v, w} ∈ L2 (O × (0, T ))×L2 (O × (0, T )) such that the solution
{u, θ} of (0.4) satisfies ∣∣∣∣∣ u (T ; (v, w)) = uT ,∥∥θ (T ; (v, w))− θT

∥∥ < ε.
(0.5)

In other words, we request the exact controllability of the Galerkin’s approximation of the velocity and the approx-
imate controllability of the temperature.

The main result is formulated as follows.

Theorem 0.1. The semi-Galerkin approximation (0.4) is exact-approximately controllable in any time T > 0, in
the sense of (0.5).

Our strategy to obtain the exact-approximate of (0.4) is to combine a similar controllability for an associated
linearized system with fixed point arguments.
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homogenization in thin domains

josé m. arrieta ∗ & marcone c. pereira †

In this work we are interested in analyzing the asymptotic behavior of the solutions of the Neumann problem
for the Laplace operator {

−∆wε + wε = f ε in Rε

∂wε

∂νε = 0 on ∂Rε
(0.1)

with f ε ∈ L2(Rε), νε = (νε1, ν
ε
2) is the unit outward normal to ∂Rε and ∂

∂νε is the outside normal derivative. The
domain Rε is a thin domain with a highly oscillating boundary which is given by

Rε = {(x1, x2) ∈ R2 | x1 ∈ (0, 1), 0 < x2 < εGε(x1)}

where Gε(·) is a function satisfying 0 < G0 ≤ Gε(·) ≤ G1 for fixed positive constants G0, G1 and such that oscillates
as the parameter ε→ 0. For instance, we may think that the function Gε is of the form Gε(x) = a(x) + b(x)g(x/εα)
where a, b : I 7→ R are piecewise C1-functions defined on I = (0, 1), g : R → R is an L-periodic smooth function
and α ≥ 0, see Figure 1. This includes the case where the function Gε(·) is a purely periodic function, for instance,
Gε(x) = 2 + sin(x/εα), but also includes the case where the function Gε is not periodic and the amplitude is
modulated by a function. As a matter of fact, we will be able to treat more general cases, but to stay the general
ideas in the introduction we may consider the proptotype function Gε(x) = a(x) + b(x)g(x/εα).

Figura 1: The thin domain Rε

The existence and uniqueness of solutions for problem (0.1) for each ε > 0 is garanteed by Lax-Milgram Theorem.
We study here the behavior of the solutions as ε→ 0, that is, as the domain gets thinner and thinner although with
a high oscillating boundary. It is reasonable to expect that the family of solutions wε will converge to a function
of just one variable and that this function will satisfy an equation of the same type of (0.1) but in one dimension.
As a matter of fact, if we consider 0 ≤ α < 1 and if we assume that a(x) + b(x)g(x/εα) → h(x) w-L2(0, 1) and

1
a(x)+b(x)g(x/εα) → k(x) w-L2(0, 1) (observe that h(x)k(x) ≥ 1 a.e. and in general it is not true that h(x)k(x) ≡ 1),

then the limit problem is − 1
h(x)

(
1

k(x)vx

)
x

+ v = f, in (0, 1) with vx(0) = vx(1) = 0. See [1], [2] and [3] for details.
Observe that the geometry of the thin domain enters into the limit equation through the diffusion coefficient.
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In this work we are interested in addressing the case α = 1, that is Gε(x) = a(x) + b(x)g(x/ε), where none of
the techniques used to solve the previous ones apply. Observe that this situation is very resonant: the height of
the domain, the amplitude of the oscillations at the boundary and the period of the oscillations are of the same
order ε. Moreover we are interested in addressing not only the purely periodic case, that is, the case where the
function Gε(x) = G(x/ε) for some L-periodic smooth function G but also the general case where the amplitude of
the oscillation depend on x in a continuous fashion, that is, in our prototype case, the situation where a and b are
not piecewise constant, but piecewise continuous function.

1 The main result

In order to obtain the limit equation in the general case, we propose a method that consists in solving first the
piecewise periodic case, that is, the case where the functions a(x) and b(x) are piecewise constant and then use
an approximation argument to get the limit equation in the general case. This is a subtle argument since we are
approximating first the functions a and b by piecewise constant functions, say aδ(x), bδ(x) so that |a(x)− aδ(x)|+
|b(x) − bδ(x)| ≤ δ and obtain the limit equation for δ > 0 fixed, passing to the limit as ε → 0. Then, in this limit
equation, which will depend on δ, we pass to the limit as δ → 0. But the limit we are interested in is taking first
δ → 0 for ε > 0 fixed, so we obtain the domain given by the function a(x) + b(x)g(x/ε), and then we pass to the
limit as ε→ 0. But, a priori there is no garantee that these two limits commute. We will actually show that these
two limits commute by proving that the solutions of problem (0.1) in two domains Rε and R̃ε are close in the H1

norm uniformly in ε when a, b and ã, b̃ are close. This result, which can be regarded as a domain perturbation result
but uniformly in ε, guarantee that the two limits commute and will show that the limit problem is given as above.
Thus, we will be able to pass to the limit in this problem to obtain:{

− 1
p(x) (r(x)wx)x + w = f(x), x ∈ (0, 1)

w′(0) = w′(1) = 0
(1.2)

where r(x) = p(x)q(x) = 1
L

∫
Y ∗(x)

{
1− ∂X(x)

∂y1
(y1, y2)

}
dy1dy2, p(x) = |Y ∗(x)|

L and X(x) is a auxiliary solution of
−∆X = 0 in Y ∗

∂X
∂N = N1 on B1

X(0, y2) = X(L, y2) on B0

in the basic cell Y ∗(x) = {(y1, y2) ∈ R2 : 0 < y1 < L, 0 < y2 < a(x) + b(x)g(y1)}, which depends on the
variable x, where B0 is the lateral boundary, B1 is the upper and lower boundary of ∂Y ∗. Equation (1.2) is the
limit equation we were looking for.

We think that this method of solving first the piecewise periodic case and then use an approximation argument,
uniform in the parameter ε, can be used in other problems to obtain the appropriate homogenized limit for the non
periodic case.
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very rapidly varying boundaries in equations with

nonlinear boundary conditions. the case of a non

uniformly lipschitz deformation

josé m. arrieta ∗ & simone m. bruschi †

We consider elliptic equations with nonlinear boundary conditions of the type
{

∆u− u + f(x, u) = 0 in Ωε

∂u
∂n

+ g(x, u) = 0 in ∂Ωε.
(0.1)

when the boundary of the domain presents a highly oscillatory behavior as the parameter ε → 0. In [2], the main
assumption was that ∂Ωε, the boundary of the domain Ωε, is expressed in local charts as a Lipschitz deformation of
∂Ω0 with the Lipschitz constant uniformly bounded in ε. Roughly speaking, this kind of perturbation is characterized

by the fact that locally around each point x0 ∈ ∂Ω0 and for all 0 < r < 1 we have
|∂Ωε ∩B(x0, r)|
|∂Ω ∩B(x0, r)| ≤ C, for some

constant C independent of x0, r and ε, where we denote by | · | the (N − 1)-dimensional measure. For instance,
in a two dimensional setting, if ∂Ω0 is given locally around certain point by the graph of the function y = ψ0(x),
then ∂Ωε is given locally by the graph of a function y = ψε(x) where ψε → ψ0 and |ψ′ε(x)| ≤ C uniformly in ε.
This includes the case where ψε(x) = ψ0(x) + ε sin(x/εα), with α ≤ 1. In [2], we get that, for a broad class of
nonlinearities f and g, the limit equation of (0.1) when ε → 0 is the same: ∆u + f(x, u) = 0 in Ω0 while the limit
boundary condition is ∂u

∂n
+γ(x)g(x, u) = 0 with γ(x) ≥ 1 a factor that depends on the oscillations of the boundary.

In certain sense we may say that the oscillations at the boundary amplify the effect of the nonlinearity g(x, u) at
the point x ∈ ∂Ω0 by a factor γ(x) ≥ 1.

In this work we consider the case where ∂Ωε is not a uniform Lipschitz deformation of ∂Ω0. This case, which

includes the example above with α > 1, can be characterized (roughly speaking) by
|∂Ωε ∩B(x0, r)|
|∂Ω ∩B(x0, r)| → +∞, which

is to say that the factor γ(x) = +∞. This extremely high oscillating behavior of the boundary interacts in a
nontrivial way with the nonlinear boundary condition. The interpretation described above suggests that if the
nonlinearity g(x, u) is strongly dissipative, that is g(x, u)u ≥ b|u|d+1 for some d ≥ 0, the effect of the oscillations
is to amplify the dissipativity of the boundary then the limit equation is the same while the boundary condition is
the most dissipative boundary condition, which is the boundary condition u = 0.

We prove that if u∗ε , 0 < ε ≤ ε0, be a family of solutions of problem (0.1) satisfying ‖u∗ε‖L∞(Ωε) ≤ R, then there
exists a subsequence, still denoted by u∗ε , and a function u∗0 ∈ H1

0 (Ω) with ‖u∗0‖L∞(Ω) ≤ R, solution of the problem
{
−∆u + u = f(x, u) in Ω,

u = 0 in ∂Ω,
(0.2)

with the property that ‖u∗ε − u∗0‖H1(Ωε) + ‖u∗ε − u∗0‖L∞(Ωε) → 0 as ε → 0.
Furthermore, if d = 1 and the solution u∗0 of (0.2) is hyperbolic, in the sense that λ = 0 is not an eigenvalue

of the linearized problem of (0.2) around u∗0, then, there exists a δ > 0 small such that problem (0.1) has one and
only one solution u∗ε satisfying ‖u∗ε − u∗0‖H1(Ωε) ≤ δ for ε small enough. The proofs of the results presented here
can be found in [3].
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We observe that the case g ≡ 0, that is, the case of homogeneous Neumann boundary condition was treated
in [4] and it was shown that this condition is also preserved in the limit for many different perturbations of the
boundary, including the ones treated in this work (see [4], Section 5.1).
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vibrations of beams with nonlinear boundary

dissipations
J.L.G. Araujo ∗ & L.A. Medeiros † & M.Milla Miranda ‡

Let Ω be a bounded open set of Rn with boundary Γ of class C2. Assume that Γ is constituted by two non
empty closed disjoint parts Γ0 and Γ1 with Γ0

⋂
Γ1 = φ. Thus Γ is a nonconnected set. Denote by ν(x) the unit

outward normal at x ∈ Γ1

In Ω× (0,∞) consider the problem

(∗)

∣∣∣∣∣∣∣∣∣∣∣∣∣

u′′ −∆u+ δu′ = 0 in Ω×]0,∞[,

u = 0 on Γ0×]0,∞[,

∂u

∂ν
+ αu′′ + h(., u′) = 0 on Γ1×]0,∞[;

u(0) = u0, u′(0) = u1 in Ω.

where δ(x) ≥ 0, α(x) ≥ 0 and h(x, s) are functions defined on Ω,Γ1 and Γ1 × R, respectively.
Physical examples that motivate the study the above problem can be found in Koshlyakov,Smirnov, Gliner[6]

and Medeiros,Andrade[10].
In (*), the terms δu′ and h(., u′) represent an internal and a boundary dissipation, respectively.
Introduce some notations and hypotheses in order to state our result.
By V is denoted the Hilbert space

V = {u ∈ H1(Ω);u = 0 on Γ0}

equipped with the Dirichlet scalar product ((u, v)). Then if −∆ denotes the operator defined by the triplet
{V,L2(Ω), ((u, v))}, we have that the domain of −∆ is

D(−∆) = {u ∈ V ∩H2(Ω);
∂u

∂ν
= 0 on Γ1}

Introduce the hypothesis

(H1)

∣∣∣∣∣∣∣∣∣
h(x, s) ∈ C0(R;L∞(Γ1)),

h(x, 0) = 0, a.e. inΓ1,

(h(x, s)− h(x, r))(s− r) ≥ d(s− r)2, ∀s, r ∈ R for a.e x ∈ Γ1 (d positive constant);

Theorem 0.1. Let h(x, s) be a function satisfying (H1). Consider

u0 ∈ D(−∆), u1 ∈ H1
0 (Ω)

and

α ∈ L∞(Γ1) , α(x) ≥ 0 a.e. x in Γ1 , δ ∈ L∞(Ω) , δ(x) ≥ 0 a.e. in Ω
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‡Instituição, DME-UEPB, PB, Brasil, e-mail milla@im.ufrj.br

25



Then there exists a function u in the class

u ∈ L∞(0,∞;V ), u′ ∈ L∞(0,∞;V ), u′′ ∈ L∞(0,∞;L2(Ω)).

such that ∣∣∣∣∣∣∣∣∣∣
u′′ −∆u+ δu′ = 0 in L∞(0,∞;L2(Ω));

∂u

∂ν
+ αu′′ + h(., u′) = 0 in L1

loc(0,∞;L1(Γ1));

u(0) = u0, u′(0) = u1

In the proof of the theorem we use the Galerkin method with a special basis of V ∩ H2(Ω) , an appropriate
Strauss’approximation of h(x, s)(see[13]) and the trace theorem on Γ for non-smooth functions.

It will be published later on the existence of solutions of Problem(*) with a nonlinear internal dissipation and
the decay of its energy.
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Factorization of holomorphic mappings through

operator ideals

Richard Aron∗, Geraldo Botelho†, Daniel Pellegrino‡ & Pilar Rueda§

1 Introduction

The basic motivation for this work arises from the following example (see, e.g., [1]). Let f : E → F be a holomorphic
(complex analytic) mapping between complex Banach spaces E and F. Then f is locally compact if and only if
for every n, the n−homogeneous Taylor polynomial d̂nf(0):E −→ F is compact. The cogent fact here is that the
non-linear behavior of f is reflected by the behavior of its associated set of Taylor “coefficients,” and conversely.
The idea in this work is to replace the polynomial ideal of compact polynomials by an arbitrary polynomial ideal
Q and to characterize the holomorphic mappings whose Taylor polynomials belong to Q. The results we prove
for composition ideals of polynomials show that these are the holomorphic functions f that can be factorized as
f = u ◦ g where u belongs to a given surjective operator ideal.

2 Definitions

By P(nE; F ) we denote the Banach spaces of all continuous n-homogeneous polynomials from the Banach space
E to the Banach space F with the usual sup norm and by H(U ; F ) the linear space of all holomorphic mappings
from an open subset U of E to F . A mapping P :E −→ F is a polynomial if P = P0 + P1 + · · · + Pn where each
Pk ∈ P(kE; F ). For f ∈ H(U ;F ), a ∈ U and k ∈ N, d̂kf(a) is the k-th differential polynomial of f at a. For the
general theory of homogeneous polynomials and holomorphic mappings we refer to S. Dineen [4] and J. Mujica [6].

Definition 2.1. (Composition polynomial ideals) Given a Banach operator ideal I, the composition ideal of poly-
nomials I ◦P consists of all homogeneous polynomials P between Banach spaces that can be factored as P = u ◦Q

where Q is an homogeneous polynomial and u is linear operator belonging to I. I ◦P becomes a Banach polynomial
ideal (see [3]) with the usual composition norm ‖ · ‖I◦P given by

‖P‖I◦P := inf{‖u‖I‖Q‖ : P = u ◦Q,Q ∈ P(nE; G), u ∈ I(G;F )}.

Definition 2.2. (Associated holomorphic mappings) A holomorphic mapping f from an open subset U of a Ba-
nach space E to a Banach space F is said to be associated to I ◦ P, written f ∈ HI◦P(U ; F ), if its deriva-
tives d̂kf(a) belong to I ◦ P for all k ∈ N and all a ∈ U , and for every a ∈ U there are C, c ≥ 0 such that∥∥∥ 1

k! d̂
kf(a)

∥∥∥
I◦P

≤ C · ck for all k ∈ N.

Remark 2.1. The above definition rests heavily on the concept of holomorphy type of Nachbin [8], as generalized
in [2].
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3 Results

An operator ideal I is surjective if for every surjective operator u ∈ L(G; E) the following holds: if v ∈ L(E;F )
and v ◦ u ∈ I(G;F ), then v ∈ I(E; F ).

Theorem 3.1. Let I be a closed and surjective Banach operator ideal and f ∈ H(E;F ). Then the following
conditions are equivalent:
(a) f = u ◦ g, where G is a Banach space, g ∈ H(E;G) and u ∈ I(G; F ).
(b) Every a ∈ E admits an open neighborhood Va such that f |Va = ua ◦ ga, where Ga is a Banach space, ga ∈
H(Va; Ga) and ua ∈ I(Ga; F ).
(c) There is an open neighborhood V of 0 such that f |V = u ◦ g, where G is a Banach space, g ∈ H(V ;G) and
u ∈ I(G;F ).
(d) f ∈ HI◦P(E; F ).

The proof of the theorem above depends on deep results due to González and Gutiérrez [5].
The following operator ideals are closed and surjective: compact operators, weakly compact operators operators,

Rosenthal operators, Banach-Saks operators, separable operators, strictly cosingular operators, limited operators,
Grothendieck operators and Asplund operators.

We also examine some of the most important non-surjective closed ideals. Specifically, we obtain conditions
that allow us to reduce the case of spaces of entire mappings associated to the ideals of approximable, completely
continuous, or strictly singular operators to the compact case.

For polynomials things work better:

Theorem 3.2. Let I be a Banach operator ideal and P : E → F a continuous polynomial. Then the following
conditions are equivalent:
(a) P = u ◦Q, where G is a Banach space, Q : E → G is a continuous polynomial and u ∈ I(G; F ).
(b) P ∈ HI◦P(E; F ).

In this work we also show that Theorem 3.1 does not hold for spaces of bounded holomorphic mappings, that
is: given a bounded holomorphic mapping f : E −→ F and a closed surjective operator ideal I, it is not always true
that f ∈ HI◦P(E; F ) if and only if f = u ◦ g, where G is a Banach space, g: E −→ G is a bounded holomorphic
mapping and u ∈ I(G;F ). Our counterexample is built on the ideal of compact operators and depends on the
construction of the predual of the space of bounded holomorphic mappings due to Mujica [7].
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métodos de pontos fixos e soluções periódicas para

equações diferenciais ordinárias não lineares

Luciano Barbanti ∗ & David zavaleta Villanueva †

A existência de soluções periódicas de equações diferenciais não lineares pode ser remetido ao estudo de pontos
fixos de um operador completamente cont́ınuo Mf construido a partir da equação,

ẋ = A(t)x + f(t, x) (0.1)

em que
A : R→ Rn2

t 7→ A(t)
f : R× Ω→ Rn

(t, x) 7→ f(t, x)

são cont́ınuas e T -periódicas em relação a t, e Ω é um aberto de Rn.

Isto pode ser visto em N. Rouche e J. Mawhin [2], J. Hale [1] e por L. Cesari [3], e consiste essencialmente em:
Sejam as EDOs no Rn:

ẋ = A(t)x, (0.2)

ẏ = −At(t)y. (0.3)

as equações homogênea e adjunta respectivamente de (0.1).
Podemos definir no espaço das soluções periódicas;

Definição 0.1. CT = {(x : R→ Rn) : x é cont́ınua e T -Periódica },

os operadores projeção: P que leva CT no subespaço de CT gerado pelas soluções T-periódicas de (0.2) e Q que
leva CT no subespaço de CT gerado pelas soluções T-periódicas de (0.3).

Supondo A em (0.2), periódica, temos que em (0.1): f define um operador Mf cujos pontos fixos são soluções
periódicas do (0.1).

Para cada isomorfismo JJ de Im Q em Im P, e cada aplicação linear cont́ınua K : KerQ→ KerP, temos

Mf : CT −→ CT

x 7→ Mf (x) = Px + JJQFx + K(I −Q)Fx,
(0.4)

onde Fx(t) = f(t, x(t)) é o operador de Niemitskii gerado por f .

A construção do operador Mf , cujos pontos fixos serão as soluções periódicas de uma equação diferencial
T-periódica está ligado ao sistema (0.1).

1 Resultados

Teorema 1.1. A equação (0.1) possui uma solução T-periódica se e somente se o operador Mf em (0.4) possui
um ponto fixo.
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Prova: [4].

Teorema 1.2. A equação de Lienard de segunda ordem

x′′ + h(x)x′ + g(x) = e(t),

onde h, g, e : R → R são funções cont́ınuas, e e(·) é T-periódica e de valor médio nulo, possui uma solução
T-periódica.

Prova: [4].
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Aproximação fraca de pontos fixos em Espaços de

Banach

Cleon S. Barroso ∗

Seja X um espaço de Banach e C um subconjunto limitado, fechado e convexo de X. A propriedade de

aproximação fraca de pontos fixos para o conjunto C é aquela que diz que toda aplicação cont́ınua f :C → C admite

uma sequence (xn)n∈ℕ ⊂ C tal que (xn − f(xn))n∈ℕ converge fracamente para zero em X. Diremos então que o

espaço X possui a propriedade de aproximação fraca de pontos fixos se esta propriedade for verificada para todo

subconjunto limitado, fechado e convexo de X. O estudo sobre essa propriedade foi inaugurado em 2009 no artirgo

[1] no cenário geral dos espaços vetoriais topológicos. Mesmo num ambiente de um espaço de Banach, uma das

grandes dificuldades na verificação de uma tal propriedade reside na incompatibilidade que há entre as topologias

fraca e da norma. Observe que é exigido f ser somente norma-cont́ınua. Além disso, vale a pena ressaltar que

em geral o máximo que se pode esperar é a existência de uma sequência como descrita acima. De fato, existem

resultados (veja, [4]) que garantem que se C é não-compacto na topologia da norma, a bola de X por exemplo,

então aplicações Lipschitzs f de C em C podem ser constrúıdas de tal sorte que

inf
x∈C
∥x− f(x)∥ > 0.

Em outras palavras, esse fato não só inviabiliza a existência de pontos fixos para f como também a existência de

uma aproximação de pontos fixos com respeito a topologia da norma. Dentre outros, no artigo [1] foi demonstrado

o seguinte resultado:

Teorema 0.1. Todo subconjunto fracamente compacto e convexo de um espaço de Banach possui a propriedade de

aproximação fraca de pontos fixos.

Ademais, lançamos o desafio de provar que tal resultado seria válido para qualquer subconjunto limitado, fechado

e convexo de um espaço de Banach. Contudo em 2010, no artigo [2], observamos que tal questionamento envolvia

de forma natural aspectos da geometria dos espaços de Banach. De fato, constatamos que se C não possui uma

sequência equivalente à sequência básica do espaço ℓ1 então um tal conjunto possui a propriedade de aproximação

de pontos fixos. Tal é caso para conjuntos C’s fracamente compactos. Mais geralmente, em parceria com o Professor

Pei-Kee Lin, fomos capazes de provar o seguinte resultado geral:

Teorema 0.2. Todo espaço de Banach Asplund possui a propriedade de aproximação fraca de pontos fixos.

Contudo, ficou em aberto a questão se este último resulto seria válido em qualquer espaço de Banach não

contendo uma cópia isomórfica do espaço ℓ1. Ainda em 2010, o matemático Ondrej Kalenda publicou o artigo [3]

onde resolve de forma afirmativa esse questionamento. Mais precisamente, Kalenda provou o seguinte teorema.

Teorema 0.3. Um espaço de Banach possui a propriedade de aproximação fraca de pontos fixos se e somente se

não possui uma cópia isomórfica do espaço ℓ1.

O objetivo desta palestra é expor tais recentes progressos sobre essa linha de pesquisa e também apresentar

ao público novas perspectivas de pesquisas relacionadas ao estudo da propriedade de aproximação fraca de pontos

fixos. Por exemplo, será que o Teorema 0.3 pode ser generalizado para os espaços localmente convexos? Essa e

outras questões pertinentes estarão no bojo da proponente exposição.
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on the scaling in a caffarelli-kohn-nirenberg type

inequality

Aldo Bazán ∗ & Wladimir Neves †

In [1] was applied the rescaling for obtain a necessary and sufficient condition for what the interpolation inequality
mentioned there holds. In this work we recall this condition and obtain a parameter that permit us to give an
alternative proof of the following interpolation inequality(∫

Rn

‖x‖γr |u|rdx

) 1
r

≤ C

(∫
Rn

‖x‖αp ‖∇u‖p dx

) a
p
(∫

Rn

‖x‖βq |u|qdx

) 1−a
q

.

This interpolation inequality contains the Sobolev inequality and the Hardy inequality as particular cases. In
fact, we show that for a better understanding of this inequality, it is enough to understand the weighted Sobolev
and Hardy inequalities. The principal fact for the proof will be to define the convenient parameter mentioned above,
that appear among the conditions for what the inequality remains hold. Finally, we have some remarks about the
weight functions, and an approach of this inequality in the case of riemannian manifolds.
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detecção de objetos através de um problema inverso de

espalhamento e regularização de tikhonov

ferḿın s. viloche bazán ∗

Problemas inversos envolvendo espalhamento de ondas acústicas estão presentes em áreas tais como imagens

de radar e sonar, testes não destrutivos de materiais, imagens médicas, prospecção geof́ısica, etc. Em geral, a

formulação de problemas inversos na área consiste na reconstrução de um objeto (o suporte de uma função) a

partir de ondas refletidas, medidas numa região de interesse, como consequência da interação de ondas incidentes.

Formalmente, o problema direto consiste em encontrar uma função us (onda espalhada) satisfazendo











∆us + k2us = 0, x ∈ R
2/D,

us(x) + ui(x) = 0, x ∈ ∂D,

limr→∞
√

r(∂us

∂r
− ikus) = 0

(0.1)

onde k é o número de onda, r = |x|, x ∈ R
2/D, o limite acima é considerado em todas as direções x̂ = x/|x| e ui

é um campo conhecido de ondas incidentes. Já o problema inverso, envolve a solução numérica de uma equação

linear Fg = f , onde

(Fgz)(x̂) =

∫

S

u∞(x̂, d)gz(d)ds(d), x̂ ∈ S, (0.2)

F é um operador integral conhecido como o operador de espalhamento, S é a bola unitária em R
2, d é a direção de

propagação e u∞ é a amplitude do espalhamento (far field pattern ou onda espalhada distante) [7, 8, 9]. Formal-

mente, usando a fórmula de Green demonstra-se que a onda espalhada us tem o seguinte comportamento assintótico

us(x) = u∞(x̂, d)
exp (ikr)

√
r

+ O(r−3/2), r → ∞. (0.3)

Na prática, apenas aproximações do núcleo do operador são dispońıveis e a equação integral deve ser resolvida

considerando-se uma versão discreta do operador perturbado ˜F = F + E, obtida através de alguma fórmula de

quadratura ou técnicas de discretização tais como métodos espectrais ou elementos finitos. Outra dificuldade

associada ao problema inverso é que o problema (0.2) pode não possuir solução. Ou seja, o problema é mal posto

e técnicas de regularização precisam ser utilizadas.

Uma das técnicas de regularização utilizada frequentemente é o método de regularização de Tikhonov onde o

parâmetro de regularização é escolhido por meio do critério da discrepância generalizada [9]. Neste caso, procuram-

se “quase soluções” gz,λ tais que ‖Fgz,λ − fz‖ < ǫ para um conjunto de pontos z numa região que contém D, e a

identificação do objeto é caracterizado pela norma ‖gz,λ‖ usando o fato que, para z dentro de D a norma é pequena,

enquanto que para z fora de D a norma é muito grande [3]. A dificuldade encontrada nesta abordagem é que o

ńıvel de rúıdo nos dados (a norma da perturbação ‖E‖) deve ser conhecido previamente: estimativas ruins de ‖E‖

podem produzir soluções imprecisas.

A dificuldade da posśıvel inexistência de solução do problema (0.2) foi contornada por Kirsch [8] quem introduziu

o método da fatoração denotado por F ∗F 1/4. De modo resumido, o método consiste em resolver para cada z na

malha,

(F ∗F )1/4gz = f, (0.4)

e a identificação do objeto é análoga ao caso anterior. O resultado chave neste caso é descrito no seguinte teorema.

∗Departamento de Matemática ,UFSC, SC, Brasil,
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Teorema 0.1. Assuma que k2 não é um autovalor de −∆2 em D e que {uj , vj , σj}
∞
j=1 um sistema singular de F .

Então um ponto z ∈ R
2 é um ponto que pertence a D se e somente se a série infinita

∑

j

|(f, vj)|
2

|σj |

converge, ou equivalentemente, se e somente se f pertence à imagem do operador (F ∗F )1/4.

A consequência prática do teorema é que a identificacação dos pontos dentro de D pode ser feita somando um

número finito de termos da série: enquanto para pontos dentro de D a soma fica sob controle (dentro de limites

razoáveis), para pontos fora de D a soma explode rapidamente. Um ponto importante é que a solução de (0.4)

para o caso discreto se comporta análogamente como uma soma finita da série acima, o que justifica o uso do

método. Embora a questão de existência tenha sido contornada, regularização ainda é necesária já que o operador

F é compacto e apenas ˜F é dispońıvel.

Neste trabalho resolvemos o problema (0.4) usando o método de regularização de Tikhonov em conjunção com

duas estratégias de escolha do parâmetro de regularização, a saber: o método do ponto fixo proposto recentemente

por Bazán [1, 2], seguindo a abordagem descrita em [5] e uma nova estratégia chamada de “O critério do produto

máximo”. A escolha é baseada no fato que ambas estratégias não precisam de qualquer informação prévia sobre o

ńıvel de rúıdo nos dados. Além disso, implementamos o método SVD-tail proposto em [6] e realizamos um estudo

comparativo da eficiência de ambas as abordagens. O trabalho inclui resultados que envolvem a reconstrução

de objetos usando dados reais coletados pela Força Aérea dos Estados Unidos e conhecidos como “The Ipswich

Data”[9].
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Strong solutions for the motion of rigid

polyelectrolytes

luciano bedin ∗

We consider a rigid charged polymer (a polyelectrolyte) immersed in an aqueous solution containing a symmetric
1:1 salt. In the absence of external fields the system is in equilibrium and the ions in the solution concentrate in an
interfacial layer near the boundary of the polymer [1]. Under the action of an external electrical field, the electrical
body force acts in the interfacial layer and the polymer experiences a rigid-body motion [3]. We establish the
existence and uniqueness of suitable strong solutions for a system of equations modeling this phenomenon. Let us
suppose that, at the initial time, the polymer occupies a compact region K0, where K0 ⊂ R3 is an open connected
and bounded set. We assume that K0 is sufficiently far from the boundary of the enclosure containing the solution.
As a consequence, this problem is usually modeled in a infinite region: the fluid occupies the whole space exterior
to K0 [3]. An external homogeneous electrical field E∞(t) is imposed and we deal with the case where E∞(t) is
sufficiently weak. Let us to consider T > 0 and define Kt = Q(t)K0 as the position of the particle at time t, where
Q(t) is an affine isometry such that Q(0) = I. The electrical potential Ψ̃ can be written as Ψ̃ = φ̃+ Φ̃, where φ̃ is
the electrical potential of the system at the thermal equilibrium and Φ̃ is the perturbed potential. If the dielectric
constant of the particle and of the solvent are κ1 > 0 and κ2 > 0, respectively, the equilibrium potentials φ̃1 = φ̃|Kt

and φ̃2 = φ̃|Kc
t
, for each t ∈ [0, T ], are governed by the transmission problem

κ1∆φ̃1(x, t) = −4πec
J∑
i=1

ziδ(x− xi(t)), x ∈ Kt, (0.1)

κ2∆φ̃2(x, t)− 8πn0e
2
c

κBθ
φ̃2(x, t) = 0, x ∈ Kc

t , (0.2)

φ̃1(x, t) = φ̃2(x, t), (κ1∂ν φ̃1 − κ2∂ν φ̃2)(x, t) = 0, x ∈ ∂Kt, (0.3)

subject to the growth condition at infinity

φ̃2(x, t)→ 0,
〈
∇φ̃2(x, t),

x
|x|

〉
+

8πn0e
2
c

κ2κBθ
φ̃(x, t) = o

(
1
|x|

)
, |x| → +∞. (0.4)

Here, δ is the Dirac measure concentrate in 0, {x1,x2, . . .} ⊂ K0, ν is the exterior unit normal vector to ∂Kt, ec is
the electron charge, zi are the amount of charge in the position xi(t) = Q(t)xi(0), n0 is the bulk concentration of
the solvent, κB is the Boltzmann constant and θ is the temperature of the system. The second equation in (0.1) is
known as the linearized Poisson-Boltzmann equation. The perturbed potentials Φ̃1 = Φ̃|Kt and Φ̃2 = Φ̃|Kc

t
satisfy,

for all t ∈ [0, T ],

κ1∆Φ̃1(x, t) = 0, x ∈ Kt, κ2∆Φ̃2(x, t) = 0, x ∈ Kc

t , (0.5)

Φ̃1(x, t) = Φ̃2(x, t), (κ1∂νΦ̃1 − κ2∂νΦ̃2)(x, t) = 0, x ∈ ∂Kt, (0.6)

Φ̃2(x, t) + E∞(t) · x→ 0, |x| → +∞. (0.7)

The solvent velocity field vf and the pressure p are governed by the Stokes equations for incompressible flows
and satisfy suitable growth conditions at infinity

µf∂tvf − η∆vf (x, t) +∇p(x, t) = F(x, t), (x, t) ∈ Kc

t × (0, T ) (0.8)

∇ · vf (x, t) = 0, (x, t) ∈ Kc

t × (0, T ), v(x, t)→ 0, p(x, t)→ 0, |x| → +∞, (0.9)
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where F(x, t) = − 2n0e
2
c

κBθ
(φ̃2∇Ψ̃2)(x, t) is the electrical forcing term, p is the pressure, η > 0 and µf > 0 are the

viscosity and the mass density of the fluid, respectively. Denoting xc(t), vc(t) and w(t) as the center of mass, the
translational velocity and the rotation vector of the polymer at the time t, respectively, the evolution law for its
motion is given by the Newtonian dynamic equations

M
dvc
dt

(t) =
∫
∂Kt

σH(x, t) · ν(x, t)ds(x) +
∫
∂Kt

σE(x, t) · ν(x, t)ds(x) (0.10)

and

Adw
dt

(t) =
∫
∂Kt

(x− xc(t))× (σH · ν)(x, t)ds(x) +
∫
∂Kt

(x− xc(t))× (σE · ν)(x, t)ds(x), (0.11)

where σH is the stress tensor of the fluid, A and M are the inertial matrix and the mass of the particle, respectively.
We require the velocities to be continuous at the interface between the solid body and fluid and satisfies suitable
initial conditions

vf (x, t) = vp(x, t) := vc(t) + w(t)× (x− xc(t)), (x, t) ∈ ∂Kt × (0, T ), (0.12)

vp(x, 0) = vp,0(x) := vc,0 + w0 × (x− xc(0)), x ∈ K0, vc(0) = vc,0, w(0) = w0, (0.13)

vf (x, 0) = vf,0(x), x ∈ Kc

0, vf,0(x) = vp,0(x), x ∈ ∂K0. (0.14)

In order to eliminate the singular source term in (0.1) we consider G the fundamental solution of the Laplace
equation in R3 and define Ψ = Φ̃ + φ̃−G.

Definição 0.1. Suppose T > 0, (p,vf ,Ψ,xc,w) is called a strong solution of (0.1)-(0.12) if p ∈ L2(0, T ;H1(K
c

t)
3),

vf ∈ L2(0, T ;H2(K
c

t)
3)∩H1(0, T ;L2(K

c

t)
3)∩C([0, T ];H1(K

c

t)
3), Ψ ∈ L∞(0, T ;H1(R3)), ∇Ψ ∈ L∞(0, T ;L4(K

c

t)
3),

xc ∈ H2(0, T,R3), w ∈ H1(0, T,R3), and satisfies (0.1)-(0.12) almost everywhere in (0, T ), Kt and K
c

t (or in the
trace sense).

The main result of the present work is

Teorema 0.1. If ∂K0 is of class C2, vf,0 ∈ H1(K
c

0)3 and ∇ · vf,0 = 0 a. e. in K
c

0, there exists T > 0 and a
unique strong solution of the problem (0.1)-(0.12).

The main ideas behind the proof are given below:
We follow the lines of the result established in [2] on the motion of rigid bodies in a viscous flow. However, the

present problem is highly nonlinear, as (xc,w) are a priori unknown and the source field F depends in a complex
way of the potentials and the motion itself. Then we have to consider a sequence of non trivial modifications
in the arguments. The proof consists in the use of a linearization technique: we choose T > 0, take (xc,w) in
H2(0, T,R3) ×H1(0, T,R3) and replace it in the previous equations. The related polyelectrolyte positions K

c

t are
completely determined by (xc,w). Then we use a suitable change of the variables in order to reduce (0.1)-(0.12) to
a problem in the cylindrical domain K0 × (0, T ). The problems (0.1) and (0.5) can be solved by singular integral
arguments and, replacing Ψ̃ and ψ̃ in F we solve (0.8), (0.10) and (0.11) following an approach based on semigroup
theory. Finally we search for the solution as a fixed point of a suitable mapping, using the contraction theorem.
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Some results of partial equiasymptotic stability in

measure for delay differential equations

Maria Aparecida Bená ∗ & Sandra Maria Semensato de Godoy †

During the last years the stability concepts have been refined and further generalized in several directions. In
particular, the concept of stability in terms of two measures, which has been proved to be very useful to unify a
variety of stability concepts such as usual stability, partial stability, conditional stability and stability of invariant
sets [1, 3]. Moreover, the concept of partial stability that has been studied by many authors [2, 4], is useful from
the pratical point of view since in many situations one is interested in the behavior of some variables only. This
type of stability arises naturally in applications in different areas. The aim of this work is to extend the concept of
partial stability to partial stability in measure for delay differential equations by employing Liapunov theory.

For the sake of convenience, we introduce the following definitions and classes of functions:
Γ = {h ∈ C(R+ × Rk,R+) : inf(t,w)∈R+×Rk h(t, w) = 0},
Γ0 = {h0 ∈ C(R+ × C,R+) : inf(t, φ)∈R+×C h0(t, φ) = 0},
K = {a ∈ C(R+,R+) : a is strictly increasing and a(0) = 0},
CK = {a ∈ C(R2

+,R+) : a(t, u) ∈ K, t ∈ R+}.
Let S be a Banach space. A function h ∈ C(R+ × X, R+) is called a measure in S (denoted by h ∈ Γ) if

inf(t,s)∈R+×S h(t, s) = 0.
Let x = (x1, x2, ..., xn) ∈ Rn, y = (y1, y2, ..., ym) ∈ Rm, with norms |x| =

√
x2

1 + x2
2 + ...+ x2

n and
|y| =

√
y2
1 + y2

2 + ...+ y2
m, respectively. Let z = (x, y) = (z1, z2, ..., zn+m) ∈ Rn+m.

For r ≥ 0, let C = C([−r, 0],Rn+m) be a Banach space of continuous functions taking [−r, 0] into Rn+m. For a
given ψ = (ψ1, ψ2, ..., ψn) and λ = (λ1, λ2, ..., λm), let φ = (φ1, φ2, ..., φn+m) = (ψ, λ) ∈ C.

Denote ||ψ|| = sup−r≤θ≤0 h( t+ θ, ψ(θ)); ||λ|| = sup−r≤θ≤0 h( t+ θ, λ(θ)); ||φ|| = max{ ||ψ||, ||λ|| }; BH = {φ ∈
C : ||φ|| ≤ H}; CH = {φ ∈ C : ||ψ|| ≤ H, ||λ|| <∞}.

1 Mathematical Results

Consider the delay differential equation

z′(t) = f(t, zt), zt0 = φ, (1.1)

where f ∈ C(R+ × CH ,Rn+m), f(t, 0) = 0, f satisfies conditions of smoothness such that for each (t0, φ), there
exists a unique solution z(t) = z(t, t0, φ) = (x(t), y(t)) = (x(t, t0, φ), y(t, t0, φ)) of (1.1) which can be continued for
all t ≥ t0, such that h(t, x(t)) < H.
If z ∈ C([t0 − r,∞),Rn+m), t0 ∈ R+, we define zt = ((z1)t, (z2)t, ..., (zn+m)t) = (xt, yt) by zt(θ) = z(t+ θ),−r ≤
θ ≤ 0.
Let h0 ∈ Γ0, h ∈ Γ and z(t, t0, φ) be a solution of (1.1).
REMARK The study of the (h0, h) - partial stability with respect to x of Equation (1.1) requires the control of
ψ; λ does not, in principle, requires any monitoring (provided certain general conditions are observed). The above
comment justifies the assumptions ‖ λ ‖<∞ and ‖ ψ ‖≤ H, H > 0 constant.
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Definition 1.1. If V ∈ C(R+ × C,R+) and z(t, t0, φ) is the solution of (1.1) through (t0, φ), define

V̇ (t, zt(t0, φ)) = lim sup
h→0+

1
h

[V (t+ h, zt+h(t0, φ))− V (t, zt(t0, φ))].

Definition 1.2. Equation (1.1) is said to be
(I) (h0, h)-partially equistable with respect to x (or (h0, h)−x equistable) if given ε > 0 and t0 ∈ R+, there exists a
δ = δ(ε, t0) > 0 that is continuous in t0 for each ε > 0 such that if h0(t0, φ) < δ then h(t, x(t, t0, φ)) < ε, t ≥ t0.
If δ = δ(ε), i.e., δ does not depend on t0, then Equation (1.1) is called (h0, h)- partially uniformly stable with respect
to x (or (h0, h)- uniformly x stable).
(II) (h0, h)-partially attractive with respect to x (or (h0, h) − x attractive) if for every t0 ∈ R+, there exists a η =
η(t0) > 0 and for every ε > 0 and φ with h0(t0, φ) < η there exists σ = σ(ε, t0, φ) > 0 such that h(t, x(t, t0, φ)) < ε,
for any t ≥ t0 + σ.
(III) (h0, h)- equiattractive with respect to x (or (h0, h)− x equiattractive) if σ in (II) is independent of φ.
(IV) (h0, h)-asymptotically x stable if it is (h0, h)− x stable and (h0, h)− x attractive.
(V) (h0, h)-equiasymptotically x stable if it is (h0, h)− x stable and (h0, h)− x equiattractive.

Definition 1.3. Consider a functional V ∈ C(R+ × C,R+) and h ∈ Γ, h0 ∈ Γ0. V is said to be
(i) h− x positive definite if V (t, 0) = 0 and there exist a ρ > 0 and a function a ∈ K such that if h(t, ψ(0)) < ρ

then V (t, φ) ≥ a(h(t, ψ(0)));
(ii) h0− decrescent if there exist a σ > 0 and a function b ∈ K such that if h0(t, φ) < σ then V (t, φ) ≤ b(h0(t, φ)).
iii) weakly h0 - decrescent if there exists σ > 0 and a function b ∈ CK such that if h0(t, φ) < σ then V (t, φ) ≤

b(t, h0(t, φ)).

Definition 1.4. Equation (1.1) is called (h0, h)− y bounded if h(t, x) < ξ < H for t ≥ t0 implies that there exists
a number Nξ such that h(t, y) < Nξ, for t ≥ t0.

Theorem 1.1. Suppose that: i) the measures h0 and h satisfy the condition: if h0(t, φ) < β then h(t, ψ(0)) ≤
b(h0(t, φ)), b ∈ K; ii) there exists a functional V (t, φ) satisfying V (t, 0) = 0, V (t, φ) ≥ ξ(t) a (h(t, ψ(0))), a ∈ K, ξ(t)
is a monotonically increasing function such that ξ(0) = 1, limt→∞ ξ(t) =∞; iii) dV

dt (t, zt(t0, φ)) ≤ 0. Then Equation
(1.1) is (h0, h) - equiasymptotically x stable.

Theorem 1.2. Assume that there exist continuous functionals V (t, φ) and W (t, φ) satisfying the conditions :
i)W (t, φ) is h − x positive definite, h0 - weakly decrescent and satisfies the condition i) of Theorem 1.1.; ii) for
all t0 ≥ 0, there is M = M(t0) such that if h0(t0, φ) < M, there exists a constant N = N(t0, φ) > 0 satisfying
V (t, zt(t0, φ)) ≥ −N, for t ≥ t0; iii) dV

dt (t, zt) ≤ −W (t, zt); iv) dW
dt (t, zt) ≤ 0. Then Equation (1.1) is (h0, h)−

equiasymptotically x stable.
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resolubilidade global de um sistema de edp’s lineares

periódicas

adalberto p. bergamasco ∗ & cleber de medeira † & sérgio l. zani ‡

Seja b uma 1-forma fechada, real e de classe C∞ definida no toro tridimensional T3. Consideremos o subfibrado
de posto 1 (line subbundle), T ′, do fibrado cotangente complexificado C ⊗ T ∗(T4) gerado pela 1-forma dx − ib ∈∧1 C∞(T4), onde x denota a variável em S1. O fibrado ortogonal V = (T ′)⊥ é um subfibrado vetorial de C⊗ T (T4)
cujas fibras têm dimensão 3. O subfibrado V é gerado pelos campos vetoriais

L = {Lj =
∂

∂tj
+ ibj(t)

∂

∂x
, j = 1, 2, 3

onde (t, x) = (t1, t2, t3, x) são as coordenadas em T4 e b(t) = b1(t)dt1 + b2(t)dt2 + b3(t)dt3. Definido desta forma, o
subfibrado V é uma estrutura localmente integrável de codimensão um sobre T4 (veja [7]).

Estamos interessados na resolubilidade global de L, em outras palavras, dadas funções fj ∈ C∞(T4) j = 1, 2, 3
satisfazendo certas condições naturais, procuramos obter condições necessárias e/ou suficientes para que exista
solução u das equações diferenciais parciais

Lju = fj , j = 1, 2, 3.

Equivalentemente podemos estudar o sistema de EDP’s acima em R4, considerando bj e fj j = 1, 2, 3 como
funções periódicas no R4. Estamos interessados em soluções periódicas desse sistema.

Em [6], Treves demonstrou que a resolubilidade semiglobal de L é intimamente relacionada com a propriedade de
que os conjuntos de subńıvel (bem como os de superńıvel) de uma primitiva semiglobal da 1-forma b sejam conexos.
Em [5], foi demonstrado que, quando b é uma forma exata, a resolubilidade global de L é equivalente à propriedade
dos conjuntos de subńıvel (bem como os de superńıvel) de uma primitiva global da 1-forma b serem conexos. Em
[1] Bergamasco e Kirilov estudaram a resolubilidade de 2 campos em T3 no caso incomensurável (ie, as médias das
funções bj são racionalmente independentes). Provaram que a resolubilidade global é equivalente à propriedade dos
conjuntos de subńıvel (e superńıvel) da primitiva global (definida em R3) da 1-forma b serem conexos. De forma
natural tentamos estender o resultado provado em [1] para 3 campos em T4.

1 Uma situação de não resolubilidade

Seja B : R3 → R a primitiva da 1-forma fechada b definida em R3. Mostramos que numa situação bastante conve-

niente, L não é globalmente resolúvel. Sejam bj0 =
1

2π

∫ 2π

0

bj(0, .., tj , .., 0)dtj j = 1, 2, 3 as médias das funções bj .

Temos três situações a considerar, a saber

• As três médias são racionalmente independentes (caso incomensurável).
• Apenas duas das três médias são racionalmente independentes.
• As três médias são múltiplos racionais uma da outra.

Obs: No caso em que as três médias são nulas, temos que b é exata (neste caso veja [5]).
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Apresentamos aqui o caso incomensurável. Suponha que:
i) b30 < b20 < b10 < 0;
ii) O máximo da função B|[0,2π]3 não ocorre na fronteira do cubo [0, 2π]3;
iii) B(0) = 0.

Teorema 1.1. Sob as condições acima, B possui superńıvel não conexo e o sistema L não é globalmente resolúvel.

Demonstração: (idéia) Para verificar que L não é globalmente resolúvel apresentamos funções f1,f2 e f3 em
C∞2π(R4) satisfazendo as condições de compatibilidade do sistema, tal que não existe distribuição u que satisfaz

Lju = fj j = 1, 2, 3.

Uma das condições naturais de compatibilidade do sistema é que L1L2f3 = L1L3f2 = L2L3f1. Então o plano é
começar com uma função h ∈ C∞2π(R4) e usar a relação

h
.= L1L2f3 = L1L3f2 = L2L3f1

para encontrar os coeficientes parciais de Fourier das funções f1, f2 e f3 que procuramos.

2 Caso desacoplado

Diremos que o sistema L é desacoplado, quando cada função bj depender apenas da variável tj , mais precisamente

Lj =
∂

∂tj
+ ibj(tj)

∂

∂x
, j = 1, 2, 3.

Teorema 2.1. O sistema (desacoplado) acima é globalmente resolúvel se e somente se existe um bj não identica-
mente nulo que não muda de sinal.

Nas condições do teorema acima, caso todos os bj mudem de sinal, fazendo algumas mudanças de coordenadas
em R4 mostramos que o sistema desacoplado recai nas condições i), ii) e iii).
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Dual properties of the approximation properties

determined by operator ideals

Sonia Berrios ∗ & Geraldo Botelho †

Given Banach spaces E and F , by L(E;F ) we denote the Banach space of all bounded linear operators from E

to F . An operator ideal I is a subclass of the class of all continuous linear operators between Banach spaces such

that for all Banach spaces E e F , the component I(E;F ) = L(E;F ) ∩ I satisfy:

(a) I(E;F ) is a linear subspace of L(E;F ) which contains the finite rank operators.

(b) Ideal property: If T ∈ L(E;F ), R ∈ I(F ;G) and S ∈ L(G;H), then the composition S ◦R ◦ T is in I(E;H).

Some examples of ideals of linear operators are the family of finite rank, approximable, compact, weakly compact,

p-nuclear, dualisable, separable, Dunford-Pettis, integral, strictly singular, strictly cosingular, K-convex, quasinu-

clear operators, which are denoted by F , A, K, W, Np, D, S, DP, J , SS, SC, KC, QN , respectively.

For a subset S of L(E;F ), the symbol S
τc

represents the closure of S with respect to the compact-open topology

τc. It is well known that a Banach space E has the approximation property (AP) if L(E;E) = F(E;E)
τc

. A Banach

space E has the compact approximation property (CAP) if L(E;E) = K(E;E)
τc

. A Banach space E has the weakly

compact approximation property (WCAP) if L(E;E) =W(E;E)
τc

.

Having in mind that F ,K andW are operator ideals, the properties above can be regarded as particular instances

of the following general concept:

Definition 0.1. Let I be an operator ideal. A Banach space E is said to have the I-approximation property (in

short, E has I-AP) if L(E;E) = I(E;E)
τc

.

It is clear that if E has AP then E has I-AP for every operator ideal I. In particular, Banach spaces with

Schauder basis (e.g., `p, 1 ≤ p <∞, and c0) have I-AP for every operator ideal I.

Let us stress that different ideals may give rise to different approximation properties: (i) Willis [8] showed that

there are spaces with CAP but not with AP; (ii) Szankowski [7] proved that for 1 ≤ p < 2, `p has a subspace Sp

without CAP, so S 3
2

has WCAP but not CAP and S1 has CC ∩C2-AP but not CAP, where CC and C2 are the ideals

of completely continuous and cotype 2 operators, respectively.

One important question about the AP is whether or not it passes to the dual space, the question in the opposite

direction is equally important. Well known is that if the dual E′ has the AP, then so does E, in general, the

converse does not hold. But, the corresponding dual problem for the CAP is open (See Casazza [1], Problem 8.5).

In this work we study the dual properties of the I-approximation property.

1 Results

Given an operator ideal I and Banach spaces E and F , define

Idual(E;F ) = {S ∈ L(E;F ) such that the adjoint operator S′ ∈ I(F ′;E′)}.

It is well known that Idual is an operator ideal.

∗Universidade Federal de Uberlandia , MG, Brasil, e-mail: soniles@famat.ufu.br. Partially supported by Fapemig.
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Theorem 1.1. Let I1 and I2 be operator ideals such that either I2 ⊆ Idual1 or Idual2 ⊆ I1 and E be a reflexive

Banach space.

(a) If E′ has I2-AP then E has I1-AP.

(b) If E has I2-AP then E′ has I1-AP.

Corollary 1.1. Let I be an operator ideal such that either I ⊆ Idual or Idual ⊆ I and E be a reflexive Banach

space. Then E′ has the I-approximation property if and only if E has the I-approximation property.

Example 1.1. Let us see that there is plenty of ideals satisfying the conditions of Theorem 1.1 and Corollary 1.1.

(i) N dual
1 ⊆ J [4, Ex. 16.9], SSdual ⊆ SC and SCdual ⊆ SS [5, 1.18], N dual

1 ⊆ QN [4, Ex. 9.13(b)].

(ii) The following ideals are completely symmetric (that is I = Idual): F ,A,K,W [6, Proposition 4.4.7], J [4,

Corollary 10.2.2], KC [4, 31.1].

(iii) The following ideals satisfy I ⊆ Idual: N1 [4, 9.9] and D [6, Proposition 4.4.10].

(iv) The following ideals satisfy Idual ⊆ I: S [6, Proposition 4.4.8] and DP [5, 1.15].

Our next aim is to show that the implication E′ has I−AP =⇒ E has I-AP holds in some situations not covered

by Corollary 1.1. A couple of concepts defined in [2] are needed:

Definition 1.1. Let E be a Banach space. The weak∗-topology on L(E′;E′) is the topology for which a net (Tα)

in L(E′;E′) converges to T ∈ L(E′;E′) if and only if
∑∞
n=1(Tα(x′n))xn −→

∑∞
n=1(T (x′n))xn for every (xn) ⊆ E

and (x
′

n) ⊆ E′ satisfying
∑∞
n=1 ‖x′n‖‖xn‖ <∞.

Given a Banach space E, be w∗ we mean the ordinary weak* topology on E′. For a given operator ideal I, by

Iw∗(E′;E′) we denote the set of all operators belonging to I(E′;E′) which are w∗-to-w∗ continuous.

The dual space E′ is said to have the weak* density for I (in short, E has I-W*D) if I(E′;E′) ⊆ Iw∗(E′;E′)
weak∗

.

Example 1.2. There are nonreflexive dual Banach spaces having I-W*D for every operator ideal I. In [2, Propo-

sition 2.7(a)] it is proved that `1 has K-W*D. The only feature of compact operators used in the proof is the ideal

property, so the same lines prove that `1 = (c0)′ is a nonreflexive dual Banach space having I-W*D for every

operator ideal I.

So, formally Corollary 1.1 does not apply to dual spaces having I-W*D. Anyway we have:

Proposition 1.1. Let E be a Banach space and let I be an operator ideal such that Idual ⊆ I. If E′ has I-AP

and I-W*D, then E has I-AP.
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um estudo sobre versões fracas de espaços de banach

fábio josé bertoloto ∗

Sejam T = {z ∈ C; |z| = 1}, ∆ = {z ∈ C; |z| < 1}, F um espaço de Banach e F ′ seu dual topológico. Denote
por Hp(∆;F ) o espaço de Hardy das funções holomorfas f :∆ −→ F tais que, para 1 ≤ p <∞,

‖f‖p = sup
0<r<1

(
1
2π

∫ 2π

0

‖f(reiθ)‖pdθ

) 1
p

<∞

se f ∈ Hp(∆;F ) e

‖f‖∞ = sup
z∈∆

‖f(z)‖ <∞.

se f ∈ H∞(∆;F ).
Denote por Lp(T ;F ), para 1 ≤ p ≤ ∞, o espaço de Banach das funções f :T −→ F que são mensuráveis com

respeito à medida de Lebesgue tais que

‖f‖p =
(

1
2π

∫ 2π

0

‖f(eiθ)‖pdθ

) 1
p

<∞ (1 ≤ p <∞)

e

‖f‖∞ = ess sup ‖f(eiθ)‖
0<θ<2π

,

onde ess sup denota o supremo essencial.
Se denotarmos por H(∆;F ) o espaço de Banach das funções holomorfas de ∆ em F , então a versão fraca é dada

por

Hw(∆;F ) = {f :∆ −→ F ;ψ ◦ f ∈ H(∆; C),∀ψ ∈ F ′}.

De maneira análoga, temos para 1 ≤ p ≤ ∞

Lp
w(T ;F ) = {f :T −→ F ;ψ ◦ f ∈ Lp(T ; C),∀ψ ∈ F ′}

os espaços fracamente Lebesgue integráveis e

Hp
w(∆;F ) = {f :∆ −→ F ;ψ ◦ f ∈ Hp(∆,C),∀ψ ∈ F ′}

os espaços fracamente de Hardy.
Em Mujica [4, p. 65] é mostrado que Hw(∆;F ) = H(∆;F ) para qualquer espaço de Banach F .
Fazemos a pergunta: o que ocorre se consideramos espaços de Hardy ou espaços Lebesgue integráveis nas

respectivas versões fracas? Podem as versões fracas e fortes coincidirem, como no caso dos espaços de funções
holomorfas?

Neste trabalho, veremos que nem sempre estas igualdades ocorrem. No caso das funções Lebesgue integráveis,
se 1 ≤ p <∞ provamos que é condição necessária e suficiente que F tenha dimensão finita, como vemos no seguinte
resultado:
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Teorema 0.1. Para todo F temos:

1) L∞w (T ;F ) = L∞(T ;F ) se F é separável.

2) As seguintes afirmações são equivalentes:

a) Lp
w(T ;F ) = Lp(T ;F ) para todo 1 ≤ p <∞.

b) Lp
w(T ;F ) = Lp(T ;F ) para algum 1 ≤ p <∞.

c) O espaço de Banach F tem dimensão finita.

Se pensarmos nos espaços de Hardy, é conhecido que se F tem dimensão finita a igualdade é válida. No caso
de dimensão infinita, conclúımos que para uma série de espaços de Banach a igualdade não é verdadeira. Para
isto, trabalhamos com espaços F satisfazendo a propriedade de que qualquer função em H∞(D,F ) tenha limites
radiais quase sempre. Dizemos então que F tem a propriedade de Radon-Nikodym anaĺıtica (ARNP para abreviar).
Esta propriedade foi considerada, primeiramente, por Bukhvalov e A.A. Danilevich [1], [2]. É conhecido que ter
tal propriedade é equivalente ao fato de que funções em Hp(∆, X) para algum (e equivalentemente para todo)
1 ≤ p < ∞ têm limites radiais quase sempre. Foi provado que a propriedade de Radon-Nikodym em um espaço
F (RNP para abreviar) (ver Diestel [3] para definição) é equivalente à propriedade de que toda função harmônica
limitada f :∆ −→ F tem limites radiais quase sempre. Assim, RNP implica em ARNP. Sabe-se que F = c0 não
tem a propriedade ARNP e que L1(µ) é um espaço com a propriedade ARNP, mas sem RNP. Também trabalhamos
com espaços que tenham a propriedade das sequências de Martingale serem incondicionalmente convergente (UMD
para abreviar). Por Phillips [5], todo espaço UMD é também RNP. Mas, não vale a implicação contrária.

Foi provado, então, o seguinte:

Teorema 0.2. Se F e F ′ têm a propriedade ARNP e

Hp
w(∆;F ) = Hp(∆;F ) (0.1)

é válida para algum 1 < p <∞, então F é UMD.

Deste último resultado, conclúımos que como nem todo ARNP é UMD, nem sempre vale a igualdade (0.1).
Para p = 1 não temos resultados relacionados. Se p = ∞, sempre vale queH∞(∆;F ) = H∞(∆;F ), independente

do espaço de Banach F considerado.
A pergunta que fica é: seria a igualdade (0.1) equivalente ao fato de F ter dimensão finita?
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hipercilicidade em espaços de funções Θ-holomorfas de

tipo limitado

F. J. Bertoloto ∗ & V. V. Fávaro † & A. M. Jatobá ‡

Sejam E um espaço de Banach, Θ um tipo de holomorfia e denote por H(Cn) o espaço de Fréchet de todas as
funções inteiras de Cn em C, munido com a topologia compacto-aberta.

Godefroy e Shapiro [4, Theorem 5.1] provaram que todo operador de convolução cont́ınuo, definido em H(Cn)
e que não é múltiplo da identidade, é hiperćıclico em H(Cn).

Em [2], foram introduzidos os conceitos de π1 e π2 tipos de holomorfia e o espaço HΘb(E) das funções f :E −→ C
que são Θ-holomorfas de tipo limitado.

Neste trabalho, provaremos que se E′ é separável e Θ é um π1-π2-tipo de holomorfia, então todo operador de
convolução cont́ınuo, definido em HΘb(E) e que não é múltiplo da identidade, é hiperćıclico em HΘb(E).

1 Definições e Resultados

Detalharemos agora os conceitos essenciais deste trabalho e enunciaremos o resultado principal deste trabalho
(Teorema 1.1).

Definição 1.1. Sejam X um espaço vetorial topológico e T :X → X um operador linear cont́ınuo. Dizemos que
T hiperćıclico, se existe x ∈ X, tal que a órbita de x, denotada por Orb(T, x) = {x, Tx, T 2x, . . .}, é densa em X.
Neste caso, x é chamado de vetor hiperćıclico para T .

Definição 1.2. Sejam E e F espaços de Banach. Um tipo de holomorfia Θ de E em F é uma sequência de espaços
de Banach (PΘ(jE;F ), ‖ · ‖Θ)∞j=0 para a qual são válidas as seguintes afirmações:

1. Cada PΘ(jE;F ) é um subespaço vetorial de P(jE;F ).

2. PΘ(0E;F ) coincide com P(0E;F ) = F como um espaço vetorial normado.

3. Existe um número real σ ≥ 1 tal que, dados k ∈ N0, j ∈ N0, k ≤ j, a ∈ E, e P ∈ PΘ(jE;F ), temos que

d̂kP (a) ∈ PΘ(kE;F ),

‖ 1
k!
d̂kP (a)‖Θ ≤ σj · ‖P‖Θ · ‖a‖j−k.

Definição 1.3. Sejam (PΘ(jE;F ))∞j=0 um tipo de holomorfia de E em F e f :E −→ F uma função inteira cuja

série de Taylor em torno da origem é dada por f(x) =
∞∑

j=0

1
j! d̂

jf(0)(x). Dizermos que f é uma função Θ-holomorfa

de tipo limitado de E em F se

1. 1
j! d̂

jf(0) ∈ PΘ(jE;F ) para todo j = 0, 1 . . . ,

2. lim
j→∞

(
1
j!‖d̂

jf(0)‖Θ
) 1

j

= 0.
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Denotaremos por HΘb(E;F ) o espaço de Fréchet de todas as funções Θ-holomorfas de tipo limitado de E em F ,
com a topologia localmente convexa dada pela sequência de seminormas (pn)∞n=1, definidas por

pn(f) =
∞∑

j=1

nj

j! ‖d̂
jf(0)‖Θ,

Quando F = C escrevemos HΘb(E; C) = HΘb(E).

Definição 1.4. Um operador de convolução em HΘb(E) é um operador linear cont́ınuo L:HΘb(E)→ HΘb(E) que
comuta com translações, isto é,

L(τaf) = τa(Lf),

para todos a ∈ E e f ∈ HΘb(E), onde τaf(z) = f(z + a).

Teorema 1.1. Se E′ é separável e (PΘ(jE))∞j=0 é um π1-π2-tipo de holomorfia, então todo operador de convolução
em HΘb(E) que não é múltiplo da identidade é hiperćıclico.

Corolário 1.1. Seja E′ um espaço de Banach separável e (PΘ(jE))∞j=0 um π1-π2-tipo de holomorfia.

(i) Para cada T ∈ [HΘb(E)]′ que não é múltiplo escalar da função avaliação em zero, o operador

LT :HΘb(E) −→ HΘb(E)

f 7→ LT (f) = T ∗ f

é hiperćıclico, onde T ∗ f(x) := T (τ−xf) para todo x ∈ E.

(ii) Todo operador de convolução em HΘb(E) não-nulo tem imagem densa em HΘb(E).
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Polinômios Univalentes e Ortogonais∗

Vanessa Bertoni †

Seja D o disco unitário aberto no plano complexo C, T = {z ∈ C : |z| = 1} a circunferência unitária e A(D) o

conjunto de todas as funções anaĺıticas em D. Uma função f ∈ A(D) é univalente se é um-a-um em D. Consideremos

o conjunto de várias funções univalentes em D: Nn(D) denota o conjunto de todos os polinômios de grau n da

seguinte forma

pn(z) = z +
n∑
k=2

bkz
k, (0.1)

enquanto Sn(D) denota o subconjunto de Nn(D) formado por polinômios univalentes.

Além disso, Kn(D) denota o subconjunto de Nn(D) composto por elementos cuja imagem através de D é um

conjunto convexo. Para finalizar, a classe

Cn(D) = {p ∈ Nn(D) : Re(p′/eiαϕ′) ≥ 0 para algum ϕ ∈ Kn(D) and α ∈ R}.

Elementos de Kn(D) são chamados polinômios univalentes convexos e os de Cn(D) são chamados polinômios univa-

lentes close-to-convex. Para esses últimos temos o seguinte resultado de Suffridge.

Teorema 0.1. ([4,Theorem 2]) Seja P um polinômio de grau n com todos os seus pontos cŕıticos em T. Se cada

par de pontos cŕıticos é separado por uma ângulo de pelo menos 2π/(n + 1), então P é close-to-convex e portanto

univalent em D. Contrariamente, se P é close-to-convex em D, então seus pontos cŕıticos são separados por uma

ângulo de pelo menos 2π/(n+ 1).

Por outro lado, para os polinômios ortogonais temos uma ferramento muito poderosa que é a relação de

recorrência de três termos. Seja {Qm}∞n=1 uma sequência de polinômios gerada por

Qm+1(z) = (z + βm+1)Qm(z)− αm+1zQm−1(z), m ≥ 1, (0.2)

com Q0 = 1 e Q1(z) = z + β1, onde αm e βm são números complexos satisfazendo αm+1 6= 0 6= βm, m ≥ 1.

Sabemos que para uma escolha particular de αm+1 e βm+1, m ≥ 1, os correspondentes polinômios satisfazem a

propiedade da ortogonalidade. Por exemplo, mencionamos os polinômios de Szegő {ρn}∞n=0 introduzidos em [4].

Em 1989, Jones et. al [1] estudaram os polinômios relacionados com os polinômios Szegő {ρn}∞n=0, os chamados

polinômios para-ortogonais

Bn(z, ωn) = ρn(z) + ωnρ
∗
n(z), |ωn| = 1, (0.3)

em que ρ∗n(z) = znρn(1/z) são os polinômios rećıprocos. Estes polinômios estão associados a uma medida ν e a um

parâmetro ωn.

Uma outra propriedade interessante desses polinômios é que Bn possui n zeros simples todos em T, veja em [1].

Na relação (0.2) para casos particulares de βm+1 e αm+1 os polinômios Qm têm a mesma propriedade.

O comportamento dos zeros desses polinômios juntamente com o resultado de Suffridge para polinômios univa-

lentes dado anteriormente, nos motivou a buscar uma ligação entre eles. Nós investigamos critérios de univalência

para polinômios Pm tais que suas derivadas P ′m satisfazem uma relação da forma (0.2). Em seguida, consideramos

polinômios Un tais que suas derivadas U ′n são polinômios que satisfazem (0.3). Por exemplo, um dos resultados que

obtemos é dado pelo teorema abaixo.
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Teorema 0.2. Sejam os polinômios Un+1 tais que suas derivadas são polinômios para-ortogonais. Suponhamos

que as desigualdades

0 < |an| ≤
2

n2 + n− 2
, n > 1, (0.4)

são válidas. Então Un+1 é close-to-convex em D.

Aqui, an são os coeficientes de reflexão para os polinômios de Szegő.

Consideramos também, alguns exemplos que se encaixam em nossos resultados.
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computing the first eigenpair of the p-Laplacian via

iteration of sublinear super-solutions

rodney j. biezuner, ∗ grey ercole † & eder m. martins ‡

Consider the following eigenvalue problem

{

−∆pu = λ |u|
p−2

u in Ω,

u = 0 on ∂Ω,
(0.1)

where ∆pu := div |∇u|
p−2

∇u, p > 1, is the p-Laplacian operator and Ω ⊂ R
N , N > 2, is any smooth, bounded

domain.

We develop an iterative method to obtain the first eigenpair (λp, ep) of (0.1), where λp denotes the first eigenvalue

of this problem and ep denotes the associated positive eigenfuntion satisfying ‖ep‖∞ = 1.

When p = 2, we have ∆p = ∆, the Laplacian operator, whose first eigenpair (λp, ep) is well-known for domains

with simple geometry (that is, domains which admit some kind of symmetry); for more general domains it can be

determined by several numerical methods (see [4] and references therein). However, if p 6= 2 and N > 2, the first

eigenpair is not explicitly known even for simple symmetric domains such as a square or a ball, and there are few

available numerical methods for deal with these domains, see [3], [8] and [10].

On the other hand, several numerical methods are available to solve homogenous Dirichlet problems for equations

of the form −∆pu = f for a given f depending only on x ∈ Ω (see [1, 2, 6, 7, 9]). This fact motivates the development

of iterative methods to deal with the case in which the right hand side f depends on u, as in (0.1).

We presented in [3] an iterative method for the computation of the first eigenpair based on the inverse power

method of finite dimensional linear algebra. If Ω is a N -dimensional ball, the convergence of the method was

established and numerical evidences for its applicability when Ω is a 2-dimensional square were also presented. In

the special case of the Laplacian operator, the method was proved to work in general domains and can also be used

to obtain other eigenpairs (see [4]).

Recently in [5], estimates for the first eigenvalue for the unit N -dimensional ball were obtained by means of the

coefficients of a local expansion in power series of the radial solution of an ODE associated to a suitable eigenfunction

problem.

In this work we consider a different iterative approach which works for any smooth, bounded domain. It is

based on positive solutions vµ,q of the sublinear Lane-Emden type problem

{

−∆pv = µ |v|
q−2

v in Ω,

v = 0 on ∂Ω.
(0.2)

For each µ > 0 fixed, we constructively obtain the positive solution vµ,q of (0.2), 1 < q < p, by iterating a

super-solution. We set

µq :=
µ

‖vµ,q‖
p−q

∞

and uq :=
vµ,q

‖vµ,q‖∞
,

and show that µq → λp and uq → ep in C1
(

Ω
)

when q → p−. Moreover, we prove that rate of convergence of

µq → λp is at least O(p − q).
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The main advantage of the method presented here is that approximations to both λp and ep are obtained with

the desired precision by an iteration process, which is numerically simple and, in the case of a ball, also explicit.

The super-solution is a scalar multiple of the torsion function φp, that is, the solution of the torsional creep problem

{

−∆pu = 1 in Ω,

u = 0 on ∂Ω.
(0.3)

For example, if Ω = BR(x0), a ball centered at x0 ∈ R
N with radius R > 0, it is easy to verify that φp is the radial

function

φp (r) =
p − 1

pN
1

p−1

(

R
p

p−1 − |r|
p

p−1

)

, r = |x − x0| ≤ R. (0.4)

We use as sub-solution the eigenfunction ep itself, suitably scaled by a factor arising from a special lower bound

of λp, which is also obtained from the torsion function. The sub-solution is used only to bound from below the

sequence of iterates described before. Thus, it plays only a theoretical role in the proofs.

We implemented the method for the unit ball of dimensions N = 2, 3 and 4. The results compare very well with

the ones presented in [3].
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Existência global no caso tridimensional para um

modelo do tipo campo de fases para materias puros

José Luiz Boldrini ∗ & Fernando P. Souza †

Analisamos a existência de soluções para um modelo do tipo campo de fases para solidificação e/ou liquefação

de materiais puros no caso em que o processo ocorre em um domı́nio limitado tridimensional. As equações que

governam o comportamento de materiais puros incluem a equação para o campo de fases, uma equação para a

temperatura e uma equação singular do tipo de Navier-Stokes com um termo do tipo Carman-Kozeni e também

um termo do tipo Boussinesq.

Sejam Ω ⊂ R3 um aberto, limitado com fronteria ∂Ω suave, T ∈ R e Q = Ω× (0, T ). Consideremos o problema:

ϕt − α∆ϕ+ α0B(ϕ) = −ϕ+ 3ϕ2 − 2ϕ3 + (θe − θ)|∇ϕ| em Q,

θt − β∆θ + v · ∇θ =
L

cp
ϕt em Q,

vt − ν∆v + ν0A(v) + v · ∇v +∇P = − ϕ2

1− ϕ
v + ~σθ em Qml, (0.1)

div v = 0 em Qml,

v = 0 em Qs,

∂ϕ

∂ν
=
∂θ

∂ν
= 0 na ∂Ω× (0, T ), v = 0 na ∂Qml,

ϕ(0) = ϕ0, θ(0) = θ0, em Ω, v(0) = v0 em Ωml(0).

onde Qml = {(x, t) ∈ Q : 0 ≤ ϕ(x, t) < 1} é a região não sólida, Qs = {(x, t) ∈ Q : ϕ(x, t) = 1} a região sólida. Os

operadores A e B são definidos respectivamente por

A(v) = − div (|∇v|p−2∇v),

B(ϕ) = − div (|∇ϕ|q−2∇ϕ).

O campo de fases é denotado por ϕ e as funções θ e v são respectivamente a temperatura e velocidade do

material. Os argumentos principais utilizados estão baseados nos seguintes resultados e técnicas: o teorema do

ponto fixo de Leray-Schauder juntamente com o método de Faedo-Galerkin para obtermos a existência de soluções

para os problemas aproximados; a seguir, argumentos de compacidade são utilizados para passarmos ao limite.

1 Principal Resultado

Teorema 1.1. Sejam 0 < T < ∞, p ≥ 3, q ≥ 5, Ω ⊂ R3 um aberto, limitado, com fronteira ∂Ω de classe C2.

Suponha também que

ϕ0 ∈W 1
q (Ω) tal que 0 ≤ ϕ0 ≤ 1 e

∂ϕ0

∂ν
= 0 em ∂Ω,

θ0 ∈W 1
2 (Ω),

v0 ∈ H, com v0 = 0 em Ωs(0) = {x ∈ Ω;ϕ0(x) = 1}.
∗IMECC,UNICAMP, SP, Brasil, e-mail: boldrini@ime.unicamp.br
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Então existem funções (ϕ, θ, v, χ), que constituem uma solução generalizada de (0.1) no seguinte sentido:

ϕ ∈W 2,1
2 (Q) ∩ L∞(0, T ;W 1

q (Ω)),
∂ϕ

∂ν
= 0, ϕ(0) = ϕ0 e 0 ≤ ϕ ≤ 1,

θ ∈W 2,1
2 (Q),

∂θ

∂ν
= 0, θ(0) = θ0,

v ∈ Lp(0, T ;V p) ∩ L∞(0, T ;H), v(0) = v0 em Ω,

χ ∈ Lp
′
(0, T ; (V p)′),

e são tais que ∫ t

0

(ϕt, ω) + α

∫ t

0

(∇ϕ,∇ω) + α0

∫ t

0

(|∇ϕ|q−2∇ϕ,∇ω)

=

∫ t

0

−(ϕ, ω) + 3(ϕ2, ω)− 2(ϕ3, ω) +

∫ t

0

((θl − θ)|∇ϕ|, ω), (1.2)

t ∈ (0, T ), para qualquer ω ∈ Lq(0, T ;W 1
q (Ω)),

θt − β∆θ + v · ∇θ =
L

cp
ϕt q.s. em Q, (1.3)

(v(t), η(t))−
∫ t

0

(v, ηt)ds+ ν

∫ t

0

(∇v,∇η) + ν0

∫ t

0

(χ, η) +

∫ t

0

(v · ∇v, η)

= (v0, η(0))−
∫ t

0

(
ϕ2

1− ϕ
v, η

)
ds+

∫ t

0

(~σθ, η)ds, (1.4)

t ∈ (0, T ), para qualquer η ∈ Wϕ, onde

Wϕ = {η ∈ Lp(0, T ;V p) : η com suporte compacto em

Qml ∪ Ωml(0) ∪ Ωml(T ) e ηt ∈ Lp
′
(0, T ; (V p)′)},

e Qml = {(x, t) ∈ Q : 0 ≤ ϕ(x, t) < 1} e Ωml = {x ∈ Ω : 0 ≤ ϕ(x, t) < 1}.

Além disso, v = 0 quase sempre em Qs = {(x, t) ∈ Q : ϕ(x, t) = 1}.

As funções (ϕ, θ, v, χ) constituem uma solução generalizada pois com as seguintes condições adicionais de reg-

ularidade: a condição de integrabilidade ϕ2/(1 − ϕ) ∈ Ls(0, T ;L1+δ; (Ωml(t))), para s = p/(p − 2) e algum δ > 0

quando p = 3 ou δ = 0 quando p > 3, e também a condição de aproximação v ∈ Wϕ, onde o fecho é tomado na

norma natural || · ||Lp(0,T ;V p) + || · ||Lp′ (0,T ;(V p)′), então podemos concluir que χ = Av e a solução generalizada se

torna uma solução fraca no sentido usual.
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cotype and absolutely summing linear operators
g. botelho ∗ & d. m. pellegrino † & p. rueda ‡

New applications of cotype to the theory of absolutely summing linear operators between Banach spaces are
proved in this paper. Among other consequences we extend/complement some classical results of Bennett [1] on
the existence of non-absolutely summing operators between `p spaces and of Davis and Johnson [2] on the existence
of compact non-absolutely summing linear operators. We also point out that some of our results are sharp. For the
notation used along this resume we refer to the paper Cotype and absolutely summing linear operators, to appear
in Mathematische Zeitschrift, in which these results will appear in a complete form.

Our first results are:

Theorem 0.1. Let X and Y be infinite-dimensional Banach spaces, 2 ≤ p < ∞ and q > 1 such that cot Y ≥ p > q.
If pq

p−q > 2 and A(X,Y ) ⊆ Πq,1(X, Y ), then X has cotype pq
p−q .

Observe that the result above is an interesting improvement of the linear case of [6, Corollary 2], because there,
contrary to here, a Schauder basis for X is required.

A well known result due to Maurey and Pisier asserts that cot X = inf{2 ≤ q ≤ ∞ : idX ∈ Πq,1(X,X)}
([3, Theorem 14.5] and [5]). Next result is a significant improvement of the linear cases of [6, Theorem 7] and
complements information from [5]:

Theorem 0.2. Let X be an infinite-dimensional Banach space. If there is an infinite-dimensional Banach space
Y with no finite cotype and such that A(X, Y ) ⊆ Πq,1(X, Y ), then cot X ≤ q.

The main results of the paper are:

Theorem 0.3. Let X and Y be infinite-dimensional Banach spaces. If cot Y ≥ p > q ≥ r > 2pq
pq+2p−2q , then there

exists an approximable non-(q, r)-summing linear operator from X to Y .

A classical result due to Davis and Johnson [2] asserts that if X is superreflexive, then there exists a compact
non-r-summing linear operator from X to any infinite-dimensional space Y . Let us see that for operators with
range spaces Y with cot Y > max{2, r} there is no need to impose any condition on the domain space X:

Corollary 0.1. Let X and Y be infinite-dimensional Banach spaces with cot Y > max{2, r}. Then there exists an
approximable (hence compact) non-r-summing linear operator from X to Y .

Grothendieck’s theorem Π1(`1, `2) = L(`1, `2) makes clear that Theorem 0.3 and Corollary 0.1 are sharp in the
sense that they are not valid for operators with range cotype 2 spaces. The case cot Y > 2 is also close to optimality.
In fact, from [3, Corollary 10.10] we know that if Y is an Lq-space (q > 2) and r > q = cot Y , then

Πr(c0; Y ) = L(c0; Y ).

A classical theorem due to Lindenstrauss and PeÃlczyński [4, Proposition 8.1(2)] asserts that if X and Y are
infinite-dimensional and Π1(X, Y ) = L(X, Y ), then cot X = 2. Part (c) of the next theorem improves this result in
the sense that a stronger conclusion is obtained from a weaker assumption.
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Theorem 0.4.
(a) Let X be an infinite-dimensional Banach space. If there is an infinite-dimensional Banach space Y with finite
cotype such that A(X, Y ) ⊆ Π 2 cot Y

2+cot Y ,1(X, Y ), then X has the Orlicz property (that is, idX is (2, 1)-summing).
(b) If X is infinite-dimensional and A(X, Y ) ⊆ Πr(X, Y ) for some infinite-dimensional Banach space Y and some
1 ≤ r < 2, then cot Y = 2.
(c) If X and Y are infinite-dimensional Banach spaces and every approximable linear operator from X to Y is
1-summing, then cot X = cot Y = 2.

As announced in the introduction, we shall improve substantially the following information from Bennett [1,
Proposition 5.2(i)]:
• Πq,1(`1, `p) 6= L(`1, `p) whenever 2 ≤ p < ∞ and q < 2p

2+p ;
• Πq,2(`1, `p) 6= L(`1, `p) whenever 2 ≤ p < ∞ and q < p.
• Πq,1(`1; `∞) 6= L(`1; `∞) whenever 1 ≤ q < 2.

Our improvement says that `1 may be replaced by any infinite-dimensional Banach space, `p may be replaced
by any infinite-dimensional Banach space with cot Y = p and the existence of a non-absolutely summing operator
can be replaced by the existence of an approximable non-absolutely summing operator:

Theorem 0.5. Let X and Y be infinite-dimensional Banach spaces.
(a) If cot Y < ∞, then there exists an approximable non-(q, 1)-summing linear operator from X to Y for every
q < 2 cot Y

2+cot Y .
(b) If cot Y < ∞, then there exists an approximable non-(q, 2)-summing linear operator from X to Y for every
q < cot Y .
(c) If cot Y = ∞, then there exists an approximable non-(q, 1)-summing linear operator from X to Y for every
1 ≤ q < 2.

A final application of our results illustrates, in one single result, the well known relevance of the space `1 and of
the concept of cotype in the theory of absolutely summing operators:

Theorem 0.6. Let X and Y be infinite-dimensional Banach spaces. Let 2 ≤ r < cot Y and q ≥ r be such that
Πq,r(X, Y ) = L(X, Y ). Then L(`1, `cot Y ) = Πq,r(`1, `cot Y ).
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espaçabilidade em espaços de banach e quase-banach de

sequências

Geraldo Botelho ∗, Diogo Diniz †, Vińıcius V. Fávaro ‡§& Daniel Pellegrino ¶

Seja X um espaço de Banach. Neste trabalho provaremos que, para uma grande classe de espaços de Banach ou
quase-Banach E de sequências a valores em X, os conjuntos E −

⋃
q∈Γ `q(X), onde Γ é um subconjunto qualquer

de (0,∞], e E − c0(X) são espaçáveis (desde que sejam não-vazios), isto é, contém um subespaço fechado de E de
dimensão infinita.

1 Definições e resultado principal

Definição 1.1. Seja X 6= {0} um espaço de Banach.
(a) Dado x ∈ XN, denotamos por x0 a versão de x livre de zeros, isto é: se x tem apenas um número finito de
coordenadas não-nulas, então x0 = 0; caso contrário, x0 = (xj)∞j=1 onde xj é a j-ésima coordenada não-nula de x.
(b) Um espaço de sequências invariantes sobre X é um espaço de Banach ou quase-Banach de dimensão infinita
E(X) de sequências a valores em X, satisfazendo as seguintes condições:
(b1) Para x ∈ XN tal que x0 6= 0, x ∈ E se, e somente se, x0 ∈ E e, neste caso, ‖x‖ ≤ K‖x0‖ para alguma constante
K dependendo somente de E.
(b2) ‖xj‖X ≤ ‖x‖E para todo x = (xj)∞j=1 ∈ E e todo j ∈ N.
Um espaço de sequências invariantes é um espaço de sequências invariantes sobre sobre algum espaço de Banach
X.

Vários espaços de sequências clássicos são espaços de sequências invariantes.

Exemplo 1.1. (a) Para 0 < p ≤ ∞,

(i) `p(X) = espaço das sequências de elementos de X que são absolutamente p-somáveis;

(ii) `w
p (X) = espaço das sequências de elementos de X que são fracamente p-somáveis;

(iii) `u
p(X) = espaço das sequências de elementos de X que são incondicionalmente p-somáveis;

são espaços de sequências invariantes sobre X com suas respectivas normas usuais (p-normas se 0 < p < 1).
(b) Os espaços de Lorentz `p,q, 0 < p < ∞, 0 < q < ∞ (veja [9, 13.9.1]), são espaços de sequências invariantes
(sobre K = R ou C).
(c) Os espaços de Orlicz `M (veja [6, 4.a.1]), são espaços de sequências invariantes (sobre K).
(d) Para 0 < p ≤ s ≤ ∞, o espaço `m(s;p) (X) de todas as sequências misto (s, p)-somáveis sobre X (veja [9, 16.4]),
é um espaço de sequências invariantes sobre X.

Agora podemos enunciar o resultado principal deste trabalho.
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Teorema 1.1. Seja E um espaço de sequências invariantes sobre o espaço de Banach X. Então
(a) Para todo Γ ⊆ (0,∞], E −

⋃
q∈Γ `q(X) é vazio ou espaçável.

(b) E − c0(X) é vazio ou espaçável.

Corolário 1.1. Seja E um espaço de sequências invariantes sobre K.
(a) Se 0 < p ≤ ∞ e `p ⊂ E, então E − `p é espaçável.
(b) Se c0 ⊂ E, então E − c0 é espaçável.
Aqui estamos considerando ambas as inclusões sendo própias.

Corolário 1.2. `m(s;p) (X) − `p(X) e `u
p(X) − `p(X) são espaçáveis para 0 < p ≤ s < ∞ e para todo espaço de

Banach X de dimensão infinita. Consequentemente `w
p (X)− `p(X) também é espaçável.

Como caso bastante particular do Teorema 1.1, obtemos o seguinte resultado:

Corolário 1.3. `p −
⋃

0<q<p
`q é espaçável, para todo p > 0.
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sistemas biortogonais

cujos funcionais têm suportes finitos

christina brech ∗ & piotr koszmider †

Se X é um espaço de Banach e X∗ é seu dual topológico, então (xi, x
∗
i )i∈I ⊆ X ×X∗ é um sistema biortogonal

se x∗i (xi) = 1 e x∗i (xj) = 0 se i 6= j, para todo i, j ∈ I. Sistemas biortogonais têm um importante papel na teoria de

espaços de Banach, pois os vetores de qualquer tipo de base em espaços de Banach são, em particular, os vetores

de um sistema biortogonal (veja [3]).

Estamos interessados em sistemas biortogonais em espaços de Banach C(K), cujo dual é isométrico ao espaço

M(K), das medidas de Radon sobre K, com a norma da variação. Se K é um espaço compacto e x ∈ K, δx é o

funcional em C(K) definido por δx(f) = f(x), para f ∈ C(K).

A pergunta que motivou este trabalho é a seguinte: Se existe um sistema biortogonal não enumerável C(K)×
M(K), será que também existe um (fξ, x

∗
ξ)ξ∈ω1

cujos funcionais são da forma

x∗ξ = δxξ
− δyξ

para xξ, yξ ∈ K?

A origem deste problema é que, em todas as situações concretas analisadas na literatura até aqui, a pergunta

acima tem resposta positiva. Isto tem um motivo forte, a saber, um resultado recente de Todorcevic [4] garante

que sob o axioma de Martin e a negação da hipótese do cont́ınuo, a pergunta acima tem resposta positiva.

Definição 0.1. Seja K um espaço compacto e n ∈ N. Dizemos que os funcionais de uma sequência (fξ, µξ)ξ∈ω1
⊆

C(K)×M(K) são n-suportados se cada µξ é uma medida atômica cujo suporte consiste de não mais que n pontos

de K.

Nosso principal resultado de [1] é o seguinte:

Teorema 0.1. Para cada natural n > 1, é consistente que existe um compacto K2n tal que não existem sis-

temas biortogonais não enumeráveis em C(K2n) cujos funcionais sejam 2n− 1-suportados, mas existe um sistema

biortogonal não enumerável cujos funcionais são 2n-suportados.

Para n = 1, sabemos que se K é o intervalo bifurcado, então C(K) não tem sistema biortogonal não enumerável

cujos suportes sejam 1-suportados, mas admite um sistema biortogonal cujos suportes são 2-suportados (veja [2]).

Por outro lado, não sabemos o que acontece no caso geral: será que para cada n existe um espaço C(K) para o

qual não existem sistemas biortogonais não enumeráveis cujos funcionais sejam n − 1-suportados, mas existe um

sistema biortogonal não enumerável cujos funcionais são n-suportados? Está claro apenas que nosso método não

pode resolver este problema.
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continuity on equilibria of quasilinear parabolic

problems

Simone M. Bruschi ∗ & Cláudia B. Gentile † & Marcos R. T. Primo ‡

In 1974 N. Chafee and E. F. Infante completely described the set of stationary solutions of a semilinear parabolic
problem like 

ut = λuxx + u− u3, (x, t) ∈ (0, 1)× (0,+∞)
u(0, t) = u(1, t) = 0, 0 ≤ t < +∞
u(x, 0) = u0(x), x ∈ (0, 1),

(0.1)

where λ is a positive parameter and the initial data are sufficiently smooth. The set of equilibrium states, Eλ, is
taken as function of λ and, roughly speaking, the authors obtain that, for large values of λ, the only stationary
solution is zero, and all nonconstant equilibria bifurcate from zero, two by two, while λ cross the values of a sequence
λn, obtained from the eigenvalues of the linearized problem. For details see [3].

A similar problem, involving the p-Laplacian operator was studied by Takeuchi and Yamada in 2000. They
consider the problem


ut = λ(|ux|p−2ux)x + |u|q−2u(1− |u|r), (x, t) ∈ (0, 1)× (0,+∞)
u(0, t) = u(1, t) = 0, 0 ≤ t < +∞
u(x, 0) = u0(x), x ∈ (0, 1),

(0.2)

where p > 2, q ≥ 2, r > 0 and λ > 0. In this case the set of equilibrium points, Eλ, is always infinity if p > q

and, if p = q or p < q, Eλ is a finite set only for large values of λ. However, in each of the three cases, there is
the possibility of the existence of continuum equilibrium sets, which does not happen in the semilinear case, p = 2.
Notice that problem (0.1) can be seen as a limit problem of (0.2) taking p = q = r = 2.

If we consider only the case p = q in (0.2), there are several similarities between this problem and (0.1). In fact,
although there is the possibility of bifurcation of a continuum equilibrium set in (0.2), the numbers of connected
components of Eλ is always finite for fixed values of λ, and the scheme of bifurcation of this components is the
same of (0.1). The stability properties of equilibria are the same, that is, in both cases the trivial solution is
asymptotically stable for large values of the diffusion parameter λ and became unstable when appears the first
pair of nontrivial stationary solutions, which are asymptotically stable as long as they exist. Any other stationary
solution is unstable, for any p and q. Another interesting similarity we can point out is that, in both problems, the
lap-number does not increase through orbits, if the initial conditions are continuous. With this information we can
determinate which equilibrium points can belong to the ω-limit set of any initial data. The non-increasing property
of lap-number was obtained for (0.1) and (0.2) by Matano in 1982 and by Gentile and Bruschi in 2005 respectively,
[8, 4].

Let Ep be the equilibria of the problem (0.2) and E2 be the equilibria of the problem (0.1). In this work we will
prove the the continuity of the family Ep at p = 2. The proofs of the results presented here can be found in [2].
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[1] H. Brèzis, Operateurs Maximaux Monotones et Semi-groupes de Contractions dans les Espaces de Hilbert,
North-Holland Publishing Company, Amsterdam, (1973).

[2] S. M. Bruschi, C. B. Gentile and M. R. T. Primo, Continuity properties on p for p-Laplacian parabolic problems.
Nonlinear Analysis, 72 (2010), pp. 1580-1588.

[3] N. Chafee and E. F. Infante, A Bifurcation Problem for a Nonlinear Partial Differential Equation of Parabolic
Type. Applicable Analysis 4, (1974), pp 17-37.

[4] C. B. Gentile and S. M. Bruschi, Lap number properties for p-Laplacian problems investigated by Lyapunov
methods. Nonlinear Anal. 66 (2007), no. 5, 1005–1015.

[5] J. K. Hale, Asymptotic Behaviour of Dissipative Systems, Mathematical Surveys and Monographs, 25, Amer-
ican Mathematical Society, (1989).

[6] Hale, J.K., Ordinary Differential Equations, Wiley Interscience, (1969).

[7] Henry, D., Geometric theory of semilinear parabolic equations, Lecture Notes in Mathematics, 840. Springer-
Verlag, Berlin-New York, 1981.

[8] H. Matano, Nonincrease of the Lap-number of a Solution for a One-dimensional Semilinear Parabolic Equation,
J. Fac. Sci. Univ. Tokyo Sect., 1A Math. 29, 401-441, (1982).

[9] A. T. Plant, Four Inequalities for Monotone Gradient Vector Fields, Arch. Rational Mech. Anal. 82, 4 (1983),
pp. 377-389.

[10] S. Takeuchi and Y. Yamada, Asymptotic Properties of a Reaction-Diffusion Equation with Degenerate p-
Laplacian, Nonlinear Analysis, 42, 41-61, (2000).

[11] R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics, Applied Mathematical Sciences,
vol 68, Springer-Verlag, New York, (1988).

[12] I. I. Vrabie, Compactness Methods for Nonlinear Evolutions, Pitman Monographs and Surveys in Pure and
Applied Mathematics, London (1987). (1963), pp. 5042-5044.

61



ENAMA - Encontro Nacional de Análise Matemática e Aplicações
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a quasilinear problem involving two parameters

h. bueno ∗, g. ercole † & a. zumpano ‡

We consider the existence of positive solutions for the Dirichlet problem in two parameters:
{
−∆pu = λω1(x)uq−1 + βω2(x)ua|∇u|b in Ω

u = 0 on ∂Ω,
(0.1)

where λ and β are positive parameters, a and b are positive constants satisfying a + b = p− 1, ω1(x) and ω2(x) are
nonnegative weights, 1 ≤ q ≤ p, and Ω ⊂ RN (N > 1) is a smooth, bounded domain.

In the case q = p, we remark that the problem (0.1) is homogeneous, in the sense that if u solves it for fixed
parameters λ and β, then ku is also a solution, for any positive constant k (note that we are assuming a+b = p−1).

We define ω(x) = max {ω1(x), ω2(x)} and consider the torsional creep problem (0.2):
{
−∆pφ = ω in Ω

φ = 0 on ∂Ω.
(0.2)

It is well known that φ > 0 in Ω. The solution φ of this problem will be called torsion function.
We set

α = (‖φ‖∞)−(p−1) and µ =
‖∇φ‖∞
‖φ‖∞ , (0.3)

where ‖ · ‖∞ denotes the sup-norm.
We denote by λ1 the first eigenvalue and u1 the correspondent positive eigenfunction (with ‖u1‖∞ = 1) of

{
−∆pu = λ1ωup−1 in Ω

u = 0 on ∂Ω,
(0.4)

Our main result in the case 1 ≤ q < p is

Teorema 0.1. If 1 ≤ q < p, λ > 0 and 0 ≤ β < α
µb , then (0.1) has at least one positive solution u ∈ C1,τ (Ω)

satisfying the bounds (
λ

λ1

) 1
p−q

u1 ≤ u ≤
(

λ

α− βµb

) 1
p−q φ

‖φ‖∞
. (0.5)

The proof of this result is a consequence of the sub- and super-solution method. A super-solution is obtained as
a special multiple of the torsion function φ, while the sub-solution is obtained as an adequate multiple of the first
eigenfunction of (0.4).

In the case q = p, our main result is

Teorema 0.2. For each 0 ≤ β < α
µb , there exist λβ > 0 and uβ ∈ C1,τ

(
Ω

)
such that

{
−∆puβ = λβω1(x)up−1

β + βω2(x)ua
β |∇uβ |b in Ω

uβ = 0 on ∂Ω,
(0.6)

where 0 < uβ ≤ 1 in Ω and α− βµb ≤ λβ ≤ λ1.

Our prove applies Theorem 0.1, by considering a sequence qn < p such that qn → p and applying compactness
arguments.
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controlabilidade de um sistema de campo de fase para

solidificação

bianca m. r. calsavara ∗ & fágner d. araruna † & josé luiz boldrini ‡

Neste trabalho é investigada um problema de controlabidade para um modelo de campo de fase para solidificação
por uma única função de controle. O sistema estudado é constituido de uma equação para a função relacionada à
temperatura, com um controle localizado associado a fontes e sorvedouros de calor, acoplada a uma equação para
a função de campo de fase não linear.

O sistema de campo de fase citado é dado por

ut −∆u+ lφt = v1O em Q, (0.1)

φt −∆φ−
(
aφ+ bφ2 − φ3

)
− u = 0 em Q (0.2)

∂u/∂ν = ∂φ/∂ν = 0 em ∂Ω× (0, T ) (0.3)

u(0) = u0, φ(0) = φ0 em Ω (0.4)

onde Ω ⊂ R3 é um domı́nio aberto com fronteira regular, O ⊂ Q é um (pequeno) subconjunto aberto não vazio,
T > 0 e Q = Ω× (0, T ) ∈ R4 é um domı́nio ciĺındrico; por ν = ν(x) denotamos o vetor normal unitário exterior a
Ω no ponto x ∈ ∂Ω.

Aqui, a função u = u(x, t) está relacionada à tempertaura do material; φ = φ(x, t) é a função de campo de fase
usada para identificar 1O denota a função caracteristica de O; v é uma funçã de controle a ser determinada, que
corresponde fontes e sorvedouros de calor aplicadas em O para controlar o processo de solidificação; chamada de
função de controle. As constantes l > 0, a > 0 e b dependem das propriedades f́ısicas do material; em particular l
está relacionada ao calor latente.

Vale ressaltar que as condições de fronteira em (0.1)-(0.4) são condições de Neumann. Para a função de campo
de fase esta é a condição natural a ser imposta, pois este tipo de condição corresponde ao fato de que não há fluxo
de fase na fronteira. Para a temperatura outros tipos de condições de fronteira podem ser considerados.

O modelo acima foi estudado por Hoffman and Jiang in [1], onde foram provados resultados sobre existência,
unicidade e regularidade de solução para o sistema. Além disso, neste mesmo trabalho foi estudado um problema
de controle ótimo associado a este modelo.

1 Resultado Principal

Teorema 1.1. Considere Ω ⊂ R3 um domı́nio aberto com fronteira regular, O ⊂ Q é um (pequeno) subcon-
junto aberto não vazio, T > 0 e Q = Ω × (0, T ) ∈ R4. Sejam l e a constantes positivas e b uma constante
real. Então existe r0 > 0 tal que para qualquer dado inicial (u0, φ0) ∈ [W 2−2/s

s (Ω) ∩ V ]2, com s > 5/2 e
V =

{
f ∈ H2(Ω) : ∂f/∂ν = 0 em ∂Ω

}
, satisfazendo

‖{u0, φ0}‖[W 2−2/s
s (Ω)]2

< r0,
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existe uma função de controle v ∈ L2(Ω) tal que a solução correspondente (u, φ) do problema (0.1)− (0.4) satisfaz

u(·, T ) = φ(·, T ) = 0 em Ω.

Para mostrar este resultado, primeiramente são considerados um sistema linearizado relacionado ao sistema (0.1)-
(0.4) e o sistema adjunto correspondente ao sistema linearizado. Usando desigualdades do tipo Carleman adequadas
e estimativas de energia, mostra-se um resultado de observabilidade para o sistema adjunto. Tal resultado nos
permite obter um resultado de controlabilidade nula para o sistema linearizado utilizando duas funções de controle.
Posteriormente são utilizados sistemas auxiliares para eliminar a função de controle da equação para função de
campo de fase. Obtendo assim um resultado de controlabilidade nula para o sistema linearizado com somente
um controle. Finalmente, para provar a controlabilidade nula do sistema (0.1)-(0.4), ou seja, o Teorema 1.1 são
utilizados o resultado de controlabilidade nula obtido para o problema linearizado e o Teorema de ponto fixo de
Kakutani.
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pullback attractors for a nonautonomous plate

equation with critical nonlinearities

v. l. carbone ∗ & m. j. d. nascimento † & k. schiabel-silva ‡ & r. p. silva §

In this work we are concerned with existence of pullback attractors for the equation:

utt + a(t, x)ut −∆ut + (−∆)2u+ λu = f(u) in Ω,

u = ∆u = 0 on ∂Ω,
(1.1)

where Ω is a bounded smooth domain in Rn, λ > 0 and f : R → R is a nonlinearity with critical growth to be

specified later.

The standard way to study the problem (1.1) is to consider it as the first order system

d

dt

[
u

ut

]
+

[
0 −I

A2 + λI A+ a(t, x)I

][
u

ut

]
=

[
0

f(u)

]
, (1.2)

where −A denote the Laplacian operator with homogeneous Dirichlet boundary condition. It is well known that

A2 is a positive self-adjoint operator in L2(Ω) with compact resolvent and domain D(A2) = {u ∈ H4(Ω)∩H1
0 (Ω) :

∆u|∂Ω = 0}. Setting the Hilbert space X0 = (H2(Ω)∩H1
0 (Ω))×L2(Ω) we consider the elastic operator A : D(A) ⊂

X0 → X0, defined by

A =

[
0 −I

A2 + λI A

]
,

with domain D(A) = D(A2) × D(A). Writing A(t) = A + B(t), where B(t) =

[
0 0

0 a(t, x)I

]
, under certain

hypothesis about a(t, x), the family {B(t) : t ∈ R} is uniformly sectorial, and the map t 7→ B(t) is uniformly Hölder

continuous in the sense of [4]. If Xα denotes the domain of Aα with the graph norm and if f is a ε-regular (critical

growth) map, in the sense of

Definition 1.1. [1] f is ε-regular relatively to pair (X1, X0) if there exists ρ > 1, γ(ε) with ρε 6 γ(ε) < 1, and

c > 0, such that f : X1+ε → Xγ(ε) and

‖f(x)− f(y)‖Xγ(ε) 6 c‖x− y‖Xγ(ε)
(
‖x− y‖ρ−1

Xγ(ε)
+ ‖x− y‖ρ−1

Xγ(ε)
+ 1
)
, ∀ x, y ∈ Xγ(ε), (1.3)

we are able to garantee the existence of solution for (1.2).

Theorem 1.1. [4] For each u0 ∈ X1, there is an unique x : [0, τ ] → X1 (ε-regular mild) solution of (1.2),

x ∈ C([0, τ ], X1) ∩ C((0, τ ], X1+ε) and

x(t) = U(t, 0)x0 +

∫ t

0

U(t, s)f(s, x(s)) ds, (1.4)

where {U(t, s) : t > s} is the solution operator associated to homogeneous problem.
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Under some considerations it is possible to show that solutions in Theorem 1.1 are globally defined and we can

consider the evolution process {S(t, s) : s 6 t ∈ R} ⊂ L(X0) associated to solution given by (1.4).

For this evolution process we expect to prove the existence of pullback attractor {A(t) : t ∈ R} ⊂ X0 following

[3], based on the following result:

Theorem 1.2. [3] Let {S(t, s) : t > s} be a pullback strongly bounded process such that S(t, s) = T (t, s) + U(t, s),

where U(t, s) is compact and there exists a non-increasing function k : R+ × R+ → R, with k(σ, t) → 0, when

σ →∞, and for all s 6 t and x ∈ X0 with ‖x‖X0 6 r, ‖T (t, s)x‖X0 6 k(t−s, r). Then, the process {S(t, s) : t > s}
is pullback asymptotically compact.

This theorem is a fundamental step in the applications to get the main result

Theorem 1.3. [3] If an evolution process {S(t, s) : t > s} is pullback strongly bounded dissipative and pullback

asymptotically compact, then {S(t, s) : t > s} has a pullback attractor {A(t) : t ∈ R}.
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existência de soluções radiais para uma classe de

problemas envolvendo o biharmônico

P. C. Carrião ∗ & Reginaldo Demarque † & O. H. Miyagaki ‡

Neste trabalho estudamos problemas envolvendo o biharmônico do tipo{
∆2u+ V (|x|)u = f(u) para x ∈ RN ;

u ∈ D2,2(RN ) N ≥ 5.
(0.1)

onde o potencial V : [0,∞)→ (0,∞] é uma função mensurável, a não-linearidade f : R→ R é cont́ınua e satisfazem:

(Vα) Existem A,α > 0 tais que V (s) ≥ A
sα para quase todo s > 0.

(fp) Existem M > 0 e p > 2 tais que |f(s)| ≤M |s|p−1 para todo s ∈ R.

Podemos ver que a propriedade (Vα) implica que V tem uma singularidade na origem, enquanto que (V )1

permite outras singularidades. O caso mais simples no qual nossos resultados são válidos é dado pelo problema ∆2u+
A

|x|α
u = |u|p−2u

u ∈ D2,2(RN ;R), N ≥ 5
(0.2)

onde A > 0.

Problemas análogos ao problema (0.1) envolvendo os operadores Laplaciano e p-Laplaciando são estudados em

[1] e [2]. Com base nestes artigos conseguimos mostrar resultados de existência de soluções fracas radiais não triviais

para o problema (0.1) com expoentes subcŕıticos ou supercŕıticos de acordo com cada um dos seguintes casos:

a) p ∈ (mα, 2
∗∗), ∀, α ∈ (0, 4);

b) p ∈ (2∗∗,mα), ∀, α ∈ (4, 2N − 4);

c) p ∈ (2∗∗, 2∗∗α ), ∀, α ∈ [2N − 4,∞),

onde mα := 2 + 4α
2N−4−α e 2∗∗α := 2 + 2α

N−4 .

Nossos principais resultados são apresentados a seguir.

1 Resultados

Sejam N ≥ 5 e V : [0,∞)→ (0,∞] uma função mensurável tal que V ∈ L1(a, b) para algum intervalo (a, b) com

b > a > 0. Definimos o Espaço de Sobolev com peso

W 2,2(RN ;V ) :=

{
u ∈ D2,2(RN );

∫
RN

V (|x|)|u|2dx <∞
}
, (1.3)
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com a norma dada por

‖u‖ :=

(∫
RN
|∆u|2 + V (|x|)|u|2dx

) 1
2

,

Seja f ∈ C0(R,R) e defina F (s) :=
∫ s
0
f(t)dt. Considere as seguintes propriedades:

(V )2 Existem B, β, µ0 > 0 tais que V (µs) ≤ µ−βBV (s) para quase todo µ > µ0 e s > 0;

(f)1 existe γ > 2 tal que γF (s) ≤ f(s)s, ∀s ∈ R;

(f)2 F (s∗) > 0 para algum s∗ ∈ (0,∞);

(f)3 F (s) > 0, ∀s ∈ (0,∞);

(f)4 f é ı́mpar;

(Fp) existe η > 0 tal que F (s) ≥ η|s|p, ∀ ∈ R.

Denote por 2∗∗ := 2N
N−4 o expoente cŕıtico da imersão de Sobolev em dimensão N ≥ 5. Além disso, defina

mα := 2 + 4α
2N−4−α para α ∈ (0, 2N − 4).

Teorema 1.1. Sejam V : [0,∞) → (0,∞] uma função mensurável satisfezendo (V )1 e f ∈ C0(R,R) satisfazendo

(f)1. Suponha válidas (fp) e (Vα) com α ∈ (0, 4) e p ∈ (mα, 2
∗∗) ou α ∈ (4, 2N − 4) e p ∈ (2∗∗,mα), ou

α ∈ [2N − 4,∞) e p ∈ [2∗∗,∞). Suponha ainda que ou V satisfaz (V )2 e f satisfaz (f)2, ou f satisfaz (f)3. Então

o problema (0.1) tem uma solução radial não trivial u ∈W 2,2(RN , V ) no seguinte sentido∫
RN

∆u ·∆h+ V (|x|)uh dx =

∫
RN

f(u)h dx, ∀h ∈W 2,2(RN , V ). (1.4)

Teorema 1.2. Sejam V : [0,∞) → (0,∞] uma função mensurável satisfezendo (V )1 e f ∈ C0(R,R) satisfazendo

(f)1 e (f)4. Suponha válidas (fp), (Vα) e (Fp) α ∈ (0, 4) e p ∈ (mα, 2
∗∗) ou α ∈ (4, 2N − 4) e p ∈ (2∗∗,mα), ou

α ∈ [2N − 4,∞) e p ∈ (2∗∗,∞). Então o problema (0.1) admite infinitas soluções radiais u ∈ W 2,2(RN , V ) no

seguinte da equação (1.4).
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biholomorphic functions in dual banach spaces

h.Carrión ∗, p.galindo † & m. l. lourenço ‡

We present an infinite-dimensional version of Cartan-Carathéodory-Kaup-Wu theorem about the analyticity of

the inverse of a given analytic mapping. It is valid for a class of domains in separable Banach dual spaces that

includes all bounded convex domains.

1 Introduction

In this note we aim to extend the result of Cima et al. [1] that shows that an analytic self map of a bounded convex

domain of a separable Hilbert space with a fixed point such that its derivative at the fixed point is triangularizable

with spectrum in the unit sphere is biholomorphic. We check that such result also holds for separable dual Banach

spaces, such as the `p spaces, 1 ≤ p < +∞, and a class of domains that includes all bounded convex domains. To

do this we use their technique and sharpen some of their intermediate steps; for instance we are able to remove the

convexity assumption, answering partially to a question they raise at the very end of their paper.

Next we introduce some notations and definitions. Throughout this note, all the Banach spaces considered

are complex. Let E,F be Banach spaces and G an open set of E, we will denote by H(G,F ) the space of all

holomorphic functions from G into F. If f belongs to H(G,F ) we denote the derivative of f at the point p ∈ G by

Dfp. We refer to [2] for non-explained notation regarding holomorphic mappings.

Let T ∈ L (E,E) be a bounded linear operator. We call T triangularizable if there is a total, i. e., with dense

span, linearly independent sequence {e1, e2, ...en, ...} of E such that for all x ∈ span {e1, e2, ..., en}

T (x) ∈ span {e1, e2, ..., en}

for every n ∈ N. In this case, T (ek) =
∑k

j=1 β
k
j ej , for all k = 1, 2, · · · , n. So, the matrix of T when restricted the

subspace generated by {e1, e2, ..., ek} is an upper-triangular matrix, whose main diagonal is given by β1
1 , β

2
2 , · · ·βk

k .

We shall refer to the sequence (βk
k ) as the diagonal entries.

Notice that the existence of a triangularizable operator on E implies that E is separable. As usual, IX denotes

the identity operator on the Banach space X.

As a consequence of our main result (Theorem 2.1, below) a holomorphic self-function of a convex bounded

domain in a reflexive space with fixed point and triangularizable derivative at such point with diagonal entries of

modulus 1 is biholomorphic.

In addition we derive a global version of the Implicit Function Theorem for holomorphic mappings.

2 Mathematical Results

Definition 2.1. We say that an open set A ⊂ E has the separation property if for every u ∈ A \ A, there is an

analytic function h in a neighborhood of A such that h(u) = 1 and |h(x)| < 1 for all x ∈ A.

For instance if A is a relatively compact strictly pseudoconvex open set in Cn with a C2 boundary, then A has

the separation property. Recall that every domain in C with C2 boundary is strictly pseudoconvex . Notice as well
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that any convex domain Ω has the separation property: Indeed, if u /∈ Ω, by the Hahn-Banach separation theorem,

then there are α ∈ R and ϕ ∈ E∗ such that <eϕ(w) < α ≤ <eϕ(u) for all w ∈ Ω. Thus h := eϕ−ϕ(u) has absolute

value less than 1 on Ω and h(u) = 1.

Theorem 2.1. Let E be the dual of a Banach space and G ⊂ E a bounded domain with the separation property E

such that its weak* closure coincides with its norm closure. Let f : G→ G be a holomorphic mapping such that

1. f (p) = p.

2. Df (p) is triangularizable with diagonal entries of modulus 1.

Then f is a biholomorphic mapping.

In particular, the above result holds for convex domains G in reflexive spaces. It is worth to point out that

there are non convex sets to which Theorem 2.1 applies: Pick some nonconvex domain D in C with C2 boundary

and set G = D×B`p as an open set in `p. Its weak closure coincides with D×B`p , that is, its norm closure and it

has the separation property.

Our next result is a type of Schwarz lemma that states that a holomorphic self-map of the unit ball B of a

separable Hilbert space fixing 0 whose components have partial derivative with modulus 1, are automorphisms.

Corollary 2.1. If f is a holomorphic self-map of the unit ball B of a separable Hilbert space, with f(0) = 0 and

| < Df0(ei), ei > | = 1, for all vectors ei in an orthonormal basis,

then f is biholomorphic.

Next we present as an application of Theorem 2.1 an Implicit Function type Theorem.

Theorem 2.2. Let E,F be dual Banach spaces, U ⊂ E and V ⊂ F bounded domains such that U × V has the

separation property and that the weak* closure of U × V coincides with its norm closure. Let G : U × V → V

be a holomorphic mapping such that for some (u, v) ∈ U × V , G(u, v) = v. Let (en) ⊂ E and (fm) ⊂ F be total

linearly independent sequences. Put Fn = span {(0, f1) , ..., (0, fn)} ⊂ E × F . Assume that both DG(u,v)(ei, 0) and

DG(u,v)(0, fi) belong to span {f1, f2, ..., fn} for i = 1, 2, ..., n. and further that the matrix of DG(u,v)|Fn with respect

to {fm}n1 is upper triangular, that is,

DG(u,v)|Fn
=


λ1 . . .

0 λ2 · · ·
... · · ·

. . .

0 · · · 0 λn


And moreover

DG(u,v)((en+1, 0)) ∈ span{f1, f2, ..., fn}.

Then there is a holomorphic map, g : U → V such that G(x, y) = v implies g(x) = y.
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a note on existence of antisymmetric solutions for a

class of nonlinear Schrodinger equations

janete s. carvalho ∗ & Liliane A. Maia † & Olimpio H. Miyagaki ‡

In this work we establish the existence of a special class of sign changing solutions for the elliptic problem

−4u+ V (x)u = f(u) in RN , (0.1)

with

u(τx) = −u(x),

where N ≥ 3 and 1 < p < 2∗ − 1. Moreover, τ : RN → RN is a nontrivial orthogonal involution that is a linear

orthogonal transformation on RN such that τ 6= Id and τ2 = Id, here Id being the identity on RN . We assume

that V is invariant under an orthogonal involution and show the existence of a particular type of sign changing

solution. For this, we set the basic assumptions on V : RN → R,

(V1) V is continuous and there exist V0 > 0 such that V (x) ≥ V0;

(V2) lim|x|→∞ V (x) = V∞, V∞ > 0, V (x) � V∞;

(V3) V (τx) = V (x).

(V4) V (x) ≤ V∞ − Ce−γ|x| for all x ∈ RN with 0 < γ <
√
V∞ and C > 0.

The hypotheses for the function f are:

(f1) f ∈ C1(R,R);

(f2) f(0) = 0 = f ′(0);

(f3) there are constants a1, a2 > 0 and 1 < p < 2∗ − 1 such that

|f ′(s)| ≤ a1 + a2|s|p−1 for all s ∈ R;

(f4) there is a constant µ > 2 such that , if F (s) :=
∫ s
0
f(t)dt,

0 < µF (s) ≤ sf(s) and (µ− 1)sf(s) < f ′(s)s2 for all s 6= 0;

(f5) f is odd.

1 Main theorem

Teorema 1.1. If (V 1) − (V 4) and (f1) − (f5) are satisfied, then problem (0.1) has a nontrivial τ -antisymmetric

solution which changes sign exactly once, that is, u ∈ H1
0 (RN )\{0} such that u(τx) = −u(x).

The method applied in order to find the antisymmetric solution is minimization of the associated functional

constrained to a τ -antisymmetric Nehari manifold. The basic tool employed here is the Concentration–Compactness

Principle.
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on laplace-beltrami differentiability of positive

definite kernels on the sphere

mario h. castro ∗, valdir a. menegatto † & claudemir p. oliveira ‡

Let n be an integer at least 2 and Sn−1 the unit sphere in Rn. In this paper, we investigate some questions related
to term by term Laplace-Beltrami differentiability of nonzero kernels on Sn−1. In order to make the questions clear,
we introduce the type of kernels we are interested most, followed by the pertinent notation and definitions.

The kernels we intend to deal with are absolutely and uniformly expansions of the form

K(x, y) =
∞∑
k=0

akYk(x)Yk(y), x, y ∈ Sn−1, (1.1)

where ak > 0 for all k and {Yk : k = 0, 1, . . .} is a L2(Sn−1)-orthonormal sequence of continuous complex functions
on Sn−1. Orthogonality refers to the inner product

〈f, g〉2 =
1

σn−1

∫
Sn−1

f(y) g(y) dσn−1(y), f, g ∈ L2(Sn−1), (1.2)

in which dσn−1 is the usual surface element of Sn−1 while σn−1 stands for the surface of the sphere Sn−1. In
practice, the orthonormal sequence may be taken as an L2(Sn−1)-complete set of spherical harmonics. The uniform
convergence of the series defining K allows one to integrate it to deduce the recovery formula

σn−1Yk =
1
ak

∫
Sn−1

K(·, y)Yk(y)dσn−1(y). (1.3)

Expansions as in (1.1) define positive definite kernels in the following sense:

N∑
i,j=1

ci cjK(xi, xj) ≥ 0, (1.4)

whenever N ≥ 1, {x1, . . . , xN} ⊂ Sn−1 and {c1, . . . , cN} ⊂ C.
Having introduced the kernels, we proceed recalling the notion of spherical translation, a crucial component

in the definition of differentiability we are concerned with. For ε in (−1, 1), let Sn−1
ε denote the usual spherical

translation operator defined by the formula

Sn−1
ε (f)(x) :=

1
σn−2(1− ε2)(n−2)/2

∫
x·y=ε

f(y)dy, x ∈ Sn−1, (1.5)

where “·”is the usual inner product of Rn and dy denotes the measure element of the rim {y ∈ Sn−1 : x · y = ε} of
the spherical cap {y ∈ Sn−1 : x · y ≥ ε}. Also, let ∆ε := I − Sn−1

ε , in which I denotes the identity operator.
Let X denote either Lp(Sn−1) or C(Sn−1). A function f ∈ X is said to be differentiable in the sense of Laplace-

Beltrami if there is a function Df ∈ X such that

lim
ε→1−

∥∥(1− ε)−1∆ε(f)−Df
∥∥
X

= 0. (1.6)

The function Df is then called the Laplace-Beltrami derivative of f . Higher order derivatives are defined inductively
by the formulas D1 = D and Dr := D1 ◦ Dr−1, r = 2, 3, . . ..
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Spaces of differentiable functions in the sense just described are defined as

W r
X := {f ∈ X : Drf ∈ X}, r = 1, 2, . . . , (1.7)

with norm given by ‖f‖W r
X

= ‖f‖X + ‖Drf‖X , f ∈W r
X .

It is instructive to observe that the space Hnk of all k-th degree spherical harmonics in n variables is a subset of
W r
X and

DrY =
kr(k + n− 2)r

(n− 1)r
Y, Y ∈ Hnk . (1.8)

A fact of major importance is that the linear operator Dr : W r
X ⊂ X → X is closed. In the Lp setting, if f = g a.e.

and Drf exists then Drg exists and Drf = Drg a.e.. In its non-operator form, the Laplace-Beltrami derivative first
appeared in Rudin’s paper [4]. The additional theory, in the operator form we use here, was probably developed
by Wehrens ([5], [6]). The derivative enters in the definition of the so-called r-th spherical modulus of smoothness;
their use can be ratified in references such as, [1] and [3].

1 Mathematical Results

The main results we intend to show are now stated. The symbol Dα,β relates to usual derivatives on the sphere.

Teorema 1.1. Let r be positive integer. If K ∈ C2r×2r(Sn−1 × Sn−1) and K is positive definite then Dr,rK is
positive definite.

Teorema 1.2. Let α be a nonzero multi-index. Let K be a kernel for which Dα,αK exists and is continuous in
Sn−1×Sn−1. Then

∑∞
k=0 akDsxYk(x)DtyYk(y) converges uniformly to Ds,tK in Sn−1×Sn−1, as long as 2s, 2t ≤ |α|.

Teorema 1.3. Assume each Yk belongs to C2r(Sn−1), for some nonnegative integer r. Let s and t be integers such
that 2s, 2t < r. If

∑∞
k=0 akD

2α
x Yk(x)D2β

y Yk(y) converges uniformly when |α| < s and |β| < t then Ds,tK(x, y) exists,
is continuous and

Ds,tK(x, y) =
∞∑
k=0

akDsxYk(x)DtyYk(y).
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Some non-local population models with non-linear

diffusion

Francisco Julio S.A. Corrêa ∗ & Manuel Delgado and Antonio Suárez †

In this note we study the following equation, arising in some cases from the population dynamics, of the form −∆wm = wf

(
x,

∫
Ω

wr

)
in Ω,

w = 0 on ∂Ω,
(0.1)

with r > 0, f is a regular function and m ≥ 1. Here, we are assuming that Ω is fully surrounded by an inhospitable
area, since the population density is subject to homogeneous Dirichlet boundary conditions. The real parameter m
represents the velocity of diffusion, the rate of movement of the species from high-density regions to low-density ones.
In this context, m > 1 means that the diffusion is slower than in the linear case (m = 1), which seems to give more
realistic models, see [1]. The term m > 1 was introduced in [1], see also [2], by describing the dynamics of biological
population whose mobility depends upon their density. Finally, f denotes the crowding effect. Observe that this
term includes a non-local term. Non-local terms have been introduced at least to our knowledge, in population
dynamic models in [3]. The presence of the nonlocal terms in (0.3), from the biological point of view means that
the crowding effect depends not only on their own point in space but also depends on the entire population.

The change wm = u transforms the problem (0.1) into −∆u = uq f

(
x,

∫
Ω

up

)
in Ω,

u = 0 on ∂Ω,
(0.2)

with 0 < q < 1, p > 0. Specifically, in this note, we are concerned with the the nonlocal elliptic problem


−∆u = uq

(
λ+ a(x)

∫
Ω

b(x)up

)
in Ω,

u > 0 in Ω,
u = 0 on ∂Ω,

(0.3)

where Ω is a bounded and regular domain of IRN , N ≥ 1, a, b ∈ C(Ω), b ≥ 0, b 6≡ 0,

λ ∈ IR, 0 < q ≤ 1, p > 0,

and a verifies either a > 0 or a < 0.
The above equation is a nonlocal counterpart of the well known logistic equation, whose more general version

is given by 
−∆u = uq (λ+ a(x)up) in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,

(0.4)

where λ, p, q and a are as above.
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Let us point an important fact on equations (0.4) and (0.3). When q = 1, the strong maximum principle implies
that any positive solution u (positive means non-negative and non-trivial) is strictly positive (u(x) > 0 for all x ∈ Ω.)
This means that there are uniquely two kinds of solutions in this case: the trivial solution (the species is dead) and
the strictly positive solution (the species survives in whole domain). However, when q < 1 appears a new type of
solution: a non-negative and non-trivial solution u but vanishing in a part of the domain Ω0 ⊂ Ω, that is u(x) = 0
for x ∈ Ω0. This set is called dead-core, see [4] and [5] where conditions on the coefficients are given for assure the
existence of dead cores.

With respect to the mathematical analysis of (0.3) we consider two situations:

(i) The Homogeneous Case. Here we suppose that a is a constant and we use fixed point to obtain existence
results. In this case we are able to describe exactly the set of positive solution of (0.3).

(ii) The Non-Homogeneous Case. Here we consider the situation in which a depends on x ∈ Ω. In this case,
bifurcation theory and sub-supersolution method plays a key role.
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modelos matemáticos aplicados a la investigación de

nuevas estrategias de tratamiento del cáncer:

aspectos teóricos y numéricos

Patricio Cumsille ∗ Cristóbal Quiñinao † & Carlos Conca ‡

El objetivo principal de este trabajo es estudiar la efectividad de nuevos medicamentos que atacan el proceso
de angiogénesis, y también las terapias mixtas que además utilizan los tratamientos tradicionales contra el cáncer,
como lo es la radioterapia o la quimioterapia, que actúan impidiendo la reproducción de las células canceŕıgenas.
Basados en [1] hemos creado un modelo matemático, más estable con respecto a los parámetros, y al mismo tiempo
robusto como para predecir el crecimiento tumoral, junto con la angiogénesis tumoral y terapias anti-proliferativa
y anti-angiogénica. En esta exposición se mostrarán simulaciones numéricas del modelo, las cuales concuerdan con
el resultado del paper [1], sin incluir aún el efecto de los medicamentos. Queda en etapa de desarrollo un algoritmo
numérico que busque la mejor forma de posicionar el tamaño y la administración de las dosis de medicamentos, de
manera tal de conseguir la mejor combinación de estos en el sistema.
Nuestro modelo consiste en un sistema de ecuaciones en derivadas parciales de advección-difusión-reacción, que
describe tanto la evolución como la interacción entre las variables. Las reglas que regulan dichas interacciones son
en general expresiones no lineales de los coeficientes de las ecuaciones. Las notaciones utilizadas en nuestro modelo
son: Ω el dominio computacional, P , Q, y N la densidad de las células tumorales en proliferación, en quiescencia, y
necróticas, respectivamente, S la densidad de células del tejido sano, ρ la densidad de células endoteliales inestables,
α la concentración de VEGF, C la concentración de ox́ıgeno, M1 la concentración de fármaco anti-proliferativo,
y M2 la concentración de fármaco anti-angiogénico. El modelo completo que proponemos para la evolución del
crecimiento tumoral, acoplado con la angiogénesis tumoral, y con la acción de los fármacos anti-neoplásicos se
escribe como sigue:

∂P

∂t
+∇ · (Pv)︸ ︷︷ ︸

advección

= γ(C)P︸ ︷︷ ︸
crecimiento celular

− (h2(C) + h3(M1) + h4(C))P︸ ︷︷ ︸
hipoxia, necrósis y anti-proliferantes

+ h5(C)Q,︸ ︷︷ ︸
hiperventilación

(0.1)

∂Q

∂t
+∇ · (Qv) = h2(C)P − (h5(C) + h6(C))Q, (0.2)

∂N

∂t
+∇ · (Nv) = h6(C)Q+ (h3(M1) + h4(C))P, (0.3)

∂S

∂t
+∇ · (Sv) = 0, (0.4)

∂ρ

∂t
+∇ · (ρv) +∇ · (χρ∇α)︸ ︷︷ ︸

angiogénesis

= π(α)ρ,︸ ︷︷ ︸
proliferación

(0.5)

∂α

∂t
−∇ · (D1∇α)︸ ︷︷ ︸

difusión

= −ρα︸︷︷︸
consumo

+h0(Q,C, α)︸ ︷︷ ︸
producción

,
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∂C

∂t
−∇ · (D2∇C) = −αCPC − βCQC + Csouh1(C)ρ,

∂M1

∂t
−∇ · (D3∇M1) = −αM1PM1 − βM1QM1 − γM1M1︸ ︷︷ ︸

decaimiento natural

+h7(M1)ρ(δM1,1χ[T1,T2] + . . .+ δM1,nχ[T2n−1,T2n]),

∂M2

∂t
−∇ · (D4∇M2) = −αM2PM2 − βM2QM2 − γM2M2

+h8(M2)ρ(δM2,1χ[T1,T2] + . . .+ δM2,nχ[T2n−1,T2n]).

En las ecuaciones anteriores hemos denotado por Di, i = 1, 2, 3, 4, los coeficientes de difusión para las diferentes
variables. Estos dependen de la cantidad que está difundiendo, y de la zona del espacio en donde difunde (tejido
sano o tumoral). Además la función γ(·) y las funciones hi, i = 2, 3, 4, 5, 6, 7, 8 modelan la tasa de proliferación de
células tumorales y las tasas de transición de un estado celular a otro, respectivamente. Los parámetros αC , βC son
constantes positivas que representan las tasas de consumo de ox́ıgeno por las células proliferativas y quiescientes
respectivamente; la misma interpretación se tiene para los otros coeficientes (αMi

, βMi
, i = 1, 2). Los parámetros

δMi,j , i = 1, 2, j = 1, . . . , n, representan las dosis de administración de las drogas M1 (respectivamente M2) y
[Ti, Ti+1], i = 1, . . . , 2n − 1, representan los intervalos de tiempo en los cuales dichas dosis son administradas.
Suponemos la condición:

n∑
j=1

δMi,j(T2j − T2j−1) = constante, i = 1, 2

esto es, la cantidad total de droga total está predeterminada.
La sensibilidad χ es una función que depende de ρ y de M2 y modela el efecto de M2, que actúa disminuyendo la
sensibilidad de los receptores de VEGF.
Las ecuaciones (0.1)-(0.5), combinadas con el hecho de que la densidad de células por unidad de volumen no vaŕıa
(P + Q + N + S + ρ = constante), implican que, salvo normalización ∇ · v = γ(C)P + π(α)ρ − ∇ · (χρ∇α). Aśı
suponiendo válida la ley de Darcy, v = −k∇ϕ, donde ϕ es un potencial y k es la porosidad del medio dada por
k = k1(S + ρ) + k2(P + Q + N), donde k1 representa la porosidad del tejido sano y k2 la porosidad del tejido
canceŕıgeno (0 < k1 < k2, ambas constantes), obtenemos que:

−∇ · (k∇ϕ) = γ(C)P + π(α)ρ−∇ · (χρ∇α).

Este sistema de ecuaciones se cierra con condiciones de borde e iniciales apropiadas.
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strong resonance elliptic problems using variational

methods

Edcarlos D. da Silva ∗

1 Introduction

In this notes we discuss the existence and multiple solutions of the Dirichlet boundary value problem
{
−∆pu = λ1|u|p−2u + f(x, u) in Ω,

u = 0 on ∂Ω,
(1.1)

where Ω ⊂ RN is a bounded open domain with smooth boundary ∂Ω, 1 < p < N and f : Ω × R → R is a
Carathéodory function such that

lim
|t|→∞

f(x, t)
|t|p−1

= 0. (1.2)

Here 4p denotes the p-Laplacian operator, that is, 4pu = div(|∇u|p−2∇u). When p = 2, it is the usual Laplacian
operator.

From a variational stand point of view, finding solutions of (1.1) in W 1,p
0 (Ω) is equivalent to finding critical

points of the C1 functional J given by

J(u) =
1
p

∫

Ω

|∇u|pdx− λ1

p

∫

Ω

|u|pdx−
∫

Ω

F (x, u)dx, ∀u ∈ W 1,p
0 (Ω), (1.3)

where F (x, t) =
∫ t

0
f(x, s)ds and the Sobolev space W 1,p

0 (Ω) is a Banach space endowed with the norm ‖u‖ =
(
∫
Ω
|∇u|pdx)

1
p .

It is well known that the p-homogeneous boundary value problem
{
−∆pu = λ1|u|p−2u in Ω,

u = 0 on ∂Ω,
(1.4)

has the first eigenvalue λ1 > 0 that is simple and has an associated eigenfunction denoted by Φ1 which is positive
in Ω.

Therefore, by (1.2), the problem (1.1) presents the resonance phenomena at the first eigenvalue. These problems
are very interesting and they have a vast literature which starts by celebrated work [2].

The main goal of this notes is find existence and multiple solutions of problem (1.1) assuming strong resonance
conditions at infinity. These problems has been studied since the appearance of work [1]. More specifically, we
consider the following restrict situations

lim
|t|→∞

f(x, t) = 0, and |F (x, t)| ≤ C, ∀ (x, t) ∈ Ω× R. (1.5)

Moreover, we make some conditions which are weaker than the non-quadricity condition at infinity introduced
by [4]. More specifically, we introduce the following hypothesis

(H0) There are functions a, b ∈ L1(Ω) such that
∗Instituto de Matemática ,UFG, GO, Brazil, edcarlos@mat.ufg.br
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lim sup
|t|→∞

tf(x, t) ≤ a(x) ¹ 0, ∀ x ∈ Ω, (1.6)

or
lim inf
|t|→∞

tf(x, t) ≥ b(x) º 0, ∀ x ∈ Ω. (1.7)

Here the inequality a(x) ¹ 0 means that a(x) ≤ 0, ∀ x ∈ Ω with strict inequality holding on some subset Ω ⊆ Ω
which has positive Lebesgue measure.

2 Results

In this section we presents the main results. Here, we will always use the Variational Methods and Morse Theory.
First, we can prove the following result

Teorema 2.1. (Existence) Suppose (SR), (H0). Then the problem (1.1) has at least one solution u0 ∈ W 1,p
0 (Ω).

Now, we take F (x, 0) ≡ 0, f(x, 0) ≡ 0 which implies that u = 0 is a trivial solution of problem (1.1). In this
case the key point is assure the existence of nontrivial solutions. We need some additional hypothesis

(H1) There are δ > 0 and α ∈ (0, λ1) such that

F (x, t) ≤ α− λ1

p
|t|p, ∀ |t| ≤ δ, ∀x ∈ Ω.

(H2) There is t? ∈ R\{0} such that ∫

Ω

F (x, t?Φ1(x))dx > 0.

Thus, combining Ekeland’s Variational Principle and Mountain Pass Theorem, we can prove the following multi-
plicity result

Teorema 2.2. Suppose (SR), (H0), (H1), (H2). Then the problem (1.1) has at least two nontrivial solutions
u0, u1 ∈ W 1,p

0 (Ω).

Next, we consider the following hypothesis

(H3) There are r > 0 and ε ∈ (0, λ2 − λ1) such that

0 ≤ F (x, t) ≤ λ2 − λ1 − ε

p
|t|p, ∀ |t| ≤ r, ∀x ∈ Ω.

Then, using the Three-Critical Point Theorem, we can show the following result

Teorema 2.3. Suppose (SR), (H0), (H3). Then the problem (1.1) has at least two nontrivial solutions.
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On a Variational Inequality for

a Micropolar Fluid System
G. M. de Araújo ∗

Let Ω ∈ Rn(n = 3) be a bounded connected open set with the boundary ∂Ω regular enough. For T > 0, we
denote by QT the cylinder (0, T )×Ω, with lateral boundary ΣT = (0, T )× ∂Ω. We consider the nonlinear coupled
system ∣∣∣∣∣∣∣

u′ − (ν0 + ν1‖u‖2)∆u+ (u.∇)u+∇p = rotw + f in QT

w′ −∆w −∇(∇.w) + (u.∇)w = rotu+ g in QT

div u = 0 in QT , u = w = 0 on ΣT , u(x, 0) = u0(x) and w(x, 0) = w0(x) in Ω,
(0.1)

Here, u(x, t) ∈ R3, w(x, t) ∈ R3 and p(x, t) ∈ R, denotes for (x, t) ∈ Q, respectively, the velocity field, the angular
velocity and the hidrostatic pressure of the fluid. To our best knowledge, micropolar fluid were introduced by A.
C. Eringen[4]. The main difference with respect to modeled fluids by the Navier-Stokes is that the rotation of the
particles is taken into account. In particular, the nonlinear coupled system (0.1) can be used to model the behavior
of liquid crystals, polymeric fluids and blood under some circumstances(see for instance [6]). These systems have
been mainly analyzed by G. Lukaszewicz in [5]. Here, we propose the variational inequality system∣∣∣∣∣∣∣

u′−(ν0 + ν1‖u‖2)∆u+ (u.∇)u+∇p ≥ rotw + f in QT

w′ −∆w −∇(∇.w) + (u.∇)w ≥ rotu+ g in QT

div u = 0 in QT , u = w = 0 on ΣT , u(x, 0) = u0(x) and w(x, 0) = w0(x) in Ω,
(0.2)

Also we define the following spaces: V = {ϕ ∈ D(Ω)n; divϕ = 0}, V = V (Ω) = VH
1
0 (Ω)n

and H = H(Ω) =

VL
2(Ω)n

, V and H with inner product and norm denoted, respectively by ((u, z)) =
n∑

i,j=1

∫
Ω

∂ui
∂xj

(x)
∂zi
∂xj

(x) dx,

‖u‖2 =
n∑

i,j=1

∫
Ω

(
∂ui
∂xj

(x)
)2

dx, and (u, v) =
n∑
i=1

∫
Ω

ui(x)vi(x) dx, |u|2 =
n∑
i=1

∫
Ω

|ui(x)|2 dx.

Remark 0.1. V and H are Hilbert’s spaces, V ↪→ H ↪→ V ′ with embedding dense and continuous.

Let K and K̃ be a closed and convex subset of V and H1
0 (Ω) with 0 ∈ K, K̃. We introduce the following bilinear

and the trilinear form

a(u, v) =
n∑

i,j=1

∫
Ω

∂ui
∂xj

(x)
∂vi
∂xj

(x) dx = ((u, v)), b(u, v, w) =
n∑

i,j=1

∫
Ω

ui(x)
∂vj
∂xi

(x)wj(x) dx.

Next we shall state the main results of this paper.

Theorem 0.1. If n ≤ 3, f ∈ L4/3(0, T ;H−1(Ω)), g ∈ (L2(0, T ;H−1(Ω)), then there exists functions {u,w} such
that

u ∈ L4(0, T ;V ) ∩ L∞(0, T ;H), w ∈ L2(0, T ;H1
0 (Ω)) ∩ L∞(0, T ;L2(Ω)), u(t) ∈ K, a.e., w(t) ∈ K̃, a.e. (0.3)∫ T

0

[〈ϕ′, ϕ− u〉+ a(u, ϕ− u) + b(u, u, ϕ− u) + ‖u‖2a(u, ϕ− u)]dt ≥
∫ T

0

[(rotw,ϕ− u) + 〈f, ϕ− u〉]dt,

∀ϕ ∈ L4(0, T ;V ), ϕ′ ∈ L4/3(0, T ;V ′), ϕ(0) = 0, ϕ(t) ∈ K a.e.
(0.4)

∫ T

0

[〈φ′, φ− w〉+ a(w, φ− w) + b(u,w, φ− w)− (∇divw, φ− w)]dt ≥
∫ T

0

[(rotu, φ− w) + 〈f, φ− w〉 dt], (0.5)

∀φ ∈ L4(0, T ;H1
0 (Ω)), φ′ ∈ L4/3(0, T ;H−1(Ω)), φ(0) = 0, φ(t) ∈ K̃ a.e.
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The proof of Theorem 0.1 will be given by the penalty method. We solve the mixed problem (0.6) and the
estimates obtained for the local solution, allow us pass to limits, when ε, ε goes to zero, in order to obtain functions
{u,w} which is the solution of Theorem (0.1).

First of all, let us consider the penalty operators β : V −→ V ′ and β̃ : H1
0 (Ω) −→ H−1(Ω) associated to the

closed convex sets K and K̃, cf. Lions [2], p.370. The operators β and β̃ are monotonous, hemicontinuous, takes
bounded sets of V and H1

0 (Ω) into bounded sets of V ′ and H−1(Ω), its kernel are K and K̃, β : L4(0, T ;V ) −→
L4/3(0, T ;V ′), β̃ : L2(0, T ;H1

0 (Ω)) −→ L2(0, T ;H−1(Ω)) are equally monotone and hemicontinous.
The penalized problem associated with the variational inequalities (0.2) consists in given

0 < ε, ε < 1, find {uε, wε} solution in Q of the mixed problem∣∣∣∣∣∣∣∣∣∣
uε − (ν0 + ν1‖uε‖2)∆uε + (uε.∇)uε +

1
ε
βuε +∇p = rotwε + f in QT

w′ε −∆wε −∇(∇.wε) + (uε.∇)wε +
1
ε
β̃wε = rotuε + g in QT

div uε = 0 in QT , uε = wε = 0 on ΣT , uε(x, 0) = uε0(x) and wε(x, 0) = wε0(x) in Ω,

(0.6)

Definition 0.1. Let uε0 ∈ H, wε0 ∈ L2(Ω), f, g ∈ L4/3(0, T ;H−1(Ω)). A weak solution to the boundary value prob-
lem (0.6) is a functions {uε, wε}, such that uε ∈ L4(0, T ;V )∩L∞(0, T ;H), wε ∈ L4(0, T ;H1

0 (Ω))∩L∞(0, T ;L2(Ω)),
for T > 0, satisfying the identity∣∣∣∣∣∣∣∣∣∣∣

(u′ε, ϕ) + ν0a(uε, ϕ) + b(uε, uε, ϕ) + 〈Auε, ϕ〉+
1
ε

(βuε, ϕ) = (rotwε, ϕ) + (f, ϕ)

(w′ε, φ)+a(wε, φ)+(divwε,div φ) + b(uε, wε, φ) +
1
ε

(β̃wε, φ) = (rotuε, φ) + (g, φ)

∀ϕ ∈ V, φ ∈ H1
0 (Ω), uε(0) = uε0, wε(0) = wε0, divϕ = 0

(0.7)

Remark 0.2. We denote by A the monotonous, hemicontinous and bounded operator A : V −→ V ′ , 〈Au, v〉 =
‖u‖2a(u, v) (see, for example, Lions [2], p. 218). We have that Au = −ν1‖u‖2∆u.

The solution of the (0.7) is given by the following theorem:

Theorem 0.2. If f ∈ L4/3(0, T ;H−1(Ω)), g ∈ L2(0, T ;H−1(Ω)), uε0 ∈ V and wε0 ∈ H1
0 (Ω), then for each

0 < ε, ε < 1 there exists a functions {u,w} defined for (x, t) ∈ QT , solution to the problem (0.6) in the sense of
Definition 0.1.
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biharmonic equations of the henon type: existence

results

Djairo G. de Figueiredo ∗ Ederson M. dos Santos † & Oĺımpio H. Miyagaki ‡§

Starting with the pioneering work of Ni [5], a special attention has been devoted to the study of the Dirichlet

problem

−∆u = |x|α|u|p−1u in B, with u = 0 on ∂B, (0.1)

where B stands for the open unit ball in RN and N ≥ 3. The term |x|α in (0.1) modifies the range of the values

p for which the problem has a solution. The critical exponent, which in the case of α = 0 is 2∗ := 2N/(N − 2), is

changed by the presence of |x|α, and it is then 2♦ := (2N + 2α)/(N − 2). By the classical Pohozaev argument one

proves that (0.1) has no classical solution if p ≥ 2♦ − 1. Existence of a positive radial solution for 1 < p < 2♦ − 1

was proved by Ni [5]. Later, Badiale, Serra [1] proved the following theorem.

Teorema 0.1. [1, Theorem 1.1] Assume N ≥ 4 and 1 < p < (N + 1)/(N − 3). Then, for all large α, problem (0.1)

has at least [N/2]− 1 different positive non radial solutions.

In this paper we consider the boundary value problem

∆2u = |x|α|u|p−1u in B, with Bu = 0 on ∂B, α > 0 (0.2)

where either Bu = u, ∆u (Navier boundary condition) or Bu = u, ∂u∂ν (Dirichlet boundary condition), and our aim

is to prove existence, multiplicity and regularity of solutions obtained by variational methods, which to start with

lie in some Sobolev spaces.

As far as we know, the first work on this type of problem is due to Dalmasso [4]. In that paper, possibly

motivated by Ni [5], Dalmasso considers (0.2) under Dirichlet’s boundary condition and he proves the following

result.

Teorema 0.2. [4, Corollaire 2.1 and Théoreme 1.1] Let N ≥ 5. Consider (0.2) under Dirichlet’s boundary

condition.

1. If p ≥ [N + 2(2 + α)]/(N − 4), then (0.2) has no classical positive (u > 0 in B) solution u ∈ C4(B).

2. If 1 < p < [N + 2(2 + α)]/(N − 4), then (0.2) has a classical positive (u > 0 in B) radial solution u ∈ C4(B)

which is strictly radially decreasing.

The proof of item 1. is based on Pohozaev argument, meanwhile the proof of item 2. is based on a Radial

Lemma for functions in H2
0,rad(B), which reads (see [4, Lemme 3.1]) as follows:

|u(x)| ≤ C
[∫
B
|∆u|2dx

]1/2
|x|(N−4)/2

, ∀x ∈ B\{0}, ∀u ∈ H2
0,rad(B).

To our knowledge we are the first to consider (0.2) under Navier’s boundary condition and our approach in this

case has some intersection with Calanchi, Ruf [2] who treat, in particular, a Hamiltonian system with weights of

Henon’s type. Our first result is the following theorem.
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Teorema 0.3. Let N ≥ 5. Consider (0.2) under Navier’s boundary condition (note u > 0 in B iff −∆u > 0 in

B).

1. If p ≥ [N + 2(2 + α)]/(N − 4), then (0.2) has no positive classical solution u ∈ C4(B).

2. If 1 < p < [N + 2(2 +α)]/(N − 4), then (0.2) has a positive solution u ∈ C4(B). In addition, u and −∆u are

radial and strictly radially decreasing.

In order to prove the above theorem, we present sharp pointwise estimates for radial functions in the Sobolev

space Wm,p
rad (B) for every m ≥ 1. We apply these estimates to get compact imbeddings and to prove classical

regularity of any weak radial solution of (0.1) with 0 < p < [N + 2(1 + α)]/(N − 2) and (0.2) with 0 < p <

[N + 2(2 + α)]/(N − 4).

In addition, we present some general Sobolev imbeddings for functions which possess partial radial symmetry.

Such result provides the most important parts in the proof of the Theorem 0.4 below. Observe that similar results

are given by Theorem 0.1 in the case of the Laplacian under Dirichlet boundary condition and by [3, Theorem 1.1]

in the case of the p-Laplacian under Dirichlet boundary condition.

Teorema 0.4. Assume N ≥ 4, p > 1 and, if N ≥ 6 also assume p < (N + 3)/(N − 5). Then there exists α0 > 0

such that (0.2) has at least [N/2]− 1 non radial C4(B) solutions for every α > α0. In addition:

1. if Bu = u, ∆u, then all these solutions satisfy u, −∆u > 0 in B and

2. if B(u) = u, ∂u∂ν , then all these solutions satisfy u > 0 in B and ∆u changes sign in B.
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algebras of lorch analytic mappings

Luiza A. Moraes ∗ & Alex F. Pereira †

In this work, we describe the spectra of some algebras of Lorch analytic mappings. For a commutative Banach

algebra E with unit and an open connected subset U of E, we say that f : U −→ E has an (L)-derivative

f ′(w0) ∈ E at w0 ∈ U if for each ε > 0 a δ > 0 can be found such that for all h ∈ E satisfying ∥h∥ < δ we have

∥f(w0 + h)− f(w0)− h f ′(w0)∥ < ε∥h∥.

We say that f is (L)-analytic in U if f has an (L)-derivative at each point of U (see [7]). It is known that f is

(L)-analytic in U if and only if given any w0 ∈ U there exists ρ > 0 and there exist unique elements an ∈ E, such

that f(w) =
∑∞

n=0 an(w − w0)
n for all w in ∥w − w0∥ < ρ. For details, see for instance the Theorems 3.19.1 and

26.4.1 in [6]. In particular, f : E −→ E is (L)-analytic in E if and only if there exist unique elements an ∈ E, such

that lim ∥an∥
1
n = 0 and f(w) =

∑∞
n=0 anw

n for all w ∈ E. It is easy to verify that HL(U,E) ⊂ H(U,E) where

H(U,E) denotes the space of holomorphic mappings from U into E. We refer to [3] and [9] for background on

holomorphic mappings between Banach spaces.

We denote by HL(U,E) the space of the (L)-analytic mappings from U into E. When U = E we write HL(E)

instead of HL(E,E). Given a ∈ E, we denote by f̃a the constant mapping f̃a(w) = a for all w ∈ U . We show

that (HL(E) , τb) is a commutative Fréchet algebra with unit f̃e, where e is the unit of E and τb is the topology of

uniform convergence on the bounded subsets of E.

For each n = 1, 2, ... let BE denote the open ball {w ∈ E; ∥w∥ < 1} and let AL(nBE) be the space of all

f : nBE −→ E that are (L)-analytic in nBE and uniformly continuous on nBE endowed with the topology

generated by the norm defined by ∥f∥n := sup{∥f(w)∥;w ∈ nBE} for every f ∈ AL(nBE). It is easy to verify that

AL(nBE) is a commutative Banach algebra with unit f̃e. We denote by H∞
L (BE) the space of all bounded (L)-

analytic mappings from BE into E. It is easy to check that H∞
L (BE) endowed with de sup norm is a commutative

Banach algebra with unit f̃e. The proofs of the results announced in this note can be found in [8].

1 The Results

If A is a commutative Fréchet algebra, we denote by M(A) the spectrum of A. By definition, the radical of an

algebra A is the intersection of all maximal ideals in A. We will denote the radical of A by R(A). An algebra A is

called semi-simple if R(A) = {0}. We refer to [5] for background on Fréchet algebras and to [1], [2], [4] and [10]

for previous results about spectra of algebras of holomorphic mappings.

Theorem 1.1. Let E be a commutative Banach algebra with a unit element e. The mapping δ : M(E) × C −→
M(HL(E)) defined by δ(φ, λ)(f) = φ(f(λe)) for every f ∈ HL(E) is injective and onto. Moreover, the inverse Π

is continuous.

Given any n ∈ N, let ∆n = {λ ∈ C : |λ| ≤ n}, ∥f∥∆n
= sup{∥f(λe)∥ ; λ ∈ ∆n} for all f ∈ HL(E) and

An = {ϕ ∈ M(HL(E)) : |ϕ(f)| ≤ ∥f∥∆n
for every f ∈ HL(E)}. If n = 1 we write ∆ instead of ∆1.

Theorem 1.2. Let E be a commutative Banach algebra with a unit element e and let Π : M(HL(E)) −→ M(E)×C

be the inverse of the mapping δ defined in the Theorem 1.1. Then Π defines an homeomorphism from An onto

M(E)×∆n for all n ∈ N.

∗Instituto de Matemática,UFRJ, RJ, Brasil, luiza@im.ufrj.br
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Theorem 1.3. The spectrum M(AL(nBE)) of AL(BE) is homeomorphic to M(E)×∆n.

Corollary 1.1. E is semi-simple if and only if HL(E) is semi-simple.

Corollary 1.2. E is semi-simple if and only if AL(nBE) is semi-simple.

To each φ ∈ M(E) and λ ∈ ∆ we associate the mapping δ(φ, λ) : H∞
L (BE) −→ C defined by δ(φ, λ)(f) =

φ(f(λe)) for every f ∈ H∞
L (BE). It is easy to check that δ(φ, λ) ∈ M(H∞

L (BE)).

Proposition 1.1. The mapping δ : M(E) ×∆ −→ M(H∞
L (BE)) that associates to each (φ, λ) ∈ M(E) ×∆ the

function δ(φ, λ) defined above is injective but δ(M(E)×∆) & M(H∞
L (BE)).

Proposition 1.2. The following are equivalent:

(a) δ(M(E)×∆) = M(H∞
L (BE)).

(b) For any family f1, . . . , fn ∈ H∞
L (BE) satisfying that there exists δ > 0 such that for every λ ∈ ∆ and for

every φ ∈ M(E),
n

∑

i=1

|φ(fi(λe))| ≥ δ

holds, there exists g1, . . . , gn ∈ H∞
L (BE) such that

n
∑

i=1

fi(w)gi(w) = e for all w ∈ BE
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controle de proliferação de insetos

milton l. oliveira ∗ & jose l. boldrini † & anderson l. a. araujo ‡

A proliferação de mosquitos em regiões habitadas é uma importante questão de saúde pública, uma vez que
tais insetos são vetores de várias doenças infecciosas e consequentemente causam grandes transtornos à população
humana dessas regiões.

Dessa forma, o estudo de técnicas de controle de populações de mosquitos são relevantes na busca da eficiência
no seu combate. Para isto, a compreensão adequada de modelos matemáticos que descrevem tais situações pode
lançar alguma luz sobre quais procedimentos de controle são os mais adequados a cada situação espećıfica.

Neste trabalho temos interesse tanto em realizar análises matemáticas rigorosas de certos modelos de dissem-
inação e controle de populações de mosquitos em uma dada região, quanto na proposição de algoŕıtmos para o
cálculo das correspondentes estratégias ótimas e suas simulações numéricas.

Iniciaremos o trabalho pelo estudo de um problema de controle apresentado em Araujo [1] .

Pretende-se controlar a população de mosquitos em uma região através da aplicação de inseticida por uma
unidade volante de pulverização.

Para isto, analisa-se um modelo simplificado de controle ótimo distribúıdo, correspondente a uma situação onde
deseja-se encontrar uma trajetória ótima para a unidade de pulverização em um sentido que será esclarecido a
seguir.

As trajetórias admisśıveis começam em um ponto fixado que, sem perda de generalidade, podemos tomar como
sendo a origem do sistema de referências fixado; cada uma destas trajetórias admisśıveis é então determinada por
uma função suficentemente regular γ : [0, T ] → R2, com 0 < T < ∞ um tempo final fixado. Em outras palavras,
elas são as posśıveis trajetórias de um dispositivo de pulverização, a qual é assumida por simplicidade ser feita de
forma cont́ınua ao longo do percurso dado por γ, na tentativa de controlar uma população de mosquitos presente
em uma região limitada Ω ⊂ R2.

Em termos matemáticos, o problema de controle em que estamos interessados é o de encontrar uma trajetória
γ∗ : [0, T ] → R2, que é a requerida estratégia ótima (controle ótimo), satisfazendo

F (γ∗) = min{F (γ) : γ ∈ A},

onde,

A = {(γ ∈ H1(0, T ))2 : γ(0) = 0}

é o conjunto dos controles adimisśıveis e

F (γ) = J(γ, u) = µ0

∫ T

0

|γ(t)|2dt + µ1

∫ T

0

|γ′2dt + µ2

∫

Q

|u(x, t)|2dxdt.

Em [1], Araujo analisou o modelo anterior e mostrou a existência de trajetórias ótimas, bem como obteve a
caracterizaremos de tais trajetórias por sua correspondente condição de otimalidade de primeira ordem.

Esta caracterização foi obtida usando a metodologia de Dubovistskii e Milyutin(veja por exemplo Girsanov [3])
e para o modelo considerado as condições de otimalidade são as seguintes.
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Denotando por γ∗(.) o controle ótimo, e por u∗(., .) e p∗(., .) respectivamente os correspondentes estado ótimo
e estado adjunto, as condições de otimalidade são:





u∗t − α∆u∗ = a u∗ − b k(x− γ∗)u∗ em Q,

(∂/∂n)(u∗) = 0 em S,

u∗(0) = u0 em Ω,

−p∗t − α∆p∗ = a p∗ − b k(x− γ∗)p∗ − u∗ em Q,

(∂/∂n)(p∗) = 0 em S,

p∗(T ) = 0 em Ω,

−µ1γ
∗′′ + µ0γ

∗ − µ2

∫

Ω

p∗u∗∇k(x− γ∗)dx = 0

em (0, T ),
γ∗(0) = 0, γ∗

′
(T ) = 0.

Consideramos o trabalho de [1] e analisamos algumas técnicas para derivação das condições de otimalidade,
no interesse de propor um algoŕıtmo de busca de trajetórias ótimas que aproveite as condições de otimalidade já
derivadas. Para isto, utilizaremos idéias expostas por exemplo em Aleésev et al. [2] e Gunzburger [4]. A seguir,
faremos simulações de tais trajetórias, bem como análise comparativas.
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uniqueness of positive radial solutions of semilinear

elliptic equations

hugo a. c. diniz ∗ & marco a. s. souto †

We establish uniqueness of positive solutions of the semilinear equation
{
−∆u + u = g(u), in IRN , N ≥ 3
lim|x|→∞ u(x) = 0

where g belongs to a class of nonlinearities which includes g(s) = sp + λsq with 1 < q < p ≤ N
N−2 .

1 Introduction

In this paper we discuss about the uniqueness of positive solutions, which are radially symmetric around the origin,
of the second order nonlinear elliptic problem

{
−∆u = f(u) in Ω
u|∂Ω = 0,

(1.1)

where either Ω = B is a ball of radius b > 0 centered in origin, or Ω is the whole space IRN , with N ≥ 3; and f is
a C1 real function defined on [0,∞) such that:

(f1) f(0) = 0, f ′(0) < 0 and then there is a θ > 0 such that, f ′(θ) > 0
{

f(s) < 0 for all 0 < s < θ,

f(s) > 0 for all s > θ.

(f2) f(s)/s is a non-decreasing function in s > 0 and increasing in s > θ.
(f3) The function G(s) = sf ′(s)

f(s) is a non-increasing when G(s) ≥ N
N−2 and s > θ.

Here u|∂Ω = 0 means lim|x|→∞ u(x) = 0 when Ω = IRN .
In two well known papers ([3] and [4]) Gidas, Ni & Nirenberg have proved that every classical solution of

problem (1.1) must be radially symmetric in the case Ω = B, and the same result holds when Ω = IRN , (up to
a translation) with f satisfying some very reasonable conditions (for example if (f1) holds and f ∈ C1,σ, σ > 0).
Then, if u(x) = u(r), r = |x|, x ∈ Ω is a such solution, it must satisfy the following second order ordinary differential
equation:

u′′ +
N − 1

r
u′ + f(u) = 0, for all r = |x|, with x ∈ Ω and u′(0) = 0.

Thus, we can skip our problem to establish uniqueness of radially symmetric solutions. Our result is the
following:

Teorema 1.1. Under conditions (f1) − (f3) and N ≥ 3, problem (1.1) possesses at most one radially symmetric
positive classical solution in both cases: Ω = B ball or Ω = IRN (up to a translation). Moreover, this solution u is
nondegenerate in the sense that the problem: −∆ω = f ′(u)ω, Ω; has no radially symmetric solution in H1

rad(Ω).
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Observação 1.1. From conditions (f1) and (f2), the functions f and F (s) =
∫ s

o
f(τ)dτ satisfy:

• (i) F is decreasing in s < θ and increasing in s > θ.

• (ii) sf ′(s)− f(s) ≥ 0, for all s > 0 and sf ′(s)− f(s) > 0 in s > θ.

We remark that, in order to obtain existence of a solution to problem (1.1), the function F must be positive in some
point in s > 0. Thus, we suppose that F satisfies this necessary condition:

(f4) There is φ > θ such that F (φ) = 0.

Several results about uniqueness of such problems have been established. We can cite, among others, the articles:
[1], [2] [5], [6], [7], [8], [9] and [10]. According to Kwong & Zhang in [6], this study can be traced back to Coffman
in [2], where it is considered the case N = 3 and f(s) = s3 − s.

None among these works deal with nonlinearities like f(s) = sp + µsq − s, with 1 < q < p ≤ N
N−2 , µ > 0, which

is a typical example covered by this article.
Moreover, our condition (f3) is easier to check than the others contained in the reference [6].
Here we will make use of the approach used by Kwong & Zhang in [6] (The Coffman’s method). This approach

consists in studying the zeros of the first variation of an ODE, using Sturm’s comparison theorem arguments.
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Algumas soluções da EDP u2
xuxx + 2uxuyuxy + u2

yuyy = 0

Maria L. Espindola ∗

1 Introdução

Na extensão do método apresentado em Espindola [1,2], podemos obter soluções para EDPs de segunda ordem
desde que estas possam ser transformadas em equações diferenciais parciais do tipo F (f(x)p, h(y)q) = G(x), onde
p = ux, q = uy e u = u(x, y). Este método é desenvolvido utilizando uma transformação semelhante a de Legendre
e o teorema para formas diferenciais Pfaffianas. Como a solução obtida depende de uma função arbitrária logo o
método fornece sempre uma solução geral.

A equação
u2

xuxx + 2uxuyuxy + u2
yuyy = 0 (1.1)

é uma equação diferencial parcial p-harmônica (ou p-Laplace) definida em <2, para p → ∞ foi estudada por
G. Aronsson [3,4]. As soluções obtidas para esta equação diferencial parcial trazem informações importantes em
diversas situações desde esta é uma equação diferencial parcial não linear. No caso as funções u = u(x, y) são as
soluções de viscosidade ∞-harmônicas de ∆∞u = 0, onde

∆∞u = |∇u|−2
∑
i,j

uxi
uxixj

uxj
.

Neste artigo iremos ampliar o conjunto soluções de (1.1) apresentados em outros artigos, como nos de G.
Aronsson [3,4] e o de Peres [5]. Com este intuito utilizaremos o método de Monge para equações diferenciais
parciais uniformes, como efetuado em Snedonn [6], reduzindo esta equação diferencial parcial de segunda ordem
no sistema de Monge, cuja solução resulta numa EDP de primeira ordem do tipo f(p, q) = 0. Então aplicamos
o método desenvolvido em Espindola [1] para determinar a solução geral desta e portanto uma solução com uma
função arbitrária de (1.1).

2 Solução dependente de uma função arbitrária

A equação diferencial parcial p-harmônica (1.1) pode ser reescrita como

p2r + 2pqs + q2t = 0, (2.2)

onde r = px, t = py e s = py = qx.

O método de Monge, que é deduzido em Sneddon [6], pode ser aplicada para esta equação que sendo quasilinear,
uniforme e homogênea resulta no seguinte sistema de Monge:

p2(dy)2 − 2pqdxdy + q2(dx)2 = 0 (2.3)

p2dpdy + q2dqdx = 0. (2.4)

A partir da equação (2.3) temos
(pdy − qdx)2 = 0,
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ou
dy =

p

q
dx.

Que substitúıda em (2.4) fornece a forma diferencial

pdp + qdq = 0,

cuja solução é
p2 + q2 = λ2,

onde λ é uma constante arbitrária.
Como a equação diferencial parcial é da forma F (p, q) = 0 portanto sua solução, obtida pelo método desen-

volvido por Espindola [1], é
u = x

√
λ2 − q2 + yq + ϕ(q), (2.5)

com a condição
ϕ′(q) =

xq√
λ2 − q2

− y, (2.6)

onde ϕ(q) é uma função arbitrária. Portanto temos uma solução de (1.1) com uma função arbitrária.

3 Exemplo

Considere
ϕ(q) = arcsin

( q

λ

)
+ µ, (3.7)

onde µ é uma constante arbitrária. Da equação (2.6) temos

q =
x± y

√
λ2(x2 + y2)− 1
x2 + y2

. (3.8)

A solução de (1.1) é obtida substituindo (3.7) e (3.8) em (2.5)

u = x

λ2 −

(
x± y

√
λ2(x2 + y2)− 1
x2 + y2

)2
1/2

+y

(
x± y

√
λ2(x2 + y2)− 1
x2 + y2

)
+arcsin

(
x± y

√
λ2(x2 + y2)− 1
x2 + y2

)
−µ.
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estrutura linear em certos conjuntos de operadores

sobre C(K).

Rogério Fajardo ∗ & Leonardo Pellegrini †

1 Introdução

O tema espaços de Banach com poucos operadores originou-se do artigo [1], no qual Gowers and Maurey constroem
um espaço de Banach hereditariemante indecompońıvel. Nesse espaço, todo operador pode ser escrito na forma
λI + S, onde λ ∈ R e S é estritamente singular. A indecomponibilidade surge da existência de poucos operadores
e, em particular, da não existência de projeções não-triviais. Recentemente, Argyros e Haydon [2] constrúıram um
espaço de Banach no qual todos os operadores são da forma λI + S, onde λ ∈ R e S é um operador compacto.

No caso particular de espaços de Banach da forma C(K) – o espaço de Banach das funções cont́ınuas em um
compacto Hausdorff infinito K, munido da norma do supremo – foi mostrado em [3] não existe um espaço C(K)
onde todo operador gI+C, com g ∈ C(K) e C compacto, ou da forma λI+S, com λ ∈ R e S estritamente singular.
Neste mesmo trabalho, Koszmider mostrou a existência de um espaço C(K) no qual todo operador é da forma
gI + S, com g ∈ C(K) e S fracamente compacto. Tais operadores são frequentemente chamados de multiplicações
fracas. Dizemos então que um espaço de Banach da forma C(K) tem poucos operadores se todo operador é uma
multiplicação fraca.

A grande dificuldade nesse tema está em encontrar noções intermediárias de poucos operadores. Seguindo
essa direção, neste trabalho estaremos interessados em espaços da forma C(K) que não tem poucos operadores, e
mediremos, de alguma forma, a quantidade de operadores que não são multiplicações fracas.

Mostramos que, na maioria dos casos, o conjunto dos operadores que não são multiplicações fracas é espaçável
e portanto C(K) tem muitos operadores em um certo sentido. Lembramos que um subconjunto M de um espaço
de Banach X é dito espaçável se M ∪ {0} contém um subespaço fechado de dimensão infinita de X.

2 Resultados

A fim de facilitar a escrita, diremos ao longo deste trabalho que C(K) tem muitos operadores se o conjunto dos
operadores que não são multiplicações fracas é espaçável.

Na prática, muitas vezes é mais fácil trabalhar com o conceito de multiplicadores fracos:

Definição 2.1. Um operador T : C(K) −→ C(K) é um multiplicador fraco se para toda sequência limitada
(en : n ∈ N) de elementos dois a dois disjuntos de C(K), e toda sequência (xn : n ∈ N) ⊆ K tal que en(xn) = 0,
temos

lim
n→∞

T (en)(xn) = 0.

Aqui N denota o conjunto dos números inteiros não negativos.
Como toda multiplicação fraca é um multiplicador fraco (ver [3]), para mostrar que determinados espaços da

forma C(K) tem muitos operadores iremos mostrar que o conjunto dos operadores que não são multiplicadores
fracos é espaçável.

∗EACH, USP, SP, Brasil, rfajardo@usp.br
†IME,USP, SP, Brasil, e-mail: leonardo@ime.usp.br

94



Teorema 2.1. Se K tem sequência convergente não-trivial então C(K) tem muitos operadores.

Prova: (Ideia) Seja (xk)∞k=0 uma sequência de elementos distintos de K que converge para x. Usando normalidade
de K, fixe uma sequência de funções cont́ınuas fk : K −→ [0, 1] de suportes dois a dois disjuntos tais que fk(xk) = 1
e fk(x) = 0, para todo k. Para cada n ∈ N, defina o operador Tn : C(K) −→ C(K) como

Tn(f)(x) =
∞∑

k=0

fk(x)(f(xk+n)− f(x)).

Tais operadores formam uma base de Schauder para um subespaço fechado de L(C(K)). Todos os operadores de
tal subespaço, exceto o operador nulo, não são multiplicadores fracos. Isso mostra que o conjunto dos operadores
que não são multiplicação fraca é espaçável.

O teorema anterior, apesar de contemplar muitos espaços da forma C(K), deixa de fora um espaço clássico
importante, a saber `∞ ≡ C(βN), onde βN é a compactificação de Stone-C̆ech de N. Para tal espaço temos o
seguinte resultado:

Teorema 2.2. Se C(K) é isomorfo ao seu quadrado (isto é, C(K) ' C(K)
⊕
C(K)), então C(K) tem muitos

operadores.

Prova: (Ideia) Se K possui sequência convergente não trivial, o resultado segue do teorema anterior. Suponhamos
então que K não tem sequência convergente.

Sejam X0 e Y0 subespaços de C(K) isomorfos a C(K) tais que C(K) = X0

⊕
Y0. Constrúımos por indução Xn

e Yn subespaços de Xn−1 tais que Xn−1 = Xn

⊕
Yn sendo ambos isomorfos a C(K).

Para cada n ∈ N seja Tn um isomorfismo de norma 1 de C(K) em Yn. Como Yn é um subespaço de C(K), Tn

pode ser visto como operador em C(K).
O conjunto {Tn : n ∈ N} forma uma base de Schauder para Z = [Tn : n ∈ N] e portanto cada elemento de Z é

da forma Σ∞n=1αnTn.
Tome T = Σ∞n=1αnTn, onde αn’s não são todos nulos. Como cada Tn é injetor, e têm imagens disjuntas, T

é injetor. Logo, é um isomorfismo sobre a imagem. Mas T não é sobrejetor, pois tem imagem disjunta de X0.
Como K não possui sequência convergente, segue de [3, teorema 2.3] que T não é multiplicador fraco, concluindo
a demonstração.

Observação 2.1. Ainda está em aberto se existe um espaços C(K) que não tenha poucos operadores e que não se
encaixe nas hipóteses dos teoremas anteriores. Todos os espaços da forma C(K) com poucos operadores expĺıcitos na
literatura ou são isomorfos ao quadrado ou são tais que K possui sequência convergente. Em particular, permanece
em aberto se existe C(K) tal que o conjunto dos operadores que não são multiplicações fracas não é vazio nem
espaçável.
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on a class of quasilinear elliptic system in exterior

domains with nonlinearity involving gradient terms

luiz f. o. faria ∗ oĺımpio h. miyagaki † & fábio r. pereira ‡

In this work, we study the existence of solutions for the following system

(Pt,s)


−div(ξ1(x)∇u) + u = tf1(x, u, v,∇u,∇v) in Ω
−div(ξ2(x)∇v) + v = sf2(x, u, v,∇u,∇v) in Ω
ξ1(x)∂νu+ α1(x, u, v)u = 0 on ∂Ω
ξ2(x)∂νv + α2(x, u, v)v = 0 on ∂Ω,

where Ω is a smooth exterior domain in RN , N ≥ 3, that is, Ω is the complement of a bounded domain Ω0 with
smooth boundary (in this case, ∂Ω will be indicated by ∂Ω0), t, s are real parameters, ν is the unit vector of the
outward normal on ∂Ω, ξ1, ξ2 are positive continuous functions, f1(x, u, v,∇u,∇v) = h1(x, u, v) + g1(x,∇u,∇v),
f2(x, u, v,∇u,∇v) = h2(x, u, v) + g2(x,∇u,∇v).

Our set of assumptions on the nonlinearities F = (f1, f2) and A = (α1, α2) are the following:

(H1) For i = 1, 2, the functions hi : Ω× R2 → R and gi : Ω× R2N → R are locally Hölder continuous, ξi : Ω→ R
are functions in C1(Ω), and there exist constants k0

i > 0 such that k0
i ≤ ξi(x), ∀x ∈ Ω.

(H2) For i = 1, 2, there are positive constants such that 0 < r2,i, r3,i < 1,

0 < r4,i + s4,i < 1, and continuous functions a0, a1,i ∈ L2(RN ), a2,i ∈ L
2

1−r2,i (RN ), a3,i ∈ L
2

1−r3,i (RN ) and

a4,i ∈ L
2

1−(r4,i+s4,i) (RN ) such that
0 < a0(x) ≤ hi(x, µ, η) ≤ a1,i(x) + a2,i(x)|µ|r2,i + a3,i(x)|η|r3,i + a4,i(x)|µ|r4,i |η|s4,i , ∀ (x, µ, η) ∈ Ω× R2.

(H3) For i = 1, 2, there are positive constants such that 0 < r6,i, r7,i < 1, 0 < r8,i + s8,i < 1, and continuous

functions a5,i ∈ L2(RN ), a6,i ∈ L
2

1−r6,i (RN ), a7,i ∈ L
2

1−r7,i (RN ) and a8,i ∈ L
2

1−(r8,i+s8,i) (RN ) such that
0 ≤ gi(x, µ, η) ≤ a5,i(x) + a6,i(x)|µ|r6,i + a7,i(x)|η|r7,i + a8,i(x)|µ|r8,i |η|s8,i , ∀ (x, µ, η) ∈ Ω× R2N .

(H4) For i = 1, 2, the functions αi : Ω× R2 → R are continuous if (µ, η) 6= (0, 0) and satisfies

0 ≤ α1(x, µ, η) ≤ b1|µ|p−2 + b2|η|q−2 + b3|µ|p−3|η|,

0 ≤ α2(x, µ, η) ≤ b1|µ|p−2 + b2|η|q−2 + b3|µ||η|q−3,

∀ (x, µ, η) ∈ Ω × (R2 − {(0, 0)}) and αi(x, 0, 0) = 0, where 2 < p, q < 2(N−1)
N−2 and bj (j = 1, 2, 3) are

non-negative constants.

With respect to our approach, we combine Galerkin method with some a priori estimates. Actually, we borrow
some arguments used in [1] (see also [2, 3]), which consists in consider a class of auxiliary problems (PR)t,s, given
below, which is defined in a bounded smooth domain ΩR ⊂ RN . Namely, we consider the problem

(PR)t,s


−div(ξ1(x)∇u) + u = tf1(x, u, v,∇u,∇v) in ΩR
−div(ξ2(x)∇v) + v = sf2(x, u, v,∇u,∇v) in ΩR
ξ1(x)∂νu+ α1(x, u, v)u = 0 on ∂ΩR
ξ2(x)∂νv + α2(x, u, v)v = 0 on ∂ΩR,
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where ΩR = BR(0) ∩Ω is such that Ω0 ⊂ BR(0). Notice that ∂ΩR = ∂Ω ∪ ∂BR(0). Fixing (t, s) 6= (0, 0), and using
Galerkin’s method, we show the existence of a solution to problem (PR)t,s. Taking R = n, we obtain a family of
solutions {(un, vn)} to problem (Pn)t,s. Combining an a priori estimate with a diagonal argument, and passing to
the limit in (Pn)t,s as n→∞, we obtain a solution (u, v) of (Pt,s).

By a solution of problem (Pt,s) we mean a pair of functions (u, v) ∈ (C2(Ω)∩H1(Ω))×(C2(Ω)∩H1(Ω)) verifying
the system weakly in Ω.

1 Mathematical Results

Our main result is the following.

Teorema 1.1. Assume the conditions (H1)− (H4).

(i) If (t, s) < (0, 0), problem (Pt,s) has at least one solution. In this case, all the solutions should be either
negative or sign changing solutions.

(ii) If (t, s) > (0, 0), problem (Pt,s) has at least one solution. In this case, all the solutions should be either positive
or sign changing solutions.

(iii) If (t, s) = (0, 0), problem (Pt,s) has only one solution (u, v) ≡ (0, 0).

(iv) If t < 0 and s > 0 (or t > 0 and s < 0), problem (Pt,s) has at least one solution (u, v) such that u should
be either negative or sign changing and v should be either positive or sign changing (or u should be either
positive or sign changing and v should be either negative or sign changing).

(v) If t = 0 and s 6= 0, problem (Pt,s) has at least one solution of the type (0, v) such that v should be either
negative if s < 0 (or positive if s > 0) or sign changing function.

(vi) If t 6= 0 and s = 0, problem (Pt,s) has at least one solution of the type (u, 0) such that u should be either
negative if t < 0 (or positive if t > 0) or sign changing function.
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an extension of mercer’s theorem via reproducing

kernel hilbert spaces

josé c. ferreira ∗ & valdir a. menegatto †

Let X be a metric space endowed with a strictly positive measure ν. In this work, we apply an extension of
Mercer’s theorem in order to describe the reproducing kernel Hilbert space (RKHS) for the generating kernel of
certain positive integral operators on L2(X, ν) as the range of the unique square root of the operator. Reproducing
kernel Hilbert spaces techniques are very useful in many branches of mathematics, including approximation theory
and learning theory. The description presented here has connections with recent results found in the references [1,
2, 3, 4, 5, 6] and others quoted there.

Basic setting

The integral operator referred to in the introduction above is the operator K : L2(X, ν) → L2(X, ν) given by the
formula

K(f)(x) :=
∫

X

K(x, y)f(y) dν(y), f ∈ L2(X, ν), x ∈ X.

Its positivity refers to the fact that the generating kernel K : X × X → C is continuous and L2(X, ν)-positive
definite kernel in the sense that

〈K(f), f〉2 :=
∫

X

(∫
X

K(x, y)f(y) dν(y)
)
f(x) dν(x) ≥ 0, f ∈ L2(X, ν).

It is a common sense to transfer the positivity to K and just say that K belongs to L2PD(X, ν). The continuity is
included in order to have positive definiteness in the usual sense ([2, 4], [3, Theorem 2.3]), that is,

n∑
i,j=1

cicjK(xi, xj) ≥ 0,

for all n ≥ 1, x1, x2, . . . , xn ∈ X and c1, c2, . . . , cn ∈ C. The RKHS of K is the Hilbert space defined as the
completion of the linear span of the set

{Kx := K(·, x) : x ∈ X}

with respect to the inner product given by the formula

〈Kx,Ky〉K := K(y, x), x, y ∈ X.

The most common notation for such space is HK . Its main feature is the so-called reproducing property described
as

f(x) = 〈f,Kx〉K , f ∈ HK , x ∈ X.

Among other things, this property ensures that HK is composed of continuous functions only. The structure of the
Hilbert space HK itself and its relation to positive integral operators enter in the solution of many problems, a
popular one being the following question from learning theory ([5, 6]): to minimize the expression

1
m

m∑
i=1

|f(xi)− yi|2 + λ‖f‖2K , f ∈ HK ,

∗Thanks to the support of FAPEMIG. ICEx,UNIFAL-MG, MG, Brasil, jose.ferreira@unifal-mg.edu.br
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for a fixed set {(xi, yi)}mi=1 ⊂ X × C and some λ > 0.

The result

The result we intend to describe refers to the subset A(X, ν) of L2PD(X, ν) formed by all continuous kernels K
for which the mapping x ∈ X → K(x, x) belongs to L1(X, ν). The main tool in is proof is the following extension
of the classical Mercer’s Theorem ([3, 4]) on series representation for kernels and operators.

Teorema 0.1. If K belongs to A(X, ν) then there exists an orthonormal set {φn} in L2(X, ν) and a sequence
{λn(K)} decreasing to 0 such that {λn(K)φn} ⊂ C(X) and

K(f)(x) =
∞∑

n=1

λn(K)〈f, φn〉2φn(x), x ∈ X, f ∈ L2(X, ν).

The (unique) positive square root of K is representable in the form

K1/2(f)(x) =
∞∑

n=1

λn(K)1/2〈f, φn〉2φn(x), x ∈ X, f ∈ L2(X, ν),

while

K(x, y) =
∞∑

n=1

λn(K)φn(x)φn(y), x, y ∈ X.

The first two series are absolutely and uniformly convergent on compact subsets of X and the third one is absolutely
and uniformly convergent on compact subsets of X ×X.

The characterization for the RKHS we give below was known in simpler settings (see [1] for a typical case). We
believe the result can be used in the deduction of other theoretical properties of HK .

Teorema 0.2. If K belongs to A(X, ν) then the operator K1/2 is an isometric isomorphism between the closure of
the linear span {Kx : x ∈ X} in L2(X, ν) and HK . Also,

HK = {K1/2(f) : f ∈ L2(X, ν)}

while the inner product of HK can be described by

〈K1/2f,K1/2g〉K = 〈f, g〉2, f, g ∈ L2(X, ν).
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UFPA-Universidade Federal do Pará
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On the well-posedness and large time behavior for

Boussinesq equations in Morrey spaces
Lucas C. F. Ferreira ∗ & Marcelo Almeida †

In this paper we concern with Boussinesq equations which model heat transport by natural convection inside a

viscous incompressible fluid in R
n. We prove well-posedness of mild solutions and existence of self-similar ones in

the framework of Morrey spaces. Our results allow to consider singular and unbounded gravitational field.

1 Introduction

In this work we concern ourselves with the initial value problem (IVP) for the following convection problem:

∂u

∂t
− ν∆u+ (u · ∇)u+

1

ρ
∇p = κ θf + F1 x ∈ R

n, t > 0, (1.1)

div u = 0 x ∈ R
n, t > 0 (1.2)

∂θ

∂t
− χ∆θ + (u · ∇)θ = F2, x ∈ R

n, t > 0, (1.3)

u(x, 0) = u0, θ(x, 0) = θ0 and div u0 = 0, x ∈ R
n, (1.4)

where p(x, t) ∈ R, u(x, t) ∈ R
n and θ(x, t) ∈ R represent respectively the pressure, velocity field and temperature

of a viscous incompressible fluid filling whole space R
n, n ≥ 2. The term F2 is the reference temperature, F1 is an

external force and f is a gravitational vector field. The positive constants ν and ρ stand for the viscosity and density

of fluid, and the volume-expansion coefficient and thermal conductance are denoted by κ and χ, respectively. For

our purpose we assume κ > 0 and there is no loss of generality in taking ν = ρ = χ = 1 and F1 ≡ F2 ≡ 0.

The system (1.1)-(1.3) is known as Boussinesq equations (BE) and models heat transport by means of nat-

ural convection inside a viscous incompressible fluid. The notion of solution for this system can be derived

from Duhamel’s Principle and after applying the Leray projector P in (1.1); precisely we say that a vector

[u, θ] ∈ Hp = BC((0,∞);PMp,µ ×Mp,µ) is a mild solution if

[
u(t)

θ(t)

]
= e−tL

[
u0

θ0

]
−
∫ t

0

∇e−(t−s)L

[
P(u⊗ u)

uθ

]
(s)ds+

∫ t

0

e−(t−s)L

[
κP(θf)

0

]
(s)ds, (1.5)

and [u(t), θ(t)]⇀ [u0, θ0] in the sense of distributions as t→ 0+. Here L(u, θ) = −(∆u,∆θ). The issues of existence

of solutions for Boussinesq equations have attracted the attention of many authors, especially in the last fifteen

years. For instance we mention the works [1, 2, 3, 4].

2 Main theorems

One of the aims of this work is to study existence global solutions for (1.1)-(1.4) in a new framework, namely Morrey

spaces Mp,λ, which are defined as the set of all mensurable functions in the ball B(x0, r) ⊂ R
n such that

‖f‖p,λ = sup
x0∈Rn,r>0

r−λ/p‖f‖Lp(B(x0,r)→R) <∞.
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These spaces contain interesting functions which may be strongly rough and not to decay as |x| → ∞. In comparison

to previous works, we will be able to consider a larger class of singular fields f and initial data. We prove well-

posedness of global small mild solutions in Morrey spaces with the right homogeneity to allow existence of self-similar

solutions.

Let α 6= β positive numbers and define

Hq,r = {[u, θ] ∈ Hp : [t
α
2 u, t

β
2 θ] ∈ BC((0,∞);PMq,µ ×Mr,µ)}, µ = n− p.

Now with the following appropriate conditions under exponents. Putting ‖f‖ϑ,(b,µ) = supt>0 t
ϑ‖f(·, t)‖b,µ, ϑ ≥ 0

we obtain:

Theorem 2.1. (Well-posedness) Let p ≤ min{n, 2b}, r′ < b < rp
r−p , r

′ < q <∞. Assume that [u0, θ0] ∈ PMp,n−p×
Mp,n−p and tϑf ∈ BC((0,∞); (Mb,µ)

n). If ‖f‖ϑ,(b,µ) is small enough, then there exists 0 < ς < 1, ε > 0 and

δ = δ(ε) > 0 such that if ‖[u0, θ0]‖p,n−p 6 δ, the IVP (1.1)-(1.4) has a global mild solution [u, θ] ∈ Hq,r with initial

data [u0, θ0]. Moreover, the solution [u, θ] is unique in the closed ball B(0, 2ε
1−ς ) ⊂ Hq,r.

Among other fields, our results cover the Newtonian gravitational case, namely f = −Gx |x|−3 ∈ (Mp/2,n−p)
n.

From a physical view point, in the latter case the system (1.1)-(1.4) can be regarded as a mathematical version in

whole space of the famous Bnard problem.

Theorem 2.2. (Bnard problem) Let n ≥ 3 and p > 2. Assume that the coefficient of volume expansion κ is small

enough. Then we can consider in Theorem 2.1 the physical case in which f is the Newtonian gravitational field.

When the field f presents certain scaling property, we obtain existence of self-similar solutions.

Theorem 2.3. (Self-similarity) Under the hypotheses of Theorem 2.1. Assume that [u0, θ0] is a homogeneous

vector-function of degree −1 and that the gravitational field satisfies f(x, t) = λ2f(λx, λ2t) for all λ > 0, t > 0

and x ∈ R
n. Then the solution [u, θ] obtained through Theorem 2.1 is self-similar, that is, [u(x, t), θ(x, t)] =

λ[u(λx, λ2t), θ(λx, λ2t)] for all λ > 0, t > 0 and x ∈ R
n.
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equações de ondas em doḿınios com fronteira não

localmente reagente

ćıcero lopes frota ∗ & luis adauto medeiros † & andré vicente ‡

Condições de fronteira da acústica foram discutidas em [10] e sua versão dependente do tempo foi formulada
em [2] por J. T. Beale e S. I. Rosencrans, onde o modelo proposto é formado basicamente pelas três equações

utt − c2∆u = 0 em Ω , (1.1)

fδtt + gδt + hδ = −ρut em Γ , (1.2)

δt =
∂u

∂ν
em Γ , (1.3)

onde Ω ⊂ R3 é um domı́nio limitado com fronteira suave Γ, com um fluido em seu interior o qual está em repouso,
exceto pela presença de ondas acústicas; ρ é a densidade do fluido; e f, g, h são funções não negativas definidas na
fronteira Γ e estão relacionadas com a massa por unidade de área, resistividade e elasticidade da fronteira. Mais
precisamente, se u é a velocidade potencial (do fluido) no domı́nio Ω, então u deve satisfazer a equação diferencial
parcial (1.1). A equação diferencial ordinária (1.2) modela o deslocamento δ, do ponto x no instante de tempo t, na
direção normal à fronteira e (1.3) é uma condição de compatibilidade que expressa a impenetrabilidade da fronteira.

Problemas de valores iniciais e de fronteira com condições de fronteira da acústica (1.2)-(1.3) foram estudados
por vários autores (ver [1], [3-9] e suas referências). Ressaltamos que a equação (1.2) diz que cada ponto da
fronteira reage, ao excesso de pressão da onda, como um oscilador harmônico resistivo, isto significa que cada ponto
da superf́ıcie Γ age como uma mola em resposta ao excesso de pressão, e a interação entre os pontos vizinhos de Γ
é desprezada. No contexto f́ısico diz-se que a fronteira Γ é localmente reagente.

É fato que as condições de fronteira dependentes do tempo (1.2)-(1.3) são mais adequadas para aplicações
concretas, do que condições de fronteira homogênea mas, ainda são restritivas. Podemos pensar em algo mais
geral considerando que a fronteira é não localmente reagente. Neste caso, torna-se natural considerar a fronteira
Γ sendo uma membrana elástica. Esta abordagem conduz a um modelo mais geral com uma equação diferencial
parcial na fronteira, mais precisamente, uma equação de ondas envolvendo o operador de Laplace-Beltrami sobre
uma superf́ıcie, em substituição a equação (1.2). Neste trabalho consideramos problemas deste tipo, com condição
de Dirichlet homogênea sobre uma parte da fronteira (parte absorvente) e condições de fronteira da acústica para
fronteira não localmente reagente sobre o restante (parte elástica).

Consideremos Ω ⊂ Rn (n = 2 ou n = 3) um subconjunto aberto, limitado e conexo, situado localmente de um
mesmo lado de sua fronteira Γ, uma variedade (n− 1)-dimensional, compacta, C∞, sem fronteira. Suponha que Γ
está dividida em duas partes Γ0 e Γ1, ambas com medida positiva, onde Γ1 é um subconjunto aberto, conexo de Γ
com fronteira suave ∂Γ1 e Γ0 = Γ \ Γ1 (Γ1 = Γ1 ∪ ∂Γ1 é uma variedade (n − 1)-dimensional, compacta, C∞, com
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fronteira). Procuramos um par de funções (u, δ), com u : Ω× (0,∞) → R e δ : Γ1 × (0,∞) → R, satisfazendo









u′′ −M

(∫

Ω

u2 dx

)
∆u + αu′ + β|u′|ρu′ = 0 em Ω× (0,∞);

u = 0 em Γ0 × (0,∞);
∂u

∂ν
= δ′ em Γ1 × (0,∞);{

fδ′′ − k2∆Γδ + gδ′ + hδ = −u′ em Γ1 × (0,∞);
δ = 0 em ∂Γ1 × (0,∞);

u(x, 0) = u0(x), u′(x, 0) = u1(x) , x ∈ Ω;

δ(x, 0) = δ0(x), δ′(x, 0) =
∂u0

∂ν
(x) , x ∈ Γ1,

(1.4)

onde ′ =
∂

∂t
; ∆ =

n∑

i=1

∂2

∂x2
i

, é o operador de Laplace; ∆Γ = ∇τ · ∇τ é o operador de Laplace-Beltrami definido sobre

a fronteira e ∇τ é o gradiente tangencial; ν é o vetor normal unitário exterior a Γ; α, β, ρ e k constantes não
negativas; M : [0,∞) → R, f, g, h : Γ1 → R, u0, u1 : Ω → R e δ0 : Γ1 → R são funções dadas.

Neste trabalho provamos a existência, unicidade e estabilidade assintótica de soluções globais para o problema
(1.4), e assim estenderemos os resultados de [6] para o caso de fronteira não localmente reagente. Para isto,
utilizamos o método de Faedo-Galerkin, argumentos de compacidade e o método da Energia para provar a existência
e unicidade, e o Lema de Nakao (ver [11]) para a estabilidade assintótica.
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on a quasilinear wave equation arising on

elasto-plastic flows

ma to fu ∗ & m. a. j. da silva †

In this talk we are concerned with the global solutions for a class of partial differential equations arising in

elasto-plastic flows

utt +∆2u−∆pu−∆ut + f(u) = 0, Ω×R
+, p ≥ 2,

with clamped boundary condition, and where Ω is a bounded domain of Rn. The long-time behaviour of this kind

of initial-boundary value problems where studied by Yang [4]. This problem is also related to the 2-D Kirchhoff-

Boussinesq equation

utt + kut +∆2u = div(f0(∇u)) + ∆(f1(u))− f2(u),

with clamped boundary condition, which was considered by Chueshov and Lasiecka [3].

We are concerned with a visco-elastic version of this elasto-plastic model by adding a memory term g ∗∆u. This
can be also considered as a viscoelastic plate equation with a lower order perturbation of p-Laplacian type. Our

main result can be summarized as follows:

1 Mathematical Results

Teorema 1.1. Suppose that kernel g ≥ 0 is exponentially decreasing and initial data (u0, u1) ∈ (H4(Ω)∩H2
0 (Ω))×

H2
0 (Ω). Then under some sub-critical growth condition for f(u) and p, problem

utt +∆2u−∆pu+

∫ t

0

g(t− s)∆u(s)ds−∆ut + f(u) = 0, Ω×R
+, p ≥ 2,

has a unique strong global solution which decays exponentially.

The proof of the global existence is based on Faedo-Galerkin approximations. The energy decay is shown by a

perturbed energy method. The arguments are close to the one in Cavalcanti et al [2].
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Edição N0 4 Novembro 2010

existência de soluções periódicas de equações

diferenciais funcionais impulsivas

andré luiz furtado ∗ & márcia federson † & pierluigi benevieri ‡

Recentemente, Meili Li et al, em [1], estudaram a existência de soluções periódicas da equação diferencial

ẋ(t) = g(t, x(t− τ)), t ≥ 0, t 6= tk (0.1)

sendo τ ∈ [0,∞) está fixado e g : R× R −→ R. Em [1], a equação (0.1) está sujeita a condição impulsiva

x(t+k )− x(tk) = bkx(tk)

sendo {bk}k∈N é uma sequência de números reais maiores do que −1.
No presente trabalho, usamos o teorema da continuação da teoria do grau coincidente para estabelecer condições

que garantem a existência de solução periódica para uma classe de equações diferenciais funcionais sujeitas a
condições impulsivas. O problema investigado é o seguinte:

ẋ(t) = f(t, xt), t ≥ 0, t 6= tk, k ∈ N
x(t+k )− x(tk) = bkx(tk), k ∈ N

x(t) = φ(t), t ≤ 0.

(0.2)

Como é usual, neste trabalho a notação x(t+k ) indica lim
t→t+k

x(t). Analogamente, x(t−k ) denotará lim
t→t−k

x(t).

A seguir, caracterizamos em detalhes o problema (0.2): φ e f são duas funções reais dadas, a primeira definida
em (−∞, 0] e a segunda no produto cartesiano R× G, sendo G o conjunto das funções reais definidas na semi-reta
não positiva. Além disso, supomos que são satisfeitas as condições seguintes:

(A1) 0 = t0 < t1 < . . . < tk−1 < tk < . . . e lim
k→∞

tk =∞;

(A2) Para cada ϕ ∈ G fixada, a função f(·, ϕ) : [0,∞) −→ R é localmente limitada, Lebesgue mensurável e
T -periódica;

(A3) Para cada t ∈ [0,∞) ∈ R fixado, a função f(t, ·) : G −→ R é cont́ınua e sua restrição a qualquer subconjunto
de G constitúıdo por funções limitadas é limitada.

(A3) Para cada k ∈ N, bk > −1 e a função B : R −→ (0,∞), dada por B(t) = 1 se t ∈ (−∞, t1] e B(t) =
∏
tk<t

(1+bk)

se t ∈ (t1,∞) é T -periódica em (t1,∞).

Uma função x : R −→ R será uma solução do problema (0.2) quando:

(i) x for uma função absolutamente cont́ınua nos intervalos [0, t1] e (tk, tk+1], k ∈ N;

(ii) Para cada k ∈ N, x(t+k ) = (1 + bk)x(tk) e x(t−k ) = x(tk);

(iii) x satisfizer a equação diferencial dada em (0.2) em quase todo ponto de [0,∞) \ {tk; k ∈ N} e satisfizer a
condição inicial x(t) = φ(t) em (−∞, 0].
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1 Resultados

A seguir apresentamos um resultado que nos permite reduzir a análise do problema de existência de solução periódica
do problema (0.2) ao estudo de um problema não-impulsivo a ele associado.

Considere o seguinte problema de valor inicial:{
u̇(t) = h(t, ut), t ≥ 0
u(t) = φ(t), t ∈ (−∞, 0]

(1.3)

sendo h : [0,∞)× G −→ R é dada por

h(t, ϕ) =
f(t, Btϕ)
B(t)

.

Uma função u : R −→ R será uma solução do problema (1.3) quando:

(i) u for absolutamente cont́ınua;

(ii) u satisfizer a equação diferencial dada em (1.3) em quase todo ponto de [0,∞) e satisfizer a condição inicial
u(t) = φ(t) em (−∞, 0].

Lema 1.1. Se u for uma solução do problema (1.3), então a função definida em R e dada por t 7→ x(t) = B(t)u(t),
será uma solução do problema (0.2).

A seguir apresentamos o resultado principal deste trabalho. Suponha que existam constantes positivas, M e N ,
tais que:

(H1) Se ϕ ∈ G for tal que |ϕ(θ)| ≥M , para algum θ ∈ (−∞, 0], então ϕ(θ)h(t, ϕ) > 0, qualquer que seja t ∈ [0,∞);

(H2) Se ϕ ∈ G for tal que ϕ(θ) ≤ −M , para algum θ ∈ (−∞, 0], então h(t, ϕ) ≥ −N , qualquer que seja t ∈ [0,∞);

(H3) Se ϕ ∈ G for tal que ϕ(θ) ≥M , para algum θ ∈ (−∞, 0], então h(t, ϕ) ≤ N , qualquer que seja t ∈ [0,∞).

Teorema 1.1. Se as condições (H1)-(H3) forem satisfeitas, então o Problema (0.2) possuirá pelo menos uma
solução T -periódica.

Prova: Pelo Lema 1.1, basta mostrar que o problema (1.3) possui uma solução T -periódica. Para isso usamos o
teorema da continuação da teoria do grau coincidente (ver Mawhin [2]), que enunciamos a seguir:

Sejam L um operador de Fredholm de ı́ndice zero e N uma aplicação L-compacta em Ω. Suponha que

(i) Se x ∈ D(L) ∩ ∂Ω, então Lx 6= λNx, qualquer que seja λ ∈ (0, 1);

(ii) Se x ∈ Ker L ∩ ∂Ω então Nx 6∈ Im(L);

(iii) deg{QN, Ω ∩Ker L, 0} 6= 0.

Nessas condições, a equação Lx = Nx possuirá pelo menos uma solução x ∈ D(L) ∩ Ω.
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Incompressible flows through granular porous media:

reproductive solution

Luis Friz, Marko A. Rojas-Medar ∗and

Elder J. Villamizar-Roa †

Prieur duPlessis and Masliyah [3] developed a generalized Navier-Stokes model applied to the description of
incompressible viscous flows through a rigid isotropic granular non consolidated porous medium of spatially varying
permeability. This model, which has been considered a good model to treat empirical situations occurring in
industry, is based on an approach of interspersed continua and the mean geometrical properties of an idealized
granular porous microstructure (see [3]). This model is given by the following system of partial differential equations:

ρut − µ∆u + ρu · ∇(
u
η

) + η∇p+ µF (η)u = ρηg, t ∈ (0, T ), x ∈ Ω,

div u = 0, t ∈ (0, T ), x ∈ Ω,
u(x, 0) = u0(x), x ∈ Ω,

u(x, t) = 0, t ∈ (0, T ), x ∈ ∂Ω,

(0.1)

where Ω ⊆ Rn, n = 2 or 3, is a smooth enough bounded domain corresponding to the granular region where the fluid
is occurring, and (0, T ) is a time interval. The unknowns are u(x, t) ∈ Rn and p(x, t) ∈ R, respectively denoting,
the velocity and the hydrostatic pressure of the fluid at a point x ∈ Ω, and at a time t ∈ (0, T ). The functions η and
F are given and denote the porosity and a porosity force, respectively, which characterize the porous medium. The
porosity is defined as a ratio of volume of the void space to the bulk volume of a porous medium and it changes
from zero to one, that is, 0 < η(x, t) ≤ 1. In this sense, in the points (t0, x0) such that η(t0, x0) = 0, the material is
purely solid and they can be excluded of the flow region. The force F, which reflects the frictional effects introduced
by the presence of the porous medium, only depends on porosity η and it is a continuous, decreasing and positive
function, which becomes infinite as η approaches zero, that is, limη→0 F (η) =∞ and limη→1 F (η) = 0. So, it is clear
that if η = 1, the system (0.1) corresponds with the classical incompressible Navier-Stokes equations. However, the
presence of the porosity in the system (0.1) preserves a structural difference compared with the classical Navier-
Stokes model as can be verified below. Finally, in (0.1) µ and ρ denote the fluid viscosity and the density of the
fluid, which, without lost of generality, will be assumed to be one. The first successful mathematical analysis of
(0.1) was done by Boldrini and Lukaszczyk in [1] (see also [4]). Following the ideas given in [3] and [2], we prove
the existence of reproductive solutions for a incompressible flows through granular porous media, more precisely we
seek solutions of the system:

ρut − µ∆u + ρu · ∇(
u
η

) + η∇p+ µF (η)u = ρηg, t ∈ (0, T ), x ∈ Ω,

div u = 0, t ∈ (0, T ), x ∈ Ω,
u(0) = u(T ),

u(x, t) = 0, t ∈ (0, T ), x ∈ ∂Ω,

(0.2)

As the reader can see, the usual initial condition has been changed by a time periodic condition. Our results read
as:
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107



Theorem. For any g ∈ L∞(0, T ; L2(Ω)), F : (0, 1]→ R+. If η : Ω× (0, T )→ (0, 1] verifies

η ∈ L∞(0, T ;L∞), 0 < η0 ≤ η(x, t) ≤ 1, ∀(x, t) ∈ Ω× (0, T ),

ηt ∈ L2(0, T ;L3/2(Ω)) ∩ L1(0, T ;L∞(Ω))

∇η ∈ L2(0, T ; L∞(Ω)) ∩ L∞(0, T ; L3(Ω)),

there exists a reproductive weak solution of the incompressible flows through granular porous media. (0.2).
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periodic slowly spiralling solutions of the

Kaldor-Kalecki model

marta c. gadotti ∗

Consider the following system

ẏ(t) = α
[
I
(
y(t), k(t)

)
− S

(
y(t), k(t)

)]
, k̇(t) = I

(
y(t− T ), k(t)

)
− δk(t),

named Kaldor-Kalecki model by the authors Krawiec and Szyd lowski in [5]. The dot denotes derivative with respect
to t, I and S are the investment and the savings functions, respectively, y is the national income, k is the capital
stock, α is the adjustment coefficient in the goods market, usually referred to as speed of adjustment, δ is the
depreciation rate of the capital stock, and T > 0. This is a delay differential system describing interactions between
the national gross product y and the capital stock k. The delay is a constant inherent to the specific economy.

In a previous work we obtain a sequence of Hopf bifurcations, when α = αn, n = 0, 1, 2, .... In this work we do
the global continuation of a first branch of periodic solutions by the use of the concept of ejective fixed points, see
[2]. A central hypothesis is that the part of the investment depending on the income equals the savings.

This is a joint work with M. V. S. Frasson, S. H. J. Nicola and P. Z. Táboas.

1 Return map and periodic solutions

We assume that the investment function I(y, k) satisfies I(y, k) = J(y) + N(k), where J(0) = N(0) = 0,
[dJ/dy]y=0 = η, [dN/dk]k=0 = β, with β < 0 < η. The savings function depends only on the income, S(y, k) = S(y),
and [dS/dy]y=0 = γ ∈ (0, 1).

Since the delay only affects the variable y, we shall deal with the phase space C0 = C([−1, 0],R)×R. If z = (y, k)
is a solution of the system

ẏ(t) = αN(k(t)), k̇(t) = J(y(t− 1)) +N(k(t))− δk(t). (1.1)

existing in [t− 1, t], zt ∈ C0 is defined by zt =
(
yt, k(t)

)
, where yt ∈ C

(
[−1, 0],R

)
is given by yt(θ) = y(t+ θ) for

all θ ∈ [−1, 0], as it is usual.
Given a pair Φ = (ϕ, c) ∈ C0, and any σ ∈ R there exists a unique solution of (1.1) z = z(· ;σ,Φ, α) =(

y(· ;σ,Φ, α), k(· ;σ,Φ, α)
)

through Φ at t = σ, that is, zσ(· ;σ,Φ, α) = Φ. If σ = 0 we use the shorter notation
z(· ; Φ, α) = z(· ; 0,Φ, α).

Some additional hypotheses are needed. The functions J and N are supposed to be bounded,

−E1 = inf J(y), E2 = supJ(y), −H1 = inf N(k), H2 = supN(k), (1.2)

with E1, E2, H1, H2 > 0 and

|J(y)| 6 |ηy|, |N(k)| 6 |βk|. (1.3)
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Let G(y, k) = J(y) +N(k)− δk so that (1.1) can be written as

ẏ(t) = αN(k(t) k̇(t) = G(y(t− 1), k(t)). (1.4-α)

Consider the level curve Γ : G(y, k) = 0 and define the numbers L1, L2 > 0 by the equations N(−L1) + δL1 = E1

e N(L2)−δL2 = E2. Therefore Γ has two asymptotes k = −L1, k = L2 and divides the plane in two open connected
sets:

P = {(y, k) | G(y, k) > 0}, N = {(y, k) | G(y, k) < 0}.

Definição 1.1. Let K ⊂ C0 be the closed convex set K = {(ϕ, 0) ∈ C0; ϕ ∈↑, ϕ(−1) ≥ 0 } .

Lema 1.1. If A = δ−β and D0 = D0(A) = −α0βη. Then A2 < D0 ⇔ A < Ā, where Ā =
√

1+
√

5
2 arctan

√
1+
√

5
2 .

A nontrivial solution of this system is said to be slowly spiralling if it encircles the origin of the yk plane and
takes more than twice the delay to complete one lap. The theorem below states the existence of slowly spiralling
solutions for the Kaldor-Kalecki system (1.1) and defines the steps to construct a return map in K.

Teorema 1.1. If A < Ā, the following statements hold for α > 0:

(i) There exists a continuous map τα : K \ {0} → (2,∞) such that

Φ ∈ K \ {0} ⇒ zτα(Φ)(· ; Φ, α) ∈ K.

(ii) For any Φ ∈ K \ {0} the solution z(· ; Φ, α) = (y, k) of (1.1) is slowly spiralling. Precisely, the zeros of k
and y form sequences 0 = t1 < t3 < . . . and t2 < t4 < . . ., respectively, in such a way that the sequences(
y(t2n−1)

)
and

(
k(t2n)

)
, n = 1, 2, . . ., are alternating, y(t1), k(t2) > 0 and t1 < t2 < t3 < t4 < . . .. Moreover,

t2n+1 − t2n > 1, n = 1, 2, . . .

Now we define the return map. Let β < 0 < δ, η be constants and suppose A < Ā. The map T : K×(0,∞)→ K

is defined by

T (Φ, α) = zτα(Φ)(· ; Φ, α), 0 < α <∞, Φ ∈ K \ {0}, e T (0, α) = 0, 0 < α <∞.

Thus for any α > 0, a nontrivial fixed point of T (·, α) is an initial condition Φ ∈ K which gives rise to a periodic
slowly spiralling solution of (1.1). We prove that the origin is a ejective point of T and we use the next result.

Teorema 1.2. If M is a closed convex infinite-dimensional set in a Banach space X, A : M \ {0} → M is a
completely continuous map, 0 ∈ M is an ejective point of A, and there exists a number r > 0 such that Ax = λx,
x ∈M ∩ Sr implies λ < 1, then A has a fixed point in M ∩Br \ {0}.
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existence and concentration of positive solutions for

a quasilinear elliptic equation in R

elisandra gloss ∗

In this work, we consider the quasilinear elliptic equation

−ε2u′′ − ε2(u2)′′u + V (x)u = h(u) in R (0.1)

where ε > 0 is a small real parameter. Here our goal is to prove, by a variational approach, the existence and
concentration of positive weak solutions. We say that u ∈ H1(R) is a (weak) solution of (0.1) if

ε2
∫
RN (1 + 2u2)u′ϕ′ dx + 2ε2

∫
RN |u′|2uϕ dx +

∫
RN V (x)uϕ dx =

∫
RN h(u)ϕdx for all ϕ ∈ C∞c (R).

Solutions of equations like (0.1) are related with existence of standing wave solutions for quasilinear equations of
the form

i
∂ψ

∂t
= −ε2ψ′′ + W (x)ψ − η(|ψ|2)ψ − ε2κ[ρ(|ψ|2)]′′ρ′(|ψ|2)ψ (0.2)

where ψ : R × R → C, κ is a positive constant, W : R → R is a given potential and η, ρ : R+ → R are suitable
functions. Quasilinear equations of the form (0.2) arise in several areas of physics in correspondence to different
type of functions ρ.

Here we consider the case where ρ(s) = s. Looking for standing wave solutions of (0.2) we set ψ(t, x) = e−iξtu(x),
where ξ ∈ R and u > 0 is a real function. So one obtains a corresponding equation of elliptic type which has the
formal variational structure given by (0.1), where without loss of generality we set κ = 1.

We assume that V ∈ C(R,R) satisfies the assumptions

(V1) V is bounded from below by a positive constant; that is,

inf
x∈R

V (x) = V0 > 0;

(V2) there exists a bounded domain Ω in R such that

m ≡ inf
x∈Ω

V (x) < inf
x∈∂Ω

V (x).

Hereafter we use the following notation:

M≡ {x ∈ Ω : V (x) = m}

and without loss of generality we may assume that 0 ∈ M. We emphasize that besides the local condition (V2),
introduced in [3] and so far well known for semilinear elliptic problems, we do not require any global condition other
than (V1). We also suppose that h : R+ → R is a locally Lipschitz continuous function satisfying:

(H1) limt→0+ h(t)/t = 0;

(H2) there exists T > 0 such that

h(T ) > mT, H(T ) =
m

2
T 2, H(t) <

m

2
t2 for all t ∈ (0, T )

where H(t) =
∫ t

0
h(s) ds.
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Similar hypothesis on the nonlinearity were used in [2] for the semilinear case. Following the strategy developed
there and using variational methods, we shall prove existence and concentration of positive solutions for (0.1)
without assuming Ambrosetti-Rabinowitz and monotonicity conditions on h. In particular we improve the results
in [1] where h is a pure power.

1 Main result

Our main result is stated below

Theorem 1.1. Suppose that (V1)-(V2), (H1)-(H2) hold. Then there exists ε0 > 0 such that (0.1) has a positive
solution uε ∈ C1,α

loc (R) for all 0 < ε < ε0, satisfying the following:

(i) uε admits a maximum point xε such that limε→0 dist(xε,M) = 0 and for any sequence εn → 0 there exist
x0 ∈M and a solution u0 of

−u′′ − (u2)′′u + mu = h(u), u > 0, u ∈ H1(R) (1.3)

such that, up to subsequences,

xεn → x0 and uεn(εn ·+xεn) → u0 in H1(R) as n →∞.

(ii) There exist positive constants C and ζ such that

uε(x) ≤ C exp
(− ζ

ε
(|x− xε|)

)
for all x ∈ R.

The proof of this theorem relies on the study of a semilinear equation obtained after making the chance of
variables introduced in [5]. In order to prove existence of solutions for this equation we study some properties of
the least energy solutions for a limit equation obtained from (1.3) by the same change of variables. Using these
properties, after some technical lemmata, we can find a bounded Palais-Smale sequence in a suitable space for
the associated functional. Thus we obtain a solution for the semilinear equation which gives us a solution for the
original problem (0.1).
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resolubilidade global de certas classes de operadores

diferenciais parciais lineares de primeira ordem

rafael b. gonzalez ∗ adalberto p. bergamasco †

O estudo da resolubilidade global de operadores diferenciais parciais lineares consiste em determinar a sua ima-
gem, sendo que a melhor situäı¿1

2 ı̈¿1
2o ocorre quando o operador em quesẗı¿1

2o ı̈¿ 1
2 sobrejetor. Quando o operador

n̈ı¿1
2o ı̈¿ 1

2 sobrejetor, podemos questionar se sua imagem ı̈¿1
2 um subespäı¿1

2o fechado, ou ainda, se sua imagem
possui codimens̈ı¿1

2o finita.

No artigo [1] foi feito o estudo da resolubilidade global da seguinte classe de campos vetoriais definidos no toro
T2 ' R2/2πZ2,

L
.= ∂t + a(x)∂x,

onde a ∈ C∞(T) ı̈¿1
2 uma fun̈ı¿1

2 ı̈¿ 1
2o a valores reais.

Os autores de [1] caracterizaram a imagem de um operador do tipo L, exibindo condïı¿1
2 ı̈¿ 1

2es necess̈ı¿ 1
2 rias

e suficientes para que a imagem de L fosse fechada. Tal caracterizäı¿1
2 ı̈¿1

2o foi feita no espäı¿ 1
2o de fun̈ı¿1

2 ı̈¿1
2es

C∞(T2) e no espäı¿1
2o de distribuïı¿1

2 ı̈¿1
2es D′(T2).

A grande contribuïı¿1
2 ı̈¿1

2o de [1] ocorreu no caso em que ∅ 6= a−1(0) 6= T. Os autores de [1] demonstraram
que a ordem de anulamento dos zeros da fun̈ı¿1

2 ı̈¿ 1
2o a determina quando a imagem de um operador do tipo L ı̈¿ 1

2

fechada.
Em [1] ficou provado o seguinte teorema.

Teorema 0.1. Para o operador L = ∂t + a(x)∂x, as seguintes condïı¿1
2 ı̈¿1

2es s̈ı¿ 1
2o equivalentes:

(I) LC∞(T2) ı̈¿1
2 um subespäı¿1

2o fechado de C∞(T2).

(II) LD′(T2) ı̈¿1
2 um subespäı¿1

2o fechado de D′(T2)

(III) Uma das seguintes situäı¿1
2 ı̈¿1

2es ocorre:

(III.1) a−1(0) = T;

(III.2) a−1(0) = ∅ e α
.= (2π)−1

∫ 2π

0

(1/a) ı̈¿ 1
2 racional ou irracional n̈ı¿1

2o Liouville;

(III.3) ∅ 6= a−1(0) 6= T e cada x ∈ a−1(0) ı̈¿1
2 um zero de ordem finita.

No caso em que a−1(0) = T, um campo vetorial do tipo L se reduz a ∂t. No caso em que a−1(0) = ∅, um campo
vetorial do tipo a−1L : C∞(T2) → C∞(T2) se reduz a um campo vetorial da forma L̃ = ∂X + α∂T , atrav̈ı¿ 1

2 s da
mudan̈ı¿1

2a de varïı¿1
2veis X = x, T = t + α− ∫ x

0
a−1. Em ambos os casos temos campos vetoriais com coeficientes

constantes e o teorema (0.1) ı̈¿ 1
2 uma conseqüı¿ 1

2ncia de resultados em [2, 3, 4].

Quando L ı̈¿ 1
2 um operador em D′(T2) e a−1(0) = ∅, tamb̈ı¿1

2m podemos reduzir o operador L a um operador
com coeficientes constantes, utilizando composïı¿ 1

2 ı̈¿ 1
2o de distribuïı¿ 1

2 ı̈¿ 1
2es com difeomorfismos. Entretanto, uti-

lizaremos outra abordagem, com o objetivo de exemplificar que ao estudar a imagem de um campo vetorial do tipo
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L no espäı¿1
2o de distribuïı¿1

2 ı̈¿ 1
2es D′(T2), aparece, via transposto, uma outra classe de operadores diferenciais

parciais lineares de primeira ordem, que s̈ı¿1
2o perturbäı¿1

2 ı̈¿1
2es dos campos vetoriais do tipo L, a saber,

P
.= ∂t + ∂x(a·).

Por exemplo, supondo que a−1(0) = ∅, desejamos demonstrar que LD′(T2) ı̈¿1
2 um subespäı¿ 1

2o fechado de
D′(T2) se, e somente se, α ı̈¿1

2 racional ou irracional n̈ı¿ 1
2o Liouville.

Suponha que j̈ı¿1
2 demonstramos o seguinte resultado:

Proposição 0.1. PC∞(T2) ı̈¿ 1
2 um subespäı¿1

2o fechado de C∞(T2) se, e somente se, α ı̈¿1
2 racional ou irracional

n̈ı¿ 1
2o Liouville.

Enẗı¿1
2o, se α ı̈¿1

2 racional ou irracional n̈ı¿1
2o Liouville, segue que LD′(T2) ı̈¿1

2 fechado em D′(T2), pois o
operador P possui imagem fechada em C∞(T2) e −L = tP.

Reciprocamente, suponha que α seja um n̈ı¿ 1
2mero irracional de Liouville. Queremos provar que LD′(T2) n̈ı¿ 1

2o
ı̈¿ 1

2 fechado em D′(T2). Sabemos que P n̈ı¿1
2o tem imagem fechada em C∞(T2). Se a imagem de L fosse fechada

em D′(T2), enẗı¿ 1
2o a imagem de tL seria fechada no dual de D′(T2), D′(T2)′, que ı̈¿1

2 isomorfo (na categoria
de espäı¿ 1

2os vetoriais topol̈ı¿ 1
2gicos) ao espäı¿ 1

2o C∞(T2), com isomorfismo dado pela aplicäı¿1
2 ı̈¿1

2o can̈ı¿1
2nica

J(x)(x′) = x′(x). Como P = J−1 ◦ ttP ◦ J = −J−1 ◦ t(L) ◦ J, ter̈ı¿1
2amos PC∞(T2) = −J−1(t(L)D′(T2)′) e por-

tanto, PC∞(T2) seria fechado em C∞(T2), o que n̈ı¿1
2o ocorre.

Agora, para demonstrar a proposïı¿ 1
2 ı̈¿ 1

2o (0.1), utilizamos novamente a mudan̈ı¿1
2a de varïı¿1

2veis X = x,

T = t + α − ∫ x

0
a−1, para reduzirmos o operador a−1P ao operador P̃ = (a′a−1·) + ∂x + α∂t. Enẗı¿ 1

2o aP̃ =
(a′·) + a∂x + α∂t(a·) = ∂x(a·) + α∂t(a·) = L̃(a·) e novamente de resultados em [2, 3, 4], segue que a imagem de P

ı̈¿ 1
2 um subespäı¿1

2o fechado de C∞(T2) se, e somente se, α ı̈¿1
2 racional ou irracional n̈ı¿ 1

2o Liouville.
Na verdade, com os argumentos utilizados em [1], tamb̈ı¿1

2m ı̈¿ 1
2 poss̈ı¿ 1

2vel demonstrar o seguinte teorema.

Teorema 0.2. Para o operador P = ∂t + ∂x(a·), as seguintes condïı¿1
2 ı̈¿ 1

2es s̈ı¿ 1
2o equivalentes:

(I) PC∞(T2) ı̈¿1
2 um subespäı¿1

2o fechado de C∞(T2).

(II) PD′(T2) ı̈¿1
2 um subespäı¿1

2o fechado de D′(T2).

(III) Uma das seguintes situäı¿1
2 ı̈¿1

2es ocorre:

(III.1) a−1(0) = T;

(III.2) a−1(0) = ∅ e α
.= (2π)−1

∫ 2π

0

(1/a) ı̈¿ 1
2 racional ou irracional n̈ı¿1

2o Liouville;

(III.3) ∅ 6= a−1(0) 6= T e cada x ∈ a−1(0) ı̈¿1
2 um zero de ordem finita.

O prop̈ı¿1
2 sito do nosso trabalho ı̈¿ 1

2 demonstrar, com detalhes, os teoremas (0.1) e (0.2) no caso (III.3).
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differentiability in reproducing kernel Hilbert spaces

on the sphere

Tháıs Jordão ∗ & Valdir A. Menegatto †

We analyze the smoothness of functions in the reproducing kernel Hilbert space (RKHS) associated to Mercer-

like kernels on the sphere, when the generating kernel is sufficiently smooth. In particular, we embed the RKHS into

a space of smooth functions on the sphere. The boundedness and compactness of the embedding are also considered.

1 Introduction

Let Sm be the unit sphere in Rm+1 endowed with its usual normalized surface measure σm and consider the

usual space L2(Sm, σm). Its inner product is given by

〈f, g〉2 =

∫
Sm

f(x)g(x)dσm(x), f, g ∈ L2(Sm, σm).

We will deal with Mercer-like kernels on Sm, i.e., continuous and positive definite functions of the form K :

Sm × Sm → C having an uniformly and absolutely convergent series representation in the form

K(x, y) =
∑
n∈Z+

λnφn(x)φn(y), x, y ∈ Sm, (1.1)

in which the set {φn}n∈Z+
is an orthonormal sequence in L2(Sm, σm), {λn}n∈Z+

is a sequence of positive real

numbers decreasing to 0 and
∑∞
n=1 λn <∞.

If we write (HK , 〈·, ·〉K) to denote the unique RKHS associated to K, Mercer’s theory implies that the set

{λ1/2n φn}n∈Z+
is an orthonormal basis for (HK , 〈·, ·〉K). The basic information mentioned above is to be found in

[1] while additional information on positive definiteness, reproducing kernel Hilbert spaces and series representation

for kernels can be found in [1, 5, 6].

There are several differentiability concepts for functions on Sm. In this note, we will focus on the standard one,

that defined through the radial extension of the function to Rm+1
∗ := Rm+1 − {0} and very well explored in [4].

Shortly, the differentiability of a function f : Sm → R will require the corresponding differentiability of its radial

extension f̃ : Rm+1
∗ → R given by f̃(x) = f(x‖x‖−1). For instance, if α is a multi-index in Zm+1

+ , the derivative Dαf

is, by definition, the restriction of Dαf̃ to Sm. Using real and imaginary parts, we may transfer the differentiability

to complex functions too. To close this discussion, we inform that we will use the symbol Ck(Sm) to denote the set

of all functions f : Sm → C for which f̃ ∈ Ck(Rm+1
∗ ).

The very same concepts can be adapted for kernels. We will write Ck,k(Sm×Sm) to denote the set of all kernels

K : Sm × Sm → C for which Dα,βK̃ = D(α,β)K̃, |α|, |β| ≤ k, exist and are continuous on Rm+1
∗ × Rm+1

∗ . Here we

need to interpret (α, β) as a multi-index with 2m+ 2 components. The derivative Dα,βK ([3]) is the restriction of

Dα,βK̃ to Sm × Sm. Finally, for α, β in Zm+1
+ and x in Rm+1

∗ , (Dα,βK̃)x will represent the function Dα,βK̃(x, ·).

2 Results

A Mercer-like kernel K as in the previous section generates a compact and selfadjoint integral operator on

L2(Sm, σm), the functions φn being its eigenfunctions corresponding to the eigenvalues λn. This information is

∗ICMC - USP, São Carlos,SP, Brasil, tjordao@icmc.usp.br. Partially supported by FAPESP grant, # 08/57085− 0.
†ICMC - USP, São Carlos,SP, Brasil, menegatt@icmc.usp.br
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crucial in the proof of the result below on smoothness of the elements in the basis {λ1/2n φn}n∈Z+
.

Teorema 2.1. Let K be a Mercer-like kernel representable as in (1.1). If K belongs to Ck,k(Sm × Sm), then

Dαφ̃n(x) =
1

λn
〈φn, (D0,αK̃)x|Sm〉2, x 6= 0, |α| ≤ k, n ∈ Z+. (2.1)

Under the very same assumptions in Theorem 2.1, we can prove

Dα,βK(x, y) =
∑
n∈Z+

λnD
αφn(x)Dβφn(y), x, y ∈ Sm, |α|, |β| ≤ k, (2.2)

with uniform and absolute convergence of the series. This representation leads to the next result.

Teorema 2.2. Let K be a Mercer-like kernel representable as in (1.1). If K belongs to Ck,k(Sm × Sm), then

(D0,αK)x ∈ HK whenever x ∈ Sm and |α| ≤ k.

Replacing the inner product of L2(Sm, σm) in the formula (2.1) with the inner product of (HK , 〈·, ·〉K) leads to

the following refinement.

Teorema 2.3. Let K be a Mercer-like kernel representable as in (1.1). If K belongs to Ck,k(Sm × Sm), then

Dαφn(x) = 〈φn, (D0,αK)x〉K , x ∈ Sm, n ∈ Z+, |α| ≤ k, n ∈ Z+. (2.3)

The very same formula holds for all the functions in RKHS.

Teorema 2.4. Let K be a Mercer-like kernel representable as in (1.1). If K belongs to Ck,k(Sm × Sm) then HK
can be embedded in Ck(Sm). In addition,

Dαf(x) = 〈f, (D0,αK)x〉K , f ∈ HK , x ∈ Sm. (2.4)

The embedding i : HK ↪→ Ck(Sm) given by i(f) = f has some interesting properties and is relevant in some

Teorema 2.5. Let K be a Mercer-like kernel representable as in (1.1). If K belongs to Ck,k(Sm × Sm), then the

embedding i is compact and bounded. In addition, ‖i(f)‖Ck ≤ ‖K‖1/2
Ck,k‖f‖K , f ∈ HK .

The references [2,7] consider similar problems but the context there does not include the spherical setting.

Reference [2] investigates the case in which the Mercel-like kernel is defined on an open and bounded subset of

Rm+1.
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a generalized berstein theorem

marcia kashimoto ∗

Weierstrass’ first theorem states that any real-valued continuous function f defined on the closed interval [0,1]
is the limite of a uniformly convergent sequence of algebraic polynomials. One of the most elementary proofs of
this classic result is that which uses the Berstein polynomials of f

(Bnf, x) :=
n∑

k=0

(
n

k

)
f

(
k

n

)
xk(1− x)n−k, x ∈ [0, 1]

for each natural number n. Berstein theorem states that Bn(f) → f uniformly on [0,1] and, since each Bn(f) is
a polynomial, we have as a consequence Weierstrass theorem. ( See, e.g., Lorentz [1]). The operator Bn defined
on the space C([0, 1]) with values in the vector subspace of all polynomials of degree at most n has the property
that Bn(f) ≥ 0 whenever f ≥ 0. Thus Berstein’s theorem also establishes the fact that each positive continuous
real-valued function on [0, 1] is the limit of a uniformly convergent sequence of positive polynomials.

Consider a compact Hausdorff space X and the convex cone

C+(X) := {f ∈ C(X) : f ≥ 0} .

A generalized Berstein’s theorem would be a theorem stating when a convex cone contained in C+(X) is dense in
it.

If W is a nonempty subset of C(X), a function φ ∈ C(X; [0, 1]) is called a multiplier of W if φf + (1−φ)g ∈ W

for any f, g ∈ W .
Prolla [3] proved the following result.

Teorema 0.1. Let W ⊂ C+(X) be a convex cone satisfying the following conditions:

(a) given any two distinct points x and y in X, there is a multiplier φ of W such that φ(x) 6= φ(y);

(b) given any x ∈ X, there is g ∈ W such that g(x) > 0.

Then W is uniformly dense in C+(X).

Our aim is to generalize Prolla’s result to weighted spaces. In order to proof it, we use a Stone Weierstrass
theorem type [2].

Let X be a locally compact Hausdorff space. We introduce a set V of non-negative upper semicontinuous
functions on X, whose elements are called weights. We assume that V is directed, in the sense that, given v1, v2 ∈ V,

there exist λ > 0 and v ∈ V such that v1 ≤ λv and v2 ≤ λv.

Let V be a directed set of weights. The vector subspace of C(X) of all functions f such that vf vanishes at
infinity for each v ∈ V will be denoted by CV∞(X).

When CV∞(X) is equipped with the locally convex topology ωV generated by the seminorms

pv : CV∞(X) → R+

f 7→ sup {v(x)|f(x)| : x ∈ X}

for each v ∈ V, we call CV∞(X) a weighted space.

∗Instituto de Matemática ,UNIFEI, MG, Brasil, kaxixi@unifei.edu.br

117



We present some examples of weighted spaces.

(a) If V consists of the constant function 1, defined by 1(x) = 1 for all x ∈ X, then CV∞(X) is C0(X), the vector
subspace of all functions in C(X) that vanish at infinity. In particular, if X is compact then CV∞(X) = C(X).
The corresponding weighted topology is the topology of uniform convergence on X.

(b) Let V be the set of characteristic functions of all compact subsets of X. Then the weighted space CV∞(X) is
C(X) endowed with the compact-open topology.

(c) If V consists of characteristic functions of all finite subsets of X, then CV∞(X) is C(X) endowed with the
topology of pointwise convergence.

We state the following result.

Teorema 0.2. Let W ⊂ CV +
∞(X) be a convex cone satisfying the following conditions:

(a) given any two distinct points x and y in X, there is a multiplier φ of W such that φ(x) 6= φ(y);

(b) given any x ∈ X, there exists g ∈ W such that g(x) > 0.

Then W is ωV -dense in CV +
∞(X).
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UFPA - Universidade Federal do Pará
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on the effects of rotations for the M1 and the

henstock-kurzweil integrals

pedro l. kaufmann ∗

Efforts have been made to modify the multidimensional Henstock-Kurzweil integral in order to obtain a satis-

factory Divergence Theorem. In the one-dimensional case, the Henstock-Kurzweil integral operation is defined on

all derivatives, a property lacked by the Lebesgue integral; we have the Fundamental Theorem of Calculus valid

for a wider class of functions when the integral symbol is considered to be the Henstock-Kurzweil integral instead

of the Lebesgue integral. For more than one dimension, the problem is that there are some differentiable functions

F such that the natural generalization of the Henstock-Kurzweil integral operation is not even defined for div F .

Some good results in adapting the Henstock-Kurzweil integral to get a Divergence Theorem valid for a wide class of

functions were obtained in [2] and [8] by maintaining the approach of Riemann sums using interval-based partitions,

but imposing to the partitions certain regularity conditions. For instance, the M1-integral presented by Jarńık,

Kurzweil and Schwabik in [2] is suitable for a most general Divergence Theorem, and satisfies all good properties of

the two-dimensional Henstock-Kurzweil integral (except for Fubini’s Theorem; we refer to [5] and [6] for a discussion

on the level of incompatibility between the Divergence Theorem and Fubini’s Theorem when one wishes to define

an integration process).

In [4] (see also [6]) we show that the mentioned M1-integral is sensitive to rotations, in the sense highlighted by

Proposition 0.1 below. This result relays on the following example from [3]:

Exemplo 0.1. Let (an)n be a sequence of real numbers such that a0 = 0, a0 < a1 < a2 < ... and an → 1, and let

(bn)n be a sequence of strictly positive real numbers converging to zero but such that
∑
n∈N bn = +∞. Let us define

for each natural number n the following subsets of [0, 1]× [0, 1]:

Kn
.
= [an−1, an]× [an−1, an], and K+

n
.
= {(x, y) ∈ Kn : y ≥ x}.

It is straghtforward to define a function f : R2 → R satisfying, for each natural n:

1. f is continuous in Kn and equals zero in ∂Kn;

2. f(x, y) = −f(y, x), for each (x, y) ∈ Kn;

3. f(x, y) ≥ 0, for each (x, y) ∈ K+
n ;

4.
∫
K+

n
f = bn

and such that f(x, y) = 0 for each (x, y) 6∈ ∪n∈NKn. Note that f is discontinuous only in (1, 1).

The function f defined above is M1-integrable, but this integrability is sensitive to rotations:

Proposição 0.1. 1. The function f given by example 0.1 is M1-integrable;

2. the π
4 rad clockwise rotation of f is not M1-integrable. That is, if T : R2 → R2 is defined by T

.
=
√
2
2

[
1 1

−1 1

]
,

then f ◦ T−1 is not M1-integrable.
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The fact that f ◦ T−1 is not M1-integrable is a consequence of the additivity of the M1-integral with respect to

intervals. Otherwise, since supp f ◦T−1 ⊂ [−
√

2,
√

2]× [−1, 1], f ◦T−1 should be M1-integrable over [0,
√

2]× [0, 1],

and that would contradict hypothesis
∑
n∈N bn = +∞.

We can prove the M1-integrability of f directly by using Proposition 0.2 below. That result was proven for the

two-dimensional Perron integral by Karták in [3]; here we present a M1-integral version.

Proposição 0.2. Consider f : [0, 1]2 → R and A ∈ R. Then the following assertions are equivalent:

1. f is M1-integrable in [0, 1]2 and (M1)
∫
f = A;

2. f is M1-integrable in K(x,y)
.
= [0, 1]2 \ [x, 1]× [y, 1] for each x, y satisfying 0 < x, y < 1, and the limit

lim
(x,y)→(1,1)

(M1)

∫
K(x,y)

f (0.1)

exists and equals A.

The results mentioned above can be re-written for the two-dimensional Henstock-Kurzweil integral as well; the

proofs are the same if we skip all the regularity arguments. The result for the Henstock-kurzweil was already known,

since this integral is equivalent to the Perron integral and, as we mentioned, a version of Proposition 0.1 was proven

by Karták for this integral. Our proof has the advantage of being more direct, since we do not need the equivalence

between the Henstock-Kurzweil and the Perron integrals.

Example 0.1 motivates the search for nonabsolute integration processes which are invariant through rotations

and, moreover, through C1-transformations. In [1], Jarńık and Kurzweil present a two-dimensional nonabsolute

integral which satisfies a very general Divergence Theorem and is invariant through C1-transformations, though it

is very complicated to prove even the simpler properties for this integral. We refer to [7] (see also [6]), where a mod-

ification of the M1-integral, called ∆-integral, is presented and the problem is solved up to affine transformations.

The ∆-integral works similarly to the M1-integral, but using triangle-based partitions instead of interval-based

ones, and satisfy all the good properties of the M1-integral.
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Magnetohydrodynamics’s type equations over Clifford

Algebras

Igor Kondrashuk ∗ & Eduardo A. Notte-Cuello † & Marko A. Rojas-Medar ‡

We study a system of equations modeling the stationary motion of incompressible electrical conducting fluid.
Based on methods of Clifford analysis, we rewrite the system of magnetohydrodynamics fluid in the hypercomplex
formulation and represent its solution in Clifford operator terms.

The Clifford algebra Cl(V, g) of a metric vector space (V, g) is defined as the quotient algebra [5, 6, 7]

Cl(V, g) =
T (V )
Jg

,

where Jg ⊂ T (V ) is the bilateral ideal of T (V ) generated by the elements of the form u⊗ v+ v⊗ u− 2g(u, v), with
u, v ∈ V ⊂ T (V ). The elements of Cl(V, g) are sometime called Clifford numbers.

Let Ω ⊂ Rn and Γ = ∂Ω. Then functions u defined in Ω with values in Cl0,n (p = 0 and q = n) are considered.
These functions may be written as

u(x) =
∑
A

eAuA(x), x ∈ Ω,

where uA(x) ∈ R. Properties such as continuity, differentiability, integrability, and so on, which are ascribed to u
have to be possessed by all components uA(x). In this way, the usual Banach space of these functions are denoted by
Cα(Ω, Cl0,n),Lq(Ω, Cl0,n) and Wk

q (Ω, Cl0,n) or in abbreviated form Cα(Ω),Lq(Ω) and Wk
q (Ω) [2, 3, 4]. The Dirac

operator is

D =
n∑

K=1

ek
∂

∂xk
.

is easy prove that D2 = −∆, where ∆ is the Laplacian operator.
The equations of magnetohydrodynamics (MHD) can be reduced to the following form for u∗,h∗ : R3 → R3 and

p∗, w∗ : R3 → R as [1, 5, 6, 7]

−∆u∗ +
ρ

η
(u∗ · ∇)u∗ − µ

η
(h∗ · ∇)h∗ +

1
η
∇π∗ =

ρ− µ
2η

f
∗
,

−∆h∗ + µσ(u∗ · ∇)h∗ − µσ(h∗ · ∇)u∗ = −µσ gradw∗,

div u∗ = 0 ; div h∗ = 0,

(0.1)

where π∗ = p∗ +
µ

2
h∗2 and we set

ρ− µ
2η

f
∗

instead
ρ

η
f∗ to facilitate the computations. For this system we consider

the following boundary conditions
u∗(x) = 0, h∗(x) = 0 on ∂Ω = Γ. (0.2)

Here, u∗ and h∗ are respectively the unknown velocity and magnetic fields; p∗ is the unknown hydrostatic pressure;
w∗ is an unknown function related to the motion of heavy ions (in such way that the density of electric current, j0,
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‡Grupo de Matemática Aplicada, Dpto. de Ciencias Básicas, Facultad de Ciencias, Universidad del B́ıo-B́ıo, Campus Fernando May,

Casilla 447, Chillán, Chile, marko@ueubiobio.cl, supported by DGI-MEC (Spain) Grant MTM2009-12927 and Fondecyt Grant 1080628

121



generated by this motion satisfies the relation rot j0 = −σ∇w∗); ρ is the density of mass of the fluid (assumed to
be a positive constant); µ > 0 is the constant magnetic permeability of the medium; σ > 0 is the constant electric
conductivity; η > 0 is the constant viscosity of the fluid; f∗ is an given external force field.

Now, we can write the system (0.1)-(0.2) in the Clifford formalism [5, 6, 7] with

u(x),h(x), f(x) ∈ Cl10,3 ↪→ Cl0,3

as
DDu +

ρ

η
M(u)− µ

η
M(h) +

1
η
Dπ = 0

DDh + µσN(u,h)− µσN(h,u) = Dw

ScDu = 0 ; ScDh = 0

u = 0, h = 0 on ∂Ω = Γ.

(0.3)

where π = p+
µ

2
h2, −∆ = DD = D2 and M(u), N(u,h) are the operators defined by

M(u) = [Sc(uD)]u− f/2; N(u,h) = [Sc(uD)]h.

1 Resultado

Theorem 1. This theorem has been proven in [7]: If f ∈ W−1
q (Ω) satisfies

(ρ/η)‖f‖W−1
q (Ω) ≤ (16C2

1C
2
2 )−1

with C1 = (
ρ

η
)‖T̃‖[Lq∩imQ,W1

q ]‖Q‖[Lq,Lq∩imQ]‖T̃‖[W−1
q ,Lq ] and

n

2
≤ q < ∞, then the system (0.3) has a unique

solution (u, p,h, w) ∈
◦
W1
q (Ω) ∩Ker div × Lq(Ω)×

◦
W1
q (Ω) ∩Ker div × Lq(Ω).
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[4] Gürlebeck K. and Sprößig W., Quaternionic analysis and elliptic boundary values problems, Akademieverlag:

Berlin, 1989.

[5] Kondrashuk I., Notte-Cuello E. and Rojas-Medar M. A., Stationary asymmetric fluids and Hodge operator.
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observações sobre uma pertubação não linear da

equação de kirchhoff

J. Ĺımaco ∗

Neste trabalho estuda-se a existência e unicidade de suluções globais da equação de Kirchhoff com uma per-

tubação não linear. O modelo de Kirchhoff [1] foi proposto para pequenas vibrações de uma corda elástica com

extremos fixos, o qual é dada por

utt(x, t)−
(
a+ b

∫ L

0

|ux(x, t)|2dx
)
uxx(x, t) = 0 em 0 < x < L, t > 0.

Posteriormente, o modelo acima foi generalizado, para n ≥ 1, por Pohozaev [5] e Lions [2]. Ou seja, foi considerado

o problema misto

∣∣∣∣∣∣∣∣∣

u′′ −
(
a+ b

∫

Ω

|∇u|2dx
)
∆u = 0 em Q = Ω× (0, T ),

u = 0 em ∂Ω× (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x) com x ∈ Ω,

(1.1)

onde Ω é um aberto, limitado com fronteira bem regular de R
n. O problema (1.1) com uma pertubação não linear

do tipo δu′+u2 foi estudado em Medeiros [3] e foram estabelecidos resultados de existência e unicidade de soluções

globais. Em Medeiros, Ĺımaco e Menezes [4] há uma vasta bibliografia sobre trabalhos relacionados com o problema

(1.1).

Neste trabalho, considera-se o problema (1.1) com uma pertubação não linear do tipo δu′ + |u|ρ com ρ ≥ 1 e

δ > 0. Ou seja,

∣∣∣∣∣∣∣∣∣

u′′ −
(
a+ b

∫

Ω

|∇u|2dx
)
∆u+ δu′ + |u|ρ = 0 em Q = Ω× (0, T ),

u = 0 em ∂Ω× (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x) com x ∈ Ω,

(1.2)

o qual generaliza o trabalho de Medeiros [3].

Para alcançar os objetivos deste trabalho, denota-se por | · | e ∥ · ∥ as normas dos espaços de Lebesgue L2(Ω) e

H1
0 (Ω), respectivamente. Além disso, define-se:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

H0 = ∥u1∥2 +
6δ2

32
∥u0∥2 +

3a

4
|∆u0|+

b

2
∥u0∥|∆u0|2;

K(∥u0∥, |u1|) =
1

2
|u1|2 +

a

2
∥u0∥2 +

b

4
∥u0∥4 +

Cρ+1
0

ρ+ 1
∥u0∥ρ+1,

onde C0 é a constante de imersão de H1
0 (Ω) em Lρ+1(Ω);

P (λ) =
a

2
λ2 − Cρ+1

0

ρ+ 1
λρ+1; λ0 =

( a

Cρ+1
0

)1/(ρ−1)

; P (λ0) =
a(ρ+1)/(ρ−1)

C
2(ρ+1)/(ρ−1)
0

(1
2
− 1

ρ+ 1

)
.

Para estabelecer os resultados deste trabalho considera-se as seguntes hipóteses:

(H1) a, b, δ ∈ R
+; u0 ∈ H1

0 (Ω) ∩H2(Ω) e u1 ∈ H1
0 (Ω);
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(H2) 1 < ρ ≤ n

n− 2
, ∥u0∥ < λ0; K(∥u0∥, |u1|) < P (λ0);

λ
2(ρ−1)
0

a
<
δ2

32
;

(ρ2C2
2

2

)(32
δ2

)ρ−1

Hρ−1
0 +

128b

δ2
H2

0 + C1

(32
δ2

)(ρ−1)/2

H
(ρ−1)/2
0 <

a

2
,

onde C1, C2 são constantes de imersão definidas por | v∥ ≤ C1|∆v| para v ∈ H1
0 (Ω)∩H2(Ω) e ∥ · ∥L2ρ(Ω) ≤ C2∥ · ∥,

respectivamente.

O principal resultado do trabalho é estabelecido no seguinte teorema.

Teorema 1.1. Nas condições das hipóteses (H1) e (H2), existe uma única função u : Q→ R solução do problema

misto (1.2) com regularidade:

u ∈ L∞ (
0, T ;H1

0 (Ω) ∩H2(Ω)
)
, u′ ∈ L∞ (

0, T ;H1
0 (Ω)

)
e u′′ ∈ L2

(
0, T ;L2(Ω)

)
,

e u satisfaz (1.2) no seguinte sentido:

∫

Q

u′′ϕdxdt+

∫

Q

(
a+ b∥u∥2

)
∇u∇ϕdxdt+

∫

Q

(δu′ + |u|ρ)ϕdxdt = 0,

para todo ϕ ∈ L2
(
0, T ;H1

0 (Ω)
)
. Além disso,

u(0) = u0 u′(0) = u1.
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isomorfismos entre espaços de aplicações holomorfas

em espaços de banach

kuo po ling ∗†

Resumo. Sejam E e F espaços de Banach complexos. Nosso objetivo neste trabalho é encontrar condições
para que, se os espaços duais E′ e F ′ são isomorfos, os espaços de aplicações holomorfas de tipo finito em E e F

sejam isomorfos também. Estudamos também o problema correspondente para os espaços de aplicações holomorfas
de um determinado tipo, como por exemplo, nuclear de tipo finito, compacto de tipo finito ou fracamente compacto
de tipo finito.

1 Introdução

No recente artigo [7], usamos seqüências de Nicodemi encontrando condições para que, se os espaços duais
E′ e F ′ são isomorfos, os espaços de aplicações multilineares (resp. polinômios homogêneos) em E e F sejam
isomorfos também. Estudamos também o problema correspondente para os espaços de aplicações multilineares
(resp. polinômios homogêneos) de um determinado tipo, como por exemplo, de tipo finito, nuclear, compacto ou
fracamente compacto.

Neste trabalho, usamos a mesma aproximação para encontrar condições para que, se os espaços duais E′ e F ′

são isomorfos, os espaços de aplicações holomorfas de tipo finito em E e F sejam isomorfos também. Estudamos
também o problema correspondente para os espaços de aplicações holomorfas de um determinado tipo, como por
exemplo, nuclear de tipo finito, compacto de tipo finito ou fracamente compacto de tipo finito.

As letras D,E e F representam sempre espaços de Banach complexos. N denota o conjunto de todos os números
inteiros estritamente positivos. Denotaremos por L(mE;G) o espaço de Banach de todas as aplicações m− lineares
cont́ınuas de Em em G sob a norma natural. Escreveremos L(mE) em vez de L(mE;C) e L(E; G) em vez de
L(1E;G) e denotaremos L(E) por E′, o dual topológico de E. Denotaremos por P(mE; G) o espaço de Banach
de todos os polinômios m− homogêneos cont́ınuos de E em G sob a norma natural. Denotaremos por PN (mE; G)
o espaço de Banach de todos os polinômios m-homogêneos de E em G que são nucleares, sob a norma nuclear.
Denotaremos por PK(mE; G) (resp. PWK(mE; G)) o espaço de todos os polinômios m-homogêneos compactos
(resp. fracamente compactos) de E em G. Seja U ⊂ E um conjunto aberto não vazio. Uma aplicação f : U → G é
dita holomorfa se para cada a ∈ U existe uma série de potência

∑∞
m=0 Pm(x− a), com Pm ∈ P(mE;G) para cada

m ∈ N, que converge uniformemente para f(x) em uma vizinhança de a. Para cada m, Pm, chamado m- ésimo
polinômio m− homogêneo na série de Taylor def em a, é denotado por Pmf(a). O espaço de todas as aplicações
holomorfas de U em G é denotado por H(U ; G). Para Θ = N, K ou WK, seja

HΘ(U ;G) = {f ∈ H(U ; G) : Pmf(a) ∈ PΘ(mE;G) para todo m ∈ N, a ∈ U},

Hb(E; G) = {f ∈ H(E;G) : f é limitada em conjuntos limitados },
e

HΘb(E; G) = HΘ(E; G) ∩Hb(E; G).

Nós consultamos [5] e [9] para as propriedades de aplicações multilineares, polinômios homogêneos e aplicações
holomorfas.

∗Faculdade de Matemática, Universidade Federal de Uberlândia, Uberlândia, MG, Brasil, e-mail : kuo@famat.ufu.br
†A autora agradece o apoio financeiro à FAPEMIG e à PROPP-UFU.
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2 Resultados Principais

Teorema 2.1. Se E e F são simetricamente Arens - regular, e E′ e F ′ são isomorfos, então Hb(mE) e Hb(mF )
são isomorfos para todo m ∈ N.

Teorema 2.2. Se E e F são simetricamente Arens - regular, e E′ e F ′ são isomorfos, então Hb(mE; G′) e
Hb(mF ; G′) são isomorfos para todo m ∈ N.

Teorema 2.3. Se E′ e F ′ são isomorfos, então HNb(mE) e HNb(mF ) são isomorfos para todo m ∈ N.

Teorema 2.4. Se E′ e F ′ são isomorfos, então HNb(mE;G′) e HNb(mF ;G′) são isomorfos para todo m ∈ N.

Teorema 2.5. Se E e F são simetricamente Arens - regular, e E′ e F ′ são isomorfos, então HΘb(mE; G′) e
HΘb(mF ; G′) são isomorfos para todo m ∈ N, onde Θ = K ou WK.
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large deformations in viscoelasticity – analysis of a

mathematical model

i-shih liu, rolci cipolatti, mauro a. rincon ∗

The behavior of large deformations of materials are characterized by some nonlinear constitutive relations, which

leads to a system of nonlinear partial differential equations. To solve boundary value problems for these nonlinear

systems, we propose a method based on a successive updated referential formulation of linear approximations.

For the applications we have in mind, we shall consider a nearly incompressible viscous material with the

constitutive equation T = −pI + T (F, Ḟ ), where

T (F, Ḟ ) = s1B + s2B
−1 + λ tr(D)I + 2µD,

B = FFT is the left Cauchy-Green tensor and D is the rate strain tensor, i.e, D = 1
2 (L + LT ), L = ḞF−1. The

parameters s1, s2, λ and µ are assumed to be constant. Since the elastic component of this constitutive equation

is the well known Mooney-Rivlin model, we will refer this material as a Mooney-Rivlin type isotropic viscoelastic

solid.

An appropriate linearization of the Piola-Kirchhoff tensor Tκ = det(F )TF−T at time τ with respect to the state

at the present time t < τ leads to following expression

Tκ(τ) = T0 + tr(H)(T0 + βI) − T0H
T + L[H ] + M [Ḣ],

where F0 is the deformation gradient at time t, T0 = T (F0, 0) is the elastic Cauchy stress at the present time t,

H = ∇x u , u(τ, x) is the displacement vector and β := ρdp

dρ
is a material parameter. The symmetric linear operators

L[H ] and M [Ḣ] are defined by

L[H ] = s1(HB0 + B0H
T ) − s2(B

−1
0 H + HT B−1

0 ), B0 = F0F
T
0 ,

M [Ḣ] = λ tr(Ḣ)I + µḢ + µḢT .

We consider the following boundary value problem

− div Tκ(τ) = ρ(t)g(τ) in Ω,

Tκ(τ)nκ = f (τ) on Γ1,

u(τ) · nκ = 0 on Γ2,

Tκ(τ)nκ × nκ = 0 on Γ2,

u(0, x) = 0 in Ω,

where Ω is a domain of R
2 corresponding to the present configuration of the material viscoelastic body, Γ1∪Γ2 = ∂Ω

and nκ is the unitary exterior normal vector on ∂Ω. This boundary value problem can be formulated as the following

evolution variational problem: find u : [0, T ] → V such that

M(u̇(τ),w ) + L(u(τ),w ) = N (w ), ∀w ∈ V, (1)

u(0) = 0, (2)

∗Instituto de Matemática, UFRJ, RJ, Brasil, liu@im.ufrj.br, cipolatti@im.ufrj.br, rincon@dcc.ufrj.br
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where V is the Hilbert space of admissible displacement vector, namely V =
{

v ∈ H1(Ω)2 ; v · nκ = 0 on Γ2

}

.

The bilinear forms M, L and the linear form N are defined as

M(v ,w) :=

∫

Ω

M [∇v ] · ∇w dx ,

L(v ,w) :=

∫

Ω

(

tr(∇v )(T0 + βI) − T0(∇v )T + L[∇v ]
)

· ∇w dx .

N (w) :=

∫

Ω

ρ(t)g(τ) ·w dx +

∫

Γ1

f (τ) ·w dS −

∫

Ω

T0 · ∇w dx .

We assume that Ω satisfies the following geometric property (GH): There does not exist a constant vector

c ∈ R
2 such that nk(x ) · c = 0 for all x ∈ Γ2. Under this assumption, ||v ||2V := ||∇v1||

2
L2 + ||∇v2||

2
L2 is an

equivalent norm for V .

Our main results are the following:

Theorem 1. We assume that Ω satisfies (GH), β > 0 and s2 < 0 < s1. If

sup
x

∣

∣p0(x ) − s2 tr B−1
0 (x )

∣

∣ <
√
−s1s2,

the bilinear form L(v ,w) is coercive in V for β large enough. In particular, the variational problem

L(u ,w) = N (w ), ∀w ∈ V

has a unique solution u ∈ V .

Theorem 2. We assume the hypothesis of Theorem 0.1. If µ > 0 and λ+µ > 0, then for any T > 0, the variational

problem (1)-(2) has a unique solution u ∈ C
(

[0, T ]; V ). Moreover, there exist positive constants C1 and C2 such

that

||u(τ) − u ||2V ≤ C1 exp(−C2τ).

References

[1] liu, i-s., cipolatti, r. and rincon, m.a. - Incremental linear approximation for finite elasticity, Proceedings

of International Conference on Numerical and Applied Mathematics 2006 (ICNAAM), Wiley-VCH Verlag,

(2006), pp. 199-202.

[2] liu, i-s., cipolatti, r. and rincon, m.a. - Successive linear approximation for finite elasticity, to appear in

Comp. Appl. Mathematics.

[3] liu, i-s., cipolatti, r., rincon, m.a., palermo l.a - Numerical simulation of salt migration - Large

deformation in viscoelastic solid bodies, Computer Methods in Applied Mechanics and Engineering (CMAME),

submited (2010).

[4] ciarlet, p.g. - Mathematical Elasticity, Vol. 1, North-Holland, Amsterdam, 1988.

[5] liu, i-s. - Continuum Mechanicas, Springer, Berlin Heilderberg, 2002.

128



ENAMA - Encontro Nacional de Análise Matemática e Aplicações
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nonlocal solution for a unilateral problem involving

carrier operator
ivo f. lopez ∗, m. d. g. da silva † & a. c. biazutti ‡

Consider the open hypercube Ω = (0, 1)n of Rn with boundary denoted by Γ. By Q = Ω × (0, T ), for T > 0 a
real number, we denote a cylinder of Rn+1 with lateral boundary Σ = Γ× (0, T ).

In this work we obtain nonlocal solution for a unilateral problem related to the Carrier operator

Lu(x, t) = u′′(x, t)−
(

1 +
∫

Ω

u(x, t)2dx

)
∆u(x, t) on Ω,

by making use of the penalty method, cf. Lions[5], considering the closed convex set

K =
{
v ∈ H1

0 (Ω); |∇v| 6 1 a.e. in Ω
}
.

In studies involving mixed problems for the Carrier equation, it has been proved the existence of nonlocal or
global solutions only if some dissipative term is added, as in [2] and [4]. For a survey on the Carrier and Kirchhoff
equations, see Medeiros et al. [7]

Medeiros & Larkin[6] have obtained a similar result for a unilateral problem using Kirchhoff-Carrier operator,
considering the two-dimensional case when Ω is a rectangle. Frota[1] has extended the result for the n-dimensional
case when Ω is a hyperrectangle. Frota & Larkin[3] have also obtained nonlocal solution for a unilateral problem
related to a Kirchhoff type operator on a general open set Ω of Rn, using a different closed convex set and more
regular initial data.

1 Mathematical Result

The main result is contained in the following theorem:

Theorem 1.1. Suppose u0 ∈ H1
0 (Ω) ∩H2(Ω), u1 ∈ K and f ∈ L2(0, T ;H1

0 (Ω)) with f ′ ∈ L2(0, T ;L2(Ω)). Then,
there exists one function u : Q→ R, such that

u ∈ L∞(0, T ;H1
0 (Ω) ∩H2(Ω)); u′ ∈ L∞(0, T ;H1

0 (Ω)) ∩ L4(0, T ;W 1,4
0 (Ω)); u′′ ∈ L∞(0, T ;L2(Ω))

u′(t) ∈ K a.e. in (0, T )∫ T

0

∫
Ω

Lu(x, t) (z(x, t)− u′(x, t)) dxdt >
∫ T

0

∫
Ω

f(x, t) (z(x, t)− u′(x, t)) dxdt,

for all z ∈ L4(0, T ;W 1,4
0 (Ω)), with z(t) ∈ K a.e. in (0, T ), u(y, 0) = u0(y) and u′(y, 0) = u1(y) in Ω.

The proof for theorem 1.1 follows from the next theorem and the penalty method. We make use of the penalty
operator β related to the closed convex K, cf. Lions [5], defined bellow.

For each u ∈W 1,4
0 (Ω), consider the continuous linear form β(u) such that, for all v ∈W 1,4

0 (Ω),

< β(u), v >=
∫

Ω

(1− |∇u|2)−∇u.∇vdx.

The penalty operator β : W 1,4
0 (Ω)→W−1,4/3(Ω) is monotone, hemicontinuous, takes bounded sets of W 1,4

0 (Ω)
into bounded sets of W−1,4/3(Ω) and its kernel is K.
∗Universidade Federal do Rio de Janeiro, RJ, Brasil, ivolopez@ufrj.br
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Theorem 1.2. Suppose u0 ∈ H1
0 (Ω) ∩H2(Ω), u1 ∈ K and f ∈ L2(0, T ;H1

0 (Ω)) with f ′ ∈ L2(0, T ;L2(Ω)). Then
there exists one function uε : Q→ R such that

uε ∈ L∞(0, T ;H1
0 (Ω) ∩H2(Ω)); u′ε ∈ L∞(0, T ;H1

0 (Ω)) ∩ L4(0, T ;W 1,4
0 (Ω)); u′′ε ∈ L∞(0, T ;L2(Ω))∫ T

0

∫
Ω

Luε(x, t)z(x, t)dxdt+
1
ε

∫ T

0

< β(u′ε(t)), z(t) > dt =
∫ T

0

∫
Ω

f(x, t)z(x, t)dxdt

for all z ∈ L4(0, T ;W 1,4
0 (Ω)), with uε(y, 0) = u0(y) and u′ε(y, 0) = u1(y) in Ω, for all ε > 0 sufficiently small.

Proof. By Faedo-Galerkin’s method.

Acknowledgements. We thank Professor Luis Adauto Medeiros for having drawn our attention to this question
and for his assistance.
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32, pp.169-191 (2007).
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Nonlinear Boundary Dissipation for a Coupled System

of Kirchhoff Equations
Aldo T. Lourêdo ∗ & M.Milla Miranda †

Introduction

The small transverse vibrations of an elastic stretched string of length L, when it supposes that the tension, in each

point of the string, has only vertical component, can be studied by the mathematical model:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ux(x, t) +
1

2

(
v2x(x, t) + w2

x(x, t)
)

=
1

2L

∫ L

0

[
v2x(x, t) + w2

x(x, t)
]
dx,

0 < x < L, t > 0,

vtt(x, t)−

(
m0 +m1

∫ L

0

[v2x(x, t) + w2
x(x, t)]dx

)
vxx(x, t) = 0,

0 < x < L, t > 0,

wtt(x, t)−

(
m0 +m1

∫ L

0

[v2x(x, t) + w2
x(x, t)]dx

)
wxx(x, t) = 0,

0 < x < L, t > 0,

(0.1)

where {u, v, w} denotes the displacement of the points of the string. This system was introduced by A.H. Nayfeh

and D.T. Mook [11]. The second equation of (0.1) with w(x, l) ≡ 0 was studied by G.Kirchhoff [1].

Let Ω be an open bounded set of Rn with boundary Γ of class C2. Assume that Γ is constituted by two non

empty closed disjoint parts Γ0 and Γ1. Denote by ν(x) the unit outward normal vector at x0 ∈ Γ1. Represent by V

the Hilbert space defined by V = {v ∈ H1(Ω); v = 0 on Γ0} equipped with de Dirichlet scalar product ((u, v)) and

norm ‖u‖.

1 Main Results

Introduce the following hypotheses (i = 1, 2) :

(H1) Mi ∈W 1,∞
loc (]0,∞[×]0,∞[×]0,∞[) with Mi(t, λ, ξ) ≥ mi > 0, with (mi constant), ∀{t, λ, ξ} ∈ ([0,∞[)3,

(H2) hi(s) a lipschitzian function verifying hi(0) = 0 and [hi(s)− hi(r)](s− r) ≥ di(s− r)2, ∀s, r ∈ R (di positive

constant),

(H3) δ ∈W 1,∞(Γ1), δ(x) ≥ δ0 > 0, ∀x ∈ Γ1 (δ0 constant).

Theorem 1.1. Assume thatMi, hi (i=1,2) and δ satisfy hypotheses (H1)−(H3). Consider {u0, u1} ∈ (V ∩H2(Ω))2

and {v0, v1} ∈ V 2 satisfying

∂u0

∂ν
+ δ(x)h1(u1) = 0,

∂v0

∂ν
+ δ(x)h2(v1) = 0 on Γ1.

Then there exist a real number T0 > 0 and an unique pair of functions {u, v} in the class

{u, v} ∈ (L∞(0, T0;V ∩H2(Ω)))2,

{u′, v′} ∈ (L∞(0, T0;V )2,

{u′′, v′′} ∈ (L∞(0, T0;L2(Ω)))2
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satisfying the equations ∣∣∣∣∣ u′′ −M1(t, ‖u‖2, ‖v‖2)4u = 0 in L∞(0, T0;L2(Ω)),

v′′ −M2(t, ‖v‖2, ‖u‖2)4v = 0 in L∞(0, T0;L2(Ω))∣∣∣∣∣∣∣∣
∂u

∂ν
+ δ(x)h1(u′) = 0 in L2(0, T0;L2(Γ1)),

∂v

∂ν
+ δ(x)h2(v′) = 0 in L2(0, T0;L2(Γ1)),

and the initial conditions u(0) = u0, u′(0) = u1, and v(0) = v0, v′(0) = v1.

Proof 1.1. Theorem 1.1 follows by applying the Faedo-Galerkin method with a special basis of V ∩H2(Ω) and Fixed

Point Theorem of Banach.

Remark 1.1. Under the hypotheses

Mi(t, λ, ξ) = M(t, λ+ ξ) ≥ m0 > 0 (i = 1, 2),

where M ∈ C1([0,∞)2), and {u0, v0}, {u1, v1} having small norms, we obtain global solutions and the exponential

decay of the energy of (0.1).
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On a Kirchhoff-Carrier equation in Banach spaces
Aldo T. Lourêdo ∗; Alexandro M. Marinho†; Marcondes R.Clark‡

Introduction

In this work, we investigate the existence of local solutions for abstract nonlinear evolution equation

u′′ +M(∥u(t)∥2W )Au+ F (u) +Au′ = 0,

where A is an positive self adjoint operator defined on a real separable Hilbert space V , F is an operator defined on

a real separable Hilbert space H and M is a smooth real function such that M(λ) ≥ m0 > 0. Further, W is an real

Banach’s space with dual W ′ strictly convex. Moreover, we do not need to assume that V is compactly immersed

into W .

1 Basics Results and Main Result

Let V and H be Hilbert spaces with inner product and norm represented, respectively, by (( ·, · )), || · || and ( · ),
| · | . We consider A : V = D(A) ⊂ H → H, where A is an unbounded positive self-adjoint linear operator defined

on H.

Let F : V → H be a continuous application satisfying:

(H1)

∣∣∣∣∣
For all constant c > 0, there exists a constant αc > 0 such that

|F (u)− F (v)| ≤ αc∥u− v∥ if u, v ∈ V and ∥u∥2 + ∥v∥2 ≤ c.

(H2)

∣∣∣∣∣∣

There exists constants k0 > 0 and µ > 0 such that∫ t

0

(F (u(s)), u′(s))ds ≥ −k0∥u(0)∥µ.

(H3)
∣∣∣ For (u, v) ∈ D(A)× V we have F (u(.)) ∈ V.

(H4)

∣∣∣∣∣
For all constant c > 0 there exists a constant βc > 0 such that

|F (u(·), v)| ≤ βc|Au|∥v∥ if ∥v∥ ≤ c.

(H5)

∣∣∣∣∣
For all constant c > 0 there exists a constant γc > 0 such that

|F (u(.))| ≤ γc if ∥Au∥ ≤ c.

Further, let W be an Banach’s space with dual W ′ strictly convex and V no compactly immersed into W . We

consider also the Hilbert’s space D(Aσ) equipped with inner product

(u, v)D(Aσ) = (Aσu,Aσv),with σ ≥ 0.

In H we study the existence of a local solution for the problem
∣∣∣∣∣
u′′ +M(∥u(t)∥2W )Au+ F (u) +Au′ = 0

u(0) = u0; u′(0) = u1,
(1.1)

where M is a function in W 1
loc((0,∞)) with M(λ) ≥ m0 > 0. The local solution of the problem (1.1) is determined

by the follows result:
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Theorem 1.1. Under the hypothesis on M , W and assuming (H1)− (H5), if u
0 ∈ D(A

3
2 ), u1 ∈ D(A) then there

exists a unique function u : [0,∞) → H in the class

u ∈ L∞
loc(0,∞;D(A

3
2 ));

u′ ∈ L∞
loc(0,∞;D(A

1
2 ));

u′′ ∈ L∞
loc(0,∞;H),

and satisfies ∣∣∣∣∣
u′′ +M(∥u∥2W )Au+ F (u) +Au′ = 0 in L∞

loc(0,∞;H)

u(0) = u0, u′(0) = u1.

Proof 1.1. Theorem 1.1 follows by applying the Faedo-Galerkin method with a special basis of H and the method of

the successive approaches.
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System of Elasticity with Nonlinear Boundary

Conditions
Aldo T. Lourêdo ∗ & M.Milla Miranda † & Osmundo A. Lima ‡

Introduction

Let Ω be an open bounded of Rn with boundary of class C2 and T > 0 be a real number. Assume that Γ is

constituted by two nonempty disjoint closed sets Γ0 and Γ1. Denote by ν(x) the outward unit normal vector at

x ∈ Γ1. Consider the mixed problem:

(∗)

∣∣∣∣∣∣∣∣∣∣∣∣

u′′(x, t)− µb(t)4u(x, t)− (λ+ µ)b(t)divu(x, t) = 0 in Ω×]0, T [,

u = 0 in Γ0×]0, T [,

µb(t)
∂u

∂ν
(x, t) + (λ+ µ)b(t)ν(x)divu(x, t) + δ(x)h(u′(x, t)) = 0 in Γ1×]0, T [,

u(x, 0) = u0(x), u′(x, 0) = u1(x) in Ω,

where u = (u1, . . . , un) is a vectorial function; b(t) a real function; λ ≥ 0 and µ > 0, the Lamé coefficients; h(x), a

Lischitz continuous function defined on Rn; and δ(x) a function defined on Γ1.

1 Notations and Results

Let us represented by H1
Γ0

(Ω) the Hilbert space

H1
Γ0

(Ω) = {v ∈ H1(Ω) : v = 0 on Γ0},

equipped with the Derichlet scalar product ((u, v))Γ0
and norm ‖u‖Γ0

. Introduce the Hilbert spaces

H = (L2(Ω))n, (u, v)H =
n∑
i=1

(ui, vi), ∀u, v ∈ H

and

V = (H1
Γ0

(Ω))n, ((u, v))V =
n∑
i=1

((ui, vi))H1
Γ0

(Ω), ∀u, v ∈ V.

Consider the following hypotheses

(H1) b ∈W 1,∞
loc (0,+∞), b(t) ≥ b0 > 0, ∀t ∈ [0,∞)

(H2) W 1,∞(Γ1), δ(x) ≥ δ0 > 0, ∀x ∈ Γ1;

(H3) h : Rn → Rn where h(x1, . . . , xn) = (h1(x1), h2(x2) . . . , hn(xn)) with hi : R → R Lipschiz continuous

functions, hi(0) = 0 and [hi(s)− hi(r)](s− r) ≥ di(s− r)2, ∀s, r ∈ R, di > 0 constant, i = 1, 2, . . . , n.

Theorem 1.1. Assume that hypotheses (H1) − (H3) are satisfied. Consider u0 ∈ V ∩ (H2(Ω))n and u1 ∈ V

verifying µb(0)∂u
0

∂ν + (λ+ µ)b(0)νdivu0 + δ(x)h(u1) = 0 on Γ1. Then there exists a unique function u in the class

u ∈ L∞(0, T ;V ∩ (H2(Ω))n), u′ ∈ L∞(0, T ;V ), u′′ ∈ L∞(0, T ;H),
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such that u satisfies

u′′ − µb4u− (λ+ µ)b∇divu = 0 in L∞(0, T ;H);

µb
∂u

∂ν
+ (λ+ µ)bνdivu+ δ(x)h(u′) = 0 in L∞(0, T ; (H

1
2 (Γ1))n);

u(0) = u0, u′(0) = u1 in Ω.

Proof 1.1. The above theorem follows by applying the Galerkin method with a special basis of V ∩ (H2(Ω))n. This

work is a nonlinear version of the paper of C.S.Quiroga de Caldas [2].

Remark 1.1. The weak solutions of (∗) with h continuous and the exponential decay of its energy will be published

later on.
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stability of differential equations with piecewise

constant argument via associated discrete equations

s. a. s. marconato ∗ & m. a. bená †

1 Summary

The study of stability of differential equations with piecewise continuous argument using dichotomic maps has
been subject of investigations; Bená and Dos Reis [1], Carvalho and Cooke [2], Carvalho and Marconato [3],
Marconato [4] and Marconato and Bená [5]. These equations include, as a particular case, differential equations
with constant argument in intervals, such as (1.1) x′(t) = f(t, x(t), x([t])) where f : R × Rn × Rn → Rn is a
continuous map with f(t, 0, 0) = 0, for all t ∈ R. We denote by x(., to, ψ) the solution of (1.1) with xto

(., to, ψ) = ψ

and xt(., to, ψ)(θ) = x(t+ θ, to, ψ), θ ∈ [−1, 0], ψ ∈ C, where C denotes Banach space of the continuous maps from
[-1,0] into Rn. The solution through ψ ≡ 0, that is, x(., to, 0), is the null solution.
Our purpose is to study stability of such equations by means of the analysis of stability of the associated discrete
equation, via dichotomic maps. Let us consider equation (1.1) with initial condition xto

(., to, ψ) = ψ and to =
no ∈ N . Let x(t) = x(t, no, ψ) be the solution defined in [no, w) and xn(t) be the restriction of x(t) to the interval
[n, n + 1) ⊂ [no, w[, n + 1 < w. If cn = xn(n), then xn(t) satisfies the Initial Value Problem x′(t) = f(t, x(t), cn)
with x(n) = cn and so xn(t) = cn +

∫ t

n
f(s, x(s), cn) ds. From the continuity of x(t) in the integers, one can easily

show, taking the limit as t→ (n+1)−, that (1.2) cn+1 = cn +
∫ n+1

n
f(s, x(s), cn) ds, which is an equation of discrete

type, called associated discrete equation to (1.1).

Definition 1.1. Given a map V : R×Rn → Rn and a nonnegative integer number k, we define the k-th variation of
V along the solutions of (1.2) with x(no) = xo, by ∆kV (n, xn(xo)) = V (n, xn(xo))−V (n−k, xn−k(xo)), n ≥ no + k.

In the autonomous case, that is, (1.3) xn+1 = g(xn), n ∈ N with the initial condition xo = y, the following definitions
can be stated, where Ω is a neighborhood of the origin in Rn, V : Ω→ R is a continuous map and j = 1, 2, ..., k:
Ωj

+(k) = {y ∈ Ω : ∆jV (xk(y)) > 0} , Ωj
o(k) = {y ∈ Ω : ∆jV (xk(y)) = 0} ,

Ωj
−(k) = {y ∈ Ω : ∆jV (xk(y)) < 0} , Ωj

o−(k) = Ωj
−(k) ∪ Ωj

o(k).

Definition 1.2. We say that V is dichotomic with respect to (1.3) if there exists an integer k, k ≥ 2, such that
[Ω1

+(k) ∪ Ω1
o(k)] ⊂

⋃k
j=2 Ωj

o−(k).

Definition 1.3. If, in addition to the condition of the above definition, we have (i) [Ω1
+(k) ∪ Ω1

o(k)]
∗
⊂

⋃k
j=2 Ωj

−(k)
and (ii) Ω1

o(k) ∩ Ωk
o(k) = {0} then, we say that V is strictly dichotomic with respect to (1.3) (in Ω).

Theorem 1.1. : Let u, v : R+ → R+ be continuous, nondecreasing functions, which are positive for s > 0 and
u(0) = v(0) = 0. If there exists a positive definite dichotomic map with respect to (1.2), V : R×Rn → R such that
u(|x|) ≤ V (t, x) ≤ v(|x|), t ∈ R, x ∈ Rn, then the null equilibrium of (1.2) is stable.

Theorem 1.2. Let V be a strictly dichotomic map with respect to (1.2) in Theorem (1.1). Then, the null equilibrium
of (1.2) is asymptotically stable.
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2 Result

Theorem 2.1. Let f be lipschitzian with respect to (x, y) in R× R2n. If the null solution of the discrete equation
(1.2) is stable (asymptotically stable), then the null solution of (1.1) is stable (asymptotically stable).

Proof: The idea of the proof is to consider, by hypothesis that, given ε > 0, there exists δ > 0 such that, if
| co |< δ, then | cn(co) |< ε, for all n ∈ N, and | x(t) |≤ (1 + k) | cn | +k

∫ t

no+n
| x(s) | ds, where k is Lipschitz’s

constant. By Gronwall’s Inequality, | x(t) |≤ (1 + k) | cn | exp(k) = M | cn |. Thus, whenever | cn(co) |< ε/M , we
have that | x(t) |< ε, for t ∈ [no + n, no + n + 1), for all n ∈ N. With this result, the hypothesis and continuity of
x(., to, ψ) with respect to ψ, we have that, given ε > 0, we can choose µ and δ, 0 < µ < δ < ε so small such that
‖ ψ ‖< µ implies | x(t, to, ψ) |< δ, for t ∈ [to, no], and | x(no, to, ψ) |=| co |< δ implies | cn(co) |< ε/M < ε, for
all n ∈ N, which implies | x(t, to, ψ) |< ε, for all t ≥ to. The result of stability is proved. We omit the result of
asymptotic stability.
Application: Now, we present an example evidencing that to work with the associated discrete equation, becomes
the problem more simple. Consider the equation (2.1) x′(t) = ax(t) + bx([t]), t ≥ 0 with xo = ψ, a ≤ −δ < 0 and
| b |< kδ, δ > 0, for some k ∈ (0, 1). With these conditions, the null solution of (2.1) is asymptotically stable (see
[3]). Let, now, discuss the behavior of the map V (x) = x2/2 by the solution of the associated discrete equation to
(2.1), taking ψ(0) = co. The solution x(t) restricted to the interval [n, n+ 1), n ∈ N, is given by xn(t) = (−b/a)cn +
cn(1 + b/a) exp(a(t− n)) with cn = xn(n, co). Since x(t) is continuous at the integers values, cn = xn−1(n, co) and
so, the associated discrete equation to (2.1) is given by (2.2) cn = [(1 + b/a) exp(a)− b/a]cn−1 = Acn−1. We have
that V is a strictly dichotomic map with respect to (2.2) by considering the region of the plane given by |A| < 1,
which corresponds to a(1 + exp(a))/(1 − exp(a)) < b < −a for all a ∈ R, a 6= 0, and for a = 0 it corresponds
to −2 < b < 0. In fact: Let Ω a neighborhood of the zero in R. So, Ω1

+(2) = {y ∈ Ω : 41V (c2(y)) > 0} = ∅,
because, for all y ∈ Ω, 41V (c2(y))=V (c2(y))−V (c1(y))=(1/2)[c22(y)− c21(y)]=(c21(y)/2)(A2− 1) ≤ 0, since |A| < 1.
We observe that Ω1

o(2) = {y ∈ Ω : 41V (c2(y)) = 0} = {0}. So, [Ω1
+(2)

⋃
Ω1

o(2)]∗ ⊂ Ω2
−(2). We have, too, that

Ω1
o(2)

⋂
Ω2

o(2) = {0}, because if y ∈ Ω1
o(2)

⋂
Ω2

o(2), then V (c2(y) = V (c1(y) = V (y). So, c22(y) = c21(y) = y2,
that is, (A2y)2 = (Ay)2 = y2. Since |A| < 1, necessarily y = 0 and it follows the result. Therefore, the definition
of strictly dichotomic map is satisfied. By Theorems (1.1) and (1.2), the null solution of (2.2) is asymptotically
stable, whenever |(1 + b/a) exp(a) − (b/a)| < 1. And, by Theorem (1.3), we have that the null solution of (2.1)
is asymptotically stable, by considering the above region. We observe that this region is wider than the region
a ≤ −δ < 0 and |b| < kδ for δ > 0 and some k ∈ (0, 1), initially considered, mainly to permit positive values for the
constant ”a”. Therefore, best results have been possible by the study of the associated discrete equation.
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Edição N0 4 Novembro 2010

hierarchic control for cooperative systems with an

infinite number of variables

A.O. Marinho ∗ & M.R.Clark † & S.B. Menezes‡

In this work, we shall consider spaces of functions of infinitely variables see [1], [2] and [7]. For this purpose we

shall introduce the infinite product R∞ = R
1 ×R

1 × .....×R
1 × ...., with elements (x ∈ R

∞, x = (xn)
∞
n=1, xn ∈ R

1),

and by dρ(x) the product of measures dρ = p1(x1)dx1 ⊗ p2(x2)dx2...., defined on the σ−hall cylindrical sets in R
∞

generated by the finite-dimensional Borel sets, where (pk(t))
∞
k=1 is a sequence of weights such that

0 < pk(t) ∈ C∞(R1),

∫

R1

pk(t)dt = 1,

see [3].

With respect to this measure and on R
∞, with sufficiently smooth boundary Γ, we construct the functional

space for work. We assume that t ∈ (0, T ), T <∞, with Lebesgue measure dt on (0, T ). Set Q = R
∞ × (0, T ) and

Σ = Γ× (0, T ).

Let Sij ⊂ R
∞ non-empties open and disjoints subsets of R

∞. Let Oi = R
∞/Sij . By χOi and χSij we

represent the characteristic function of χOi and χSij respectively. For the controls v = (v1, ....., vn) ∈ (L2(Oi))
n

and wj = (w1j , ...., wnj),∈( L2(Oij) j = 1, ...,m, i = 1, ..., n, the state of the system is given by the solution of

∥∥∥∥∥∥∥∥∥∥∥∥

∂ui
∂t

+∆ui =
n∑

k=1

hikuk + fi + viχOi +
m∑

j=1

wijχSij in R
∞

ui = 0 on Σ

ui(x, 0) = u0,i, 1 ≤ i ≤ n.

(0.1)

On the main focus of this work is to discuss on the hierarchic for the cooperative system (0.1). For a given

Zd = {z1d, ......, znd} ∈ (L2(R∞))n, we will discuss:

• For a given vi ∈ (L2(Oi× (0, T )))n we show that que controls wi1, ...., w1n can be choice by optimality system

following the ideas [4] when to consider the functional

Jij(vi, wi) =
n∑

i=1

∥wij(v)− ρijzid∥2L2(R∞) +M
n∑

i=1

(wij , wij)L2(Sij×(0,T )),

where M is a positive constant.

• The control vi ∈ (L2(Oi×(0, T )))n can be choice by mean of optimality system when to consider the functional

Ji(vi) =
n∑

i=1

∥vi − zid∥2L2(R∞) +M
n∑

i=1

(vi, vi)L2(Oi×(0,T )).

The study on the hierarchic control can be see in [5] and [6]
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Self-similarity and uniqueness of solutions for

semilinear reaction-diffusion systems

Éder Mateus ∗ & Lucas C.F. Ferreira †

We study the well-posedness of the initial value problem for the following coupled semilinear reaction-diffusion
system in Marcinkiewicz spaces L(p1,∞)(Ω)× L(p2,∞)(Ω):





ut −∆u = g1(u, v), x ∈ Ω, t > 0
vt −∆v = g2(u, v), x ∈ Ω, t > 0
u(0, x) = u0, v(0, x) = v0 x ∈ Ω

(0.1)

where
g1(u, v) = |u|(ρ1−1)u|v|(ρ2−1)v and g2(u, v) = |u|(r1−1)u|v|(r2−1)v, 1 < ρi, ri < ∞, i = 1, 2. (0.2)

Here, we consider Ω being either Rn, Rn
+, a bounded domain or an exterior domain in Rn, with smooth boundary

∂Ω. Also, we assume homogeneous Dirichlet boundary conditions. The exponents p1, p2 of the initial value space are
chosen to allow the existence of self-similar solutions (when Ω = Rn). As a nontrivial consequence of our coupling-
term estimates, we prove the uniqueness of solutions in the scaling invariant class C([0,∞); Lp1(Ω) × Lp2(Ω))
regardless of their size and sign. We also analyze the asymptotic stability of the solutions and show the existence
of a basin of attraction for each self-similar solution .

The system (0.1) has the following scalling: (u, v) → (uλ, vλ) where

uλ(t, x) = λk1u(λ2t, λx) and vλ(t, x) = λk2v(λ2t, λx)

and
k1 =

2(ρ2 − r2 + 1)
r1ρ2 − (ρ1 − 1)(r2 − 1)

and k2 =
2(r1 − ρ1 + 1)

r1ρ2 − (ρ1 − 1)(r2 − 1)
, (0.3)

provided that
r1ρ2 − (ρ1 − 1)(r2 − 1) 6= 0. (0.4)

A solution (u, v) is said self-similar when (u, v) = (uλ, vλ) for all λ > 0. Since we are interested in self-similar
solutions, we shall study the existence of solutions in time-dependent spaces, whose norm is invariant by scaling of
(0.1). In the next definition we denote by BC the class of bounded and continuous functions from the corresponding
interval onto a Banach space. One defines the heat semigroup {G(t)}t≥0 as the family of convolution operators

with corresponding kernels g(t, x) = (4πt)−
n
2 e−

|x|2
4t , that is G(t)f = g(t, ·) ∗ f .

Definição 0.1. Let ki be given by (0.3), pi = n
ki

> 1, 1 < qi ≤ ∞ and αi = n
2 ( 1

pi
− 1

qi
) with i = 1, 2. We define

the following Banach spaces
E ≡ BC((0,∞), L(p1,∞) × L(p2,∞)}

Eq1q2 ≡ {(u, v) ∈ E : (tα1u, tα2v) ∈ BC((0,∞); L(q1,∞) × L(q2,∞))},
with respective norms given by

‖(u, v)‖E = max{sup
t>0

‖u‖(p1,∞), sup
t>0

‖v‖(p2,∞)} (0.5)
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‖(u, v)‖Eq1q2
= ‖(u, v)‖E + max{sup

t>0
tα1 ‖u(t)‖(q1,∞) , sup

t>0
tα2 ‖v(t)‖(q2,∞)} (0.6)

According to Duhamel’s principle, we introduce the notion of solution for the initial value problem (0.1).

Definição 0.2. A global mild solution of the initial value problem (0.1) in E is a pair ω = (u(t), v(t)) satisfying

(u(t), v(t)) = (G(t)u0, G(t)v0) + B(u, v)(t), (0.7)

where

B(u, v)(t) =
(∫ t

0

G(t− s)|u|ρ1−1u|v|ρ2−1vds ,

∫ t

0

G(t− s)|u|r1−1u|v|r2−1vds

)
.

1 Main Results

Theorem 1.1. Let n ≥ 3, 1 < ri, ρi < pi < ∞ and pi ≥ n
n−2 , i = 1, 2. Assume that (u0, v0) ∈ L(p1,∞) × L(p2,∞).

(i) (Well-posedness)There exist ε > 0 and δ = δ(ε) > 0 such that if ‖u0‖(p1,∞) < δ, ‖v0‖(p2,∞) < δ, then the
initial value problem (0.1) has a global mild solution (u(t, x), v(t, x)) ∈ E, with initial data (u0, v0), which is
the unique one satisfying ‖(u, v)‖E ≤ 2ε

(ii) (Uniqueness) Let (u, v) and (ũ, ṽ) be two mild solutions of (0.1) in the class C([0,∞); Lp1 × Lp2) with initial
data (u0, v0) ∈ Lp1 × Lp2 . Then u = ũ and v = ṽ.

(iii) Let Ω = Rn, k1 and k2 be given by (0.3) and (u0, v0) ∈ L(p1,∞) × L(p2,∞). Assume that u0 and v0 are
homogeneous functions of degrees −k1 and −k2, respectively. If ‖u0‖(p1,∞) < δ, ‖v0‖(p2,∞) < δ, then the
solution (u(t, x), v(t, x)) provided by (i) is self-similar, i.e.,

(u(t, x), v(t, x)) = (λk1u(λ2t, λx), λk2v(λ2t, λx)) (1.8)

almost everywhere x ∈ Rn, t > 0 and all λ > 0.

(iv) Assume that (u, v) and (ũ, ṽ) are mild solutions of (0.1) obtained through in (i), corresponding to respective ini-
tial data (u0, v0) and (ũ0, ṽ0) ∈ L(p1,∞)×L(p2,∞). If limt→∞ ‖G(t)(u0 − ũ0)‖(p1,∞) = 0 e limt→∞ ‖G(t)(v0 − ṽ0)‖(p2,∞) =
0, then

lim
t→∞

‖u(t)− ũ(t)‖(p1,∞) and lim
t→∞

‖v(t)− ṽ(t)‖(p2,∞) = 0. (1.9)

Futhermore, if, instead of (1.1), we assume limt→∞ tα1 ‖G(t)(u0 − ũ0)‖(q1,∞) = 0 and
limt→∞ tα2 ‖G(t)(v0 − ṽ0)‖(q2,∞) = 0, then

lim
t→∞

tα1 ‖u(t)− ũ(t)‖(q1,∞) = 0 and lim
t→∞

tα2 ‖v(t)− ṽ(t)‖(q2,∞) = 0. (1.10)

As a consequence, if (u0, v0) ∈ C∞C
‖·‖(p1,∞) × C∞C

‖·‖(p2,∞) ⊃ Lp1 × Lp2 , then the solution satisfies

lim
t→∞

‖u(t)‖(p1,∞) = lim
t→∞

‖v(t)‖(p2,∞) = 0. (1.11)
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usando o algoritmo fda-ncp para resolver problemas

de inequação variacional.

sandro r. mazorche & grigori chapiro ∗

Os problemas de complementaridade estão presentes em várias aplicações da Engenharia, Economia, F́ısica

e outras ciências em geral [1]. Apresentaremos um algoritmo de pontos interiores (FDA-NCP) para a resolução

numérica de problemas de inequações variacional que podem ser transformados em problemas de complementaridade

[4,5]. O algoritmo FDA-NCP segue a filosofia do algoritmo FDIPA [2] com respeito a geração da seqüência de pontos

viáveis que converge a solução do problema de complementaridade.

Resultados de convergência global e taxa de convergência para o FDA-NCP podem ser vistos em [3]. Utilizaremos

o FDA-NCP para resolver numericamente os seguintes problemas de inequações variacionais: O Problema do

Obstáculo e o Problema do Dique. E ainda veremos uma adaptação do FDA-NCP para resolver o problema de

difusão de oxigênio.

A definição de um problema de complementaridade é:

Definição 0.1. Seja F : D ⊆ IRn → IRn uma função vetorial. O problema de complementaridade é:

Encontrar x ∈ IRn tal que

x ≥ 0, F (x) ≥ 0 e x • F (x) = 0

onde x ≥ 0 ⇔ xi ≥ 0 para todo 1 ≤ i ≤ n , F (x) ≥ 0 ⇔ Fi(x) ≥ 0 para todo 1 ≤ i ≤ n e

x • F (x) =







x1F1(x)
...

xnFn(x)






é o produto de Hadamard.

A idéia básica do algoritmo FDA-NCP é resolver o sistema de equações x • F (x) = 0 dentro da região

Ω = {x ∈ IRn/x ≥ 0 e F (x) ≥ 0}. Para isto utilizaremos uma direção de busca para construir uma seqüência

de “pontos viáveis”, a qual convergirá para a solução do problema de complementaridade. Esta direção de busca é

uma combinação da direção de Newton com uma direção de restauração da viabilidade para o conjunto Ω.

Os problemas do Obstáculo e do Dique são equivalentes a seguinte formulação variacional [4]:

Encontrar u ∈ K tal que:

u− ψ ≥ 0 em Ω,

−∆u− f ≥ 0 em Ω e

(u− ψ)(−∆u− f) = 0 em Ω.

Já o problema da difusão de oxigênio em sua formulação variacional [5]:

Encontrar c ∈ K tal que:

c ≥ 0 em I,

∂c

∂t
− ∂2c

∂x2
+ 1 ≥ 0 em I e

(

∂c

∂t
− ∂2c

∂x2
+ 1

)

c = 0 em I.
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Para resolver estes problemas usando o FDA-NCP, descretizaremos os problemas acima usando diferenças finitas

e para o problema da difusão de oxigênio usaremos um método numérico baseado no esquema impĺıcito de diferenças

finitas [6].
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superlinear ambrosetti-prodi problem for the

p-laplacian operator

T. Junges Miotto ∗

The main purpose of this work is to investigate the existence of multiple solutions of the problem

(Pt)

{
−∆p u = f(x, u) + tφ+ h, in Ω
u = 0, on ∂Ω,

where Ω ⊂ RN is a bounded smooth domain, ∆p = div(|∇u|p−2∇u) is the p−Laplacian operator and 1 < p < N .
We assume that φ, h ∈ L∞(Ω), with φ � 0 in Ω and t ∈ R is a parameter, where � will be defined later. Denoting
λ1 the first eigenvalue of (−∆p,W

1,p
0 (Ω)) we consider f : Ω×R→ R a continuous function satisfying the following

conditions:

(H1) lim sup
u→−∞

f(x, u)
|u|p−2u

= µ < λ1, uniformly x ∈ Ω,

(H2) There exists σ > 0 such that f(x, s) + σ|s|p−2s is increasing in s, f(x, 0) = 0.

(H3) lim
u→+∞

f(x, u)
uα

= a(x), a ∈ C(Ω), a ≥ 1, p− 1 < α < p∗ − N

N − p
, where p∗ = Np

N−p ,

((H3) is known as p−superlinear condition at infinity and simply superlinear when p = 2).
This problem belongs to a class of problems known as the Ambrosetti-Prodi type. For the case p = 2 with

different variants and formulations, it has been extensively studied by several authors. We shall quote here the
original work [1], as well as the subsequent developments [3− 5, 13] and the references therein. For the superlinear
case see for example [6, 9− 11].

More recently, Ambrosetti-Prodi type results for p−Laplacian operator, with p > 1 have been studied, but few
results are really known. We can cite Perera [17] which used the linking and homotopy theory to study a similar
problem with zero Dirichlet condition on the boundary and asymmetric nonlinearities. Mawhin in [16] studied the
existence of periodic solutions for the ODE case with φ = 1. Arcoya and Ruiz in [2] treated problem (Pt) with f

growing as |u|p−2u, that is, the p−linear case, which was also studied by Koizumi and Schmitt in [14]. Our main
contribution is to study this problem where f has a p−superlinear behavior.

Motivated by results in [2] we prove the following theorem:

Teorema 0.1. Suppose (H1)− (H3) hold. There exist −∞ < t∗ ≤ t∗ < +∞ such that problem (Pt) has:

i) at least, two solutions provided that t < t∗,

ii) at least, one solution provided that t ≤ t∗,

iii) no solution provided that t > t∗.

We conjecture that t∗ = t∗, but this question is still open. In order to prove Theorem 0.1, we use the sub and
supersolution method and topological arguments. Then we need a priori bounds on the eventual solutions of (Pt)
to apply the Leray Schauder degree.

In order to use the sub and supersolution method we only need the hypothesis (H1), and therefore the first
solution is obtained arguing as in [2]. We can also cite the work of de Figueiredo, Gossez and Ubilla in [7] that use
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a variational approach to the method of upper-lower solutions. However to get the second solution we need the a
priori estimates of eventual solutions of (Pt). We remark that Arcoya and Ruiz’s proof of this fact does not apply
for our case. To overcome this fact, we follow [8], obtaining not only a priori bound on negative part of u, but also
on t, such that (Pt) has a solution and in this way we obtain an a priori bound for u. The main difficulty is that
the operator studied in [8] is linear, then the a priori bound on t follows easily from the linearity of the operator
and from ABP estimate. For our case, since our operator is not linear, we have to adapt a Dong’s result [12] that
use a comparison principle. For the boundedness of u we use the blow up technique, which only was possible to
use thanks to a paper of Lorca [15], where he proves a Liouville type result for a half space. To obtain the second
solution we will use the Leray Shauder degree theory, following the results of [2] and [5].
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multiplicidade de soluções para um sistema eĺıptico

quase linear em RN envolvendo expoente cŕıtico e

função peso

M. L. Miotto ∗

Utilizando argumentos variacionais, mais especificamente, técnicas de minimização e uma variante do Teorema
do Passo da Montanha, estabeleceremos condições para a existência de solução, para a seguinte classe de sistema
eĺıptico quase linear com crescimento cŕıtico

(S)


−∆pu = p1f(x)|u|p1−1|v|q1 + β|u|β−1|v|γ , em RN

−∆qv = q1f(x)|u|p1 |v|q1−1 + γ|u|β |v|γ−1, em RN ,

0 � u ∈ D1,p(RN ), 0 � v ∈ D1,q(RN ),

onde a dimensão, bem como os expoentes, satisfazem

(Hexp)
1 ≤ p1, q1, β, γ,

p1
p + q1

q < 1, 2 ≤ p ≤ q < min{p∗, N},
p2 ∈ (p1, p), q2 ∈ (q1, q) onde p2

p + q2
q = β

p∗ + γ
q∗ = 1.

Se considerarmos p = q e u = v, o sistema (S) se reduz a um caso escalar, semelhante ao problema

(Pλ)

{
−∆u = λf(x)uq−1 + u2∗−1, em RN

0 ≤ u ∈ D1,2(RN ).

Para alguns artigos relacionados aos problemas mencionamos, dentre outros, os trabalhos de [2, 4−8, 10, 11, 13−15].
Quando estamos trabalhando com um sistema da forma do (S), o qual envolve os operadores (p, q)−Laplaciano,

é dif́ıcil obter um “ńıvel cŕıtico” apropriado, ou seja, um número c̃ onde todo valor c < c̃ é um ńıvel (PS) para o
funcional I associado ao sistema (S). Na realidade Adriouch e El Hamidi [1], afirmaram que no caso p 6= q esta é
uma questão em aberto.

Considerando que a função peso f : RN → R é mensurável e satisfaz

(Hf ) f ∈ L
p∗

p∗−p1−q1 (RN ) = Lθ, f+ 6≡ 0,

temos então o seguinte resultado a respeito da existência de soluções para o sistema (S):

Teorema 0.1. Suponhamos que as condições (Hexp) e (Hf ) sejam satisfeitas. Então existe uma constante positiva
Λ0 = Λ0(q, q1, p, p1, β, γ,N), tal que o sistema (S) possui ao menos uma solução fraca, desde que 0 < ‖f‖Lθ < Λ0.

Para o caso em que p = q, somos encorajados a obter condições sobre a função peso f , a fim de que o sistema
(S) admita múltiplas soluções, pois neste caso de Morais Filho e Souto [9], obtiveram um ńıvel cŕıtico. Dados c0
e R0 constantes positivas, motivados pelo trabalho de Alves, Gonçalves e Miyagaki [3], bem como Rodrigues [12],
consideramos E como um subconjunto de Lθ, formado pelas funções h ∈ Lθ onde h(x) ≥ 0 em B(0, 2R0) e existe
R ∈ (0, R0) tal que

inf
B(0,2R)

h(x)
RN

(1 +R
p
p−1 )

(N−p)
p (p1+q1)

≥ c0.

∗Departamento de Matemática, Universidade Federal de Santa Maria, RS, Brasil, miottomatica@gmail.com

147



Para cada λ > 0, definimos Eλ como um subconjunto de E, da seguinte forma

Eλ = {h ∈ E : ‖h‖Lθ < λ}.

Temos então o seguinte resultado a respeito da existência e múltiplicidade de soluções para o sistema (S):

Teorema 0.2. Suponhamos que as condições (Hexp) com p = q são válidas. Então existe uma constante positiva
Λ = Λ(p, p1, q1, β, γ,N), tal que o sistema (S) possui ao menos duas soluções fracas para cada f ∈ Eλ, desde que
0 < λ < Λ.
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configuração minimal em teoria de isolamento

José Fábio B. Montenegro ∗ & Eduardo V. Teixeira †

Dado um corpo n-dimensional, D ⊂ Rn, um pergunta fundamental da teoria de condução de calor é encontrar

configuração Ω ⊃ D, com volume prescrito, que minimiza o fluxo de calor em uma situação estacionária. Mais

precisamente, fixado um domı́nio D, definimos o conjunto de configurações admissiveis por

Ξ := {Ω ⊃ D : Vol(Ω \D) ≤ ι}.

Para cada configuração admissivel, Ω, associamos um potencial, u = u(Ω), dado por
∆u = 0 em Ω \D
u = ϕ na ∂D

u = 0 na ∂Ω.

Na equação acima, a função ϕ ≥ 0 prepresenta a distribuição inicial de calor no corpo D. Para problemas com

domı́nios igualmente aquecidos, ϕ ≡ 1. O problema de isolamento ótimo escreve-se então como:

min
Ξ

J(Ω) :=

∫
∂Ω

∂νuΩdS, (0.1)

onde ν é o vetor normal interior definido na fronteira de Ω. Observamos inicialmente que conjuntos admisśıveis

são meramente mensuráveis; portanto não podemos garantir regularidade de suas fronteiras. Assim formulações

fracas, utilizando a liguagem da teoria geométrica da medida, deve ser inicialmente abordadas. Posteriormente,

com o aux́ılio da teoria de regularidade de Alt-Caffarelli, é posśıvel provar que configurações ótimas possuem

fronteiras (livres) suaves a menos de um conjunto de medida Hn−1 zero. A História recente deste problema inicia

com o trabalho monumental de Alt-Caffarelli [2], Aguilera-Alt-Caffarelli [1] e Aguilera-Caffarelli-Spruck [3]. Em

2005, o segundo autor, [4], desenvolveu a teoria não-linear deste problema, considerando fluxos gerais da forma

Ω 7→
∫
∂Ω

Γ(x, ∂νuΩ)dS. Problemas não-lineares em meios rugosos nos leva a considerar modelos regidos por

operadores eĺıpticos degenerados Lu = ∇ · (A(X,∇u)), [5].

Uma vez dispońıvel a teoria de existência e regularidade de configurções minimais para o funcionais de fluxo de

calor, torna-se importante responder o seguite questionamento relacionado com optimal storing problems: dentre

todos os domı́nios D ⊂ Rn com volume prescrito, digamos, Vol(D) = α0 > 0, e igualmente aquecido, qual deles

é a melhor configuração para ser isolada? Matematicamente, para cada domı́nio D resolvemos o problema de

minimização (0.1), com ϕ = 1 e definimos

I(D) := min
Ξ

J(Ω) :=

∫
∂Ω

∂νuΩdS.

O optimal storing problem que estamos interessados é

min {I(D) : Vol(D) = α0} . (0.2)

A importância do problema acima, que admite um número vasto de intepretações, ecoa por exemplo no design

ótimo e peças para isolamento térmico ou eletrostático.

Neste trabalho, mostramos que dentre todos os objetos igualmente aquecidos, a bola é o melhor para ser isolado

termicamente. Nossa estratégia combina argumentos de teoria geométrica da medida, equações eĺıpticas de 2a
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ordem e novas desigualdades isoperimétricas de interesse próprio. Em particular mostramos a seguinte estimativa

isoperimétrica sharp: dado dois domı́nios Ω1 ⊂ Ω2, com Vol(Ω1) = α1, Vol(Ω2) = α2, então

dist(∂Ω1, ∂Ω2) ≤ 1

ω
1/n
n

(
α

1/n
2 − α1/n

1

)
,

onde ωn é a medida da bola unitária no Rn.
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open sets with the runge property in banach spaces

jorge mujica ∗ & aaron zerhusen †

Let E and F be complex Banach spaces. If U is an open subset of E, then H(U ;F ) denotes the vector space
of all F -valued holomorphic mappings on U . When F = C we write H(U) instead of H(U ; C). A seminorm p on
H(U ;F ) is said to be ported by a compact set K ⊂ U if for each open set V , with K ⊂ V ⊂ U , there exists a
constant c > 0 such that p(f) ≤ c supx∈V ‖f(x)‖ for every f ∈ H(U ;F ). The τω topology on H(U ;F ), introduced
by Nachbin [6], is the locally convex topology defined by those seminorms which are ported by some compact subset
of U .

If K is a compact subset of U , then H(K;F ) denotes the vector space of all F -valued holomorphic germs on K.
When F = C, we write H(K) instead of H(K; C). The τω topology on H(K;F ) is defined by the locally convex
inductive limit

(H(K;F ), τω) = indU⊃K(H(U ;F ), τω).

One can readily see that
(H(K;F ), τω) = indU⊃KH∞(U ;F ),

where H∞(U ;F ) denotes the Banach space of all bounded F -valued holomorphic mappings on U , with the sup
norm.

In 1969 Nachbin [7] conjectured that the space (H(U ;F ), τω) coincides with the projective limit of the spaces
(H(K;F ), τω), with K ⊂ U compact, that is

(H(U ;F ), τω) = projK⊂U (H(K;F ), τω).

In 1971 Chae [1] proved Nachbin’s conjecture under the hypothesis that the open set U has the F -valued Runge
property. This means that each compact subset K of U is contained in some compact subset K̃ of U with the
property that H(U ;F ) is sequentially dense in (H(K̃;F ), τω).

One can readily see that every balanced open subset of E has the F -valued Runge property for every Banach
space F , but it is quite difficult to exhibit less trivial examples.

Schottenloher [8] has shown that every pseudoconvex open subset of a finite dimensional Banach space has the
C-valued Runge property. Mujica has extended Schottenloher’s result to the case of pseudoconvex open subsets
of Fréchet-Schwartz spaces with a Schauder basis in [4], and to the case of pseudoconvex Riemann domains over
Fréchet-Schwartz spaces with a Schauder basis in [5].

In this paper we improve Schottenloher’s result by proving that every pseudoconvex open subset of a Banach
space with an unconditional Schauder basis has the F -valued Runge property for every Banach space F . Our proof
rests on an extension theorem of Lempert and Patyi [3], in tandem with an approximation theorem of Lempert [2].
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homomorfismos unitários entre álgebras

de banach uniformes

cicero nachtigall ∗

Este trabalho tem por objetivo principal estudar as relações entre operadores de composição da forma Tg : A → A
e as respectivas aplicações g : MA → MA, onde MA é o espectro da uB-álgebra A. Os resultados apresentados
fazem parte da tese de doutorado que está sendo desenvolvida junto ao IMECC - UNICAMP, sob a orientação da
professora Daniela Mariz Silva Vieira e co-orientação do professor Jorge Túlio Mujica Ascui.

Definição 0.1. Seja A uma álgebra de Banach com unidade e. Denotaremos por MA o conjunto de todos os
homomorfismos complexos não nulos da álgebra A. Dizemos que MA é o espectro de A. Para cada f ∈ A,
definimos a função f̂ : MA → C tal que f̂(φ) = φ(f), para toda φ ∈ MA, onde f̂ é chamada de transformação de
Gelfand de f , e denotamos Â = {f̂ ; f ∈ A}. Chamamos de topologia de Gelfand em MA, a menor topologia que
torna cada transformação de Gelfand cont́ınua em MA. Assim, a topologia de Gelfand é a restrição da topologia
fraca estrela de A′ ao conjunto MA e por isso, denotaremos esta topologia por σ(A′, A) Desta forma, (MA, σ(A′, A))
é um conjunto compacto.

Definição 0.2. Uma álgebra de Banach uniforme (uB-álgebra) é uma álgebra de Banach comutativa unitária A
tal que ‖f2‖ = ‖f‖2, para toda f ∈ A.

Se A é uma uB-álgebra, a aplicação f → f̂ é uma isometria entre A e Â, e podemos considerar A ⊂ C(MA).

Definição 0.3. Sejam A uma uB-álgebra e T : A → A um operador linear. Dizemos que T é um homomorfismo
unitário se T é multiplicativo e T (e) = e.

Existe uma correspondência bijetiva entre o conjunto dos homomorfismos unitários T : A → A e o conjunto das
aplicações cont́ınuas g : MA → MA, tais que f ◦ g ∈ A sempre que f ∈ A (Basta tomar g = T ′|MA).

Seja Y um conjunto qualquer. Denotamos por B(Y ) o conjunto de todas as funções complexas definidas e
limitadas em Y , ou seja,

B(Y ) =
{

f : Y → C; ||f || = sup
y∈Y

|f(y)| < ∞
}

Assim, (B(Y ), || · ||) é uma uB-álgebra. Vamos dizer que um subconjunto A(Y ) de B(Y ) é uma álgebra uniforme em
Y se A(Y ) é uma subálgebra fechada de (B(Y ), || · ||) que contém as constantes e separa os pontos de Y (Veja [5],
secção 3.4). Definimos em Y a topologia mais fraca tal que cada f ∈ A(Y ) é cont́inua. A aplicação δ : Y → MA(Y )

dada por δx(f) = f(x), para toda f ∈ A é cont́ınua e injetiva e podemos considerar Y ⊂ MA(Y ).
Dado um homomorfismo unitário T : A(Y ) → A(Y ), nem sempre temos que g|

Y
⊂ Y . Quando g|

Y
⊂ Y ,

diremos que Tg é um operador de composição em Y .

1 Resultados

Iremos agora apresentar os principais resultados obtidos sobre o tema, que generalizam alguns resultados apresen-
tados em [1] e [3], com técnicas diferentes.

Teorema 1.1. Seja A(Y ) uma álgebra uniforme. Um operador de composição em Y Tg : A(Y ) → A(Y ) é compacto
se e somente se g(Y ) é relativamente compacto em (Y, || · ||).
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Corolário 1.1. Um operador de composição Tg : H∞(BE) → H∞(BE) é compacto se e somente se g(BE) é
relativamente compacto em (BE , || · ||).

O corolário 1.2 já havia sido demonstrado em [3], utilizando outras técnicas.

Teorema 1.2. Sejam A uma álgebra de Banach uniforme e T = Tg : A → A um homomorfismo unitário. São
equivalentes:

(a) Tg é um operador compacto;

(b) A aplicação g : MA → (MA, || · ||) é cont́ınua;

(c) g(MA) é compacto em (MA, || · ||).

Teorema 1.3. Sejam A uma álgebra de Banach uniforme e Tg : A → A um homomorfismo unitário. São equiva-
lentes:

(a) Tg é um operador fracamente compacto;

(b) A aplicação g : MA → (MA, σ(A′,A′′)) é cont́ınua;

(c) g(MA) é compacto em (MA, σ(A′,A′′)).

Os Teoremas 1.2 e 1.3 são em parte inspirados pelo Teorema VI.7.1, p. 490, de [2].

Proposição 1.1. Seja A uma álgebra de Banach uniforme. São equivalentes:

(a) A topologia de Gelfand coincide com a topologia da norma em MA;

(b) A transformação de Gelfand Γ : A → Â ⊂ C(MA) é uma inclusão compacta.

(c) Para cada uB-álgebra B, todo homomorfismo unitário T : A → B é compacto;

(d) A álgebra A é um espaço de dimensão finita.

A Proposição 1.1 generaliza o Teorema 1 de [1].

Proposição 1.2. Seja A uma álgebra de Banach uniforme. São equivalentes:

(a) A topologia de Gelfand coincide com a topologia fraca em MA;

(b) Para cada uB-álgebra B, todo homomorfismo unitário T : A → B é fracamente compacto;

(c) A aplicação de Gelfand Γ : A → Â ⊂ C(MA) é uma inclusão fracamente compacta;

(d) A álgebra A é um espaço reflexivo.
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Ordem de convergência para operadores de

aproximação sobre a esfera

Ana C. Piantella ∗ & Valdir A. Menegatto †

O objetivo deste trabalho é apresentar resultados sobre a ordem de convergência de certos operadores de apro-
ximação sobre a esfera. Uma descrição mais detalhada é dada a seguir.

Seja Sm a esfera unitária em Rm+1, com m ≥ 2. Denotaremos por dσm o elemento de superf́ıcie usual de Sm

e por σm a sua área de superf́ıcie. Correspondente a dσm, consideraremos os espaços Lp(Sm) := Lp(Sm, dσm),
1 ≤ p < ∞, com normas dadas por

‖f‖p :=
(

1
σm

∫
Sm

|f(x)|p dσm(x)
)1/p

, f ∈ Lp(Sm).

O espaço das funções cont́ınuas definidas em Sm será denotado por C(Sm) com a norma uniforme dada por

‖f‖∞ := sup
x∈Sm

|f(x)|, f ∈ C(Sm).

Usaremos a letra X para denotar qualquer um dos espaços acima e ‖ · ‖X a norma correspondente.
Em Menegatto e Piantella [1] estudamos a aproximação na esfera por expansões de Fourier com pesos, analisando

a convergência tanto no caso cont́ınuo quanto no caso Lp. Mais especificamente, investigamos a aproximação de
f ∈ X por sequências {Tn(f)}n∈Z+ na norma de X, sendo os operadores Tn : X → X definidos pelas somas

Tn(f) =
n∑

k=0

dm
k∑

l=1

akl(n)f̂(k, l)Ykl,

onde f̂(k, l) é o coeficiente de Fourier e os pesos akl(n) ∈ R, n, k ∈ N, l = 1, 2, . . . , dm
k . Aqui {Ykl : l = 1, 2, . . . , dm

k }
denota um base ortonormal para o espaço dos harmônicos esféricos de grau k em m+1 variáveis. A ortogonalidade
se refere ao produto interno usual de L2(Sm) dado por

〈f, g〉2 =
1

σm

∫
Sm

f(y) g(y) dσm(y), f, g ∈ L2(Sm).

O operador Tn pode ser escrito na forma

Tnf(x) =
1

σm

∫
Sm

Kn(x, y)f(y) dσm(y), x ∈ Sm,

onde

Kn(x, y) =
n∑

k=0

dm
k∑

l=1

akl(n)Ykl(x)Ykl(y), x, y ∈ Sm.

O objetivo principal deste trabalho é analisar a razão de convergência para a aproximação ‖Tn(f) − f‖X usando
um módulo de suavidade esférico introduzido por Wehrens [3,4] e fortemente relacionado à derivada de Laplace-
Beltrami. Tal módulo de suavidade é definido através da diferença esférica ∆t := I − Sm

t , t ∈ (−1, 1), onde
I : X → X é o operador identidade e Sm

t é o operador translação esférica dado por

Sm
t (f)(x) :=

1
σm−1(1− t2)(m−1)/2

∫
x·y=t

f(y)dy, f ∈ X, x ∈ Sm,
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sendo dy o elemento de medida da seção esférica {y ∈ Sm : x · y = t} e “ · ” o produto interno usual de Rm+1.
Devido ao fato de limt→1− ‖∆t(f)‖X = 0 o operador diferença esférica é usado na definição de vários módulos de
suavidade para funções definidas na esfera. Dessa forma, o r-ésimo módulo de suavidade esférico é definido por

ωr(δ, f,X) := sup{‖∆t1 ◦∆t2 ◦ · · · ◦∆tr
(f)‖X : tj ∈ [δ, 1)}, f ∈ X, −1 < δ < 1,

onde ∆r
t := ∆t ◦ ∆r−1

t , r = 2, 3, . . .. Mais detalhes sobre este operador podem ser encontradas em Pawelke [2].
Neste trabalho usaremos o módulo de suavidade ω1(δ, f,X).

1 Resultados

Assumindo que o núcleo Kn é não negativo e bi-zonal, isto é, akl(n) = ak1(n), k = 0, 1, . . ., l = 1, 2, . . . , dm
k ,

provamos alguns resultados sobre ordem de convergência do operador Tn. Dentre eles destacamos os seguintes:

Teorema 1.1. Seja Kn um núcleo não negativo e bi-zonal, e ϕ : Z+ → (0,∞) uma função tal que limn→∞ ϕ(n) = 0.
Se a01(n) = 1, n = 0, 1, . . . , então as seguintes afirmações são equivalentes:
(i) |1− a11(n)| = O(ϕ(n)), quando n →∞;
(ii) Existe um inteiro positivo N1 e uma constante positiva C tal que

‖Tn(f)− f‖X ≤ C ω1(1− ϕ(n), f,X), f ∈ X, n ≥ N1. (1.1)

Impondo uma condição mais fraca nos coeficientes a01(n), a estimativa resultante passa a depender da norma
da função a ser aproximada.

Teorema 1.2. Seja Kn e ϕ como acima. Se limn→∞ a01(n) = 1 e

|1− a01(n)| = O(ϕ(n)) = |1− a11(n)|, (n →∞), (1.2)

então existe um inteiro positivo N0 e constantes C1 and C2 tais que

‖Tn(f)− f‖X ≤ C1ω1(1− ϕ(n), f, X) + C2ϕ(n)‖f‖X , n ≥ N0, f ∈ X. (1.3)

Utilizando a mesma técnica para demonstrar o teorema anterior provamos o seguinte resultado que fornece uma
estimativa em função dos coeficientes a01(n) e a11(n).

Teorema 1.3. Seja Kn como acima. Se limn→∞ a01(n) = 1 e a11(n) < 1, n ≥ N , para algum inteiro positivo N

então existe um inteiro positivo N0 e uma constante positiva C ′ tal que

‖Tn(f)− f‖X ≤ C ′ω1(a11(n), f,X) + |1− a01(n)| ‖f‖X , n ≥ N0, f ∈ X. (1.4)
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[2] Pawelke, S. - Über die Approximationsordnung bei Kugelfunktionen und algebraischen Polynomen. (German)
Tôhoku Math. J. (2) 24, 473-486, 1972.
[3] Wehrens, M. - Best approximation on the unit sphere in Rk. Functional analysis and approximation (Oberwol-
fach, 1980), 233-245, Internat. Ser. Numer. Math., 60, Birkhäuser, Basel-Boston, Mass., 1981.
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existência e concentração de soluções para um

problema biharmônico singularmente perturbado

Marcos T. O. Pimenta ∗ & Sérgio H. M. Soares †

Nesse trabalho vamos estudar questões sobre a existência de sequências de soluções que apresentam fenômeno

de concentração, para o seguinte problema{
ε4∆2u+ V (x)u = f(u) em RN

u ∈ H2(RN ),
(0.1)

onde ε > 0, N ≥ 5, a não-linearidade f é sublinear na origem e tem crescimento superlinear e subcŕıtico no infinito.

O potencial V é positivo e satisfaz uma certa hipótese local. Mais especificamente, vamos supor que f satisfaça as

hipóteses (f1)− (f5), enquanto que V satisfaz (V1)− (V2), onde:

(V1) V ∈ C1(RN ) ∩ L∞(RN ),

(V2) existe Ω ⊂ RN limitado e x0 ∈ Ω, tal que

V (x0) = V0 = inf
RN

V < inf
∂Ω
V,

(f1) f ∈ C2(RN ,R),

(f2) f(0) = f ′(0) = 0,

(f3) ∃ c1, c2 > 0 e p ∈ (1, 2∗ − 1), tais que |f(s)| ≤ c1|s|+ c2|s|p, ∀s ∈ R, onde 2∗ := 2N
N−4 ,

(f4) ∃ µ > 2 tal que 0 < µF (s) ≤ sf(s), ∀s ∈ R\{0},

(f5) f(s)
s é crescente, ∀s > 0.

Desejamos provar o seguinte resultado.

Teorema 0.1. Sejam V e f satisfazendo (V1) e (V2) e (f1) − (f5), respectivamente. Então para toda sequência

εn → 0, existe uma subsequência {εk} tal que (0.1) (com εk no lugar de ε) possui uma solução positiva uεk ∈ H2(RN ).

Ainda mais, sendo xεk ponto de máximo de uεk , então xεk ∈ Ω e ainda

lim
k→∞

V (xεk) = inf
RN

V.

O problema (0.1) apresenta várias dificuldades na sua análise. A primeira delas é a perda de compacidade das

imersões de Sobolev, devido ao domı́nio ser todo o RN . Para transpor essa dificuldade, é feita uma modificação na

não-linearidade f , da mesma forma como feito em Del Pino e Felmer [3], de forma a torná-la linear a partir de certo

valor e recuperar então a condição (PS) para o funcional energia associado. Outro problema é o fato de lidarmos

com o ∆2, operador este para o qual não são conhecidos resultados gerais sobre prinćıpio do máximo, prinćıpio de

comparação, desigualdades do tipo Harnack, entre outros.

∗Instituto de Ciências Matemáticas e de Computação , USP, SP, Brasil, pimenta@icmc.br
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Existe uma vasta literatura para problemas como (0.1) envolvendo os operadores −∆ e −∆p, entre eles citamos

aqueles cujas idéias mais nos inspiraram, tais como Rabinowitz [4], Del Pino e Felmer [3], Wang [6] e Alves e

Figueiredo [2].

A abordagem é variacional e consiste na modificação do problema (0.1) de forma a recuperar (PS). Após isso,

faz-se uma comparação do ńıvel minimax do problema modificado com o ńıvel minimax do seguinte problema limite{
∆2u+ V0u = f(u) em RN

u ∈ H2(RN ),
. (0.2)

Disto decorre que a sequência de soluções é limitada, o que possibilita analisar o comportamento de uma

sequência de translações adequadas das mesmas. Nesse momento, uma análise fina dessas translações é necessária

para provar-se um decaimento uniforme das mesmas, de maneira a se recuperar as soluções do problema original.

Nesse passo final, é essencial utilizar-se de estimativas na norma L∞(RN ) para soluções de problemas biharmônicos

subcŕıticos, contidas em Ramos [5], bem como estimativas contidas em Agmon [1].
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on summability of nonlinear mappings: a new approach
Daniel Pellegrino ∗ and Joedson Santos †

Pietsch Domination-Factorization Theorems play a central role in the theory of absolutely summing linear
operators and provide an unexpected and beautiful measure theoretic taste in the theory (for details we mention
the monographs [5, 6]). In the last decade several different nonlinear versions of Pietsch Domination-Factorization
Theorem have appeared in the literature (see, for example, [1, 2, 3, 7, 8, 9]); for this reason, in [4], an abstract
unified approach to Pietsch-type results was presented as an attempt to show that all the known Pietsch-type
theorems were particular cases of a unified general version. In this paper we deal with a case not covered by [4]
and characterize the arbitrary nonlinear mappings f : X1 × · · · × Xn → Y between Banach spaces that satisfy a
quite natural Pietsch Domination-type theorem around a given point (a1, ..., an) ∈ X1 × · · · ×Xn; to this end we
prove a general Pietsch-type theorem which contains, as particular cases, all the previous versions (to the best of
our knowledge) of Pietsch-Domination Theorems.

1 Results

If X1, ..., Xn, Y are arbitrary sets, Map(X1, ..., Xn;Y ) will denote the set of all arbitrary mappings from X1×· · ·×Xn

to Y . Let 0 < q1, ..., qn <∞ be such that 1/q =
n∑

j=1

1/qj and X1, ..., Xn, Y be Banach spaces:

Problem 1.1. If (a1, ..., an) ∈ X1 × · · · × Xn, what kind of mappings f ∈ Map(X1, ..., Xn;Y ) satisfy, for some
C > 0 and Borel probabilities µk on BX∗

K
, k = 1, ..., n, the inequality

∥∥∥f(a1 + x(1), ..., an + x(n))− f(a1, ..., an)
∥∥∥ ≤ C n∏

k=1

(∫
BX∗

k

∣∣∣ϕ(x(k))
∣∣∣qk

dµk

) 1
qk

(1.1)

for all x(j) ∈ Xj, j = 1, ..., n ?

A map satisfying the inequality (1.1) is said (q1, ..., qn)-dominated at (a1, ..., an) ∈ X1× · · ·×Xn. The following
result (which is a particular case of Theorem 1.2) answers the aforementioned problem and arises the idea of
weighted summability:

Theorem 1.1. A map f ∈Map(X1, ..., Xn;Y ) is (q1, ..., qn)-dominated at (a1, ..., an) ∈ X1 × · · · ×Xn if and only
if there is a C > 0 such that m∑

j=1

(∣∣∣b(1)j ...b
(n)
j

∣∣∣ ∥∥∥f(a1 + x
(1)
j , ..., an + x

(n)
j )− f(a1, ..., an)

∥∥∥)q

1/q

(1.2)

≤ C
n∏

k=1

sup
ϕ∈BX∗

k

 m∑
j=1

(∣∣∣b(k)
j

∣∣∣ ∣∣∣ϕ(x(k)
j )
∣∣∣)qk

1/qk

for every positive integer m, (x(k)
j , b

(k)
j ) ∈ Xk ×K, with (j, k) ∈ {1, ...,m} × {1, ..., n}.

Let X1, ..., Xn, Y and E1, ..., Er be (arbitrary) non-void sets, H be a family of mappings from X1 × · · · ×Xn to
Y . Let also K1, ..,Kt be compact Hausdorff topological spaces, G1, ..., Gt be Banach spaces and suppose that the
maps {

Rj : Kj × E1 × · · · × Er ×Gj −→ [0,∞), j = 1, ..., t
S : H× E1 × · · · × Er ×G1 × · · · ×Gt −→ [0,∞)
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satisfy:
(1) For each x(l) ∈ El and b ∈ Gj , with (j, l) ∈ {1, ..., t} × {1, ..., r} the mapping

(Rj)x(1),...,x(r),b : Kj −→ [0,∞) defined by (Rj)x(1),...,x(r),b (ϕ) = Rj(ϕ, x(1), ..., x(r), b)

is continuous.
(2) The following inequalities hold:{

Rj(ϕ, x(1), ..., x(r), ηjb
(j)) ≤ ηjRj

(
ϕ, x(1), ..., x(r), b(j)

)
S(f, x(1), ..., x(r), α1b

(1), ..., αtb
(t)) ≥ α1...αtS(f, x(1), ..., x(r), b(1), ..., b(t))

for every ϕ ∈ Kj , x
(l) ∈ El (with l = 1, ..., r), 0 ≤ ηj , αj ≤ 1, bj ∈ Gj , with j = 1, ..., t and f ∈ H.

Definition 1.1. If 0 < p1, ..., pt, p <∞, with 1
p = 1

p1
+ · · ·+ 1

pt
, a mapping f : X1 × · · · ×Xn → Y in H is said to

be R1, ..., Rt-S-abstract (p1, ..., pt)-summing if there is a constant C > 0 so that m∑
j=1

S(f, x(1)
j , ..., x

(r)
j , b

(1)
j , ..., b

(t)
j )p

 1
p

≤ C
t∏

k=1

sup
ϕ∈Kk

 m∑
j=1

Rk

(
ϕ, x

(1)
j , ..., x

(r)
j , b

(k)
j

)pk

 1
pk

(1.3)

for all x(s)
1 , . . . , x

(s)
m ∈ Es, b

(l)
1 , . . . , b

(l)
m ∈ Gl, m ∈ N and (s, l) ∈ {1, ..., r} × {1, ..., t}.

Theorem 1.2. A map f ∈ H is R1, ..., Rt-S-abstract (p1, ..., pt)-summing if and only if there is a constant C > 0
and Borel probability measures µj on Kj such that

S(f, x(1), ..., x(r), b(1), ..., b(t)) ≤ C
t∏

j=1

(∫
Kj

Rj

(
ϕ, x(1), ..., x(r), b(j)

)pj

dµj

)1/pj

(1.4)

for all x(l) ∈ El, l = 1, ..., r and b(j) ∈ Gj, with j = 1, ..., t.

Choosing the appropriate parameter, Theorem 1.1 follows as an straightforward application of Theorem 1.2.
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existence of integrodifferential solution for a class

of impulsive abstract partial differential equations.

Marcos Rabelo and Giovana Siracusa ∗

Resumo

In this paper we study the existence of integrodifferential solutions for a class of impulsive abstract partial

differential equations.

1 Introduction

In this work we establish existence result of solutions for a class of impulsive functional differential equations which

can be described in the following form

d

dt
D(t, ut) = A(t)D(t, ut) + f(t, ut,

∫ t

0

e(t, s, us)ds), t ∈ [0, b], t 6= ti, i ∈ Z, (1.1)

u0 = φ, φ ∈ B, (1.2)

∆u(ti) = Ii(uti), (1.3)

where A(t) : D(A(t)) ⊂ X → X is a family of unbounded linear closed operators such that for each t ∈ [0, b], A(t)

is the infinitesimal generator of å compact semigroup of linear bounded operators (St(s))s≥0 on a Banach space X,

endowed with the norm ‖ · ‖X; the history ut : (−∞, 0] → X is defined as ut(θ) = u(t+ θ), θ ≤ 0; the phase space B
is defined axiomatically; the operator D(t, φ) = φ(0)+ g(t, φ), the functions g : [0, b]×B → X, f : [0, b]×B×X → X

and Ii : X → X, i ∈ Z are appropriate functions for all i ∈ N; ti ∈ Z is a sequence of fixed real numbers and the

symbol 4ξ(t) r̊epresents the jump of the function ξ at t; this means that 4ξ(t) = ξ(t+)− ξ(t−), where the notation
ξ(t+) and ξ(t−) represent respectively the right hand side and the left hand side l̊imits of function ξ at t.

2 Existence Result

Next we state some important conditions used in the proof of our result.

(H1) The function f : [0, b]× B → X satisfies the following condition

(H1.1) For each bounded set B of PC the family of functions {f(t, yt + ut), u ∈ B} is equi-continuous.

(H1.2) There are constants c1 and c2 such that ‖f(t, φ)‖ ≤ c1‖φ‖ B + c2, for all t ≥ 0 and φ ∈ B.

(H2) The function g : [0, b]× B × X → X satisfies the following conditions.

(H2.1) The function (x, φ) → g(t, φ, x) is continuous for almost everywhere t ∈ [0, b].

(H2.2) The t→ g(t, φ, x) is a measurable function for each (φ, x) ∈ B × X.

(H2.3) There is a positive continuous function m : [0, b] → [0,∞) and a nondecreasing positive continuous

function ψ : R → [0,∞) such that

‖g(t, φ, x)‖X ≤ m(t)ψ(‖φ‖B + ‖x‖X),

for every (t, φ, x) ∈ [0, b]× B × X.

∗Departamento de Matemática, UFPE, PE, Brasil, rabelo@dmat.ufpe.br, gisiracusa@gmail.com
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(H3) The function e : [0, b]× [0, b]× B → X satisfies the following conditions.

(H3.1) The function φ→ e(t, s, φ) is continuous almost everywhere for all t, s ∈ [0, b].

(H3.2) The function (t, s) → e(t, s, φ) is strong measurable for each φ ∈ B.

(H3.3) There is a positive continuous function p : [0, b] → [0,∞) and a nondecreasing integrable positive function

Ω : R → [0,∞) such that

‖e(t, s, φ)‖X ≤ p(s)Ω(‖φ‖B),

for all (t, s, φ) ∈ [0, b]× [0, b]× B.

Teorema 2.1. Assume that the conditions (H1) − (H3) are satisfied. In addition, suppose that the following

assumptions hold.

(i) The function f : [0, b]× B → X is completely continuous.

(ii) The operators Ii are completely continuous and there are positive constants di, such that

‖Ii(x)‖X ≤ di,

for all i = 1, . . . ,m, and x ∈ X.

(iii) Let B and B̃ be bounded sets of Λ and X respectively. Then for each t ∈ [0, b], the set

{
U(t, s)g(s, xs + ys, z), t, s ∈ [0, b], x ∈ B, z ∈ B̃

}
,

is relatively compact in X, and y(t) is a local mild solution of problem (1.1)-(1.3).

If 1−K(Lf + M̃
∑m

i=1 Li) > 0 and ∫ t

0

ξ(s)ds <

∫ ∞

C̃

ds

ψ(s) + Ω(s)
ds,

where

C̃ =
(KM̃ +KM̃Lf +M)‖φ‖+ c2

1−K(Lf + M̃
∑m

i=1 Li)
,

then problem (1.1)-(1.3) has a mild solution.
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problema de ambrosetti-prodi para sistemas eĺıpticos

com crescimento tipo trudinger-moser unilateral

bruno ribeiro ∗

Estudamos a seguinte classe de sistemas eĺıpticos

−∆u = a(x)u + b(x)v + Hu(x, u+, v+) + f1(x) em Ω,

−∆v = b(x)u + c(x)v + Hv(x, u+, v+) + f2(x) em Ω,

u = 0, v = 0 sobre ∂Ω,

(0.1)

onde Ω é limitado e suave em R2, H é uma função de classe C1 em [0, +∞)× [0, +∞) satisfazendo uma condição
de crescimento tipo Trudinger-Moser uniformemente em x ∈ Ω. Supomos f1, f2 ∈ Lr(Ω), r > 2. Analisando a
interação do espectro da matriz A ∈ C(Ω,M2×2(R)) dada por

A(x)=

(
a(x) b(x)
b(x) c(x)

)

com o espectro de (−∆,H1
0 ), provamos a existência de duas soluções para uma classe apropriada de termos não

homogêneos f1 e f2.

Este trabalho estende os resultados para o caso escalar em [1]. No entanto, adotamos técnicas diferentes daquelas
lá utilizadas, a fim de melhor explicar algumas estimativas cruciais necessárias.

Para a parte linear do problema, fazemos algumas generalizações que estendem resultados prévios obtidos em
[2,3,4]. Supondo A constante, denotemos µ1, µ2 os seus autovalores. Caso contrário, consideremos o seguinte
problema de autovalor com peso −∆U = λA(x)U em Ω, U = 0 sobre ∂Ω e denotemos por 0 < λA

1 < λA
2 ≤ λA

3 ≤ . . .

a sequência de autovalores para este problema. Supomos então qualquer uma das hipóteses abaixo

(1) A é constante e: (A1) µ1 ≤ µ2 < λ1 ou (A2) existe k ≥ 1 tal que λk < µ1 ≤ µ2 < λk+1;

(2) b(x) ≥ 0 para todo x ∈ Ω e: maxx∈Ω max{a(x), c(x)} > 0 e (A3) 1 < λA
1 ou (A4) existe k ≥ 1 tal que

λA
k < 1 < λA

k+1,

e as seguintes condições sobre H

(H1) ∇H é cŕıtica: Existe α0 > 0 tal que

lim
|U |→∞

|∇H(x,U)|
eα|U |2 =

{
0 para todo α > α0

+∞ para todo α < α0

uniformemente em x ∈ Ω.

(H2) Hu(x, 0, v) = Hv(x, u, 0) = 0 ∀u, v ≥ 0;

(H3) lim
|U |→∞

H(x,U) + |∇H(x,U)|
(∇H(x, U), U)R2

= 0, uniformemente em x ∈ Ω;

(H4) |∇H(x, U)| = o(|U |) quando |U | → 0 uniformemente em x ∈ Ω.

(H5) Para todo γ ≥ 0 existe cγ ≥ 0 tal que (∇H(x, s, s), (s, s))R2 ≥ γh(x, s)eα0s2
para todo s ≥ cγ , x ∈ Ω, onde

h : Ω× R2 → R+ satisfaz lim inf
s→+∞

log(h(x, s))s−1 > 0, uniformemente em x ∈ Ω.
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1 Teoremas

Teorema 1.1. Supondo uma dentre as condições (A1)-(A4) então existe uma região L ilimitada de Lr(Ω)×Lr(Ω)
tal que se (f1, f2) ∈ L o problema (0.1) possui uma solução negativa Φ = (ϕ, ψ).

Ideia da prova: Tal região é precisamente aquela em que a solução do problema linear

−∆u = a(x)u + b(x)v + f1(x) em Ω,

−∆v = b(x)u + c(x)v + f2(x) em Ω,

u = 0, v = 0 sobre ∂Ω,

é negativa. A prova da existência desta região é dada por uma parametrização adequada na função (f1, f2).

A partir desta solução negativa, temos então o seguinte resultado de multiplicidade

Teorema 1.2. Seja (f1, f2) ∈ L, onde L é dado no teorema anterior. Suponha (H1)− (H5) e qualquer uma dentre
as hipóteses (A1)− (A4). Então (0.1) possui uma segunda solução.

Ideia da prova: Provamos a existência de solução não-trivial para o problema homogêneo

−∆u = a(x)u + b(x)v + Hu(x, (u + ϕ)+, (v + ψ)+) em Ω,

−∆v = b(x)u + c(x)v + Hv(x, (u + ϕ)+, (v + ψ)+) em Ω,

u = 0, v = 0 sobre ∂Ω,

pois uma translação de tal solução será a segunda solução de (0.1). Observamos que Φ = (ϕ,ψ) torna-se uma
“perturbação” na não-linearidade H. Provamos assim a existência de um ńıvel minimax quase cŕıtico para o
funcional associado a este problema e, a fim de provar a existência de um ponto cŕıtico não-trivial neste ńıvel,
fazemos com que a função de Moser que o determina esteja suportada em regiões suficientemente próximas de ∂Ω,
pois Φ é aproximadamente nula nestas regiões, tornando posśıvel o controle adequado desta perturbação.
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análise e simulação numérica de um modelo de

Kirchhoff com densidade variável

mauro a. rincon ∗ & maria cristina c. vieira† & tania nunes rabello‡

1 Resumo

Em 1883 G. Kirchhoff [8] deduziu um modelo para o problema f́ısico de vibração vertical de pequenas cordas

elásticas, considerando a tensão variável com o tempo t, e representado por τ(0) a tensão da corda na posição de

repouso [α(0), (β)(0)]. O modelo proposto por Kirchhoff é

∂2u

∂t2
−

[
τ0
m

+
k

2mγ0

∫ β0

α0

(
∂u

∂x

)2

dx

]
∂2u

∂x2
= 0. (1.1)

Observe que γ0 = β0 − α0, o comprimento da corda na posição inicial, i.e. [α0, β0], k = σE onde E é o modulo de

Young do material da corda, σ a área da seção transversal da corda, considerada constante.

Existe uma modificação do modelo de Kirchhoff quando os extremos da corda são funções dependentes do tempo,

isto é, para cada t > 0, [α(t), β(t)], com 0 < α(t) ≤ α0 < β0 ≤ β(t), para todo t > 0. Essa é uma pertubação do

modelo(1.1), com representação dada por:

∂2u

∂t2
−

[
τ0
m

+
k

m

γ(t)− γ0
γ0

+
k

2mγ(t)

∫ β(t)

α(t)

(
∂u

∂x

)2

dx

]
∂2u

∂x2
= 0, (1.2)

onde γ(t) = β(t) − α(t), α0 = α(0), β0 = β(0), k = σE constante. A dedução e os resultados de existência e

unicidade do modelo com fronteira móvel foram feitas em [9]. Simulações numéricas para o caso unidimensional e

bidimensional foram feitas em [11] e [12].

Recentemente Medeiros [10], vem deduzindo um modelo, considerando que a densidade da corda seja não

homogênea, ou seja ρ = ρ(x), ∀x ∈ [α0, β0], onde ρ é a massa por unidade de comprimento. Além disso, o modelo

supõe que a seção transversal da corda seja variável com x, e com o tempo t ≥ 0, ou seja σ = σ(x, t).

Com essa hipóteses e procedendo de forma análoga à dedução do modelo [9], foi obtido um modelo para pequenas

vibrações verticais da corda elástica, chamada de Operador de Pertubação de Kirchhoff, dado por:

∂2u

∂t2
−

[
a(x, t) + b(x, t)

∫ β0

α0

(
∂u

∂x

)2

dx

]
∂2u

∂x2
−

−

[
c(x, t)

∫ β0

α0

(
∂u

∂x

)2

dx

]
∂u

∂x
+ d(x, t)

∂u

∂t
= 0,

(1.3)

onde foi adicionado os termos viscosos d(x, t) e ∂u/∂t.

2 Método Numérico

Usando a Método de Galerkin associado a formulação variacional, definido as funções bases de Vm = [φ1, φ2, · · ·φm]

como polinômios por partes e definindo as matrizes associadas, obtemos o seguinte sistema de equações diferenciais

∗Instituto de Matemática ,UFRJ, RJ, Brasil, rincon@dcc.ufrj.br
†Instituto Tecnológico de Aeronáutica, IEFM, SP, Brasil, cristinavieira@directnet.com.br
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ordinárias:

A(t)d′′(t) +B(t)d′(t) + C(t)d(t) = 0,

onde A,B e C são matrizes quadradas e dependentes de t. Usando o método β-Newmark, podemos discretizar o

sistema de EDO e obter a solução numérica para cada tempo discreto tn = n∆t.

Neste trabalho, estamos interessados na resolução do sistema linear associado e assim obter a solução numérica

aproximada para um modelo de pequenas vibrações transversais em cordas elásticas não homogêneas (1.3). O

método numérico descrito utiliza o método de elementos finitos acoplado ao método das diferenças finitas para

obtenção da solução numérica aproximada do modelo de Kirchhoff para uma corda não homogênea e alguns exemplos

numéricos são apresentados para validação do método numérico e do modelo.
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transient heat source reconstruction from consistent

Cauchy data
nilson c. roberty ∗ & marcelo l. s. rainha †

By introducing the definition of a Extended Dirichlet to Neumann map in the time space bounded regular

cylinder Q := I × Ω with boundary ∂Q = Σ ∪ Ω0 ∪ ΩT , where Σ := I × Γ, Ω0 and ΩT are, respectively, the

cylinders’lateral, bottom and the top sections and the adoption of the anisotropic Sobolev-Hilbert spaces [1] we

can treat the inverse problem for reconstruction of a transient source inside the time space cylinder with methods

similar to that used in the analysis of the stationary source reconstruction problem. The direct transient heat

source initial boundary value problem consists in finding u(t, x) with (t, x) ∈ Q given a boundary input g(t, x) with

(t, x) ∈ Σ, an initial input u0(x) with (t, x) ∈ Ω0 and a source distribution f(t, x) with (t, x) ∈ Q that verifies the

problem :

(Pu0,g,f )

⎧
⎪⎨
⎪⎩

∂tu−Δu = f in Q,

u = u0 in Ω0,

u = g on Σ.

(0.1)

and Dirichlet data compatibility condition, u0 = g at the time-space cylinder corner Γ0. By noting that for the two

more important spaces for applications are H2,1(Q) and H1, 12 (Q), for the first only the normal trace γ1 is onto. For

the second, both the traces on lateral boundary are onto and that in both cases the traces on initial and final time

are not onto and since we need traces for treat non homogeneous problems such as 0.1, Pu0,g,f with its associated

inverse source problem, we will introduces the following definition:

Definition 0.1. By Consistent Cauchy data associated with problem 0.1 we mean the functions:

(u0, g, uT , gν) ∈ (γ0, γ, γT , γ1)[H
r,s] ⊂ Hr− r

2s (Ω0)×Hr− 1
2 ,s−

s
2r (Σ)×Hr− r

2s (ΩT )×Hr− 3
2 ,s−

3s
2r (Σ) (0.2)

which by the first trace Theorem, Lions and Magenes [1], is well defined.

Definition 0.2. The Extended Dirichlet to Neumann map for the problem 0.1

Λf
Ω,Σ : H2r+1(Ω0)×H2r+ 3

2 ,r+
3
4 (Σ)) → H2r+1(ΩT )×H2r+ 1

2 ,r+
1
4 (Σ); (0.3)

defined by

Λf
Ω,Σ[(u0, g)] = (γT , γ1) ◦ S[u0, g, f ] = (u|ΩT , ∂νu|∂Ω) (0.4)

when u = S[u0, g, f ] ∈ H2r+2,r+1(Q) is solution of problem 0.1 with initial data (u0, g) = (u|Ω0 , u|Σ).
The inverse source problem IP f

(u0,g),(uT ,gν) is: To find f ∈ H2r,r(Q) such that

(IP f
(u0,g),(uT ,gν))

{
(uT , g

ν) = Λf
Ω,Σ(u0, g) (0.5)

for all given data pair (u0, g)× (uT , g
ν) corresponding to different solutions to the direct problem.

Definition 0.3. Consider two problems Pu0,g,f and Pu0,g,0, one with source f and the other with zero source, but

both with the same consistent initial time and Dirichlet data. By the Relative Extended Dirichlet to Neumann map

we means the application:

Λf
Ω,Σ − Λ0

Ω,Σ : H2r+1(Ω0)×H2r+ 3
2 ,r+

3
4 (Σ)) → H2r+1(ΩT )×H2r+ 1

2 ,r+
1
4 (Σ). (0.6)

Definition 0.4. We call a class of consistent data R regular if (Λf
Ω,Σ − Λ0

Ω,Σ)[u0, g] ∈ H1(ΩT )×H
1
2 ,

1
4 (Σ)
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1 Mathematical Results

Lemma 1.1. Let uj, j = 1, 2, 3, ... be different solutions of problem 0.1 with the same source f ∈ L2(Q) and

different initial time and Dirichlet data (u0j , gj), j = 1, 2, 3, ..., respectively. Let G be the Green function. Then

• (i) The Relative Extended Dirichlet to Newman operator Λf
Ω,Σ − Λ0

Ω,Σ is an operator whose functional value

depends only on the source function f ∈ H2r,r(Q), but is independent of the initial time and Dirichlet data

(u0, g).

• (ii) For all solution of consistent data problems Pf,u0j
,gj , j = 1, 2, 3, ..., with the same source, the source

satisfies the systems of integral equations
∫

Q

f(τ, ζ)

(
G(T, x, τ, ζ),

∂G(t, x, τ, ζ)

∂ν(t,x)

)
dζdτ = (Λf

Ω,Σ − Λ0
Ω,Σ)[u0j , gj ] = Λf

Ω,Σ[0, 0]. (1.7)

which depends only on the Relative Extended Dirichlet to Neumann map.

• (iii) For all v ∈ H2,1
−∂t−Δ(Q) = {v ∈ H2,1(Q)| − ∂tv −Δv = 0} the transient heat reciprocity gap equation is

∫

Q

fvdxdt = −
∫

ΩT

Λf
Ω,•[0, 0]γT [v]dx −

∫

Σ

Λf
•,Σ[0, 0]γ[v]dσ(t,x). (1.8)

Theorem 1.1. A problem inverse problem IP f
(u0,g),(uT ,gν) admits a solution f ∈ L2(Q) ⇔ (u0, g), (uT , g

ν) ∈ R.

Proof: (Necessity) Suppose the IP f
(u0,g),(uT ,gν) has a solution f ∈ L2(Q). Let us consider the following auxiliary

problems: P0,0,f with solution w0 = S[0, 0, f ] and Pu0,g,0 with solution w1 = S[u0, g, f ]. Then by the additivity

principle for linear operators Λf
Ω,Σ[u0, g] = Λf

Ω,Σ[0, 0] + Λ0
Ω,Σ[u0, g] ⇒ (Λf

Ω,Σ − Λ0
Ω,Σ)[u0, g] = Λf

Ω,Σ[0, 0]. Since

f ∈ L2(Q) implies by regularity that w0 ∈ H2,1(Q) the data are in R. (Sufficiency) Suppose the the data are

in the regular class. Consider the problem 1.9 The fourth order operator (−∂2t + Δ2) can be separated with an

unbounded sequence of parameters λ in two elliptic operators, one is biharmonic type in space (−λ +Δ2) and the

other second order in time (−∂2t + λ). Since the initial condition is zero, by finite energy method, the regularity

of these operators are H1(I, L2(Ω) and L2(I;H2(Ω)), respectively, and it is well posed and has an unique solution

v = S(u0, g, uT , g
ν) ∈ H2,1(Q). The inverse source solution will be f = (−∂t − Δ)v. The fourth order operator

(−∂2t +Δ2) can be separated with an unbounded sequence of parameters λ in two elliptic operators. Since the initial

condition is zero, by finite energy method, the regularity of these operators are H1(I, L2(Ω) and L2(I;H2(Ω)),

respectively, and it is well posed and has an unique solution v = S(0,Λ0
Ω,•(0, 0), 0,Λ

0
•,Σ(0, 0)) ∈ H2,1(Q). The

inverse source solution will be f = (−∂t −Δ)v.
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(−∂t −Δ)(∂t −Δ)v = (−∂2t +Δ2)v = 0 in Q,

v = 0 in Ω0,

v = Λ0
Ω,•(0, 0) in ΩT ,

v = 0 on Σ,

∂νv = Λ0
•,Σ(0, 0) on Σ.

(1.9)

We also presents results on the uniqueness and some numerical simulations.
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CARACTERIZACIÓN DE SOLUCIONES ÓPTIMAS

PARA PROGRAMACIÓN NO LINEAL CON

RESTRICCIONES CÓNICAS ∗

Marko A. Rojas-Medar † & Maŕıa Beatriz Hernández-Jiménez ‡y
Rafaela Osuna-Gómez §

Los conceptos de convexidad y convexidad generalizada juegan un rol central en economı́a matemática y teoŕıa de
optimizacion. Aśı, la búsqueda de criterios para convexidad o convexidad generalizada es uno de los más importante
aspectos en programación matemática, con el fin de caracterizar el conjunto de soluciones. Muchos esfuerzos se
han hecho en los últimos años para debilitar la noción de convexidad. En este trabajo, teniendo en mente la
noción de K-invexidad introducida por Craven [4] (para el caso en el cual K es un cono en Rn) y la noción de
Karush-Kuhn-Tucker invexidad (a seguir, KKT-invexidad) introducida por Martin [3], definimos una nueva noción
de convexidad generalizada que es a la vez necesaria y suficiente para afirmar que todo punto Karush-Kuhn-Tucker
es un mı́nimo global para problemas con restricciones cónicas. Esta nueva definición es una generalización del
concepto de KKT-invexidad dado por Martin y de función K-invex dada por Craven. Además, es la más débil para
caracterizar el conjunto de soluciones óptimas. Las nociones y los resultados que existen en la literatura hasta el
momento son casos particulares de las que se presentan aqúı.

Considere el siguiente problema no linear cónico:

(CP )

{
Min ϕ(x)
s.t. x ∈ D,

Donde X e Y son espacios normados, D = {x ∈ S : −F (x) ∈ K}, K un cono convexo cerrado en Y con interior
no vaćıo, S un subconjunto abierto de X, y ϕ : S → R, F : S → Y , funciones dadas. Denotamos por K̃ = R+ ×K

y f : S → R×Y , donde f ≡ (ϕ,F ). Observemos que si K es un cono convexo en Y , entonces K̃ es un cono convexo
en R× Y .

Varias clases importantes de problemas de optimización se pueden modelar en el contexto anterior, por ejem-
plo, programación nolinear, programación semi-definida, programación semi-infinita, control óptimo, desigualdades
variacionales, etc. (vea [1]).

En el transcurso de este trabajo, asumiremos que ϕ y F son funciones Fréchet diferenciables.
Recordamos la siguiente condición necesaria de optimalidad para (CP ) que puede ser encontrada en varios libros

de programación matemática, para el caso regular, esto es, cuando las restricciones de (CP ) verifican la restricción
de cualificación de Robinson que es la más débil ([6]).

Teorema 0.1. Suponga que u ∈ D es una solución óptima de (CP ) y que alguna restricción de cualificación se
satisface en u. Entonces, existe λ∗ = (1, θ∗) ∈ K̃∗ tal que

{
ϕ′(u) + [F ′(u)]∗θ∗ = 0,

〈θ∗, F (u)〉 = 0.
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Dado que el Teorema anterior sólo nos dá una condición necesaria de optimalidad, para establecer la rećıproca
precisamos asumir que el problema verifica una hipótesis conveniente de convexidad. Ahora, damos un nuevo
concepto de convexidad generalizada que es una extensión de la noción de función K-invex dada por Craven en [4]
para (CP ).

Definição 0.1. Decimos que f es K̃-invex en u ∈ D si ∃ η : S × S → X tal que ∀ ω ∈ D, lo siguiente se verifica

f(ω)− f(u)− f ′(u)η(ω, u) ∈ K̃.

Si f es K̃-invex en cualquier punto de D, decimos que f es K̃-invex en D.

Definição 0.2. Se dice que u ∈ D es un punto Karush-Kuhn-Tucker de (CP ) (a seguir KKTP), si ∃ λ∗ = (1, θ∗) ∈
K̃∗ tal que {

ϕ′(u) + [F ′(u)]∗θ∗ = 0,

〈θ∗, F (u)〉 = 0.

Usamos el concepto de K̃-invexidad para obtener una condición suficiente de optimalidad para (CP ).

Teorema 0.2. Sea u ∈ D un KKTP de (CP) y f ≡ (ϕ,F ) K̃-invex en u. Entonces u es un mı́nimo global de
(CP ).

Definição 0.3. Decimos que f ≡ (ϕ,F ) es K̃KKT -invex en u ∈ D, si ∃ η : S × S → X tal que ∀ ω ∈ D, lo
siguiente se satisface {

ϕ(ω)− ϕ(u)− ϕ′(u)η(ω, u) ∈ R+,

−F ′(u)η(ω, u) ∈ K.

Si f es K̃KKT -invex en cualquier u ∈ D, se dice que f es K̃KKT -invex en D.

Probamos que la noción de K̃KKT -invexidad es a la vez necesaria y suficiente para afirmar que todo KKTP es
un mı́nimo global para (CP ):

Teorema 0.3. Suponga que para cada KKTP, u ∈ D, el cono the [F ′(u), F (u)]∗(K∗) es cerrado débil∗. Entonces
todo KKTP de (CP ) es un mı́nimo global si y sólo si f ≡ (ϕ,F ) es K̃KKT -invex en D.

Las pruebas completas de los resultados dados anteriormente pueden encontrarse en [5].
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[5] hernández-jiménez, m. b., osuna-gómez, r., rojas-medar, m. a. - Characterization of optimal solutions
for nonlinear programming problems with conic constraints. In Press Optimization
[6]robinson, s.m.- Stability theorems for systems of inequalities, Part II: Differentiable nonlinear systems, SIAM
J. Numer. Anal., 13, 597-607, 1976.

170



ENAMA - Encontro Nacional de Análise Matemática e Aplicações
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La Ecuación g-Navier-Stokes: Solución Reproductiva

Maŕıa Drina Rojas-Medar ∗ & Luis Friz, Marko A. Rojas-Medar †

Las ecuaciones de g-Navier-Stokes en dimensión 2 son una variación de las ecuaciones clásicas de Navier-Stokes,
y ellas asumen la forma, 

∂u
∂t
− ν∆u + (u · ∇)u +∇p = f , en Ω×]0, T [,
1
g

(∇gu) =
∇g
g

u +∇ · u = 0, en Ω×]0, T [.
(0.1)

donde f y ν están dados. Aqúı u y p son la velocidad y presión respectivamente, g = g(x1, x2) es una función
conveniente con valores reales, suave, definida sobre (x1, x2) ∈ Ω, siendo Ω un dominio acotado de R2. Observe que
si g(x1;x2) = 1, entonces el sistema (0.1) se reduce al sistema de Navier-Stokes clásico,

∂u
∂t
− ν∆u + (u · ∇)u +∇p = f en Ω×]0, T [,

∇ · u = 0, en Ω×]0, T [.
(0.2)

Las ecuaciones de g-Navier-Stokes en dimensión 2 pueden ser derivadas de las clásicas ecuaciones de Navier-
Stokes en dimensión 3, pero en el dominio

Ωg = {(x1, x2, x3) ∈ R3 : (x1, x2) ∈ Ω, y 0 < x3 < g(x1, x2)}.

Para más detalles ver [5].
Entre los trabajos más destacados sobre las ecuaciones de g-Navier-Stokes se tienen [3] por Bae y Roh y [7]

por Roh. En estos art́ıculos se prueba la existencia de soluciones para el sistema (0.1) más una condición de valor
inicial, tanto en dominios acotados, como en R2. Para estos resultados, son necesarias hipótesis de suavidad de g y
pequeñez de ‖∇g‖∞. El marco funcional considerado por Bae y Roh son los espacios:

V = {u ∈ C∞0 (Ω)2 : ∇ · (gu) = 0},

Hg = la clausura de V en L2(Ω),

Vg = la clausura de V en H1
0(Ω).

Siguiendo las ideas presentadas en [1], diremos que u es una ”solución reproductiva”(o solución periódica débil)
para el sistema g-Navier-Stokes si ella satisface

∂u
∂t
− ν∆u + (u · ∇)u +∇p = f , en Ω×]0, T [,
1
g

(∇gu) =
∇g
g

u +∇ · u = 0, en Ω×]0, T [

u = 0, sobre ∂Ω×]0, T [,
u(0) = u(T ), en Ω.

(0.3)

En este trabajo presentamos el siguiente resultado.
Teorema. Dado f ∈ L(0, T ; V∗) y g suficientemente pequeño, existe una solución débil de (0.3). �

Observar que si f es independiente del tiempo, la existencia de la solución reproductiva es trivial pues basta con
considerar la solución del problema estacionario.
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UFPA - Universidade Federal do Pará
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S-asymptotically ω-periodic solutions of abstract

partial neutral integro-differential equations

alejandro. caicedo ∗ & claudio. cuevas †

Resumo

In this work, we study the existence and uniqueness of S-asymptotically ω-periodic mild solution to an abstract

partial neutral integro-differential equation with unbounded delay. Applications are given to illustrate our

results.

1 Introduction

The study of almost periodic, asymptotically almost periodic, almost automorphic, pseudo almost periodic and

pseudo almost automorphic solutions to differential equations is among the most attractive topics in mathematical

analysis. However, the literature concerning S-asymptotically ω-periodic functions with values in Banach spaces

is very new (cf. [3, 4]). We investigate existence of S-asymptotically ω-periodic and asymptotically ω-periodic

solutions for equation (2.1).

2 Existence Results

This work is mainly concerned with the existence and uniqueness of an S-asymptoptically ω-periodic mild solution

to the abstract partial neutral integro-differential equation with infinite delay

d

dt
D(t, ut) = AD(t, ut) +

∫ t

0

B(t− s)D(s, us)ds+ g(t, ut), t ≥ 0, (2.1)

u0 = ϕ ∈ B, (2.2)

where D(t, ϕ) = ϕ(0) + f(t, ϕ), the linear operators A, B(t) : D(A) ⊆ X → X are densely defined and closed with

a common domain D(A), which is independent of t, on a Banach space X and B an abstract phase space defined

axiomatically, and f, g are functions subject to some additional conditions. In this work, we employ the axiomatic

definition of the phase space B introduced in Hino et al. [5].

Observação 2.1. In this work we suppose the existence of a constant K> 0 such that max{K(t),M(t)} ≤K for
each t ≥ 0. Observe that this conditions is verified, for example, if B is a fading memory space , see, e.g. ([5]
Proposition 7.1.5) for details.

We will assume the following condition:

(A
#

) The resolvent operator (R(t))t≥0 is uniformly exponentially stable, i.e., ‖R(t)‖ ≤Me−δt for all t ≥ 0 and

some constants M, δ > 0.

To state the next result, we need to introduce the following condition:

Condition (H1): The functions f, g : R
+ × B → X are uniformly S-asymptotically ω-periodic on bounded set such

that

‖ f(t, ψ1) − f(t, ψ2) ‖X≤ Lf ‖ ψ1 − ψ2 ‖B, (2.3)

∗Departamento de Matemática ,UFPE, PE, Brasil, e-mail: alejocro@dmat.ufpe.br, cch@dmat.ufpe.br
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‖ g(t, ψ1) − g(t, ψ2) ‖X≤ Lg ‖ ψ1 − ψ2 ‖B, (2.4)

for all (t, ψi) ∈ [0,∞) × B, i = 1, 2.

Teorema 2.1. Assume that (A
#

) and (H1) are fulfilled and that B is a fading memory space. If (Lf + M
δ Lg)K < 1,

where M, δ are the constants in (A) and K is the constant Remark 2.4, then there is a unique S-asymptotically ω-
periodic mild solution of the problem (2.1)-(2.2).

Teorema 2.2. Assume that (A#) is holds and that B is a fading memory space. In addition, suppose that the
following properties hold.

(a) The functions f, g : R
+ ×B → X are uniformly S-asymptotically ω-periodic on bounded sets and asymptoti-

cally uniformly continuous on bounded sets.
(b) There is a continuous nondecreasing function Wg : [0,∞) → [0,∞) such that ‖ g(t, ψ) ‖X≤ Wg(‖ ψ ‖B) for

all t ≥ 0 and ψ ∈ B.
(c) There is a constant Lf > 0 such that ‖ f(t, h#(t)ψ1)− f(t, h#(t)ψ2) ‖X≤ Lf ‖ ψ1 −ψ2 ‖B, for all t ≥ 0 and

ψ1, ψ2 ∈ B, where h#(t) = sup0≤τ≤t h(t).
(d) For each ν > 0,

lim
t→∞

1

h(t)

t
∫

0

e−δ(t−s)Wg(νh#(s))ds = 0.

(e) For each ε > 0 there is δ > 0 such that for every u, v ∈ Ch(X), ‖ u− v ‖h≤ δ implies

t
∫

0

e−δ(t−s) ‖ g(s, us) − g(s, vs) ‖ ds ≤ ε, for all t ≥ 0.

(f) For all a, b ∈ [0,∞), a ≤ b, and r > 0 the set {g(s, h#(s)ψ) : a ≤ s ≤ b, ψ ∈ B; ‖ ψ ‖B≤ r} is relatively
compact in X.

We set ν(ξ) := K(ξ+(MH+1) ‖ ϕ ‖B), β(ξ) :=

∥

∥

∥

∥

M
·
∫

0

e−δ(·−s)Wg(ν(ξ)h#(s))ds

∥

∥

∥

∥

h

, where M,H,K are the constants

given in condition (A#), Axiom (A) and Remark 2.4, respectively.
(g) LfK + lim infξ→∞

β(ξ)
ξ < 1.

Then the problem (2.1)-(2.2) has an S-asymptotically ω-periodic mild solution.
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Polynomial Decay to a Class of Abstract Coupled

System with Past History

Mauro L. Santos ∗ & Luis Paulo V. Matos †

Let us denote by H a Hilbert space. Let A1, A2, B be self-adjoint positive definite operators with the domain
D(A1) ⊆ D(A2) ⊂ H and D(B) ⊂ H with compact embeddings in H. Let g : [0,∞) → [0,∞) be a smooth and
summable functions. We introduce a class of abstract models of linear coupled system with past history acting only
in one equation

{
utt + A1u−

∫∞
0

g(s)A2u(t− s) ds + βv = 0
vtt + Bv + βu = 0 in L2(R+;H)

(0.1)

satisfying the initial conditions




u(−t) = u0(t), ∀t ≥ 0
v(0) = v0,

ut(0) = u1, vt(0) = v1

(0.2)

where the initial data u0, u1, v0 and v1 belongs suitable space we will define later and β is a small positive constant.
Here the subscript ·t denotes the time derivative. Following the approach of Dafermos [1], we consider η = ηt(s),
the relative history of u, defined as

ηt(s) = u(t)− u(t− s).

Hence, putting

κ =
∫ ∞

0

g(s) ds (0.3)

the system (0.1) turns into the system




utt + A1u− κA2u +
∫∞
0

g(s)A2η
t(s) ds + βv = 0,

vtt + Bv + βu = 0, in L2(R+;H)
ηt

t + ηt
s − ut(t) = 0.

(0.4)

Accordingly, the initial conditions become

u(0) = u0, v(0) = v0, ut(0) = u1, vt(0) = v1, η0 = η0, (0.5)

having set u0 = u0(0) and η0(s) = u0(0)− u0(s), and

ηt(0) = lim
s→0

ηt(s) = 0, t ≥ 0. (0.6)

The aim of this work is to analysis of the decay properties of the system (0.4)-(0.6). Our main result characterizes
the asymptotic properties of the semigroup in terms of the spectral properties of the operator. For this, let us
suppose that

A2 = f(A1), B = h(A1) with f(s) = o(sα), h(s) = o(sγ) as s →∞.

We show that the semigroup associated with the system (0.4) is not exponentially stable when γ > 0 and α < 1.
But, in this case the solution decays polynomially to zero, in an appropriate norm, with rates that can be improved
by taking more regular initial data.
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soluções para uma classe de problemas eĺıpticos com

não-linearidades indefinidas

elves a. b. silva, ∗ everaldo s. medeiros † & uberlandio b. severo ‡

1 Resumo e Apresentação dos Resultados

Neste trabalho, estudamos existência e multiplicidade de soluções para o problema eĺıptico semilinear




−∆u = λ1u + µg(x, u) + W (x)f(u) em Ω,

u > 0 em Ω,

u = 0 sobre ∂Ω,

(Pµ)

em que Ω é um domı́nio limitado e suave em RN , N ≥ 3, W ∈ C1(Ω) muda de sinal, µ é um parâmetro positivo,
λ1 é o primeiro autovalor do operador −∆ sob as condições de fronteira de Dirichlet e g, f são funções localmente
Hölder cont́ınuas. Tais problemas aparecem naturalmente em vários ramos da F́ısica-Matemática e apresentam
dificuldades matemáticas consideráveis. Quando g(x, u) = u, o problema (Pµ) se reduz ao seguinte





−∆u = λu + W (x)f(u) em Ω,

u > 0 em Ω,

u = 0 sobre ∂Ω,

(1.1)

com λ = λ1 + µ. Recentemente, muitos autores, veja por exemplo [1, 2, 3, 4, 5], estudaram o problema (1.1) com a
não-linearidade f satisfazendo a seguinte condição de crescimento no infinito:

lim
s→+∞

f(s)
sp−1

= 1, 2 < p < 2∗ =
2N

N − 2
, N ≥ 3. (1.2)

Aqui, além de considerarmos uma classe de problemas mais ampla, pedimos que f ∈ C(R+,R) satisfaça hipóteses
mais gerais que (1.2), a saber:

(f1) Existem 1 ≤ σ < 2∗ e C1 > 0 tais que |f(s)| ≤ C1(1 + |s|σ−1) para todo s ≥ 0.

Na origem, pedimos a seguinte condição

(f2) Existem números reais q > 2 e a > 0 tais que

lim
s→0+

F (s)
sq

= a onde F (s) =
∫ s

0

f(s)ds.

Com relação a função W , vamos considerar a seguinte hipótese:

(W1) W ∈ C1(Ω) e o número

l := −
∫

Ω

W (x)ϕq
1 > 0,

em que ϕ1 > 0 é a primeira autofunção do operador −∆ em H1
0 (Ω).
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‡Departamento de Matemática, UFPB, PB, Brasil, e-mail: uberlandio@mat.ufpb.br (Suporte do CNPq - Grant 620108/2008-8)

177



Com respeito a função g(x, s), assumimos que g : Ω× R+ → R seja uma função Carathéodory satisfazendo:

(g1) g é localmente limitada e

lim
s→0+

G(x, s)
sq

= +∞, uniformemente em x ∈ Ω.

Em nosso primeiro resultado, estabelecemos a existência de uma solução para (Pµ), independente do crescimento
de g(x, s) no infinito. Mais precisamente, temos o seguinte teorema:

Teorema 1.1. Suponhamos que as condições (f1), (f2), (g1) e (W1) sejam satisfeitas. Então, exite µ1 > 0 tal que
(Pµ) tem pelo menos uma solução positiva para µ ∈ (0, µ1).

Para provarmos este resultado, exploramos uma solução de um problema limite com o intuito de construirmos uma
super solução para o problema (Pµ) e, em seguida, usamos esta super solução para obtermos uma solução de (Pµ),
usando argumentos de minimização.
Um exemplo de um problema dentro desse contexto é −∆u = λ1u + µeu + W (x)f(u). A fim de obtermos uma
segunda solução para (Pµ), consideramos também as seguintes condições sobre f e W :

(f3) Existem θ > 2 e R > 0 tais que
0 < θF (s) ≤ sf(s) para s ≥ R,

conhecida como a condição de Ambrosetti-Rabinowitz.
Considerando o conjunto Ω± = {x ∈ Ω : ±W (x) > 0} e definindo Ω0 = Ω \ (Ω+ ∪ Ω−), vamos supor que

(W2) Ω+ ∩ Ω− = ∅ e Ω± 6= ∅.

(g2) lim
s→+∞

g(x, s)
s

= L > 0 uniformemente em x ∈ Ω.

Agora, podemos enunciar nosso segundo resultado.

Teorema 1.2. Suponhamos que as condições (f1)−(f3), (g1), (g2), (W1) e (W2) sejam válidas. Então, existe µ2 > 0
(µ2 ≤ µ1) tal que (Pµ) tem pelo menos duas soluções positivas para qualquer µ ∈ (0, µ2).

Na prova deste resultado, a segunda solução é obtida via Teorema do Passo da Montanha, onde exploramos a
geometria do funcional.
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a damped beam equation in banach spaces
v. f. silva ∗

This paper is concerned with the existence of bounded solutions of the mixed problem for the equation

u′′(t) +M
(
‖u(t)‖βW

)
Au(t) +A2u(t) = 0 for all t > 0, (0.1)

where M(ξ) is the function M(ξ) = m0 + m1ξ defined on [0,∞[ , m0 > 0, m1 ≥ 0 (m0, m1 constants); A is an

unbounded self-adjoint operator of a separable Hilbert space H such that (Au, u)H ≥ γ |u|2H , ∀u ∈ D(A) being γ

a positive real constant. The operator A−1 is not necessarily a compact in H; W is a Banach space with dual W ′,

which is strictly convex, and such that the domain D(A) of the operator A is continuously embedding in W , being

β a real number.

In a recent work, by applying the method of successive approximations and Arzelá-Ascoli theorem, we have

obtained local solutions for equation (0.1). The difficulty in this approach is that we obtain only one estimate for

the approximate solutions of (0.1), which does not allow us to obtain global solution. To overcome the difficulty

we introduce the internal damping term [
1 +K (t)

∣∣∣A3/2u(t)
∣∣∣2β]Au′(t)

in the equation (0.1).

The main result of this work is established by the following theorem, namely

Teorema 0.1. Consider β ∈ R with β > 1 , K ∈ L∞loc(0,∞) , K(t) > 0 a.e. t ∈]0,∞[ , 1/K ∈ L1(0,∞) and

u0 ∈ D(A5/2), u1 ∈ D(A3/2),

then there exists only one function u in the class

u ∈ L∞
(
0,∞;D(A5/2)

)
,

u′ ∈ L∞
(
0,∞;D

(
A3/2

)
,
)
∩ L2

(
0,∞;D

(
A2
))
,

u′′ ∈ L∞
(
0,∞;D(A1/2)

)
such that

u′′ +M(‖u‖βW )Au+A2u+
[
1 +K

∣∣A3/2u
∣∣2β]Au′ = 0 in L∞loc

(
0,∞;D(A1/2)

)
,

u(0) = u0 , u′(0) = u1.

To show the existence of solutions we use the method of successive approximations via a characterization of the

derivative of the term M(||u||βW ) and Arzelá- Ascoli theorem. The uniqueness follows by the energy method. The

exponential decay of the energy associated with (0.1) is obtained by applying of the Lyapunov method. This result

will be published later.
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Teoria de regularidade para EDPs eĺıpticas singulares

eduardo v. teixeira ∗

A análise matemática envolvida em problemas eĺıpticos com potenciais singulares é notoriamente mais sofisticada
do que suas versões suaves. Exemplos clássicos seriam problemas da forma

∆u = u−β ,

com 0 < β < 1. Destacamos que a teoria de regularidade para operadores eĺıpticos totalmente não-lineares,
F (D2u) = f foi estabelecida ińıcio dos anos 80 e com um apelo probabiĺıstico intŕınseco. Esta tem proporcionado
avanços revolucionários em toda a teoria de EDPs e suas aplicações. Entretanto, muito pouco ainda é conhecido
quando tais equações envolvem termos descont́ınuos e/ou singulares, digamos da ordem de u−1. Observe que quando
uma solução de tal equação muda de sinal, isto é, ao longo da transição {u = 0}, a equação desenvolve singularidade;
assim não podemos esperar soluções clássicas (duas vezes diferenciáveis).

O exemplo acima representa uma classe de problemas de fronteira livre que emergem de preocupações funda-
mentais da teoria moderna de EDPs não-lineares. Regularidade Lipschitz para problemas não-isotrópicos, i.e. que
dependem de direção, quando regidos pelo Laplaciano,

∆u = H(∇u)u−1,

onde H(τ) = o(τ2) no infinito, foi provado por Caffarelli, Jerison e Kenig, [Ann. of Math. (2) 155 (2002), no. 2,
369–404], com o uso de sua revolucionária fórmula de monotonicidade. Não obstante tal fórmula está limitada à
teoria variacional, portanto nova estratégia é necessária para estudar problemas não variacionais.

Na primeira parte desta palestra iremos apresentar resultados obtidos em colaboração com M. Montenegro
[Journal of Functional Analysis 259 (2010) 428–452], sobre estimativas gradiente ótimas para problemas singuares
eĺıpticos totalmente não-lineares da forma F (D2u) = G(x, u,∇u), com G possivelmente da ordem de u−1 ou ainda
mais singular. Via argumentos de aproximação, mostraremos existência se soluções Lipschitz para uma famı́lia
de problemas de fronteira livre não-isotrópicos envolvendo duas fases (quando u obrigatoriamente muda de sinal).
Iremos discorrer ainda sobre existência e regularidade ótima para teoria de Alt-Caffarelli e Alt-Phillips em um
contexto não-variacional. De fato estudamos uma famı́lia de EDPs singulares, indexadas por um parâmetro α

(expoente de singularidade). Quando α = −1, obtemos generalizações não-variacionais do problema de cavidade
estudado por Alt e Caffarelli [J. Reine Angew. Math. 325 (1981), 105-144]. Selecionando α = 0 em nosso Teorema,
obtemos uma versão possivelmente não-isotrópica regida por operadores totalmente não-lineares do célebre trabalho
de Caffarelli sobre problema do obstáculo [Acta Math. 139 (1977), no. 3-4, 155–184]. Parte destes resultados
referem-se a um trabalho recente, obtido em colaboração com O. Queiroz e M. Montenegro sobre classes de problemas
de fronteira livre não isotrópicos.

Por fim, iremos reportar nossos recentes resultados, em colaboração com G. Ricarte, sobre equações totalmente
não lineares com potenciais de alta energia e suas conexões com problemas de fronteira livre assimtóticos. Esta
teoria preocupa-se com propriedades anaĺıticas e geométricas uniformes em ε de soluções uε do problema

F (x,Duε, D2uε) = ζε(uε),

onde o potencial ζε(τ) = ε−1ζ(ε−1τ), com ζ ∈ C1
0 [0, 1] converge para uma função delta de Dirac. Esta classe de

problemas é motivado em particular por formulações matemática de problemas de progamações de chamas. O
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problema de fronteira livre obtivo quando ε→ 0 é de fundamental importância. Mostraremos estimativa gradiente
sharp de uε e não-degenerecencia de soluções minimais. Para problemas governados por operadores concavos, vamos
obter propriedades uniformes da geometria fraca de superf́ıcies de ńıveis, {uε ∼ ε}, em particular mostraremos tais
conjuntos são uniformemente Retificáveis. For fim estudamos o problema de fronteira livre limite, quando ε ↘ 0.
Módulo subsequência, uε converge uniformemente para uma função Lipschitz cont́ınua, u0. Tal função satisfaz

F (x,Du0, D
2u0) = 0 em Ω0 := {u0 > 0},

no sentido da viscosidade. Mostramos ainda a existência de um operador eĺıptico F ? tal que a condição de fronteira
livre

F ?(z,∇u0 ⊗∇u0) = 2
∫
ζ, z ∈ ∂{u0 > 0}

é satisfeita em um sentido da teoria geométrica da medida. Uma teoria de regularidade para a fronteira livre é
desenvolvida para garantir que em problemas regidos por operadores côncavos, a fronteira livre limite, F(u0) :=
∂{u0 > 0}, é uma superf́ıcie de classe C1,γ a menos de um conjunto de medida de Hausdorff HN−1 nulo.
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o teorema da fatoração de pietsch não é válido para

polinômios dominados

thiago rodrigo alves ∗

O objetivo deste trabalho é mostrar que não existe uma extensão natural do teorema da fatoração de Pietsch

para polinômios dominados. Para isso, primeiramente será mostrado que a existência de um teorema desse tipo,

implicaria que todos polinômios dominados seriam fracamente compactos. Em seguida, será fornecido um exemplo

de polinômio dominado que não é fracamente compacto, o que finalizará a demonstração. Este trabalho foi baseado

nos artigos [1,3] e, para resultados preliminares, fizeram-se úteis as referências [2,4,5,6,7].

1 Resultados

Neste trabalho, as letras E e F representam espaços de Banach sobre o corpo K := R ou C. Por outro lado, os

śımbolos L(E;F ) e P(mE;F ) denotam respectivamente os espaços de Banach dos operadores lineares cont́ınuos

e polinômios m-homogêneos cont́ınuos que aplicam E em F , munidos com a norma do supremo. O conjunto das

medidas regulares de probabilidade sobre os borelianos da bola unitária fechada BE′ , com a topologia fraca estrela,

é denotado por W (BE′). Vejamos assim alguns resultados.

Proposição 1.1. Seja E′ munido com a topologia fraca estrela. Então a aplicação

iE :E −→ C(BE′); iE(x)(ϕ) := ϕ(x)

é uma imersão isométrica.

Proposição 1.2. Sejam µ ∈W (BE′) e 0 < p <∞. Então a inclusão

jp:C(BE′) −→ Lp(µ); jp(f) := f

é absolutamente p-somante.

No teorema da fatoração de Pietsch (Teorema 1.1), veremos que jp é o operador p-somante através do qual todo

operador linear p-somante se fatora. A restrição de jp ao conjunto iE(E) ⊆ C(BE′) é representada por jEp .

Com as proposições supracitadas, o teorema da fatoração de Pietsch para operadores lineares absolutamente

somantes fica como se segue.

Teorema 1.1 (Teorema da Fatoração de Pietsch). Seja 1 ≤ p < ∞. Um operador linear u ∈ L(E;F ) é absoluta-

mente p-somante se e somente se existem µ ∈W (BE′), um subespaço fechado Xp de Lp(µ) contendo (jEp ◦ iE)(E)

e um operador û ∈ L(Xp;F ) tais que u = û ◦ jEp ◦ iE.

Definição 1.1. Seja 1 ≤ p < ∞. Um polinômio P ∈ P(mE;F ) diz-se p-dominado se existe uma constante C ≥ 0

tal que  k∑
j=1

‖P (xj)‖
p
m

m
p

≤ C

 sup
ϕ∈BE′

 k∑
j=1

|ϕ(xj)|p
 1

p


m

,

para todos k ∈ N e x1, . . . , xk ∈ E.

∗Universidade Federal de Uberlândia, UFU, MG, Brasil, tralves.math@gmail.com
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À luz do teorema 1.1, é natural questionar se existe uma extensão do teorema da fatoração de Pietsch para

polinômios dominados. Nesse caso, o polinômio canônico m-homogêneo e p-dominado no qual todos os polinômios

m-homogêneos e p-dominados se fatoram, deveria ser naturalmente o polinômio

(
j p

m

)m
:C(BE′) −→ L p

m
(µ);

(
j p

m

)m
(f) := j p

m
(fm).

Denote por
(
jEp

m

)m
a restrição de

(
j p

m

)m
ao conjunto iE(E) ⊆ C(BE′). Logo, um teorema da fatoração de

Pietsch para polinômios dominados, afirmaria que um polinômio P ∈ P(mE;F ) é p-dominado, 1 ≤ p < ∞, se e

somente se existem µ ∈W (BE′), um subespaço fechado X p
m

de L p
m

(µ) contendo
((
jEp

m

)m
◦ iE

)
(E) e um operador

u ∈ L(X p
m

;F ) tais que P = u ◦
(
jEp

m

)m
◦ iE . No entanto, os dois resultados subsequentes mostram que essa

afirmação não é verdadeira.

Teorema 1.2. Sejam 1 ≤ p <∞, P ∈ P(mE;F ), µ ∈ W (BE′), X p
m

um subconjunto fechado de L p
m

(µ) contendo((
jEp

m

)m
◦ iE

)
(E) e u ∈ L(X p

m
;F ) tais que P = u ◦

(
jEp

m

)m
◦ iE. Então P é um polinômio fracamente compacto.

Exemplo 1.1. Seja m ≥ 2. A aplicação

Pm: `1 −→ `1; Pm((αj)
∞
j=1) = ((αj)

m)∞j=1

é um polinômio m-homogêneo e m-dominado, mas não é um polinômio fracamente compacto.

Referências

[1] botelho, g. - Weakly compact and absolutely summing polynomials, Journal of Mathematical Analysis and

Applications 265 (2002) 458-462.

[2] botelho, g. - Ideals of polynomials generated by weakly compact operators, Note di Matematica 25 (2005)

69-102.

[3] botelho, g., pellegrino, d. and rueda, p. - Pietsch’s factorization theorem for dominated polynomials,

Jornal of Functional Analysis 243 (2007) 257-269.

[4] diestel, j., jarchow, a. and tonge, a. - Absolutely summing operators, Cambridge University Press,

Cambridge, 1995.

[5] floret, k. - Natural norms on symmetric tensor products of normed spaces, Note di Matematica 17 (1997)

153-188.

[6] mujica, j. - Complex analysis in Banach spaces, Dover Books on Mathematics, 2010.

[7] ryan, r. - Applications of topological tensor products to infinite dimensional holomorphy, Doctoral Thesis,

Trinity College Dublin, 1980.

184



ENAMA - Encontro Nacional de Análise Matemática e Aplicações

UFPA - Universidade Federal do Pará
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dependência linear de aplicações multilineares

l. c. batista ∗ & m. l. lourenço †

Neste trabalho, procuramos dar continuidade a alguns resultados obtidos em [1] por R. Aron, L. Downey, M.
Maestre. Investiga-se o problema de, dado n > 0 arbitrário, se encontrar o menor número de aplicações lineares
{T1, T2, ..., Tr} em L (Rn; Rn), tais que para cada x ∈ Rn não nulo, o conjunto {T1(x), T2(x), ..., Tr(x)} seja gerador
de Rn. Também estudamos o problema similar no caso multilinear e procuramos uma relação com o caso linear
através de existência de aplicações bilineares não singulares.

1 Definições e Resultados

A seguir, de modo sucinto, apresentaremos algumas definições e resultados.

Definição 1.1. Sejam T1, . . . , Tr ∈ L (Rn; Rn). Dizemos que a coleção {T1, . . . , Tr} satisfaz a propriedade (∗) se
para todo x ∈ Rn não nulo, o conjunto {T1(x), T2(x), ..., Tr(x)} for gerador de Rn.

Definição 1.2. Para cada n ∈ N, definimos r (n) o menor natural k, para o qual existe uma coleção {T1, . . . , Tk} ⊂
L (Rn; Rn) satisfazendo a propriedade (∗).

Proposição 1.1. r (n) ≤ 2n− 1 para todo n ∈ N.

Definição 1.3. Uma aplicação bilinear da forma F : Rr × Rs → Rn, será chamada aplicação bilinear de tamanho
[r, s, n]. Diremos ainda, que F é uma aplicação bilinear não singular de tamanho [r, s, n] se F (x, y) = 0 somente
se x = 0 ou y = 0.

A proposição a seguir nos fornece uma outra caracterização do problema de se encontrar uma coleção {T1, . . . , Tr}
satisfazendo a propriedade (∗).

Proposição 1.2.

(i) Se {T1, . . . , Tr} ⊂ L (Rn; Rn) satisfaz a propriedade (∗) então existe uma aplicação bilinear não singular de
tamanho [n, n, r].

(ii) Se F é uma aplicação bilinear não singular de tamanho [n, n, k] então r (n) ≤ k.

No final da década de 30, Hopf e Stiefel atacaram o clássico problema das álgebras com divisão e obtiveram o
seguinte resultado, publicado em 1940. Para mais detalhes ver [4] e [5].

Teorema 1.1. (Hopf,Stiefel) Se existir uma aplicação bilinear não singular de tamanho [s, n, r] então
(

r
k

)
é par

sempre que r − n < k < s.

Como exemplo de aplicação do teorema acima, observamos que uma alicação bilinear não singular de tamanho
[3, 5, 6] não pode existir pois

(
6
3

)
é ı́mpar.

Da caracterização obtida na proposição (1.2) e do teorema (1.1) decorre a seguinte proposição.

Proposição 1.3. Para todo n ∈ N temos
r (n) ≥ 2dlog2 ne.

Onde dxe denota o menor inteiro maior ou igual a x.
∗IME-USP, SP, Brasil, e-mail: lc.leandro@gmail.com
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Demonstra-se que se n ≤ 9 vale a igualdade no teorema acima, entretanto, em 1972, K. Y. Lam, demonstrou
um resultado que em nossa notação equivale a r (16) = 23. Para detalhes ver [5], pág 6.

Um resultado conhecido afirma que a existência de uma aplicação bilinear não singular de tamanho [n, n, r]
corresponde a uma imersão do plano projetivo (n − 1)-dimensional no espaço euclideano (r − 1)-dimensional, ver
[3].

Estudaremos agora o problema similar para aplicações multilineares, tendo em vista buscar relações com o caso
linear. A partir de agora denotaremos por L (mRn; Rn) o espaço das aplicações m-lineares de Rn× m. . . ×Rn em Rn.

Definição 1.4. Z (m,n) :=
⋂

A∈L(mRn;Rn)A
−1 (0).

Definição 1.5. Sejam F1, . . . , Fr ∈ L (mRn,Rn). Dizemos que a coleção {F1, . . . , Fr} satisfaz a propriedade (∗) se
para todo x ∈ Rn× m. . . ×Rn \ Z (m,n) o conjunto {F1(x), F2(x), ..., Fr(x)} for gerador de Rn.

Definição 1.6. Para cada m,n ∈ N, definimos r (m,n) o menor natural k para o qual existe uma coleção
{F1, . . . , Fk} ⊂ L (mRn,Rn) satisfazendo a propriedade (∗). Em particular denotaremos r (1, n) = r (n).

Definição 1.7. Seja ρ : N→ N a função determinada da seguinte forma:

(i) se r = 1, 2, 4 ou 8 então ρ(r) = r;

(ii) se k é ı́mpar então ρ(2mk) = ρ(2m);

(iii) ρ(16r) = 8 + ρ(r).

A função ρ é conhecida como função de Hurwitz-Radon.

Teorema 1.2. (Hurwitz-Radon) Se n ≤ ρ(r) então existe uma aplicação bilinear não singular de tamanho
[n, r, r].

Como consequência obtemos o seguinte resultado.

Proposição 1.4. Se n ≤ ρ (r (n)) então r (n) = r (m,n) para todo m ∈ N.

Corolário 1.1. Se n ≤ 9 então r (m,n) = r (n), para todo m ∈ N.
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sobre singularidades anaĺıticas de soluções de uma

classe de campos vetoriais no toro

andreza cristina beezão ∗ & sérgio lúıs zani †

Dizemos que L é globalmente anaĺıtico hipoeĺıtico (GAH) no toro T2 se as condições u ∈ D′(T2) e Lu ∈ Cω(T2)

implicarem que u ∈ Cω(T2), e entendemos por uma solução singular de um operador L uma distribuição não-

anaĺıtica u tal que Lu é anaĺıtica.

Sejam c = a+ib, onde a, b : T1 → R são funções anaĺıticas reais e consideremos o operador L = ∂t+c(t)∂x agindo

em D′(T2). O artigo [2] nos dá uma caracterização da hipoeliticidade anaĺıtica global do operador L; em particular,

foi provado que se b 6≡ 0, então L é GAH se, e somente se, a função b não muda de sinal, ou equivalentemente,

nenhuma primitiva de b definida em R tem extremante local. Neste trabalho, conforme feito em [1], descrevemos a

localização e a natureza das singularidades das soluções singulares no caso em que b muda de sinal.

Primeiramente, notemos que segue de [3] e [9] que se t ∈ T1 não é um extremo local de uma primitiva B de b

(B′ = b em R), então toda u ∈ D′(T2) satisfazendo Lu ∈ Cω(T2) é, necessariamente, anaĺıtica real em (t, x), para

todo x ∈ T1. Dessa forma, se u tem uma singularidade anaĺıtica em (t, x), então, necessariamente, t é um ponto

de extremo local de B. Em [1] foi mostrado que se t é um ponto de extremo local de B, então existe uma solução

singular de L cujo suporte singular anaĺıtico (SSA) é (t, x), para todo x ∈ T1.

A seguir, explicitamos os principais resultados deste trabalho.

Seja B : R → R tal que B′ = b. Como B é anaĺıtica real, existem r ∈ Z+ e pontos {t0, . . . , tr} tais que

tr − t0 < 2π, t0 < . . . < tr e qualquer ponto de máximo local de B é da forma tk + 2jπ, para algum k ∈ {0, . . . , r}
e j ∈ Z. Similarmente, temos pontos de mı́nimo local de B, digamos {s0, . . . , sr}, satisfazendo

s0 < t0 < . . . < sr < tr < sr+1
.
= s0 + 2π < tr+1

.
= t0 + 2π.

Teorema 0.1. Suponhamos que L não é GAH e que b 6≡ 0. Seja t∗ ∈ {t0, . . . , tr}. Então existe u ∈ D′(T2) tal que

Lu ∈ Cω(T2) e SSA(u) = {(t∗, 0)}. Mais precisamente, u pode ser escolhida de forma que

u(t∗, x) = δ+(x)
.
=

∑
n≥1

einx.

Teorema 0.2. Suponhamos que L não é GAH e que b 6≡ 0. Seja t∗ ∈ {t0, . . . , tr}. Dada uma sequência (vn)n∈Z

tal que vn é temperada em n ∈ Z, mas não exponencialmente decrescente com n→ +∞, embora exponencialmente

decrescente na direção oposta, então existe v ∈ D′(T2) \ Cω(T2) tal que v̂(t∗, n) = vn, Lv ∈ Cω(T2) e SSA(v) =

{t∗} × SSA(ṽ), onde ṽ(x)
.
=

∑
n∈Z

vne
inx.

Teorema 0.3. Suponhamos que L não é GAH e que b 6≡ 0. Sejam t∗ ∈ {t0, . . . , tr} e F um subconjunto fechado

não-vazio de T1. Então existe v ∈ D′(T2) \ Cω(T2) tal que Lv ∈ Cω(T2) e SSA(v) = {t∗} × F. Além disso, v̂(t∗, n)

é temperada em n ∈ Z e decai exponencialmente com n→ −∞.

Quando tratamos dos mı́nimos {s0, . . . , sr} da primitiva B, as conclusões são análogas às enunciadas acima.

Os dois próximos teoremas nos dão uma abordagem mais completa dos resultados citados anteriormente. Por

exemplo, se b 6≡ 0 e tomamos B : R → R uma primitiva anaĺıtica real de b e Σ um subconjunto não-vazio de

extremos locais de B em [0, 2π), então existe uma solução singular u satisfazendo SSA(u) = Σ× {0}.
∗ICMC,USP, SP, Brasil, e-mail: andreza@icmc.usp.br
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Teorema 0.4. Suponhamos que L não é GAH e que b 6≡ 0. Seja uj(n), j ∈ {0, . . . , 2r+ 1}, temperada em n ∈ Z e

tal que uj(n) decai exponencialmente quando n→ −∞, para j ∈ {0, . . . , r}, e uj(n) decai exponencialmente quando

n→ +∞, para j ∈ {r + 1, . . . , 2r + 1}.
Então existe u ∈ D′(T2) tal que Lu ∈ Cω(T2), û(tj , n) = uj(n) para j ∈ {0, . . . , r} e û(sj−r, n) = uj(n) para

j ∈ {r + 1, . . . , 2r + 1}, para todo n.

Mais ainda,

SSA(u) ⊂ {(
r⋃

j=0

{tj} × SSA(ũj)) ∪ (
r+1⋃
j=1

{sj} × SSA(ũj))},

onde ũj(x)
.
=

∑
n∈Z

uj(n)einx, j ∈ {0, . . . , 2r + 1}.

Em particular, se I é o conjunto de ı́ndices j ∈ {0, . . . , r} tal que uj(n) não decai exponencialmente quando

n → +∞ e J é o conjunto de ı́ndices j ∈ {r + 1, . . . , 2r + 1} tal que uj(n) não decai exponencialmente quando

n→ −∞, então

SSA(u) = {(
⋃
j∈I
{tj} × SSA(ũj)) ∪ (

⋃
j∈J
{sj} × SSA(ũj))}.

Teorema 0.5. Suponhamos que L não é GAH e que b 6≡ 0. Então, dados {p1, . . . , pk} ⊂ {t0, . . . , tr, s1, . . . , sr}
e subconjuntos fechados não-vazios Fj ⊂ Tj , onde j ∈ {1, . . . , k}, existe u ∈ D′(T2) tal que Lu ∈ Cω(T2) e

SSA(u) =
k⋃

j=1

{pj} × Fj .

Para uma melhor compreensão do presente trabalho, são necessárias propriedades básicas das distribuições e

também resultados que relacionam o comportamento assintótico dos coeficientes das séries (parciais) de Fourier de

um dado objeto com a regularidade do mesmo.
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Edição N0 4 Novembro 2010

existência, unicidade e estabilidade da equação de

kawahara†

roberto de almeida capistrano filho ∗

Equações que modelam o movimento de ondas em meios dispersivos, lineares e não lineares, tem suas ráızes na
descoberta de ondas solitárias por John Scott Russel. Por volta de 1834 ele observou ondas criadas na superf́ıcie
da água em um canal, que pareciam se propagar de forma constante e sem mudar de forma. A partir dos estudos
de Russel, outros famosos matemáticos contribuiram de forma relevante para o avanço do estudo de equações
que modelam o movimento de ondas em meio dispersivos, podemos citar: George Airy, George Stokes e Joseph
Boussinesq entre outros. Um avanço importante em equações que modelam ondas em meios dispersivos foi dado
por dois cientistas holandeses Diederik Korteweg e Gustav de Vries que modelaram a propagação unidimensional
de ondas longas com pequenas amplitudes. Tal equação é denominada Korteweg-de Vries (KdV) e é dada por

ut + ux + 3
2αuux + β

6uxxx = 0.

Em 1972, Takuji Kawahara, em [2], descreveu a propagação de ondas de pequenas amplitudes em uma dimensão
por meio de uma equação dispersiva de quinta ordem conhecida como equação de Kawahara ou KdV de quinta
ordem, e é dada por

ut +
3
2
uux + αux + βuxxx − γuxxxxx = 0.

O presente trabalho, concentra-se em mostrar a existência e unicidade de solução global para o seguinte problema∣∣∣∣∣∣∣
ut + ux + upux + uxxx − uxxxxx = 0 em QT ,

u (0, T ) = u (L, t) = ux (0, T ) = ux (L, T ) = uxx (L, T ) = 0, t ∈ (0, T ) ,
u (x, 0) = u0 (x) , x ∈ (0, L) ,

(1)

onde p = 1, 2 e QT =
{

(x, t) ∈ R2 : x ∈ (0, L) ⊂ R, t ∈ (0, T )
}

.
O mesmo problema, sem o termo ux e p = 1, foi estudado por Doronin e Larkin em [1], por meio do método de

semi-discretização.
Também é analisado, após ser adicionada uma dissipação localizada, uma taxa de decaimento para a energia

associada à solução do sistema∣∣∣∣∣∣∣
ut + ux + upux + uxxx − uxxxxx + a (x)u = 0 em QT ,

u (0, T ) = u (L, t) = ux (0, T ) = ux (L, T ) = uxx (L, T ) = 0, t ∈ (0, T ) ,
u (x, 0) = u0 (x) , x ∈ (0, L) ,

(2)

onde a função a = a (x) satisfaz{
a ∈ L∞ (0, L) e a (x) ≥ a0 ≥ 0 q.s. em ω,

com ω sendo um subconjunto não vazio de (0, L) .
(3)

Os principais resultados são os seguintes.

Teorema 0.1. Dado u0 (x) ∈ H5 (0, L), o problema (1) possui única solução u = u (x, t) na classe u ∈ L∞
(
0,∞;H5 (0, L)

)
∩

L2
(
0,∞;H7 (0, L)

)
e ut ∈ L∞

(
0,∞;L2 (0, L)

)
∩ L2

(
0,∞;H2 (0, L)

)
.

∗UFRJ, Instituto de Matemática, RJ, Brasil, capistranofilho@ufrj.br
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Para p = 1, a prova deste teorema baseia-se no método da semi-discretização com respeito a variável t. A linha
de racioćınio utilizada foi a mesma que em [1]. Para o caso em que p = 2, foram utilizadas técnicas de semigrupos
para garantir o seguinte resultado relacionado a existência e unicidade de solução local para o problema (1):

Teorema 0.2. Sejam T0 > 0, u0 ∈ L2 (0, L) dados. Então existe T ∈ (0, T0] tal que o problema (1) possui uma
única solução u de classe u ∈ C0

(
[0, T ] ;L2 (0, L)

)
∩ L2

(
0, T ;H2 (0, L)

)
.

Afim de estendermos a solução local para solução global, foi provado o seguinte resultado:

Teorema 0.3. Seja u solução do problema (1) obtida no Teorema 0.2. Se ‖u0‖ � 1, então

‖u‖2L2(0,T ;H2(0,L)) ≤ c1

(
‖u0‖2

1− c2 ‖u0‖2

)
,

onde c1 = c1 (T, L) e c2 são constantes positivas. Além disso, ut ∈ L
4
3
(
0, T ;H−3 (0, L)

)
.

De posse dos Teoremas 0.1, 0.2 e 0.3, pudemos garantir para (2), nos casos p = 1, 2, o seguinte resultado de
estabilidade:

Teorema 0.4. Seja a = a(x) uma função não negativa nas condições de (3). Então, para qualquer L > 0, existem
constantes positivas R, c = c (R) e µ = µ (R) tais que

E (t) ≤ c ‖u0‖2 e−µt,

para todo t ≥ 0 e qualquer solução de (1) com u0 ∈ L2 (0, L) tal que ‖u0‖ ≤ R.

A prova do Teorema 0.4 foi inspirada nos trabalhos de Menzala-Vasconcelos-Zuazua [3] e Linares-Pazoto [4], em
que utilizando estimativas de energia e argumento de compacidade, reduzimos a demonstração do teorema a um
resultado de continuação única devido a Saut e Scheurer [5].
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Edição N0 4 Novembro 2010

o grupo de schrödinger em espaços de zhidkov

fábio h. carvalho ∗

O objetivo deste trabalho é o estudo do problema de Cauchy, associado à equação não linear de Schrödinger,{
iut + ∆xu+ f(|u|2)u = 0, x ∈ Rn, t ∈ R;

u(x, 0) = ϕ,
. (0.1)

nos casos em que o dado inicial, ϕ, não está no espaço das funções quadrado integráveis, L2(Rn), mas mantém

algumas propriedades de regularidade, a saber: ϕ é limitada, uniformemente cont́ınua, k vezes diferenciável e

∇ϕ ∈ Hk−1(Rn). Aqui e no que se segue f : R+ → R+ é uma função diferenciável, ∆ é o operador Laplaciano

e, para k ∈ N, Hk(Rn) é o espaço de Sobolev (das funções definidas em Rn cujas k primeiras derivadas estão em

L2(Rn)). Representaremos por

Xk(Rn) :=
{
u ∈ L∞(Rn) ∩ Ck(Rn);u é uniformemente cont́ınua e ∇u ∈ Hk−1(Rn)

}
.

Para ϕ ∈ Xk(Rn) definimos ‖ϕ‖Xk := ‖ϕ‖L∞ +
∑
|α|≤k

‖∂αϕ‖L2 .

Os espaços Xk, que representam o completamento do espaço das funções uniformemente cont́ınuas na norma

acima definida, são chamados espaços de Zhidkov.

No trabalho apresentado em Carvalho [1], provamos inicialmente que os espaços de Zhidkov formam uma álgebra

e que Xk é um espaço denso em Xk+1. Posteriormente, definimos a famı́lia de operadores {S(t)} , pondo, para

cada t ∈ R,

S(t)ϕ(x) =


e−in

π
4 π−

n
2 lim
ε→0

∫
e(i−ε)|z|

2

ϕ(x+ 2
√
tz)dz, t ≥ 0,

ein
π
4 π−

n
2 lim
ε→0

∫
e(−i−ε)|z|

2

ϕ(x+ 2
√
−tz)dz, t < 0.

(0.2)

Este resumo é referente a Carvalho [1], trabalho este em que nos valemos, no que diz respeito à existência e

regularidade da solução de (0.1), do trabalho de Cazenave [2]. Para atingir nossos objetivos, nos baseamos nos

resultados obtidos por Gallo [3] que, por sua vez, generalizou o trabalho apresentado por Zhidkov [4].

1 Resultados...

Teorema 1.1. Seja k > n
2 . A famı́lia de operadores {S(t)}t∈R é um grupo fortemente cont́ınuo em Xk(Rn),

finitamente gerado pelo operador i∆. Além disso,

‖S(t)ϕ‖Xk < C (1 + |t|ρ) ‖ϕ‖Xk , (1.3)

onde ρ =


1
2 , se n é par,

1
4 , se n é ı́mpar.

∗CENAMB ,UNIVASF, BA, Brasil, fabio.carvalho@univasf.edu.br
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Prova: Efetuando uma mudança de variáveis se verifica a validade de S(t1 + t2) = S(t1) ◦ S(t2). Evidentemente,

S(0) = I e S(−t) = (S(t))−1. Além disso, como consequência do Teorema da Convergência Dominada de Lebesgue,

se ϕ ∈ Xk(Rn) então S(t)ϕ ∈ Xk(Rn). Mais precisamente, mostra-se que

‖S(t)ϕ‖Xk < C

(
1 + t

1−n
2

2 + t
k−n

2
2

)
‖ϕ‖Xk . (1.4)

Reescrevendo os termos da integral na primeira linha de (0.2) e utilizando integração por partes é posśıvel verificar

que S(t)ϕ → ϕ quando t → 0. Como S(·)ϕ é limitada em [−1, 1], temos a norma ‖S(·)‖L(Xk) limitada em [−1, 1]

e, logo, por (1.4), vale (1.3).

Para facilitar a notação, escrevemos F (u) = f
(
|u|2
)
u daqui por diante.

Teorema 1.2. Seja ϕ ∈ Xk(Rn). É posśıvel encontrar T∗(ϕ) ∈ [−∞, 0) e T ∗(ϕ) ∈ (0,+∞] tais que:

i) existe uma única solução maximal u ∈ C([T∗(ϕ), T ∗(ϕ)], Xk(Rn)) de (0.1) e, para todos T−, T+ ∈ R satisfa-

zendo T∗(ϕ) < T− < 0 < T+ < T ∗(ϕ), u é a única solução da equação integral

u(t) = S(t)ϕ(x) + i

∫ 1

0

S(t− τ)F (u(τ))dτ, t ∈ [T−, T+].

ii) T∗(ϕ) = −∞ ou lim
t↘T∗(ϕ)

‖u(·, t)‖Xk = +∞.

iii) T ∗(ϕ) = +∞ ou lim
t↗T∗(ϕ)

‖u(·, t)‖Xk = +∞.

Prova: A demonstração deste resultado decorre essencialmente de três lemas cujas demonstrações estão detalhadas

em Carvalho [1].

Lema 1.1. Sejam T > 0, ϕ ∈ Xk(Rn) e F ∈ C([0, T ], Xk(Rn)).

Se u ∈ C1([0, T ], Xk(Rn)) é solução de (0.1) então

u(t) = S(t)ϕ(·) + i

∫ t

0

S(t− τ)F (u(·, τ))dτ, (1.5)

para todo t ∈ [0, T ].

Lema 1.2. Sejam T > 0, ϕ ∈ Xk(Rn). Se u, v ∈ C([0, T ], Xk(Rn)) são duas soluções do problema (0.1), então

u = v.

Lema 1.3. Sejam M > 0 e ϕ ∈ Xk(Rn) tais que ‖ϕ‖Xk ≤M. Então, existe um tempo positivo T = T (M) e uma

única solução u ∈ C([0, T (M)], Xk(Rn)) do problema (0.1).

O caso T < 0 é análogo.
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Um estudo de dinâmica populacional com um algoritmo

em java baseado no modelo Verhulst

antenor oliveira cruz júnior ∗ & fábio silva de souza †

Esse trabalho tem como objetivo estudar a dinâmica populacional, pela sua importância no desenvolvimento
da economia de uma dada população, com a utilização do modelo de Verhulst e a construção de um algoritmo que
determine a solução de equações não-lineares com métodos de regressão linear.

1 Modelo de Verhulst
dp

dt
= (r − sp) =⇒ p(t) =

kp0

p0 + (k − p0)e−rt

Para esse modelo trabalharemos com os dados dos censos do IBGE com intervalos de dois anos até o recenseamento
atual para podermos determinar o valor dos parâmetros da equação.

Ano do recenseamento População

1998 125.433
2000 123.541
2002 128.885
2004 128.109
2006 127.530
2008 130.521

Como as informações são limitadas a apenas seis censos, temos que utilizar técnicas para a obtenção de estimativas
que possam fazer uma aproximação da função geradora dos dados da tabela. Essa aproximação da derivada da função
f de ordem n, na vizinhança do ponto xi, podemosdeterminarpeladiferençafinitasprogressivaseregressivas.

Df(xi) ∼= f(xi+1)−f(xi)
xi+1−xi

= gi e Df(xi) ∼= f(xi)−f(xi−1)
xi−xi−1

= hi

Neste caso, os resultados seriam obtidos a partir da interpolação dos pontos do modelo de Verhuslt. Para isto
utilzaremos a média das diferenças finitas(progressiva e regressiva), ou seja:

dp

dt
= (r − sp) ∼=

gi + hi

2
Usando a regressão linear pelo método de mı́nimos quadrados, para o ajuste da melhor reta y=ax+b ao conjunto
de pontos (xi,(gi + hi) 2 ), para determinar o parâmetro k da equação com os valores em que a = -r e b = kr, onde:
t0 = 2008
e

p0 = 130.521

∗Universidade Federal dos Vales do Jequitinhonha e Mucuri-FACSAE e-mail: juniorufvjm@gmail.com
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2 Algoritmo

Nesse contexto foi elaborado um algoritmo em java que possibilitou a construção de software que funciona a partir
da inserção dos dados de censos relativos ao número de habitantes com seus respectivos anos, sendo que o último
censo tem quer ser o mais recente. Após a inserção dos dados o software utiliza o método de diferenças finitas e
mı́nimos quadrados para determinar os parâmetros necessários dessa equação. Outro dado importante é o tempo
futuro para o qual deseja-se fazer a previsão.
O resultado determina o valor do fator limitante e a população estimada para o ano em estudo. Com base nestas
informações o usuário poderá construir uma análise sobre o desenvolvimento econômico e a dinâmica populacional
de um munićıpio. O próprio software testa o resultado com um método de inferência estat́ıstica, que calcula o
intervalo de previsão, possibilitando a previsão de estimativas referentes ao crescimento de qualquer população em
estudo com um maior grau de confiabilidade das informações.

3 Resultados

Analisamos os resultados obtidos com a utilização do software comparados com os recenseamentos para a pop-
ulação brasileira, utilizando o sistema de projeções e estimativas da população do Brasil, feito pelo IBGE (Instituto
Brasileiro de Geografia e Estat́ıstica), para os anos de 2015, 2025, 2035, 2040,2050.

T ANO IBGE ALGORITMO ERRO

1998 2015 200.881 201.155 0.001%
2000 2025 212.430 211.992 0.002%
2002 2035 218.644 218.164 0.002%
2004 2040 219.075 220.116 0.005%
2006 2050 215.287 222.604 0.03%

Pelo comportamento dos resultados podemos observar que a diferença entre as estimativas feitas pelo IBGE e o
software tem uma diferença muito pequena até 2040, quando a partir dáı a população começaria a decrescer, já
que os valores obtidos pelo algoritmo estão tendendo para o fator limitante do crescimento populacional brasileira
(257.371 milhões de habitantes) o que também implicaria em um desaceleramento do crescimento da população,
mostrando assim que o algoritmo pode ser usado para qualquer estudo populacional.
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Controlabilidade na Fronteira de um Sistema H́ıbrido Linear com

Origem no Controle de Rúıdos

Flávio G. de Moraes, ∗ & Juan A. S. Palomino †

O que vamos expor neste trabalho é o resultado da dissertação de mestrado [6], a qual foi realizada na Universi-
dade Estadual de Maringá e teve como objetivo uma apresentação didática do trabalho de MICU, S. D. e ZUAZUA,
E., [5].

Considere Ω o quadrado bidimensional

Ω = (0, 1)× (0, 1) ⊂ R2.

Vamos supor que Ω é ocupado por um flúıdo elástico, não viscoso e compresśıvel, cujo campo de velocidade −→v é
dado pelo potencial Φ = Φ(x, y, t) : −→v = ∇Φ. Vamos supor também que o potencial Φ satisfaz a equação linear da
onda em Ω× (0,∞). A fronteira Γ = ∂Ω de Ω está dividida em duas partes. Γ0 = {(x, 0) : x ∈ (0, 1)} e Γ1 = Γ\Γ0.

O subconjunto Γ1 é suposto ŕıgido e impomos que a velocidade normal do ĺıquido seja zero nele. O subconjunto
Γ0 é suposto flex́ıvel e ocupado por uma corda flex́ıvel que vibra com a pressão do ĺıquido no plano onde Ω se
encontra. O deslocamento de Γ0 é descrito por uma função escalar W = W (x, t), que obedece a equação da onda
unidimensional. Ainda, em Γ0 vamos impor a continuidade da velocidade normal do ĺıquido na corda. A corda é
suposta para satisfazer as condições de fronteira de Neumann em seus extremos. Sob condições iniciais naturais
para Φ e W o movimento linear deste sistema é descrito por meio das equações de onda acopladas:



Φtt −∆Φ = 0 em Ω× (0,∞)
∂Φ
∂ν

= 0 sobre Γ1 × (0,∞)
∂Φ
∂ y

= −Wt sobre Γ0 × (0,∞)

Wtt −Wxx + Φt = 0 sobre Γ0 × (0,∞)
Wx(0, t) = Wx(1, t) = 0 para t ∈ (0,∞)
Φ(0) = Φ0, Φt(0) = Φ1 em Ω
W (0) = W 0, Wt(0) = W 1 sobre Γ0.

(0.1)

Estudaremos a controlabilidade do sistema (0.1) sobre a ação de uma força exterior agindo na parte flex́ıvel da
fronteira Γ0. O controle será dado por uma função escalar β = β(x, t). O problema de controlabilidade pode ser
formulado da seguinte maneira: Dado T > 2, encontrar um espaço de dados iniciais (Φ0,Φ1,W0,W1) que pode ser
conduzido ao equiĺıbrio da forma (Φ,Φt,W,Wt) = (c1, 0, c2, 0) em um tempo T por meio de um controle apropriado
β ∈ H−2(0, T ;L2(Γ0)).
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1 Controle Unidimensional

Para obtermos os resultados almejados no trabalho, decompomos o controle β, as soluções Φ, W e os dados iniciais
em série de Fourier, da seguinte maneira:

β =
∞∑

n=0

βn(t) cos(nπx),

Φ =
∞∑

n=0

ψn(y, t) cos(nπx), Φ0 =
∞∑

n=0

ψ0
n(y) cos(nπx); Φ1 =

∞∑
n=0

ψ1
n(y) cos(nπx),

W =
∞∑

n=0

Vn(t) cos(nπx), W 0 =
∞∑

n=0

V 0
n cos(nπx), W 1 =

∞∑
n=0

V 1
n cos(nπx).

(1.2)

Com esta decomposição, o sistema a ser controlado pode ser escrito como uma sequência de sistemas controláveis
unidimensionais para n = 0, 1, 2, ...

ψn,tt − ψn,yy + n2π2ψn = 0 para (y, t) ∈ (0, 1)× (0,∞)
ψn,y(1, t) = 0 para t > 0
ψn,y(0, t) = −Vt(t) para t > 0
Vn,tt(t) + n2π2Vn(t) + ψn,t(0, t) = βn(t) para t > 0
ψn(0) = ψ0

n, ψn,t(0) = ψ1
n em (0, 1)

Vn(0) = V 0
n , Vn,t(0) = V 1

n .

(1.3)

Os resultados de controlabilidade para os sistemas unidimensionais foram encontrados aplicando HUM (Hilbert
Uniqueness Method), valendo ressaltar que para o caso n = 0 o que obtemos foi uma controlabilidade parcial.

2 Controlabilidade do Sistema Bidimensional

O controle bidimensional foi obtido através da controlabilidade dos sistemas unidimensionais. Para isso, construimos
o seguinte controle:

β(x, t) =
∞∑

n=0

βn cos(nπx) (2.4)

O controle obtido nos garante que a solução (φ,W ) do sistema satisfaz
φ(T ) =

∫ 1

0

W 1(x)dx+
∫ 1

0

φ0(x, 0)dx, φt(T ) ≡ 0 em Ω

W (T ) =
∫ 1

0

W 0(x)dx−
∫ 1

0

∫ 1

0

φ1(x, y)dxdy,Wt(T ) = 0 em (0, 1)
(2.5)
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controlabilidade local exata para as trajetórias de

um sistema acoplado não-linear ∗

d. a. souza †

Neste trabalho estamos interessados em estudar a controlabilidade de um sistema que modela um fluido que
sofre efeitos térmicos e possui uma concentração. Este modelo é descrito por meio do acoplamento de uma equação
de Navier-Stokes com duas equações do calor:

yt −∆y + (y · ∇)y +∇p = v11O + θeN + u
−→
b em Ω× (0, T ),

∇ · y = 0 em Ω× (0, T ),
θt −∆θ + y · ∇θ = v21O em Ω× (0, T ),
ut −∆u+ y · ∇u = v31O em Ω× (0, T )
y = 0, θ = u = 0 sobre Σ× (0, T ),
y(0) = y0, θ(0) = θ0, u(0) = u0 em Ω,

(0.1)

onde Ω ⊂ RN (N = 2 ou 3) é um domı́nio limitado cuja fronteira ∂Ω é suficientemente regular, T > 0, O ⊂ Ω é
um subconjunto aberto e não-vazio (pequeno). As variáveis dependentes u, p, θ e u representam, respectivamente,
o campo de velocidade, a pressão do fluido, a temperatura do fluido e a concentração, enquanto v1, v2 e v3 estão
representando as funções controles. O śımbolo 1O representa a função caracteŕıstica de O, eN é o n-ésimo vetor da
base canônica de RN e −→b é um vetor não-nulo de RN .

Apresentaremos resultados, seguindo as idéias de [4] e [5], que mostrarão que o sistema N -dimensional (0.1)
poderá ser controlado, pelo menos sobre algumas condições geométricas, com N controles escalares em L2(O ×
(0, T )).

Deveremos impor algumas condições sobre a regularidade dos dados. Para este propósito, introduziremos os
seguintes espaços:

V = {ϕ ∈ [H1
0 (Ω)]N ; ∇ · ϕ = 0 em Ω}. (0.2)

H = {ϕ ∈ [L2(Ω)]N ; ∇ · ϕ = 0 em Ω, ϕ · n = 0 sobre ∂Ω}, (0.3)

( n = n(x) é o vetor normal unitário exterior a Ω no ponto x ∈ ∂Ω),

E =

{
H, se N = 2,
L4(Ω)3 ∩H, se N = 3.

(0.4)

Agora, iremos estabelecer o conceito de controlabilidade local exata para as trajetórias do sistema (0.1).
Primeiramente, definiremos uma trajetória do sistema (0.1).

Definição 0.1. Uma trajetória para o sistema (0.1) é uma solução (y, θ, u, p) do sistema (0.1) com controles nulos,
ou seja, é uma solução do sistema

yt −∆y + (y · ∇)y +∇p = θeN + u
−→
b em Ω× (0, T ),

∇ · y = 0 em Ω× (0, T ),
θt −∆θ + y · ∇θ = 0 em Ω× (0, T ),
ut −∆u+ y · ∇u = 0 em Ω× (0, T ),
y = 0, θ = u = 0 sobre Σ× (0, T ),
y(0) = y0, θ(0) = θ0, u(0) = u0 em Ω.

(0.5)
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†Pós-graduação em Matemática , UFPB, PB, Brasil, daraujo s@yahoo.com.br

197



Definição 0.2. Dada uma trajetória (y, θ, u, p) do sistema (0.1). Dizemos que o sistema (0.1) é exatamente
controlável para a trajetória (y, θ, u, p) quando existem controles v1, v2 e v3 tais que, ao menos uma solução de
(0.1), satisfaça

y(T ) = y(T ), θ(T ) = θ(T ) e u(T ) = u(T ). (0.6)

Para conseguirmos um resultado sobre controlabilidade local para as trajetórias do sistema (0.1) com N controles
escalares devemos impor algumas hipóteses sobre O e as trajetórias. Mais precisamente, iremos assumir que existe
x0 ∈ ∂Ω com nk(x0) 6= 0 para algum k < N e um ε > 0 tal que

Bε(x0) ∩ ∂Ω ⊂ O ∩ ∂Ω (0.7)

(Bε(x0) é a bola centrada em x0 de raio ε e nk(x0) é a k-ésima coordenada de n no ponto x0),

y ∈ [L∞(Q)]N , yt ∈ [L2
(
0, T ;Lκ(Ω)

)
]N , em que

{
κ > 6

5 , se N = 3
κ > 1, se N = 2

(0.8)

e

θ, u ∈ L∞(Q), θt, ut ∈ L2 (0, T ;Lκ(Ω)) , em que

{
κ > 6

5 , se N = 3
κ > 1, se N = 2.

(0.9)

Vamos agora estabelecer o principal resultado do nosso trabalho.

Teorema 0.1. Suponhamos que O satisfaz (0.7) e que a trajetória (y, θ, u, p) satisfaça (0.8) e (0.9). Então, para
cada T > 0, existe δ > 0 tal que, para qualquer (y0, θ0, u0) ∈ ([L2N−2(Ω)]N ∩ H) × L2(Ω) × L2(Ω) satisfazendo
||(y0, θ0, u0) − (y0, θ0, u0)||[L2(Ω)]N+2 ≤ δ, podemos encontrar controles (v1, v2, v3) ∈ [L2(O × (0, T ))]N+2 tais que
vk1 ≡ vN1 ≡ 0 e uma solução associada (y, p, θ, u) para (0.1) tal que (0.6) seja satisfeita.

Prova: Primeiramente obteremos uma nova desigualdade de Carleman para um adequado problema adjunto de
uma versão linearizada do primeiro sistema (0.1). Esta é obtida utilizando a desigualdade de Carleman para a
equação do Calor (veja [3]), dáı usando os principais resultados de [1] e [2] eliminamos um termo da pressão que
aparece. Assim, obtemos a controlabilidade nula para a versão linearizada em qualquer tempo T > 0. Ao final,
deduzimos os resultados a respeito da controlabilidade local exata para as trajetórias do sistema (0.1) por meio de
uma aplicação de um teorema da função inversa.
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Modeling security under conflict using reliability and

game theories

Carlos Renato dos Santos ∗

Catastrophic events have attracted attention of the academic community and society as a whole. As examples,

it can be cited the terrorist attacks of September 11, 2001 at the World Trade Center and Pentagon and anthrax

attacks in the United States as well as the recent pirate attacks on cargo ships of Somalia in early 2008 (see BBC

[1]). Due to these and other similar contexts, an increased interest in strategies to protect valuables (including

human life) from an intelligent and adaptive enemy emerges. In this way, the selection of defensive strategies may

require the consideration of goals and motivations of the attacker (Bier et al. [2]).

1 GAME MODELING

This work explains two approaches to model the interaction defense/attack:

• Sequential game of complete and perfect information - the defender knows the efforts and technologies that

the attacker may take after the deployment of the defensive system. On the other hand, the attacker knows

about the implemented defensive system and, based on that, he optimizes his payoff.

• Sequential game of incomplete information - the defender is not sure about the attackers’ preference types, in

other words, he is not aware about attacker profile. The attacker, in turn, knows which defensive configuration

was implemented.

1.1 Sequential game of perfect information

The problem is to deploy a defensive system configured in series-parallel consisting of redundant protection alter-

natives in order to defend the main system from intentional attacks. The strategic interaction involves complete

and perfect information in two consecutive stages (sequential game). Firstly, the defender chooses a configuration

from the non-dominated set of designs, then, at a second moment, the attacker selects the defense subsystem to

attack. It is assumed that both defender and attacker have limited resources.

Thus, there is a set of two players J = {D : defender; A : Attacker} that are supposed to be rational

and risk-neutral. The defender’s set of actions (or non-dominated defense configurations) is AD = {d1, d2, d3, dl},
where l is the number of non-dominated configurations. The attacker’s set of actions (or subsystems to attack)

is AA = {ss1(dr), ss2(dr), ss3(dr), ..., ssi(dr), ..., ssq(dr)}, r = 1, 2, ..., l, where q is the number of subsystems in

dr ∈ AD . The game is not defined by the choice of one single agent but by a particular combination of actions

of both of them. From the choice of actions by each player, a strategy profile is created, i.e. there is a vector

s = (dr, ssi(dr)), r = 1, 2, ..., l and i = 1, 2, ..., q. Then, the set of all strategy profiles can be denoted as the

Cartesian product of the actions sets, S = AD × AA. Both attacker and defender are rational agents that seek to

maximize their respective payoff functions. The expected payoff of each player involves the difference between the

total expected gain and the total expected loss related to their choices.
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1.2 Sequential game of imperfect information

In many cases it is possible to have actual knowledge of attackers’ profiles, but it is not possible to know precisely

which profile an attacker may assume at any given time. This model has the same purpose of the previous modeling;

however, in this case, the defender is not sure about which attacker is going to act against one of the defensive

subsystems, i.e., the defender is not certain about the attacker’s profile.

In this way, the strategic interaction occurs sequentially in three stages and with imperfect information. Firstly,

the nature chooses which profile the attacker assumes and only the attacker has access to this information. Af-

terwards, the defender chooses a defense configuration under uncertainty about the attacker’s profile. Lastly, the

attacker selects a defense subsystem to attack. Once again it is assumed that both defender and attacker have

limited resources.

Suppose that a specific defense configuration dr is adopted by the defender and that there are two possible types

of attacker profiles, type 1 and type 2. The attackers have, respectively, the following expected payoffs:

U1(dr, ssi(dr)) = Φ1(dr, ssi(dr))−∆1(dr, ssi(dr)) (1.1)

U2(dr, ssi(dr)) = Φ2(dr, ssi(dr))−∆2(dr, ssi(dr)) (1.2)

where, Φh(dr, ssi(dr)) and ∆h(dr, ssi(dr)), h = 1, 2, are defined as in the game of perfect information. In this

way, each type of attacker has a payoff associated with his respective profile for every possible configuration dr

deployed by the defender. Since the attacker knows about the defense system deployed, he has unitary information

sets. On the other hand, the defender is not sure about who exactly he fights against, and for that reason there

is a probability distribution associated to the attacker’s possible profiles. Thus, the defender has non-unitary

information sets, differently from the situation described in Subsection in the game of perfect information.

It is assumed that attacker type 1 attacks with probability φ1 and the attacker type 2 attacks with probability

φ2. For a deployed dr, the defender have different payoffs depending on the type of attacker. If the attacker type

h acts (h = 1, 2), the defender’s payoff is:

uh(dr, ssi(dr)) = φh(dr, ssi(dr))− δh(dr, ssi(dr)) (1.3)

where φh(dr, ssi(dr)) and δh(dr, ssi(dr)) are defined in Subsection 3.1.2. Since the defender selects the defense

configuration under uncertainty about the attacker’s profile, his expected payoff is given by:

ue = φ1 ∗ u1(dr, ssi(dr)) + φ2 ∗ u2(dr, ssi(dr)) (1.4)
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a equação de daugavet para operadores no espaço c(s)

jorge t. a. mujica ∗ & elisa r. santos † & daniela m. s. vieira ‡

Em 1963 I. K. Daugavet [1] provou que cada operador compacto T em C[0, 1] satisfaz a equação ‖I+T‖ = 1+‖T‖.
A partir de então vários autores provaram que diversas classes de operadores em diferentes espaços de Banach
satisfazem essa equação, que é hoje conhecida como equação de Daugavet.

Este trabalho tem como objetivo principal estudar tal equação para operadores lineares limitados no espaço das
funções cont́ınuas C(S), onde S é um espaço Hausdorff compacto.

Para tanto, estudamos algumas representações de C∗(S), o dual topológico de C(S), segundo as propriedades
topológicas de S, e também representações de operadores definidos em C(S) ou com imagem em C(S).

1 Equação de Daugavet

Definição 1.1. Seja X um espaço de Banach e T : X → X um operador linear limitado. Dizemos que T satisfaz
a equação de Daugavet se

‖I + T‖ = 1 + ‖T‖.

Apresentamos a seguir dois resultados básicos importantes sobre a equação de Daugavet.

Teorema 1.1. ([2], Teorema A) Seja S um espaço Hausdorff compacto. Se S possui pontos isolados então existe
um operador compacto (fracamente compacto) T : C(S) → C(S) que não satisfaz a equação de Daugavet.

Proposição 1.1. Se S é um espaço Hausdorff compacto e T : C(S) → C(S) um operador linear limitado então

max
|λ|=1

‖I + λT‖ = 1 + ‖T‖ .

2 Operadores Compactos em C(S)

Teorema 2.1. ([2], Teorema A) Seja S um espaço Hausdorff compacto sem pontos isolados. Então todo operador
compacto T : C(S) → C(S) que atinge a norma satisfaz ‖I + T‖ = 1 + ‖T‖.

Teorema 2.2. Se S é um espaço Hausdorff compacto e X é um espaço de Banach, então os operadores de posto
finito que atingem a norma são densos com a topologia da norma no espaço de todos os operadores compactos de
C(S) em X.

Deste dois resultados segue o seguinte teorema, o qual generaliza o resultado de I. K. Daugavet de 1963.

Teorema 2.3. Seja S um espaço Hausdorff compacto. Então todo operador compacto T : C(S) → C(S) satisfaz a
equação de Daugavet se, e somente se, S não possui pontos isolados.

∗IMECC ,UNICAMP, SP, Brasil, mujica@ime.unicamp.br
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3 Operadores Fracamente Compactos em C(S)

Definição 3.1. O espaço rca(S) é definido para um espaço topológico S e consiste de todas as funções conjunto
a valores escalares, σ-aditivas, regulares, definidas na σ-álgebra B de todos os conjuntos de Borel em S. A norma
‖µ‖ é a variação total v(µ, S).

Definição 3.2. Seja S um espaço de Hausdorff compacto e T : C(S) → C(S) um operador linear limitado. Pelo
Teorema da Representação de Riesz, existe uma famı́lia {µs}s∈S contida em rca(S) tais que

Tf(s) =
∫

S

f(t)µs(dt), f ∈ C(S), s ∈ S.

Esta famı́lia {µs}s∈S é chamada núcleo estocástico de T .

Lema 3.1. Sejam S um espaço Hausdorff compacto e T : C(S) → C(S) um operador linear limitado com núcleo
estocástico {µs}s∈S. Se o núcleo satisfaz

sup
s∈U

µs({s}) ≥ 0 para todo aberto não-vazio U ⊂ S (3.1)

então
‖I + T‖ = 1 + ‖T‖ .

De fato, uma condição necessária e suficiente para que T satisfaça a equação de Daugavet é

sup
{s:‖µs‖>‖T‖−ε}

µs({s}) ≥ 0 ∀ε > 0. (3.2)

Lema 3.2. Se S é um espaço Hausdorff compacto sem pontos isolados e T : C(S) → C(S) é fracamente compacto,
então T satisfaz (3.1) do Lema 3.1.

Baseado nos dois lemas anteriores, apresentamos a seguinte extensão para o Teorema 2.3.

Teorema 3.1. ([3], Teorema 5) Seja T : C(S) → C(S) um operador fracamente compacto. Então T satisfaz a
equação de Daugavet se, e somente se, S é um espaço Hausdorff compacto sem pontos isolados.
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resolução numérica de um sistema não linear contendo

termo harmônico e rede óptica simples em 1D.

Nascimento V. A. ∗

O estudo de equações diferenciais parciais não lineares tem uma vasta aplicabilidade em diversas áreas da
ciência. Uma das mais famosas equações diferenciais não lineares na área de f́ısica matemática é a equação de
Gross-Pitaevskii (EGP) que descreve a dinâmica de gases em Condensados de Bose-Einstein. Ao contrário da
EGP que possui um termo não linear cúbico (|ψ|2ψ), uma equação hidrodinâmica de campo médio que descreve a
dinâmica de um gás de férmions (superfluido) possui um um termo não linear |ψ|4/3ψ. Equações hidrodinâmicas
por serem sistemas não lineares e dependente do tempo, tornam-se um problema não trivial para estudarmos a sua
dinâmica, entretanto, alguns trabalhos utilizam-se da aproximação variacional para estudar estados estacionários.
Neste trabalho considaramos uma equação hidrodinâmica de campo médio que descreve um sistema de gases
fermiônicos aprisionados por um potencial harmônico V(x)= αx2 e uma rede periódica simples em 1D na forma
ε cos(2x) e propomos um método numérico para resolvê-la. Utilizamos primeiramente o método Split-Step para a
solução dependente do tempo onde o Hamiltoniano é separado em três partes [1] e posteriormente o método de
Crank-Nicolson. A não linearidade assim como os diferentes termos (não derivaveis) lineares (excluindo devivadas
espaciais) são tratadas separadamente dos temos derivaveis como a energia cinética. O método é chamado de Split-
Step pois o potencial é resolvido em dois passos separados antes e depois de se aplicar o operador correpondente ao
método de Crank-Nicolson.

Equação Hidrodinâmica de Campo Médio: em nosso modelo simplificado de um gás fermiônico aprisionado
(superfluido) utilizamos uma função de onda ψ (par de Cooper) que representa a atração entre férmions com
orientações de spins opostos [2]. A equação hidrodinâmica de campo médio em 1D para um gás de férmions a uma
temperatura próxima de zero é escrita como

i
∂ψ(x, t)

∂t
= −∂ψ(x, t)

∂x2
+ g1D|ψ(x, t)|4/3ψ(x, t)− ε cos(2x)ψ(x, t) + αx2ψ(x, t). (0.1)

Onde ∂ψ(x, t)/∂t representa a evolução temporal da função de onda, ∇2 ≡ ∂2/∂x2 é o laplaciano em 1D (operador
energia cinética), ψ(x, t) a função de onda para o gás de férmions, g3D é a força efetiva de não linearidade para
férmions, V (x) = α(x2) potencial de aprisionamento em 1D, α = (1/2)mω2 representa a massa para férmions, ω é
a frequência angular, ε cos(2x) é o potencial da rede óptica em 1D e ε corresponde a amplitude da rede óptica.

Método Numérico: Split-Step e Crank-Nicolson: A Eq. (0.1) pode ser escrita como

i
∂ψ

∂t
= Hψ (0.2)

onde o Hamiltoniano H contém os termos não lineares e lineares incluindo as derivadas espaciais. Nós resolveremos
esta equação por iteração. Uma dada solução trivial (input) propaga-se no tempo em pequenos passos temporais
até alcançar uma solução estável. A equação hidrodinânica é discretizada no espaço e no tempo usando o método
de diferença finita. Este procedimento resulta em um conjunto de equações algébricas as quais podem ser resolvidas
por iteração usando um input consistente com as condições de contorno conhecidas. No presente método Split-Step
esta iteração é realizada em vários passos pela separação do Hamiltoniano em diferentes partes deriváveis e não
deriváveis. No caso para 1D nós separamos o Hamiltoniano em três partes: H = H1 + H2 + H3 onde

H1 =
1
2
(x2 + g3D|ψ|4/3ψ − ε cos(2x)) (0.3)
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H2 = − ∂

∂x2
(0.4)

H3 =
1
2
(x2 + g3D|ψ|4/3ψ − ε cos(2x)). (0.5)

A vaŕıavel no tempo é discretizada como tn = n4 onde 4 é o time step. A solução é realizada primeiro no time
step 4 no tempo tn pela solução da Eq. (0.2) com H = H1 para produzir uma solução intermediária ψn+1/3 de
ψn, onde ψn é uma função de onda discretizada no tempo tn. Como não há derivadas em H1 esta propagação é
realizada essencialmente para pequenos 4 através da operação

ψn+1/3 = ϑnd(H1)ψn ≡ e−i4H1ψn ≡ e−i4( 1
2 [x2+g3D|ψ|4/3ψ−ε cos(2x)])ψn

(0.6)

onde ϑnd(H1) representa o operador evolução temporal e o sufixo nd denota não derivavel. Na sequência, a
correspondente propagação no tempo para o operado numérico H2 pelo método de Crank-Nicolson:

ψn+2/3 − ψn+1/3

−i4 =
1
2
H2(ψn+2/3 + ψn+1/3). (0.7)

A solução formal para a Eq. (0.7) é

ψn+2/3 = ϑCN (H2)ψn+1/3 ≡ 1−4H2/2
1 +4H2/2

ψn+1/3 (0.8)

onde ϑCN representa o operado evolução temporal com H2 e o sufixo CN refere-se ao algoritmo de Crank-Nicolson.
O operado ϑCN é usado para propagar a solução intermediária ψn+1/3 pelo time step 4 para gerar uma segunda
solução intermediária ψn+2/3. A solução final é obtida da forma:

ψn+1 = ϑnd(H3)ϑCN (H2)ϑnd(H1)ψn (0.9)

A separação dos termos deriváveis e não deriváveis em duas partes simétricas - H1 e H3 em relação ao termo H2

aumenta a stabilidade do metódo e reduz os erros numéricos.
Descrevendo o algoritmo de Crank-Nicolson:. A Eq. (0.2) é discretizada com H = H2 da Eq. (0.4) pelo

esquema de Crank-Nicolson

i
ψn+1

j − ψn
j

4 = − 1
2h

[(ψn+1
j+1 − 2ψn+1

j + ψn+1
j−1 ) + (ψn

j−1 − 2ψn
j + ψn

j−1)] (0.10)

onde ψn
j = ψ(xj , tn) refere a x = xj = jh, j = 1, 2, ...., Nx(pontos de grade) e h o passo espacial. Este esquema

é construido pela aproximação ∂/∂t pela fórmula de dois pontos e ∂/∂ x2 pela fórmula de três pontos. Este
procedimento resulta em uma série de equações tridiagoanais Eq. (0.10) em ψn+1

j+1 , ψn+1
j e ψn+1

j−1 no tempo tn+1, no
qual é resolvida utilizando condições de contorno apropriadas.

1 Resultados Obtidos.

A resolução numérica da Eq. (0.1) nos propiciou estudar a dinâmica de gases fermiônicos aprisionados por potenciais
harmônicos e da rede óptica, constatamos que existem estados ligados, ou seja, há formação de ondas sólitônicas,
isso pode ser averiguado observando e evolução da função de onda ψ(x, t) no tempo.
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Edição N0 4 Novembro 2010

solução anaĺıtica de equações hidrodinâmicas de campo

médio não lineares via aproximação variacional

Nascimento V.A. ∗

Ao estudar as soluções das equações de KdV, M. Kruskal as denominou de Sólitons. Com este termo fundiu-se
o conceito de onda solitária com a terminação on, radical designando part́ıcula (prótons, elétrons, etc). O sóliton
é uma solução para algumas equações de propagação que aparecem em f́ısica de part́ıculas, f́ısica de plasma, em
especial na mecânica dos fluidos, em óptica não linear e biologia. Muitas definições podem ser formuladas, entretanto
nós definiremos neste trabalho como a solução de uma equação hidrodinâmica de campo médio, que trata-se de uma
equação diferencial parcial não linear que representa um sistema de gás de férmions aprisionados por um potencial
transversal e uma super-rede óptica criada por laser. Teoricamente e experimentalmente o estudo de sólitons tem
sido realizado em condensados de Bose Einstein (Gás de Bósons) e fermiônicos (Gás de Férmions) graças a utilização
de redes ópticas. Uma rede óptica é essencialmente um cristal de luz: um padrão periódico formado pela intersecção
de dois lases de mesmo comprimento de onda. A chave de muitos dos comportamentos observados em ondas de
matéria em redes ópticas, tais como as oscilações de Bloch e tunelamento Landau-Zener, e controle de dispersão é a
formação de um espectro de banda de gap. No espaço livre a relação de dispersão entre a energia e o momento de um
sistema linear tal como elétrons, luz, ou átomos frios é usualmente continuo. Entretanto, em potenciais periódicos,
surgem gaps. A partir da f́ısica do estado sólido surgiu o termo gap proibido para regiões espectrais onde não há
propagação de ondas. Uma exceção é quando a não linearidade permite a localização de uma onda dentro de uma
banda de gap linear, formando um gap sóliton iluminado. Em uma recente publicação [1] nós mostramos que a não
linearidade efetiva no estudo de átomos fermiônicos, atua em combinação com o potencial da rede óptica simples
(periódica) e permite o surgimento de gap sólitons em diferentes dimensões. Neste trabalho nós utilizamos uma rede
óptica duplamente periódica (ou super-rede) na qual possui duas periodicidades que faz com que haja uma reflexão
de Bragg extra e permita o surgimento de mini-gaps no espectro de onda de matéria, isso acarreta na formação
de mini-gap sóliton em sistemas gasosos. Em um regime estacionário nós obtivemos a solução anaĺıtica para uma
equação hidrodinâmica de campo médio não-linear em 3D que descreve a propagação de sólitons (ou mini gap
sóliton) em um sistema de gases quânticos aprisionados por uma super-rede óptica em 1D utilizando aproximação
variacional. Embora exista vários métodos numéricos que resolvem equações hidrodinâmicas, o método variacional
tem sido de grande eficácia, prinćıpalmente no estudo de gases quânticos.

Equação Hidrodinâmica de Campo Médio: Nós consideramos a equação hidrodinâmica de campo médio
para sólitons fundamentais em três dimensões para um gás de férmions na sua forma usual escrita como:

iψt = −∇2ψ + g3D|ψ|4/3ψ − U [ε sin2(z) + (1− ε) sin2(2z)]ψ + α[x2 + y2]ψ. (0.1)

Onde ∇2 ≡ ∂2/∂x2 +∂2/∂y2 +∂2/∂z2 é o laplaciano em 3D (operador energia cinética), ψ(x, y, z, t) a função de
onda do condensado, g3D é a força efetiva de não linearidade para férmions em 3D, V (x, y) = α(x2 + y2) potencial
de aprisionamento transversal em 2D (na forma de charuto), α = (1/2)mω⊥ representa a massa para férmions, ω⊥
é a frequência do laser de aprisionamento, U [ε sin2(z) + (1− ε) sin2(2z)] é o potencial da super-rede óptica em 1D
e −ε ( ou profundidade da rede) corresponde a amplitude da super-rede óptica.

Aproximação Variacional: Soluções estacionárias para a Eq.(0.1) são obtidas considerando ψ(x, y, z, t) =
e−iµtu(x, y, z), no qual µ é o potencial qúımico, e u(x, y, z) é a função real (para sólitons fundamentais) que obedece
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a seguinte equação em 3D para férmions

µu = −(uxx + uyy + uzz) + g3Du7/3 − [U [ε sin2(z) + (1− ε) sin2(2z)]]u + α(x2 + y2)u. (0.2)

Considerando a condição de normalização;
∫ ∫ ∫

u2(x, y, z)dxdydz = 1, a Eq.(0.2) para férmions pode ser obtida
a partir da Lagrageana,

2L = µ +
∫ ∫ ∫

dxdydz
[
− µu2 + (∇u)2 +

3
5
g3Du10/3 − U [ε sin2(z) + (1− ε) sin2(2z)]u2 + α(x2 + y2)u2

]
. (0.3)

Soluções variacionais para a Eq.(0.3) são obtidas ao assumirmos um ansatz simétrico para sólitons em 3D na
forma Gaussiana,

u(x, y, z) =
√

N

π3/4WV 1/2
exp

(
− x2 + y2

2W 2
− z2

2V 2

)
. (0.4)

onde N corresponde à norma, W é a largura bidimensional e V a largura axial do sóliton (que tem a forma de
charuto). Ao substituirmos o ansatz (Eq.0.4) na Lagrangeana (Eq.0.3) e integrarmos em relação a x, y e z obtemos
a Lagrangeana efetiva para férmions.

2Lef = −µN +
N

W 2
+

N

2V 2
+ g3D

(33/2

55/2

N5/3

W 4/3V 1/2π

)
−U.(ε)

1
2
N(1− e−V 2

)−U(1− ε)
N

2
(1− e−4V 2

)+αNW 2 (0.5)

Desta forma a partir da resolução da Lagrangeana efetiva, nós podemos estudar o coeficiente de não linearidade
efetiva (g3D) em função do potencial quimico (µ).

1 Resultados Obtidos a partir da Aproximação Variacional.

Utilizando as equações de Euler-Lagrange, as equações variacionais podem ser obtidas a partir da Lagrangeana
efetiva. Primeiro, façamos ∂Lef/∂µ = 0, como usual, N = 1. Na sequência as equações ∂Lef/∂W = ∂Lef/∂V = 0
predizem a relação entre as larguras do sóliton (W ,V ) e o coeficiente de não linearidade efetiva (g3D) conforme
explicito abaixo,

2
W 3

+
(3

5

)5/3

g3D

(4
3

) N5/3

W 7/3V
= 2αW. (1.6)

− 1
V 3
−

(3
5

)5/3

g3D

( N5/3

W 4/3πV 2/3

)
− U(1− ε)4V e−4V 2

= UεV e−V 2
. (1.7)

Considenrando ∂Lef/∂N = 0 obtemos µ (potencial quimico) em função das larguras do sóliton (W , V ) e do
coeficiente de não linearidade para férmions g3D):

1
W 2

+
1

2V 2
+

(3
5

)5/3 5
3
g3D

( N5/3

W 4/3V 5/3

)
− Uε(1− e−V 2

)− U

2
(1− ε)(1− e4V 2

) + αW 2 = µ (1.8)

A Eq.(1.8) descreve o comportamento do coeficiente de não linearidade efetiva em função do potencial qúımico para
um gás de férmions aprisionados por uma super-rede óptica em 1D. A partir dos resultados obtidos para g3D versus
µ nós podemos estudar a formação dos sólitons (mini-gap sólitons) dentro dos mini-gap do potencial da super-rede.
É interessante ressaltarmos que trata-se de um resultado inédito, uma vez que envolve uma super-rede óptica.
Alguns grupos de pesquisas estudam apenas o potencial qúımico em função do número de pat́ıculas considenrando
redes ópticas simples em 1D ou 2D.

Agradecimento especial a FUNDECT/CNPq n0 01/2008-DCR, contrato n0 23.200.18/2009 pelo apoio finan-
ceiro.
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Edição N0 4 Novembro 2010

desigualdade de carleman e controlabilidade nula

para uma edp com coeficientes complexos ∗

m. c. santos †

Neste trabalho estamos interessados em estudar a controlabilidade nula para a seguinte equação diferencial

parcial de segunda ordem, com coeficientes complexos:
(a+ ib)yt −∆y = 1ωu em Ω× (0, T ),

y = 0 sobre Σ× (0, T ),

y(0) = y0 em Ω,

(0.1)

onde Ω ⊂ RN é um domı́nio limitado cuja fronteira ∂Ω é suficientemente regular, T > 0, ω ⊂ Ω é um subconjunto

aberto e não-vazio. A função y0 é um dado em L2(Ω), enquanto u representa a função controle que atua no sistema.

O śımbolo 1ω representa a função caracteŕıstica de ω.

Apresentaremos resultados, seguindo as idéias de [1] e [2]. Em [1], foi mostrado resultados de controlabilidade

nula para a equação do calor. Em [2] foi apresentado um resultado de controlabilidade nula para uma EDP de

segunda ordem com coeficiente complexo, em que o operador é fortemente eĺıptico. Ambos os resultados foram

obtidos via desigualdade de Carleman.

Para obtermos controlabilidade nula, necessitaremos de uma desigualdade de observabilidade envolvendo o

sistema adjunto de (0.1). Em outros termos, para cada ϕ0 ∈ L2(Ω), consideraremos o sistema
(−a+ ib)ϕt −∆ϕ = 1ωu em Ω× (0, T ),

ϕ = 0 sobre Σ× (0, T ),

ϕ(0) = ϕ0 em Ω.

(0.2)

A desigualdade de observabilidade para (0.2) é dada no seguinte resultado:

Teorema 0.1. Existe uma constante C > 0 tal que, para cada ϕ0 ∈ L2(Ω), a solução de (0.2) associada ao dado

ϕ0 satisfaz

‖ϕ(0)‖L2(Ω) ≤ C
∫ ∫

ω×(0,T )

|ϕ|2dxdt. (0.3)

Para provarmos o Teorema 0.1 combinamos uma desigualdade clássica de energia com uma desigualdade de

Carleman para o sistema adjunto 0.2. Esta última desigualdade resume-se no seguinte

Lema 0.1. Seja a, b ∈ R com a > 0, então existe um λ0 > 0, s0 > 0 tal que para todo λ ≥ λ0 e s ≥ s0 temos

s−1λ−1

∫ ∫
Q

e−2sαξ−1(|qt|2 + |∆q|2)dxdt+ sλ2

∫ ∫
Q

e−2sαξ|∇q|2dxdt

+s3λ4

∫ ∫
Q

e−2sαξ3|q|2dxdt ≤ C
(∫ ∫

Q

e−2sα|(−a+ ib)qt + ∆q|2dxdt

+ s3λ4

∫ ∫
ω×(0,T )

ξ3e−2sα|q|2dxdt

)
,

(0.4)

em que q ∈ C2(Q;C), com q = 0 sobre Σ.

∗Este trabalho é uma parte da dissertação de mestrado na Universidade Federal da Paráıba em 2010.
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Prova do Lema 0.1: Seja f = qt + ∆q. Consideremos uma função ψ tal que

q = esαψ e f = esαg. (0.5)

Façamos a seguinte decomposição:

I1ψ + I2ψ = g, (0.6)

em que

I1ψ = ibψt − asαtψ + ∆ψ + s2|∇α|2ψ, (0.7)

I2ψ = −aψt + ibsαtψ + 2s∇α · ∇ψ + s∆αψ. (0.8)

Dessa forma,

‖I1ψ‖2L2(Ω) + ‖I2ψ‖2L2(Ω) +

∫ ∫
Q

I1I2 + I1I2dxdt =

∫ ∫
Q

|g|2dxdt, (0.9)

em que Ii representa o complexo conjugado de Ii. Devemos analisar cada termo em (0.9). O mais delicado é∫ ∫
Q
I1I2 + I1I2dxdt. Após alguns cálculos, encontramos que∫ ∫

Q

I1ψI2ψ + I1ψI2ψdxdt ≥
∫ ∫

Q

(
sλ2e−2sαξ|∇ψ|2 + s3λ4e−2sαξ3|ψ|2

)
dxdt

−
∫ ∫

ω×(0,T )

(
sλ2e−2sαξ|∇ψ|2 + s3λ4e−2sαξ3|ψ|2

)
dxdt.

Combinando a desigualdade acima com a análise (um pouco mais simples) dos demais termos de (0.9), obtemos

(0.4).

�
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estimativas de n-larguras de conjuntos de funções

suaves sobre a esfera Sd

régis l. b. stábile ∗ & sérgio a. tozoni †

A teoria de n-larguras foi introduzida por Kolmogorov em 1938. Até 1960, quando apareceu o primeiro trabalho
na direção de pesquisa abordada neste trabalho, existiam apenas dois artigos devidos à Rudin e Steehkin. Após
1960 e até o presente momento pudemos observar um maior interesse nessa área.

O objetivo deste trabalho é obter estimativas de n-larguras de conjuntos de funções suaves, finitamente e
infinitamente diferenciáveis sobre a esfera Sd, fazendo uso das n-larguras de operadores multiplicadores espećıficos
que geram tais conjuntos. É importante ressaltar que várias destas estimativas são exatas em termos de ordem.

1 n-Larguras

Definição 1.1. Para A um subconjunto compacto e centralmente simétrico de um espaço de Banach X, definimos
a n-larguras Kolmogorov de A em X pelo valor

dn(A,X) = inf
Xn

sup
x∈A

inf
y∈Xn

‖x− y‖X ,

onde o ı́nfimo é tomado sobre todos os subespaços n-dimensionais Xn de X.

Definição 1.2. Se Y é um outro espaço de Banach e T : X −→ Y um operador então definimos a n-largura de
Kolmogorov do operador T por dn(T (BX), Y ), onde BX denota a bola unitária do espaço X.

2 Análise harmônica na esfera Sd

Definição 2.1. Uma função f : Rd+1 → C é chamada homogênea de grau k, k ∈ Z, se f(λx) = λkf(x) para
qualquer λ > 0 e x ∈ Rd+1. Denotaremos por P, o conjunto de todos os polinômios definidos sobre Rd+1 e por Pk

o subconjunto de P formado pelos polinômios que são homogêneos de grau k.

Definição 2.2. Seja ∆ o operador laplaciano em Rd+1 e seja k ∈ N. Definiremos Ak como sendo o subespaço
vetorial de Pk formado pelos polinômios harmônicos e homogêneos de grau k, isto é

Ak = {p ∈ Pk : ∆p = 0.}

Definição 2.3. Um harmônico esférico de grau k é a restrição à esfera Sd de um elemento de Ak. Denotaremos
por Hk o conjunto dos harmônicos esféricos de grau k.

Definição 2.4. Fixemos x ∈ Sd e consideremos o funcional linear L
(k)
x sobre Hk que a cada elemento Y ∈ Hk

associa o valor L
(k)
x (Y ) = Y (x). Como Hk é um espaço de Hilbert, munido do produto interno ( , ) de L2(Sd),

existe pelo Teorema de Representação de Riesz um único harmônico esférico Z
(k)
x ∈ Hk tal que

Y (x) = L(k)
x (Y ) = (Y,Z

(k)
x ) =

∫
Sd

Y (y)Z(k)
x (y) dµ(y),

para todo Y ∈ Hk. O harmônico esférico Z
(k)
x é chamado de zonal de grau k e pólo x.
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Definição 2.5. Para t ∈ [−1, 1], definimos

Z̃(k)(t) =
d + 2k − 1

d− 1
P

(d−1)/2
k (t),

onde P
(d−1)/2
k (t) são os conhecidos polinômios ultraesféricos ou de Gegenbauer.

Definição 2.6. Seja Λ = {λk}k∈N uma sequência de números complexos e 1 ≤ p, q ≤ ∞. Se para todo ϕ ∈ Lp(Sd)
existe uma função f = Λϕ ∈ Lq(Sd) com expansão formal em harmônicos esféricos

f ∼
∞∑

k=0

λkZ̃(k) ∗ ϕ,

tal que ‖Λ‖p,q = sup{‖Λϕ‖q : ϕ ∈ Lp, ϕ ∈ Up} < ∞, dizemos que Λ é um operador multiplicador limitado de Lp

em Lq com norma‖Λ‖p,q, onde Up denota a bola unitária de Lp(Sd).

3 Estimativas de n-larguras de conjuntos de funções suaves em Sd

Os conjuntos de funções finitamente diferenciáveis sobre Sd estão associados às sequências de multiplicadores
Λ(1) = {λk}k∈N, λk = k−γ , γ ∈ R, γ > 0. Para tais conjuntos obtemos as seguintes estimativas para a n-largura de
Kolmogorov

Teorema 3.1. Para 1 ≤ p ≤ 2 ≤ q ≤ ∞ e γ/d > 1/p, temos

dn(Λ(1)Up;Lq) � n−γ/d+(1/p−1/2)

{
q

1
2 , 2 ≤ q < ∞,

(log2 n)
1
2 , q = ∞,

dn(Λ(1)Up;Lq) � n−
γ
d


1, 1 < q ≤ p ≤ 2,

(log2 n)−
1
2 , 1 = q ≤ p ≤ 2,

1, 2 ≤ p, q < ∞,

(log2 n)−
1
2 , 2 ≤ q < p = ∞.

Os conjuntos de funções infinitamente diferenciáveis sobre Sd estão associados às sequências de multiplicadores
Λ(2) = {λk}k∈N, λk = e−γkr

, γ > 0, 0 < r < 1. Para tais conjuntos obtemos as seguintes estimativas para a
n-largura de Kolmogorov

Teorema 3.2. Para 1 ≤ q ≤ p ≤ 2, temos que

dn(Λ(2)Up;Lq) � e−Rnr/d

{
1, q > 1,
(log2 n)−1/2, q=1,

para 2 ≤ q, p ≤ ∞

dn(Λ(2)Up;Lq) � e−Rnr/d

{
1, p < ∞,
(log2 n)−1/2, p = ∞,

onde R = Rγ,d,r =
(

d
2

) r
d γ, e para 1 ≤ p ≤ 2 ≤ q ≤ ∞, temos que

dn(Λ(2)Up;Lq) � e−Rn
r
d n(1− r

d )( 1
p−

1
2 )

{
q

1
2 , 2 ≤ q ≤ ∞,

(log2 n)
1
2 , q = ∞.
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polinômios e aplicações multilineares quase somantes

Daniel Pellegrino ∗ & Joilson Ribeiro †

A idéia de considerar aplicações não-lineares quase somantes aparece pela primeira vez na literatura nos artigos
[2] e [3], e foi posteriormente explorada em [6]. Neste trabalho exploramos o conceito de aplicação quase somante
em um dado ponto, obtendo uma norma no espaço das aplicações quase somantes em todo ponto. Inicialmente
tentamos adaptar resultados similares para aplicações absolutamentes somantes obtidos em [1, 5]. Entretanto, o
caso de aplicações quase somantes é mais delicado e, mesmo no caso linear exige atenção especial (veja, por exemplo
[3]).

1 Definições

Ao longo deste trabalho E, E1, ..., En, F denotarão espaços de Banach reais ou complexos e E′ o dual topológico de
E. A bola unitária fechada de E será representada por BE . Dado um inteiro positivo n ≥ 2, o espaço de Banach
de todas as transformações n-lineares limitadas de E1 × · · · × En em F com a norma do sup será denotado por
L(E1, ..., En;F ). A notação para o respectivo espaço de polinômios é P(nE; F ). Se T é uma aplicação n-linear e P

é o polinômio gerado por T , escrevemos P = T̂ . Reciprocamente, a (única) aplicação n-linear simétrica associada
ao polinômio n-homogêneo P é denotada por P̌ .

A notação Rad(F ) denota o espaço vetorial formado pelas sequências (xj)∞j=1 tais que a soma
∑n

j=1 rj(t)xj é
convergente em F para quase todo t ∈ [0, 1] (ou, equivalentemente,

∑n
j=1 rj(.)xj converge em Lp([0, 1], F ) para

algum, e portanto todos, 0 < p < ∞). O espaço Rad(F ) é Banach se for munido da norma

∥∥(xj)∞j=1

∥∥
Rad(F )

:=




∫ 1

0

∥∥∥∥∥
∞∑

n=1

rj(t)xj

∥∥∥∥∥

2

dt




1
2

. (1.1)

Os elementos de Rad(F ) são chamados de sequências quase incondicionalmente somáveis. Um polinômio P ∈
P(nE;F ) é quase p-somante em a ∈ E se (P (a + xj)− P (a))∞j=1 ∈ Rad(F ) para todo (xj)∞j=1 ∈ `u

p(E) (para a
definição desse conjunto, veja [5]).

O espaço formado pelos polinômios n-homogêneos que são quase p-somantes em a ∈ E será denotado por
P(a)

al,p(
nE;F ). Os polinômios n-homogêneos quase p-somantes em a = 0 são simplesmente chamados de quase p-

somantes e o respectivo espaço é denotado por Pal,p(nE; F ).
O espaço formado pelos polinômios n-homogêneos que são quase p-somantes em todo ponto é denotado por

Pev
al,p(

nE;F ). De forma análoga, definimos L(a)
al,p(E1, . . . , En; F ) e Lev

al,p(E1, . . . , En;F )

2 Resultados

Já era conhecido (veja [6]) que se 1 < p ≤ 2, então

P(nE; E) 6= Pev
al,p(

nE; E) ⇔ dim E = ∞ e

L(nE; E) 6= Lev
al,p(

nE;E) ⇔ dimE = ∞
Tentando melhorar o resultado acima, qualificando pontos (a1, ..., an) ∈ En para os quais L(nE; E) 6= L(a)

al,p(
nE;E),

obtivemos o seguinte resultado:
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Teorema 2.1 (Teorema do tipo Dvoretzky-Rogers). Sejam E um espaço de Banach, n ≥ 2 e 1 < p ≤ 2. As
seguintes afirmações são equivalentes:

(a) E tem dimensão infinita.
(b) L(a)

al,p(
nE; E) 6= L(nE;E) para todo a = (a1, . . . , an) ∈ En com ai 6= 0 para todo i ou ai = 0 para apenas um

i.
(c) L(a)

al,p(
nE; E) 6= L(nE; E) para algum a = (a1, . . . , an) ∈ En com ai 6= 0 para todo i ou ai = 0 para apenas

um i.

Um resultado semelhante foi obtido para polinômios. Além disso, obtivemos a seguinte caracterização para o
espaço Lev

al,p(E1, ..., En; F ):

Teorema 2.2. As seguintes afirmações são equivalentes:
(a) T ∈ Lev

al,p(E1, ..., En; F ).
(b) Existe C ≥ 0 tal que




∫ 1

0

∥∥∥∥∥∥

∞∑

j=1

rj (t)
(
T

(
a1 + x

(1)
j , ..., an + x

(n)
j

)
− T (a1, ..., an)

)
∥∥∥∥∥∥

2

dt




1
2

≤ C
n∏

k=1

(
‖ak‖+

∥∥∥∥
(
x

(k)
j

)∞
j=1

∥∥∥∥
w,p

)

para todo
(
x

(k)
j

)∞
j=1

∈ lup (Ek), k = 1, ..., n e (a1, ..., an) ∈ E1 × · · · × En.

(c) Existe C ≥ 0 tal que




∫ 1

0

∥∥∥∥∥∥

m∑

j=1

rj (t)
(
T

(
a1 + x

(1)
j , ..., an + x

(n)
j

)
− T (a1, ..., an)

)
∥∥∥∥∥∥

2

dt




1
2

≤ C
n∏

k=1

(
‖ak‖+

∥∥∥∥
(
x

(k)
j

)m

j=1

∥∥∥∥
w,p

)

para todo positivo inteiro m, x
(k)
j ∈ Ek, k = 1, ..., n, j = 1, ..., m e (a1, ..., an) ∈ E1 × · · · × En.

Mostramos ainda que, a menor constante C que satisfaz o item (b) do teorema anterior é uma norma e, com
essa norma, Lev

al,p(E1, ..., En; F ) é um espaço de Banach. Mais precisamente:

Teorema 2.3. (Lev
al,p, ‖.‖ev,p) é um ideal normalizado de aplicações multilineares.
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operadores de calderón zygmund e o teorema t1

prado, r.b. ∗ & carvalho dos santos, l.a. †

A integral singular é um operador integral

Tf(x) =
∫
K(x, y)f(y) dy (0.1)

cuja função núcleo K : Rn × Rn −→ C é singular ao longo da diagonal x = y. Como tais integrais não podem em
geral ser absolutamente integráveis, uma definição rigorosa deve defińı-las como o limite da integral sobre |x−y| > ε

quando ε→ 0.
Dizemos que o núcleo K : Rn × Rn \∆ −→ C é um núcleo padrão se existe δ > 0 talque

|K(x, y)| ≤ C

|x− y|n
,

|K(x, y)−K(x, z)| ≤ C |y − z|δ

|x− y|n+δ
se |x− y| > 2|y − z|,

|K(x, y)−K(w, y)| ≤ C |x− w|
δ

|x− y|n+δ
se |x− y| > 2|x− w|.

Seja T : S(Rn) −→ S ′(Rn) um operador linear e cont́ınuo. Supomos que o núcleo K ∈ S ′ ∩ L1
loc(Rn × Rn \∆)

é um núcleo padrão, além disso, a seguinte relação entre K e T ocorre: Se f ∈ S tem suporte compacto, então a
distribuição Tf concorda com a função

Tf(x) =
∫

Rn

K(x, y) f(y) dy, x /∈ supp (f). (0.2)

Neste caso, dizemos que o operador T com tais propriedades é um Operador de Calderón-Zygmund.

Neste trabalho, apresentamos condições necessárias e suficientes para que um operador de tipo Calderón-
Zygmund possa ser estendido a um operador limitado em L2. E usando resultados de interpolação e condições
de cancelamentos sobre o núcleo obter a limitação em Lp, para todo 1 < p <∞.

1 Resultados

Teorema 1.1 (Calderón-Zygmund). Seja K ∈ S ′ ∩ L1
loc(Rn \ {0}) tal que Tf = K ∗ f para toda f ∈ S

|K̂(ξ)| ≤ A , para todo ξ ∈ Rn,∫
|x|≥2|y|

|K(x− y)−K(x)| dx ≤ B , para quase todo y ∈ Rn.

Então, dado 1 < p <∞ existe C > 0 tal que:

i) ‖Tf‖Lp(Rn) ≤ C‖f‖Lp(Rn), para toda f ∈ Lp(Rn)

ii) T é de tipo fraco (1, 1), ou seja

|{x ∈ Rn : |Tf(x)| > λ}| ≤ C

λ
‖f‖L1(Rn) para toda f ∈ L1(Rn).

∗DM ,UFSCAR, SP, Brasil, rbedoya@dm.ufscar.br
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Prova: Aplicando a transformada de Fourier na expressão Tf = K ∗ f se prova que T é de tipo forte (2, 2). Pelo
teorema de interpolação de Marcinkiewicz segue o resultado.

Teorema 1.2. Seja T um operador limitado em L2(Rn), e seja K uma função em Rn×Rn\∆ tal que se f ∈ L2(Rn)
tem suporte compacto então

Tf(x) =
∫

Rn

K(x, y)f(y) dy, x /∈ supp(f).

Além disso, suponha que K é um núcleo padrão. Então T é fraco (1, 1) e forte (p, p), 1 < p <∞.

Dado um operador Calderón-Zygmund T com núcleo associado K, quando é T limitado em L2? Se T é um
operador convolução, o problema se reduz a provar que K̂ ∈ L∞. Para operadores que não são operadores convolução
o problema é muito mais dif́ıcil.

A função φ ∈ C∞c (Rn) é dita função teste normalizada se supp (φ) ⊆ B(0, 1) e existe N > 0 tal que ‖∂αφ‖L∞ ≤ 1,
para todo |α| ≤ N .

Definição 1.1. Um operador linear T é dito restritamente limitado se para toda função φ teste normalizada

i) T (φx0,R) ∈ L2(Rn).

ii) Existe A > 0 tal que
‖T (φx0,R)‖L2 ≤ ARn/2

para todo x0 ∈ Rn e R > 0, com A independente de x0, R, φ.

Teorema 1.3 (Teorema T1). Seja T um operador linear cont́ınuo de S a S ′ associado a um núcleo padrão K(x, y)
satisfazendo a condição (0.2). Então, T se estende a um operador limitado em L2(Rn) se, e somente se, T e T ∗

são restritamente limitados (onde T ∗ é o operador adjunto de T ).

Prova: Primeiro se prova o resultado para T e T ∗ que satisfazem∫
Rn

Tf(x) dx =
∫

Rn

T ∗f(x) dx = 0, para todo f ∈ C∞c,0,

e logo para operadores arbitrários T .

Referências

[1] R. Coifman and Y. Meyer, Wavelets, Calderón-Zygmund and Multilinear Operators, Cambridge University
Press, 1997.

[2] A.P. Calderón, Cauchy integrals on Lipschitz curves and related operators, Proc. Nat. Acad. Sci. U.S.A. 74
(1977), 1324-1327.

[3] Javier Duoandikoetxea, Fourier Analysis, Graduate Studies in Mathematics. Vol. 29 American Mathematical
Society.
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Equações diferenciais funcionais retardadas

do ponto de vista dos espaços ⊙∗

Patricia H. Tacuri∗ & Miguel V. S. Frasson†

1 Introdução

Seja X = C([−ℎ, 0],ℂ). Uma equação diferencial funcional com retardamento (EDFR) é uma equação diferencial

da forma

ẋ(t) = Lxt (1.1)

onde L : X → ℂ é um funcional linear e xt ∈ X é definido por xt(�) = x(t+ �), � ∈ [−ℎ, 0].

Estamos interessados no estudo da teoria de perturbações para as soluções de (1.1), como a fórmula da variação

dos parâmetros. Considere o operador solução

T (t) : X → X

' 7→ T (t)' = xt,
(1.2)

em que x é a solução de (1.1) sujeita à condição inicial x0 = '. Temos que T (t) é um C0-semigrupo no espaço de

Banach X, isto é, T (0) = IX , T (t)T (s) = T (t+ s) e ∥T (t)'− '∥ → 0 quando t→ 0+.

Seu gerador infinitesimal A : X → X é dado por

Dom(A) = {' ∈ X : '′ ∈ X,'′(0) = L'}, A' = '′

Uma dificuldade ocorre porque perturbar a EDFR implica na alteração do domı́nio do operador infinitesimal. Para

evitar esta dificuldade foi desenvolvida uma extensão T⊙∗ de T para os chamados espaços ⊙∗ (lê-se “sol-estrela”),

em que agora o domı́nio do gerador infinitesimal de T⊙∗ não varia com perturbações, mas sim a ação do operador.

2 Construção dos espaços ⊙∗
Consideramos o caso particular L' = 0. Seja T0 seu correspondente operador solução, chamado de semigrupo

translação.

Podemos tomar o espaço dual de X, obtendo X∗ = NBV ([0, ℎ],ℂ), e constrói-se por dualidade o semigrupo

T ∗0 : X∗ → X∗. Porém, T ∗0 não é um C0-semigrupo. Define-se X⊙ como o maior subespaço de X∗ cuja restrição

de T⊙0 := T ∗0 ∣X∗ é fortemente cont́ınuo. Tem-se que X⊙ = Dom(A∗0), onde A∗0 é o gerador infinitesimal de T ∗0 .

Partindo do C0-semigrupo T⊙0 : X⊙ → X⊙, da mesma forma que antes, podemos construir por dualidade X⊙∗,

T⊙∗0 (t) : X⊙∗ → X⊙∗ e X⊙⊙. Para este caso particular, X = X⊙⊙ e T⊙⊙0 = T . Dizemos que X é ⊙-reflexivo.

3 Resultados

Teorema 3.1. Para o semigrupo shift definido em (1.2) temos

1. X⊙ = {f ∈ NBV/f(t) = c+
∫ t
0
g(�)d� para t > 0 onde c ∈ ℂ e g ∈ L1 com g(�) = 0, para quase todo � ≥ ℎ}

∗ICMC,USP, SP, Brasil, e-mail: ptacuri@icmc.usp.br
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2. D(A⊙0 ) = {(c, g)/c ∈ ℂ e g ∈ AC(0, ℎ) com g(�) = 0 para � ≥ ℎ}, A⊙0 (c, g) = (g(0+), ġ)

3. D(A⊙0 ∗) = {(�,')/' ∈ Lip(�) e A⊙∗0 (�,') = (0, '̇), onde Lip(�) é o subconjunto de L∞([−ℎ, 0],ℂ) de

funções Lipschitzianas continuas que tem valor � em � = 0.

Lema 3.1. Seja f : ℝ+ → X⊙∗ continua na norma. Denote o subconjunto {(t, s, r)/0 ≤ r ≤ s ≤ t ≤ ∞} de ℝ3

por Ω. Define-se w : Ω→ X⊙∗ como a seguinte integral fraca-∗

w(t, s, r) =

∫ s

r

T⊙∗0 (t− �)f(�)d�

Então w é continua na norma e toma valores em X.

Lema 3.2. Seja f : ℝ+ → X⊙∗ continua na norma. Define-se v : ℝ+ → X⊙∗ como a integral fraca-∗

v(t) =

∫ t

0

T⊙∗0 (t− �)f(�)d�

Então v é continua na norma, toma valores em X e ∥v(t)∥ ≤ M ewt−1
! sup0≤�≤t∥f(�)∥ onde M e w são tal que

∥T0(t)∥ ≤Mewt. Alem disso 1
t v(t)→ f(0), quando t ↓ 0.

Considerando X e X⊙∗ = ℂn×L∞([−ℎ, 0],ℂn). Introduciremos a perturbação na forma de um operador linear

limitado B : X → X⊙∗ dado por:

B' = (⟨�, '⟩n, 0)

onde � denota uma matriz n×n cujas entradas pertencem ao espaço das funcões de variação limitada normalizada

(NBV). E construiremos um C0-semigrupo perturbado T (t) resolvendo a fórmula da variação das constantes

T (t)' = T0(t)'+

∫
T0(t− �)BT (�)'d� (3.3)

o que se resume no seguinte teorema:

Teorema 3.2. Existe um unico C0-semigrupo {T (t)}t≥0 que satisfaz (0.1)

Alem disso temos os seguintes resultados para o C0-semigrupo T0(t) e seu gerador infinitesimal:

Lema 3.3. D(A) = D(A∗0) e A∗ = A∗0 +B

Teorema 3.3. Seja {T (t)} o semigrupo definido pela equação integral

T (t)' = T0(t)'+

∫ t

0

T⊙∗0 (t− �)BT (�)'d�

Seja x(⋅;') a solução da EDFR

ẋ(t) =

∫ ℎ

0

d�(�)x(t− �), t ≥ 0

com condição inicial x(�) = '(�), −ℎ ≤ � ≤ 0. Então T (t)' = xt(⋅, ')
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