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SEMIDYNAMICAL SYSTEM FOR KURZWEIL EQUATIONS

S. M. AFONSO! E.M.BONOTTO! M. FEDERSON? & §. SCHWABIK?®

In this work, we consider an initial value problem for a class of generalized ODEs, also known as Kurzweil

equations, and we prove the existence of a local semidynamical system there.

1 Introduction

We consider Q@ = O x [0,400), where O C R™ is an open. Let h : [0,400) — R be a nondecreasing continuous
function satisfying
|h(t1 4+ s) — h(ta + s)| < |h(t1) — h(t2)|, t1,t2,5 € [0, +00).

We say that a function G : @ — R™ belongs to the class F(2, h), whenever G(z,0) = 0 and, for all (z, s2),
(2,51), (3, 52) and (g, 51) € 2, we have

|G(z,52) — G(z,51)[| < [h(s2) —h(s1)]  and (L.1)
1G(z,52) = G(x,81) = Gy, 82) + Gy, 1) || < [l = yll|h(s2) = hls1)]- (1.2)

Let G € F(Q,h). A function z : [a, 8] — R™ is a solution of the generalized ordinary differential equation

dx
E = DG(‘T,t) (13)

with the initial condition z(tg) = zo on the interval [a, 8] C [0, +00), if to € [, O], (x(¢),t) € Q for all ¢ € [, 5] and
z(v) — 20 = / DG (x(7),t), v € [a, 4]
to

We say that x : [to, to + b) — R™ is the maximal solution of (1.3) with z(to) = u € O, if z is a solution of (1.3)
on every interval [tg, to + 0], 8 < b, and it cannot be continued to [tg, to + b]. We denote b = w(u, G) in this case
and say that [to, to + w(u, G)) is the maximal interval of definition of the solution x.

2 Existence of a local semidynamical system

Consider the generalized ODE (1.3), where G : @ — R™ belongs to F (£, h).

Now we introduce the notion of a local semidynamical system and we claim that initial value problems for the
generalized ODE (1.3) generates a local semidynamical system.

For each (v,G) € O x F(, h), let I, o) be an interval [0, b) C R, with b € Ry and define

S = {(t,’U,G) eRy x O x f(ﬂ,h) 1t e I(v,G)}-

*Instituto de Ciéncias Matemadticas e de Computagdao, Universidade de Sao Paulo-Campus de Sdo Carlos , SP, Brasil, suz-
maria@icmc.usp.br

TUniversidade de Sao Paulo-Campus de Ribeirdo Preto, SP, Brasil, ebonotto@ffclrp.usp.br

Hnstituto de Ciéncias Mateméticas e de Computacio, Universidade de Sdo Paulo-Campus de Sdo Carlos, SP, Brasil, feder-
son@icmec.usp.br

§Mathematical Institute, Academy of Sciences of the Czech Republic, Zitna 25 CZ - 115 67 Praha 1, Czech Republic,
schwabik@math.cas.cz



A mapping
w8 — O xF(Qh)
is called a local semidynamical system on O x F (£, h), if the following properties hold:
1) 7(0,v,G) = (v,G), for every (v,G) € O x F(Q,h);
ii) Given (v,G) € OxF(Q,h),ift € I, ¢y and s € I 0., then t4s € Iy, ) and 7(s, w(t,v, G)) = w(t+s,v,G);

)
iii) For each (v, G) € O x F(Q, h) fixed, 7(t, v, G) is continuous at every t € I, ).
)

iv) Ity,qy = [0, b(y,z)) is maximal in the following sense: either I(, ¢y = Ry or, if b, o) # 400, then the positive
orbit
{7(t,v,G) :t €0, by,y)} € O x F(,h)

cannot be continued to a larger interval [0, b(, ) + ¢), ¢ > 0;
v) If (v, Gr) "= (v, @), where (v, G) and (v, Gi) € O x F(Q,R), k=1,2, ..., then
I(v,G) C liminff(vhgk).

If the domain of 7 is Ry x O x F(£, h), then 7 is called a global semidynamical system.
Now, let G € F(Q2, h). For each t > 0, we define the translate G; of G by

Gi(z, s) = G(z, t + s) — G(x, t), (2.4)
where (x, s) € Q. It is clear that the translates G; of G belong to F(Q, h) for each ¢t > 0.

Theorem 2.1. Assume that for each w € O and G € F(Q, h), x(t, u, G) is the unique mazimal solution of the
inatial value problem

d

% = DG(z,t),  2(0) = (2.5)
Let [0, w(u, G)), w(u, G) > 0, be the mazimal interval of definition of x(-,u,G). Define w: S — O x F(Q, h) by

7(t, u, G) = (z(t, u, G), Gy), (2.6)

where S = {(t,u,G) € Ry x O x F(Q,h):te€lyq}. Then w is a local semidynamical system on O x F(§2, h).
Note that the maximal interval I(, ) of the semidynamical system given by (2.6) coincides with [0, w(u, G))

necessarily, since the second component G; of the flow is defined for all ¢ € [0, +00).

Proof. The proof of this Theorem is presented in [1], Theorem 4.4, and it will be discussed in the Congress.
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ON THE EXISTENCE OF ATTRACTORS FOR AUTONOMOUS ODE’S
WITH DISCONTINUOUS RIGHTHAND SIDE

S. M. AFONSOY M. FEDERSON* & E. TOON*

In this work, we prove the existence of a global attractor for an autonomous ODE with discontinuous righthand

side. This is done by means of the theory of generalized ODE’s also known as Kurzweil equations.

1 Introduction

Let X be a Banach space. We shall deal with semigroups {7T'(t), t € R™} of continous operators T'(t) : X — X
acting on X. We shall denote {T'(t), t € R*, X} or simply {T'(¢)}. In what follows, the term semigroup refers to
any family of single-valued continuous operators T'(t) : X — X depending on the parameter t € R and enjoying
the semigroup property: T(t; + t2)x = T(t1)T (t2)x for all t1, to € RT and # € X. A semigroup {T'(t)} is called
continuous if the mapping (¢, z) — T(t)z from RT x X to X is continuous.

Let A, B C X. We say that A attracts B under the action of the semigroup {T'(¢)} if

lim distz(T(t)B, A) = 0,
t—oo

where disty (A, B) = sup,¢ 4 infyep d(z,y). We say that A C X is a global attractor for the semigroup {7'(¢)} if A
is compact, invariant and attracts bounded subsets of X.

We consider 2 = O x [0, +00), where O C BV ([0, 00),R™) is an open subset and BV ([0, c0), R™) is the space of
functions z : [0,00) — R™ which are locally of bounded variation. We consider this space with the usual variation
norm.

Let h : [0,+00) — R be a nondecreasing function. We say that a function G : Q — BV(]0,c0), R™) belongs to
the class F (£, h), whenever G(z,0) = 0 and, for all (z, s2), (2, 1), (y,s2) and (y, s1) € €, we have

IG(z, 82) — G(z,51)|| < |h(s2) — h(s1)] and (1.1)

1G(2,82) = G(z,51) = Gy, 52) + Gy, s1)[| < ||z = yll[A(s2) — h(s1)], (1.2)

where || - || denotes the norm in X.
Let G € F(Q,h). A function z : [a, 8] — R™ is a solution of the generalized ordinary differential equation

dzr

— = DG(a,1) (1.3)

with the initial condition x(tg) = zp on the interval (o, 8] C [0, 4+00), if tg € [a, 5], (x(t),t) € Q for all t € [a, 5] and
z(v) — 20 = / DG(x(7),t), v € [a, 0.
to

We say that x : [tg, to +b) — R™ is the maximal solution of (1.3) with z(ty) = v € O, if z is a solution of (1.3)
on every interval [tg, to + 0], 8 < b, and it cannot be continued to [tg, top + b]. We denote b = w(u, G) in this case
and say that [tg, to + w(u, G)) is the maximal interval of definition of the solution x.

*Instituto de Ciéncias Matemaéticas e de Computacao, Universidade de Sdo Paulo-Campus de Sdo Carlos , SP, Brasil. E-mails:
suzmaria@icmc.usp.br, federson@icmc.usp.br, etoon@icmec.usp.br



2 Existence of a global attractor

Consider the initial value problem for an autonomous ODE

dx
e C.0) o
z(0) = u,

where f: D — R", D C R™ is open, satisfies the following conditions:

e there exists a Lebesgue integrable function M : [0, 00) — R such that for all function z : [0,00) — R™ locally

of bounded variation and for all uy, us € [0,00), we have

Kﬁwmsﬁﬁwm

e there exists a Lebesgue integrable function L : [0,00) — R such that for all functions z, y : [0,00) — R™

locally of bounded variation and for all uq, us € [0, 00), we have

Define G : D x [0,00) — R", where D C R" is an open set, by

| Ut - s

1

< [ L6t - o)l

1

G(Zv t) = f(Z)t, (25)

It is easy to check that G € F(Q, h), with Q =D x [0, 00), where

h(t) = /0 (M(s) + L(s)|ds, € [0,00).

Consider the initial value problem

% ~ DG, 1),  2(0)=u, (2.6)

where G is given by (2.5), and let x(¢,0,u) be the solution of (2.6) defined on its maximal interval [0, w(u, G)).
Note that given the conditions above, we can easily check that the maximal interval of this solution is [0, 00).

Proposition 2.1. The solution of the initial value problem (2.6) is a continuous semigroup.
Theorem 2.1. There exists a global attractor for the solution of (2.6).
Theorem 2.2. There exists a global attractor for the solution of (2.4).

The proof of the above results will be discussed in the Congress. Some applications will also be presented.
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MULTIPLICIDADE DE SOLUQ@ES PARA UM PROBLEMA
ENVOLVENDO O OPERADOR p—BIHARMéNICO COM PESO

M. J. ALVES*  R. B. ASSUNCAOT  P. c. CARRIAO? & 0. H. MIYAGAKI®

Neste trabalho demonstramos a existéncia de trés solugdes para um problema envonvendo o operador p-
biharmoénico com peso. As duas primeiras solugoes sdo obtidas usando o principio variacional de Ekeland; a terceira
solugao é obtida através de uma variante do teorema do passo da montanha.

Especificamente, estudamos a classe de problemas elipticos quase lineares

Alp(@)| AulP~2Au) + g(r,u) = Mb(@)|uP 20 em 9,
u(z) =0, Au(x)=0 sobre 09,
em que 1 < p < oo, Q C RY (para n > 1) é um dominio limitado com fronteira diferenciavel e p € C(Q,R) com

infg p(x) > 0. Além disso, usamos as seguintes hipéteses.

(G1) ¢:Q xR — R éuma funcao continua e limitada com g(z,0) = 0.
(G2) A primitiva G(z,s) = / g(x,t)dt é limitada.
0

Seja X = W2P(Q) N W, P(Q) um espaco de Sobolev munido com a norma dada por

full = { [ p)dutopas
AL = inf{/ p|Au|pd:17} em que N = {u € X:/ hlulPdz = 1} ,
N Q Q

o primeiro autovalor do seguinte problema de autovalor com peso

Definimos

A(p(z)|AulP~2 Au = A\ h(z)|[ulP~2u in Q,
u(r) =0 Au(x) =0 sobre 99,

com a hipétese
(h) A fungdo h € C(Q,R) é tal que h >0 e h > 0 em um subconjunto de  com medida positiva.

Sabemos que o primeiro autovalor \; é simples, isolado e positivo. Além disso, a autofuncao ¢, associada a A\;
pode ser escolhida como sendo positiva. A notacio (A(p(z)|Au[P72A) indica o operador de quarta ordem chamado
de operador p-biharmoénico com peso p. Este tipo de nao linearidade fornece um modelo para o estudo de ondas
viajantes em pontes suspensas no caso em que p = 2 e p = 1. J4 o caso em que p nao é constante aparece em
problemas de elasticidade envolvendo a lei de Hooke nao-linear. Além disso, o operador p-biharmoénico pode ser
usado para estudar sistemas hamiltonianos semilineares.

Definimos o funcional de energia I : X — R por

I(u) = l/ p(x)|Au|pdx+/ G(gc,u)dac—ﬁ h(z)|ulPdx.
P Ja Q P Ja
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Com as hipéteses (G1) e (G2), temos I € C*(Q,R) e sua derivada de Fréchet é dada por

I'(u)-v= / p(:C)|Au|p_2AuAvd;v+/ g(x, u)vdx — )\1/ h(z)|u[P~?uvdz.
Q Q Q

Definimos V = (¢1) e Z = {u € X:/ hu|p1|P 2 = O}. Observamos que Z é o subespago complementar
R

fechado de V' e, portanto, temos a soma direta X = V @ Z. Definimos também

Ao = inf {/ p(:v)|Au|pd:v:/ h(z)|uPde = 1},
uez Q Q

que verifica a relagao 0 < A1 < Ag; dessa forma,
1
hlw|Pde < — [ p|Aw|Pdz, paratodo w € Z.
0 A2 Ja

Além disso, usamos as hipéteses seguintes.

(Gs) g(z,t) = 0 quando |t| — oo, para todo = € Q.

(Gy)  G(x,t) > Z—"2h(x)|t|” para todo z € Q e para todo t € R.

(Gs) Existem § >0e 0 <m < A tais que G(z,t) > ﬂh(z)|t|p para todo = € Q e para todo [¢| < J.
Definimos T'(z) = lim inf ;| o G(z,t) e S(z) = limsup,_,,, G(z,t) para todo x € (2.

(Gg) Existem t—,t" € R comt~ <0< ¢ tais que / Gz, t5)prda < / T(z)dr <0e
Q Q

(G7) / S(z)dx < 0.

Definimos os subconjuntos
Ct={t¢p1+2:t>0 e z€Z} and C ={thr +2:t<0 e z€Z}.

Observamos que 0CT = 0C~ = Z.

Nosso principal resultado é o seguinte.

Teorema 0.1. 1. Com as hipdteses (h), (G1), (G2), (Ga) e (Gg), existem u € Ct e v € C™ solugdes do
problema tais que I(u) <0 e I(v) <O0.

2. Com as hipdteses (h), (G1)—(Gs), (G5)—(G7), o problema tem uma solu¢ao w tal que I(w) > 0.
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CONCENTRACOES DAS SOLUCOES POSITIVAS DE UMA CLASSE DE
PROBLEMAS QUASE LINEARES EM R

Cc.0. ALVES*T 0.H. MIvAGAKI® & S.H.M.SOARES Y

Estuda-se as concentracoes das solugoes positivas para a seguinte classe de problemas quase lineares

(P) V" —V(x)v + |v|9 v + Ek(Jv)*)'v =0, x€cR.

A prova é feita aplicando o método variacional, usando diretamente o funcional de Euler-Lagrange associado ao
problema num espago de Sobolev adequado. Encontra-se uma familia de solugoes {u.} que se concentra na vizin-

hanga do minimo local de V' quando € tende a zero.

O nosso resultado principal é o que se segue:

1 Resultado

Teorema 1.1. Suponha que V' satisfaz (Vp) e (V1), a saber

(Vo) V(z)>a>0, VzeR
e que exista um conjunto aberto e limitado A em R tal que

(V1) wlenafAV(x) > ;IelfKV(x) =Tb.

Entao, existe eg > 0 tal que o problema (P) possui uma solug¢do positiva v. € HY(R) para todo € € (0,¢q). Além

disso, se y. € um ponto de mdzximo de v, tem-se
Ye — 1y quando € — 0

onde y é um mimero tal que o potencial V assume o valor minimo em A, ou seja, V(y) = inf V(x).
zEA
O Teorema estabelece resultado de concentragoes das solugbes de (P) quando e é suficientemente pequeno,
mostrando que resultado ainda vale no case k > 0 and N = 1, estendendo varios resultados no caso semilinear com
k=0 (veja e.g. [1,2, 3,4, 5,6]). O ponto chave no argumento da prova é um resultado de compacidade local em
HY(R), e a dificuldade aparece nao sé na falta de compacidade de imersao de Sobolev, mas também na presenca

do termo [ v?|v|*dz no funcional associado a (P).
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ESTABILIDADE EXPONENCIAL EM MISTURAS
TERMOVISCOELASTICAS DE SOLIDOS

M. ALVES? J. RIVERA | M. SEPULVEDA? & 0. VILLAGRAN®

Neste trabalho nds consideramos o sistema

P1 Ut — Q11 Ugz — @12 Wag — D11 Ut — D12 Wy + 0 (u — w) + ay (ug — wy) + B1 0, =0,

P2 Wit — Q12 Ugg — A22 Wag — 12 Uzt — b2z Wegt — @ (u — w) — aq (ug — wy) + B2 0, =0, (0.1)

ety — K 0pp + B1 Uzt + P2 wer = 0,
com 0 < z < L, t >0, onde u = u(z, t), w = w(z, t), sdo os deslocamentos de duas particulas no tempo t,
0 = 0(x, t) é a diferenga de temperatura em cada ponto  no tempo t de uma viga unidimensional composta
por uma mistura de dois sélidos termoviscoélasticos. A descri¢ao deste modelo pode ser encontrada em Iegsan e

Quintanilla [1] ou Iesan e Nappa [2]. Assumimos que p1, p2, ¢, k, € @ s3o constantes positivas, a; > 0 e 37 + 33 # 0.

A matriz A = (a;5) é simétrica e definida positiva e B = (b;;) # 0 é simétrica e definida ndo negativa, isto é,
a1 >0, a1 Ggg — a3y >0, by >0, b1y bag — b3y > 0.
Estudamos o sistema (0.1) com as condi¢bes iniciais
u( ., 0)=uog, ug( ., 0) = uy, w( ., 0)=w, w( ., 0) =wy, 0(.,0)=106, (0.2)
e as condigoes de fronteira
u(0, t) = u(L, t) = w(0, t) = w(L, t) = 0,(0, t) = 0,(L, t) =0 in (0, c0). (0.3)

Nossa proposta neste trabalho é investigar a estabilidade exponencial do semigrupo associado ao sistema (0.1)-
(0.3) e apresentar alguns exemplos numéricas para mostrar o comportamento assintético de solugoes. Indicamos
o livro de Liu and Zheng [3] para uma pesquisa sobre os métodos e técnicas utilizados nas provas dos teoremas
apresentados a seguir.

1  Principais Resultados

O problema (0.1)-(0.3) pode ser reduzido ao seguinte problema de valor inicial

d
ﬁU(t) = AU(t), U)=Uy, Vt>0 (1.4)
com U(t) = (u, w, ug, we, )T, Uy = (ug, wo, u1, wi, 6p)*, sendo A : D(A) C H — H o operador, com dominio

D(A) = {U: (u, w,v,m,0) €EH: v, n€E H&(O, L), ajiu+arpgw—+bijyv+ban€ H2(0, L),
a1 U+ asew + b1 v + baom € H*(0, L), § € H*(0,L), 0, € Hy(0,L)}
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denso em ‘H = HZ(0, L) x H}(0, L) x L*(0, L) x L?(0, L) x L%(0, L), dado por

u
w

Al v | = p%(611U+012w+bllv+51277)zm—,%(U—w)—%(U—n)—% -
n p% (a12u+a22w+b1211+b2277)m—|—,%(u—w)—|—C;; (1}—7])—%93L
0 *%Urf%nx“i’%err

O operador A gera um semigrupo de classe Cy de contragoes, S4(t), no espaco H e nés provamos que

Teorema 1.1. Assuma que

(a) a; >0 e

(a.1) b1 # —bia ou by # —bia ou By # —fo,
ou

(a.2) p2(air + aiz) # p1(az2 + ar2).
(b) oy =0ce€

(0.1) {(b11,b12), (B1,82)} ou  {(b12, baz), (B1, B2)} € linearmente independente,
ou

(b.2) n? a((p1 B3 — p2 B7) + B1 B2 (p1 — p2))

L? 7 B1 B2 (p2ain — ass p1) — a1z (8% p2 — B2 p1)
Entao o conjunto iR = {iA: X\ € R} estd contido em p(A) e

, para todomn € N.

limsup [|[(i A\ — A) Y| ) < 0.
A —oo

Portanto S 4(t) é exponencialmente estdvel, isto é, existem constantes positivas M e p tais que

1Sa)|| 2y < M exp(—pt).

(1.5)

Observamos que para provar o proximo teorema ¢é suficiente mostrar que existe uma sequéncia de nimeros reais

v), com A\, — 00, e uma sequéncia limitada (F,,) em ais que ||(tA, L — A)" F, ||l — 00, v — 00.
A A éncia limitada (F, H tai NI — A)LE,

Teorema 1.2. Suponha que uma das condi¢des abaixo ocorra

(a) ar =0; (bn, b12)7 (512, b22) € (51; 52) sao colineares e (32 (/31 p2a11 + B2 P1 012) = [ (52 p1 Q22 + B P2 alz)-

(b) a1 > 0; by = by = —bi2 e f1 = —P2 e p2(an + ai2) = p1(aze + a12).

Entao o semigrupo S4(t) ndo é exponencialmente estdvel .
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WELL-POSEDNESS AND STABILITY OF THE PERIODIC

NONLINEAR WAVES INTERACTIONS FOR THE BENNEY SYSTEM
J. ANguLO* & A.J. CorcHOT & S. HAKKAEV ¥

We establish local well-posedness results in weak periodic function spaces for the Cauchy problem of the Benney
system. The Sobolev space H'/? x L? is the lowest regularity attained and also we cover the energy space H' x L2,
where global well-posedness follows from the conservation laws of the system. Moreover, we show the existence of
smooth explicit family of periodic travelling waves of dnoidal type and we prove, under certain conditions, that this
family is orbitally stable in the energy space.

1 Mathematical Results

We consider the system introduced by Benney in [4] which models the interaction between short and long waves,

for example in the theory of resonant water wave interaction in nonlinear medium:

iU + Ugy = uv + Blul?u, (z,t) e T x AT
vr = ([uf?)z, (1.1)
u(z,0) = up(x), v(z,0) =vo(x),

where u = u(z,t) is a complex valued function representing the enveloped of short waves, and v = v(x,t) is a real
valued function representing the long wave. Here (3 is a real parameter, AT is the time interval [0, 7] and T is the
one dimensional torus T = R/Z.

We obtain the following results concerning well-posedness for Cauchy problem (1.1):

Theorem 1.1 (Local Well-Posedness). For any (uo,vo) € Hj,, x H,,, provided the conditions:

per
max{0, r — 1} < s < min{r, 2r — 1}, (1.2)

there exist a positive time T =T (||ug||r, |volls) and a unigque solution (u(t),v(t)) of the initial value problem (1.1),
satisfying
(nr(t)u, nr(t)v) € X, x Yy, and (u,v) € C(AT; H),. x Hp,,).

per per

Moreover, the map (uo, vo) — (u(t), v(t)) is locally uniformly continuous from Hy, x HS,,. into C (AT; Hy,,. x H3,.).

per per per

Theorem 1.2. Let 8 # 0. Then for any r < 0 and s € R, the initial value problem (1.1) is locally ill-posed for
data in H},. x H?

per per*

On the other hand, we prove that there exist a smooth explicit family of profiles solutions of minimal period L,

(W, ) € Ag = (Pu.es Nw.e) € Hye, ([0, L)) x Hye, ([0, L),

per

where Ag = {(z,y) :y > 0,1 > By, and z < —QLL; — %} and which depends of the Jacobian elliptic function dn
called dnoidal, more precisely,

- 2
Vuw.c(§) = 4 /1—750 mdn (\T}%f, Ii> and ny (&) = - jlﬁcan <\%§;n) (1.3)
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with 71 = m (w, ¢) and K = k(w, ¢), being smooth functions of w and ¢. So, by following Angulo [1] and Grillakis et

al. [8], [9], we obtain the following stability theorem.

Theorem 1.3 (Stability Theory). Let (w,c) € Ag such that for ¢ > 0 there is ¢ € N satisfying 4wq/c = L. Define
0= -w—%. Then B(&) = €20, (€), V(E) = nyo(€), With Yy e nw.e given in (1.3), is orbitally stable in

4

H,,.([0,L]) x L2.,([0, L]) by the periodic flow generated by (1.1):
(a) for 3 <0,
(b) for B3>0 and 830 — 3c(1 — Bc)? < 0.

per

lll-Posedness

Figure 1: Well-posedness results for periodic Benney system. The region W, limited by the lines L1 : s =2r — 1, Ly : s =7

and L3 : s = r — 1, contain the indices (7, s) where the local well-posedness is achieved in Theorem 1.1.
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SOME APPLICATIONS OF NONLINEAR FUNCTIONAL ANALYSIS TO

THE THEORY OF ELECTRONS LINEAR ACCELERATORS
CARLOS C. ARANDA*

Particle accelerators are central in many applications: like electrons accelerators for cancer illness, protons
accelerators for heating plasmas in research tokamaks, advanced spacial rockets like ions accelerator or even for
generating strong radiations like light sincroton facilities. The central aspect of many of this kind of technology is the
linear nature of employed functional analysis and the aprioristic method of the quatum mechanics theory. First we
present and new method of calibration for the probabilistic wave given by Schrodringer equation based on Bayesian
statistics. Secondly we present some problems of energy or variational nature related to particle accelertators with
strong nonlinearities and posible detours like degree theory or conections with discontinuous maps. It is well kwnon

from theoretics physics that the loss of the Palais-Smale condition is a indication of particle creation.

1 Mathematical Results

Let us consider the weighted eigenvalue problem
—Au = m(z)uin Q@ u=0 on IN (1.1)

where 2 is a bounded domain in R™. Suppose m = m™—m™ in L*(Q), where m* = max(m,0), m~ = — min(m, 0).
Denote
Qp={zeQ:m(z)>0}

Q_={xeQ:mx) <0}

and |Q4], |Q2_| its Lebesgue measures. It is well known (see [2] for a nice survey) that if Q4| > 0 and |Q2_| > 0,

then (1.1) has a double sequence of eigenvalues
<A <A <0< <A<,

where A\; and A_; are simple and the associated eigenfunctions ¢; € C(Q), p_1 € C(Q) can be taken ¢; > 0 on
Q, o_1 >0o0n Q. Where \; and A_; are the principal eigenvalues of (1.1) ¢; and ¢_ are the associated principal

eigenfunctions.

Theorem 1.1 (Localization of the maximum principle.). Suppose m = m*™ —m™ in L>(Q) such that |QT] > 0,
|Q7| > 0. Then the principal eigenfunctions 1 >0, v_1 > 0 of (1.1) satisfy

||<P1HL°°(Q) = |‘()01||L°°(Am+7 m¥*dx) (12)

lo-1ll=(0) = le-1llLe(a,, _, m—dz) (1.3)
where H(p1||Loo(Am+7 mtdz) (respectively ||@_1||L00(Am7) m—dz)) 15 the essential supremum on Am™ with respect to

the measure m™dx (respectively on A,,— w. r. t. m~dx).

Here A,,+ is the support of the distribution m™ in €.
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EXACT BOUNDARY CONTROLLABILITY FOR A BOUSSINESQ

SYSTEM OF KDV-KDV TYPE
F. D. ARARUNA* G. G. DORONINT & A. F. pazoTO?

In recent work, Bona, Chen and Saut [1] have derived a family of Boussinesq systems which describe the two-way

propagation of small amplitude gravity waves on the surface of water in a canal. These family of systems reads as
follows:
M + We + (M), + AWare — Ogar = 0, (0.1)

W + e + WWe + Cloge — dWagt = 0.
Here 7 is the elevation from the equilibrium position and w = wy is the horizontal velocity in the flow at height 6h,
with h being the undisturbed depth of the liquid and 6 a fixed constant in the interval [0, 1]. The parameters a, b,
c and d are assumed to satisfy the consistency conditions 2 (a +b) = 6% —1/3 and 2 (c + d) = 1 — 6% > 0. Contrary
to the classical Korteweg-de Vries equation which assumes that the waves travel only in one direction, system (0.1)
is free of the presumption of unidirectionality and may have a wider range of applicability.

The present work concerns the exact boundary controllability of the nonlinear Boussinesq system of KdV-KdV
type (i.e. a=c¢ >0 and b =d = 0) posed in a bounded domain:

M + Wy + (M), + Wape =0 in (0,L) x(0,7),

Wy + Ny + WWg + Mgz = 0 in (0,L) x(0,7T),
n(oa'):n(Lv'):w(Oa'):w(Lv')ZO on (OvT)a (02)
Nz (07 ) - Wy (07 ) = f on (OvT) ) .
Ne (Ly) +wy (L)) =g on (0,7),

77("0) =To, w(~,0) = Wo in (O,L),

where f and g are boundary control inputs. Since the constants @ and ¢ are irrelevant in the arguments and results,
we consider a = ¢ = 1.

Many other control and stabilization problems for dispersive equations have been studied in last decades, see
[2,3,6,7, 8,9, 10, 11] and the references therein. However, due to its one-way propagation properties, problems
posed in a bounded domain for single dispersive equations make its physical sense doubtful; therefore, the study of
control and related problems posed on a bounded interval for systems like (0.2) is ripe to development, [5].

The exact controllability problem for (0.2) is formulated as follows: given 7' > 0, the initial and final data
{no,wo}, {nr,wr} from an appropriate space, to find controls f and g such that solution {n,w} = {n,w} (z,t) of
(0.2) satisfies the conditions

n(-,T)=nr and w(-,T)=wr in (0,L). (0.3)

Our aim is to obtain the exact controllability of (0.2). For this, we combine a linear observability with a data

smallness for nonlinear problem. More precisely, consider the linear system

Nt + Wy + Wyze =0 in (0,L) x (0,7,

Wi + N + Nyze =0 in (O7L) X (O’T) )
n(oa'):n(La'):w(Oa'):w(Lv')ZO on (OaT)a (04)
Nz (07 ) — Wy (07 ) =f on (OvT) ) .
Ne (Ly) +wy (L)) =g on (0,7),

77(?0) = To, ’LU(,O) = Wo in (O,L)
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According to the Hilbert uniqueness method (HUM) introduced by Lions (see [4]), the exact controllability of
(0.4) is equivalent to a suitable observability inequality for the adjoint system. However, it is well-known that the

observability result for a single linear KdV equation holds if and only if L is not a critical length in the sense of [7],

that is
2 72
L¢N := {QW\IW:kJ,ZeN}.

In this way, one can expect that (0.4) possesses the same kind of restriction. Our main results are the follows.

Theorem 0.1. Let T >0 and L € (0,00) \N be given. Then for every initial and final data {ng,wo},{nr,wr} €
[L? (0, L)]27 there exists a pair of controls {f,g} € [L? (O,T)]2 such that (0.3) holds.

To prove this claim, instead of Rosier’s technique based on the Fourier transform and Paley-Wiener’s theorem,
we provide quite simple algebraic approach which looks easier and more appropriate for other dispersive systems.

As a consequence of this theorem and the Banach contraction principle, we get

Theorem 0.2. Let T > 0 and L € (0,00) \N be given. Then there exists a real r > 0 such that for every initial and
2 T

final data {no,wo},{nr,wr} € [L*(0,L)]" satisfying [{n0, wotll 120,22 < 1 and [{nr, wrlllr2(0,1)2 < 7. there

exists a pair of controls {f,g} € [L? (O,T)]2 such that (0.2) is exactly controllable.
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UPPER SEMICONTINUITY OF ATTRACTORS FOR A PARABOLIC
PROBLEM ON A THIN DOMAIN WITH HIGHLY OSCILLATING
BOUNDARY

J. M. ARRIETA * A. N. CARVALHO T M. C. PEREIRA ¥ & R. P. SILVA §

In this work we study the continuity of the asymptotic dynamics of a dissipative reaction-diffusion equation in

a thin domain with oscillating boundary. We consider the reaction-diffusion equation

P 0.1
20 in 00, (0.1)

{ u§ — Auf +uf = f(u) in Q€
where Q¢ = {(x1,22) € R? | 23 € (0,1) and 0 < z2 < €g(z1/€)}, with g a positive, L-periodic C'-function,
N¢ = (Ny, N3) is the unit outward normal field to 9Q¢ and € > 0 is a small parameter. The nonlinearity f: R — R
is a C2-function which is bounded with bounded derivatives up to second order.

Observe that Q¢ C R? is a open set that degenerates to a line segment as the parameter € goes to zero.

Under the above assumptions, we obtain for each € > 0 that the C!-semiflow generated by equation (0.1) has
a global attractor Al on H'(Q¢). We are interested in to investigate the continuity properties of the family of
attractors {A : € > 0} as the parameter € tends to 0.

To do this, we deal first the linear elliptic problem associated to (0.1). Using homogenization methods, we obtain
formally the limit problem by the multiple-scale method and we proof its convergence following the idea of Tartar
[6, 7] and Cioranescu & Saint Jean Paulin [3] that use an auxiliary problem together with extension operators.

Subsequently we work out an appropriate functional setting to prove the convergence of the resolvent operators
given by the elliptic equations involved, to finally understand the relationship between the attractors A, of (0.1)
and the attractor Ag of the homogenized limit. We show that this family of attractors is upper semicontinuous at
e=0.

This functional setting make use of several concepts like the concept of convergence for a sequence {u€}cso
where u€ belongs to different spaces for each €, an appropriate concept of compactness for families living in different
spaces and the concept of compact convergence as the key concept to treat the behavior of compact operators in

different spaces. This setting is developed mainly in [1, 2, 5].
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1See for example [1, 2].

17



1 Main results

In appropriate functional setting, we can see the problem (0.1) as an evolutionary equation

u+Au=f(u) t>0
u(0) € L.

for certain family of spaces L.. Also, we can see the homogenized limit problem also as evolutionary equation

u + Aou = f(u) t>0
U(O)GLO

in a certain space L.

Since the operators A. and Ay are defined in different spaces, we need a tool to compare them. To that end,
consider a family E. € £(Lg, L), € > 0, with the property that || Ecul
if ||ue — Feuol|L. %0 (ue E-converges to ug). We say that a family of compact operators {B. € L(L¢) : € > 0}

L. — |lullz,. We say that Le 3 u, £, ug € Lo

converges compactly to By if ||uc||r, = 1 implies that {Bcu.} has an E- convergent subsequence and u, £ u

. . E
implies Beu. — Boug-

One of our key results is the compact convergence of the resolvent operators.

Theorem 1.1. The family of compact operators {AZ! € L(L¢)}eso converges compactly to the compact operator
At € L(Lg) as e — 0.

With the convergence of the resolvent operators, we show the convergence of the linear semigroups {e4<* : ¢t > 0}
to {edo! : ¢t > 0}. Thus, using the variation of constants formula, we prove the convergence of the semi-
flows. Once this is accomplished, the upper semicontinuity of attractors is easily obtained with an appropri-
ate notion of convergence. Recall that the family {A. : € € (0,€0]} is upper semicontinuous at e = 0 if

SUPyeq, infuca, [|u®— Eeulr, <=90.

Theorem 1.2. The family of attractors {Ac}ccjo,1) is E-upper semicontinuous at € = 0 in H® for all s € [0,1).
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CONTROLE NA FRONTEIRA PARA UM SISTEMA DE EQUAQ@ES DE
ONDA

W. D. BASTOS*, A. SPEZAMIGLIO* & C. A. RAPOSO

Recentemente, Rajaram e Najafi [6] estudaram controlabilidade exata na fronteira para o sistema de equagoes
uy — Auta(u—v)+B(up—vy) = 0, v — Av+a(v—u)+ (v —ug) =0 em que a > 0 e S > 0. Em [6] considerou-se
controle do tipo Dirichlet em dominios suaves do R™, n > 2, e o método HUM com a condigao geométrica usual.
Controlabilidade para tal sistema com controle do tipo Neuman, até onde pudemos observar, ainda nao foi estudado.
Neste trabalho nos propomos a examinar essa questao. Inicialmente estudamos controlabilidade exata na fronteira
para o referido sistema com « > 0 e 3 = 0. Obtemos controle do tipo Neuman para estados iniciais com energia
finita, em dominios parcialmente suaves do plano. Em seguida examinamos o caso em que ha friccao 5 > 0.

Esses sistemas de equagoes descrevem vibragoes transversais de duas membrans dispostas paralelamente e
conectadas por uma camada de material eldstico (veja, por exemplo,[5]). Estabilizacdo na fronteira para tais
sistemas, em vérias dimensoes, tem sido estudada extensivamente na tltima década. Veja por exemplo [1], [2], e
respectivas referéncias.

Aqui usaremos as notacdes |||, e |||, para as normas dos espacos de Sobolev H'(U) e H*(U) = L*(U)
respectivamente, onde U é o domfnio em questdo. Definimos H(U) = HY(U) x L*(U) x HY(U) x L*(U) e

2 2 2 2\1
|(ur, uz, 01, 02) = (luly + fluzll + [[oally + [[o2llo)2

para todo (u1,us,v1,v2) € H(U).

1 O resultado principal

Seja 2 ¢ R? um poligono curvo, isto é, um dominio limitado, simplesmente conexo com fronteira I' de classe C'™
por partes e sem cuspides. Assumimos que € situa-se em um mesmo lado de I' e denotamos 7 o seu vetor normal
exterior, definido quase sempre em I'. Considere o sistema

up — Au+alu—v)=0 em Qx]0, T,

v — Av+a(v—u) =0 em 0x]0,T7,

g—;:f, g—z:g em I'x]0, T,

u(+,0) = w1, u(-,0) =u2, v(-,0)=wv1, v»(,0)=vy em Q.

O resultado principal deste trabalho é o seguinte teorema:
Teorema 1.1. Dado um poligono curvo Q C R?, existe Ty > diam(Q) tal que, para cada T > Ty e estado inicial
(u1,uz,v1,v2) € H(Q), existem controles f, g € L*(I'x]0,T]) de forma que a solugdo de (1.1) satisfaz

u(-,T) =uw(-,T)=v(-,T) =v(-,T) =0 em S

(.
Corolario 1.1. Se3>0ea > (g)2 entdo o mesmo vale se as equagdes sao substituidas por

uge — Au+ afu —v) + Bug —v) =0 em Qx]0, T,
v — Av+a(v —u)+ By —ug) =0 em Qx]0,T7.
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A demonstragao do teorema é baseada no principio ” controlabilidade via estabilizagao” introduzido por D. L. Russell

[7]. Para tanto, observamos o seguinte resultado de decaimento local de energia para uma equacao hiperbdlica:

Lema 1.1. Se W € H} (R? x R) € solu¢io do problema de Cauchy

thfAW*F)\W:O em R2XR
W(O) = Wl, Wt(O) = W2 em R2

onde X >0, Wy € H (R?) e Wy € L?(R?) sdo fungoes com suporte compacto num dominio limitado U C R? entdo,
para cada Ty > diam(U) existe k = k(\, To, U) > 0 tal que, para todo t > Ty,

k
Wl )6 + IW 11T < 5 {IWalg + 1WA 7} (1.2)

Uma demonstracao do lema pode ser vista em [3]. Agora considere o problema de Cauchy

gt — Au+ a(u —v) =0, v —Av+av—u)=0 emR?xR
u(.,0) = u1, ui(.,0) =uz, v(.,0)=v1, v(,,0)=vy em R2

onde a > 0 e (ug, vy, uz,vs) € H(R?) tem suporte compacto. As fungdes z = u+ v e w = u — v satisfazem

z — Az =0, wy — Aw + 2aw = 0 em R? x R,
respectivamente. Consequentemente a estimativa (1.2) se aplica a cada uma delas. Usando a definigdo da norma e
a identidade do paralelogramo obtemos.

const

[(u(y t), we (o, 1), 0(s 1), v (1)) < 2 [(u1, ug, v1,v9)|

para todo t suficientemente grande. Assim, a parte ”estabilizacdo” do método de Russell fica verificada. A
demonstracao do teorema prossegue como em [7], [3] ou [4].

E possivel considerar, para geometrias especiais, o caso em que parte da fronteira permanece fixa, como em [4].
Isto sera considerado numa publicagao mais completa.
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ANALYSIS OF A TWO-PHASE FIELD MODEL FOR THE

SOLIDIFICATION OF AN ALLOY
J. L. BOLDRINI* & B. M. C. CARETTAT & E. FERNANDEZ-CARA ¥

Among the possibilities to model phase change, phase field models are possibly the most successful in the sense
that for them it is rather natural to incorporate several complex physical phenomena influencing phase change;
they also allow occurrence of transition layer (mushy zones). For such models, numerical simulations are possible
even in the case of formation of complex geometries, like dendrites, as interfaces separating different phases.

In this work the interest is a rigorous mathematical analysis of the phase field model for the solidification/melting

of a metallic alloy with two different kinds of crystallization given by:

T —bAT =liug + vy +f in Q (0.1)
u—kiAu=—-aqu(l—uv—v)(1-2u—v+ca7+d;) in Q (0.2)
v — koAv = —agv(l —v—u)(1 —2v —u+cor +d3) in  Q (0.3)

O1/0n = 0u/On =0v/On=0 on I x (0,T), (0.4)
(0.5)

T=179, u=wug, v=vg in Qx{t=0}

Here Q C R?, 0 < T < 400 and Q =  x (0,7). The unknown function 7 is associated to the temperature;
the phase field unknown functions u and v represent solid fractions of two different kinds of crystallizations. In
equations (0.1) — (0.3), b, Iy, l2, k1, k2, a1, az, ¢1, c2, di and dy are given constants depending on physical properties
of the involved material. In particular, b is a thermal diffusion coefficient; [; and Il are related to the latent heat
associated to each kind of material states; k1 and ko are related to the width of the transitions layers. The given
function f is related to the density of heat sources and sinks. Here n = n(x) denotes the outwards unit normal to
09); the initial data 79, ug and vy are suitable given functions.

The system (0.1)-(0.5) can be viewed as a generalization of the model treated in Hoffman & Jiang [1]. It is
also related to a model for solidification of certain metallic alloys allowing two kinds of crystallizations derived and
studied by Steinbach et al. in [2], [3]. In [2], [3] numerical simulations and comparisons are performed to support
the proposed model, but no rigorous mathematical analysis is presented.

We remark that the fact that here we have more than one phase field function brings another mathematical
difficult as compared to models with just one of them. In fact, in this last case the higher power nonlinearities
have the right sign for the process of obtaining the weaker estimates. On the other hand, here we also have higher
powers nonlinearities with are products of different phase fields and thus we have no control of their signs. We also
remark that, differently of what occurs in the usual phase field models, in the present one, there are terms in which
the temperature appears multiplying the phase fields, bringing nonlinearities that are harder to handle than the
ones in the usual models. These difficulties demands that we be very careful even to find the weaker estimates.

In this work we obtained several theoretical results concerning (0.1)-(0.5): global existence and uniqueness of
solutions; regularity; continuous dependence with respect to the given function f and initial data. These results
are important for the considerations that may lead to the proper choice of algorithms for numerical simulation. As
it is usual in this context of simulations, results holding for a simple case may also support the arguments for the

proper choice of algorithms in the case of related but more general models.
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1 Mathematical Results

Let us consider the following hypotheses:
(i) 2 Cc R3 is a bounded C?-domain, 0 < T < 400, Q = x (0,7);
(ii) 70, uo, vo € L=(Q) NWEZ(Q), ug, vo > 0 and d719/9n|an = dug/On|sq = Ovg/In|an = 0;
(iii) f € LY(Q) with ¢ > 5/2;
(iv) b, k1, ko, a1, ag are positive constants; l1, la, ¢1, 2, d1, do are real constants.

Theorem 1.1. Let us assume that hypotheses (i) — (iv) hold. There exists ko, depending on Q, T, the constants
in (0.1) — (0.3) and the norms of f, ug and vy such that, if max;(|c;|) < ko, then (0.1) — (0.5) possesses exactly one

solution (T,u,v) € Wg’l(Q) X WfO}S(Q) X Wfd}:g(Q) with § = min(10/3, q) that satisfies the estimate

Il ) + el @y + ¥l oy < € (Irolwae + luollwziay + eollwz iy + 1712+

+ oz + oz ey + Noollfuz e + 17120 )
where C depends on Q, T and the constants in (0.1) — (0.3).

Furthermore, 0 < u,v < M := max (||ug|| L, ||vo|| L=, max; |d;| + 2).
Besides, if 0 < ug,vg < 1, then there exists k1, depending on 2, T, the constants in (0.1) — (0.3) and the norms
of f, up and vy such that, if max;(|c;|,|d;|) < k1, the solution of (0.1) — (0.5) given above satisfies 0 < u,v < 1.

The existence of solution in the last theorem is proved using a Leray-Schauder Fixed Point Theorem and the
uniqueness is proved by using standard arguments.

By using bootstrapping arguments we prove the following result concerning the regularity of such solutions.

Theorem 1.2. Let us assume that hypotheses (i) — (iv) hold and max;(|¢;|,|d;|) < ko, where ko is like in Theo-
rem 1.1. If 79, ug, vg € W;p/f)(ﬂ) with 2 < 3p/5 < +oo, then (T,u,v) € W;l(Q) x W2 Q) x W2H(Q) and

”T”W;’I(Q) + ||UHW§’1(Q) + ||v||wg»1(Q) <C (||To||wgp/5(ﬂ) + ||Uo||wgp/5(9) + ||vo||W32p/5(Q) + Hf||Lq(Q)) .
where ¢ = min(p, q) and C only depends on Q, T, M and the constants in (0.1) — (0.3).

Theorem 1.3. Let us assume that hypotheses (i) and (iv) hold and max;(|c;|, |d;]) < ko, where ko is like in
Theorem 1.1. Let us consider initial conditions 7, ul, v € W32p/5(Q) with 2 < 3p/5 < 400 and given functions f;
satisfying (ii) and (iii). Let (74, u;,v;) be the solution of (0.1) — (0.5) associated to (fi, 78, uf, vy). Then (74, ui,v;) €
W2HQ) x W2H(Q) x W2(Q) with § = min(p,q) and

[ — TQHW(?’I(Q) + [lur — uzlly2o gy + llvr = v2lly2 g

<l = Elwa,

@ Fllvo = 5llwz @)+ I1f1 = fallLa) | »

12
@)+ llug — ugllwz 2 s

3p/5

where C'is like in Theorem 1.2 with M = max;{||uf|| L= (), [|vl|lL=(), |dil +1}.

This result also follows from standard arguments.
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TEOREMAS DE REPRESENTACAO PARA ESPACOS DE SOBOLEV EM
INTERVALOS E MULTIPLICIDADE DE SOLUCOES PARA EDOs NAO
LINEARES

DENIS BONHEURE* & EDERSON MOREIRA DOS SANTOS '

Uma aplicagao direta do teorema do passo da montanha com simetria garante a existéncia de infinitas solugoes
para o problema de valor de contorno

—Au=|ulP" u, 2€Q e u=0sobre 99,

onde € representa um dominio limitado regular em RY com N > 1, p>1se N=1,2e2<p+1< 2" := 2N g

N—2
N > 3.
A presenga de um termo nao-homogéneo quebra a simetria do funcional associado e impossibilita o emprego do
terorema do passo da montanha com simetria. Assim, uma questao natural é se o problema

—Au lulP~tu + h(z) =€,
u = 0 sobre OS2,

(0.1)

possui infinitias solugdes ou nao.
O estudo de (0.1) iniciou-se em 57 com Ehrmann e mais tarde em 75 Fucik & Lovicar apresentaram algumas

contribuicoes. Eles provaram que a EDO

(0.2)

{ —u" = |ulP~tu+ h(z) x € (0,1),
u(0) =wu(l) =0,

possui infinitas solugoes no caso em que p > 1.

O caso envolvendo EDPs (0.1) foi tratado por Bahri & Beresticky, Struwe, Rabinowitz, Tanaka e por Bahri &
Lions nos anos 80. No entanto, até o momento, uma resposta completamente satisfatoria para o problema ainda
nao foi fornecida e o melhor resultado existente, apresentado por Tanaka e Bahri & Lions, garante a existéncia
de infinitas solucoes desde que: h € L?(Q), p > 1se N = 1,2; 2 < p+1 < 21@7:22 se N > 3. Observe que
este resultado ndo cobre completamente o intervalo subcritico (1,2* — 1). Assumindo a restrigdo de crescimento

“patural”, p € (1,2* — 1), Bahri provou que existe um conjunto aberto e denso de funcoes h € H~1() para o qual
(0.1) possui infinitas solugoes, i.e. a existéncia de infinitas solugdes é genericamente verdade.

O interesse em resultados de multiplicidade sobre perturbagoes de problemas simétricos cresceu consideravel-
mente nos 1iltimos anos e foi estudado em varios contextos. Por exemplo, mencionamos o estudo de problemas com
condigbes de contorno nao-homogéneas de Bolle, Ghoussoub & Tehrani e o estudo de sistemas elipticos de Tarsi.

Em um trabalho publicado este ano, Bonheure & Ramos estenderam os resultados de Tarsi. Eles consideraram

o sistema
—Au = PP o+ f(z) zeq,
~Av = " T u+g(x) zeQ, (0.3)
u,v = 0 sobre 0f2,

sob as seguintes hipoteses:
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1. p,g>1,

9 N 1 1 1 < P < N 1 1 1 < q o<
L= (1= - se e—|(1- — i ,
2 p+1 q+1 p+1 b=1 2 p+1 qg+1 g+1 a=p

3. f,ge L*(N).

A variacdo admissivel para p e g generaliza, em um certo sentido, a variacao obtida por Tanaka e Bahri & Lions
para tratar (0.1), uma vez que estas coincidem quando p = g e f = g (o que implica que u = v).
Através do procedimento adotado por Bonheure & Ramos a hipdtese p > 1 e ¢ > 1 ndo pode ser removida. No

entanto, a precisa nogao de superlinearidade para o sistema (0.3) é
(H1) p,q > 0e pg > 1.

Isto sugere que os resultados de Bonheure & Ramos podem ser melhorados. No caso unidimensional, (0.3) torna-se

—u" = P o+ f(x) ze(0,1),
~" = "M utg@) ze(0.1), (0.4)
uv = 0 sobre {0, 1}.

Suponha
(H2) f,g € C'([0,1]).

Neste trabalho, nosso resultado principal a respeito de (0.4) é uma extensao parcial dos resultados de Bonheure &

Ramos.
Teorema 0.1. Suponha (H1)-(H2). Entao (0.4) possui um nidmero infinito de solugdes cldssicas.

Para tratar (0.4) sob a hipétese mais geral (H1), reduzimos (0.4) a uma equacdo nao linear de quarta ordem
e adotamos o método de Rabinowitz, o qual tem sido aplicado em véarias situagoes e em particular por Garcia
Azorero & Peral Alonso para tratar perturbacoes de simetria envolvendo o operador p-Laplaciano. Um argumento
crucial no método de Rabinowitz é o emprego de estimativas assintéticas para o comportamento dos autovalores do
Laplaciano. Uma vez que o Laplaciano é um operador linear auto-adjunto, estas estimativas assintéticas induzem,
de forma imediata, desigualdades de Poincaré no ortogonal ao espaco gerado pelas n-primeiras auto-fungoes. No
entanto, quando um operador nao linear estd envolvido, este assunto é muito mais delicado.

Em nosso problema, realizamos este passo utilizando alguns resultados sobre bases de Schauder que sao obtidos

através da teoria de anélise de Fourier e o seguinte isomorfismo topolégico entre W?((0,1)) e LP((0,1)) x R™.

Teorema 0.2. Seja 1 < p < oo em > 1. Entao W™P((0,1)) € topologicamente isomorfo a LP((0,1)) x R™ e a
aplicagao Ty, : W™P((0,1)) — LP((0,1)) x R™, definida por

Ton(u) 1= (), u(0),0/(0),....,u"D(0)) | (0.5)
€ um isomorfismo topoldgico.

Através do Teorema 0.2 apresentamos demonstracoes imediatas para resultados bem conhecidos sobre os espagos
de Sobolev W™P?((0,1)). Além disso, também obtemos outros resultados sobre estes espagos que sado, até onde
sabemos, novos. Por exemplo, fornecemos uma caracterizacao do espago dual de W™P?((0,1)). Também aplicamos
o Teorema 0.2 para apresentar bases de Schauder explicitas para alguns espagos de Sobolev e alguns de seus
subespagos.

Neste trabalho apresentamos duas classes de isomorfismos topoldgicos entre WP((0,1)) e LP((0,1)) x R™.
Cada uma delas torna-se importante em nosssas aplicacoes. A motivagao para a primeira classe de isomorfismos
tem origem no problema de valor inicial para uma EDO de ordem m. A segunda classe é motivada pelas condigoes
de contorno de Navier para uma equagao poliharmoénica. Vale dizer que dependendo do tipo de problema de EDO

considerado, outras classes de isomorfismos podem ser obtidas.
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LIMIT SETS AND THE POINCARE-BENDIXSON THEOREM IN
IMPULSIVE SEMIDYNAMICAL SYSTEMS

E.M.BONOTTO *

We consider semidynamical systems with impulse effects at variable times and we discuss some properties of
the limit sets of orbits of these systems such as invariancy, compactness and connectedness. As a consequence we

obtain a version of the Poincaré-Bendixson Theorem for impulsive semidynamical systems.

1 Introduction

The theory of impulsive semidynamical systems is an important and modern chapter of the theory of topological
dynamical systems. Interesting and important results about this theory have been studied such as “minimality”,
“invariancy”, “recurrence”, “periodic orbits”, “stability” and “flows of characteristc 07”. For details of this theory,
see [1], [2], [3], [4], [6], [7] and [8], for instance.

In [5], the author presents the theory of Poincaré-Bendixson for non-impulsive two-dimensional semiflows. A
natural question that arises is how the theory of Poincaré can be described in impulsive semidynamical systems.

In the present paper, we give important results about limit sets for impulsive semidynamical systems of type
(X, m;Q, M, I), where X is a metric space, (X, 7) is a semidynamical system, {2 is an open set in X, M = 99 denotes
the impulsive set and I : M — (2 is the impulse operator. Our goal, however, is to establish the Poincaré-Bendixson
Theorem in this setting.

We deal with various properties about limit sets. An important fact here is that we consider the closure of the
trajectories in X rather than in  as presented in [7]. Thus, our impulsive system encompasses the one presented
in [7]. Indeed, some new phenomena can occur. We study the invariancy, compactness and connectedness of limit
sets in impulsive semidynamical systems with a finite numbers of impulses. Then we consider the more general case
when the system presents infinitely many impulses and we obtain analogous results. Also, we present an important
theorem which concerns an impulsive semidynamical systems (X, 7; €, M, I), where Q is compact and z € Q, and

n—-+oo

it says that if a trajectory through « has infinitely many impulses, {zy }n>1, with z, p, then the limit set of
z in (X, m; Q, M, I), E*(x), is the union of a periodic orbit and the point {p}.

Finally, we discuss a version of the Poincaré-Bendixson Theorem for impulsive semidynamical systems. The
main result states that given an impulsive semidynamical system (R2, ; Q, M, I) and = € €, if we suppose Q is

compact and LT (z) admits neither rest points nor initial points, then L*(z) is a periodic orbit.
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AN ASYMPTOTICALLY CONSISTENT GALERKIN METHOD FOR THE

REISSNER—MINDLIN PLATE MODEL
PauLo R. BOSING* & ALEXANDRE L. MADUREIRAT & IGOR MOZOLEVSKI ¥

Recently, a new Galerkin finite element method for the biharmonic equation was introduced and analysed by
the first and third authors. We now extend such ideas in a nontrivial way for the Reissner—-Mindlin plate model.
The extension is such that, as the plate thickness tends to zero, we recover the method for the biharmonic problem,
i.e., the method follows the asymptotic behaviour of the continuous PDE. We present here an error estimate that

is uniform with respect to the plate thickness.

1 Extended summary

The Reissner—-Mindlin system is not only a good model for linearly elastic three-dimensional plates, but also it
brings in computational challenges that require ingenious numerical methods. The reason is that the system
depends nontrivially on €, the half-thickness of the plate. As the plate become thinner, the Reissner—-Mindlin
solution converges to the biharmonic solution, in the same way the exact three-dimensional solution does. Thus, for
small €, naive numerical schemes fail, since they do not approximate well solutions of fourth order problems. This is
described as a numerical locking. Recently some authors started to take advantage of the flexibility of discontinuous
Galerkin (DG) finite element methods to design new, locking free, plate models [2]. We follow the same philosophy.

A new Galerkin method for the biharmonic problem have been considered in [4]. Such scheme was our motivation
in this present work. We propose here a method for the Reissner—-Mindlin system that, as € tends to zero, “converges”
to the scheme for the biharmonic. We prove convergence in a natural energy norm, and provide numerical tests
that confirm our predictions.

Let © be a convex and polygonal two-dimensional domain with boundary 0f2. Consider a homogeneous and
isotropic linearly elastic plate occupying the three-dimensional domain Q x (—e¢,¢). Assume that this plate is
clamped on its lateral side, and under a transverse load of density per unity area e3¢ that is symmetric with respect
to its middle surface. There are two popular two-dimension models for the plate’s displacement.

In the biharmonic model, the displacement at (x,z3) € Q x (—€,¢€) is (—z3 V¢ (x), ¥ (x)), where

¢ =argmina(Vv,Vv)—(g,v). (1.1)
veEHZ(Q)
-) denotes the inner product in L?(Q) and e(8) is the symmetric part of the

Here, a(6,m) = Jo,C ¢(8) : e(n) da, (-,
[2pe(0) +A*divOI]/3, ;v and X are the Lamé coefficients, \* = 2uA/(2pu+ A), and

gradient of 8. Finally, C e(0) = [2p
I is the identity matrix.

The simplest Reissner-Mindlin model approximation [1] is given by (—x36(x),w(x)), where

(0,w) = arg min a(0,0) + ¢ 2u(0 -~ Vw,0 - Vw) - (g,w) (1.2)
(6,w)EHL(Q)x HL(Q)

The relation between the biharmonic and Reissner—Mindlin models becomes clear since, as € — 0, the sequence of
solutions (0, w) converges to (V ¢,1). This is an instance of a more general result of [3].

We next propose a “discontinuous formulation.” Assume a regular partition K of the domain €2 into elements
(triangles or quadrilaterals) K. We denote the set of edges by &;,. For the definitions below, we assume that the
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functions involved have traces with enough regularity. Let K~ and KT be two distinct elements of Kj, sharing the
edge e = K~ [ K*. We define the jump of a function ¢ by [¢] = ¢ n~ +¢TnT, where ¢pT = ¢|x= and n* = nys.

For an vector function @, define

0] =6 -n~ +6".-nT, 0] =0 &n~ +6" ont,
where # ®n = (n” +n60") /2. The average of scalar or vector function y is {x} = 2(x~+xT). On boundary faces
OK with outer normal n, define the jumps and averages as [¢] = ¢|gn, [0] = 0|k -n, [0] = 0|k O n, {x} = x|k-

Under the assumption that the exact solution for the biharmonic problem belong to “appropriate” Sobolev

spaces within each element, it is possible to rewrite the energy functional of (1.1) as [4]

1 16} ] Q
Zan(V v, Vv)+ Y [FHce(vuLIv et 5 (IVV] IV vDe+ () {divC e(V )P+ (W), [V])e] = (9,v)-
e€lh
We use the subscript e whenever inner products are considered on the partition’s boundaries, and the positive
stabilization parameters a., (. are fixed to weakly impose the boundary conditions and inter-element continuity,
and to stabilize the method. Note that the jumps over the edges vanish for sufficiently regular functions.

The Reissner—Mindlin functional in (1.2) corresponds to the critical point of

%ah(n, m+ Y [~{Cem}, [nl). + %(HW]L [nD)e + (W], {div C e(m)})e + - ([V], [V])e]

ecéy
e — Vo, — Vi) — (g,0).

As e — 0, the modified Reissner-Mindlin energy “converges” to the modified biharmonic energy, in a proper sense.
The numerical solutions for the biharmonic and Reissner—Mindlin problems are based on the broken versions of

the energies. The main result of this paper is the following.

Theorem 1.1. Under certain assumptions for K and the penalization parameters o and 3, and if the Reissner—

Mindlin solution is reqular enough, then the solution of the discontinuous Galerkin method (0y,,wy,), satisfy
10— Oniw— will < b (0], + lllpss + ellvl-1) (1.3)

where ¢ does not depend on h or e. The norm || - || is an “appropriate” energy norm.
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ON STRICTLY SINGULAR POLYNOMIALS

GERALDO BOTELHO* , SONIA BERRIOS T & ARIOSVALDO JATOBA *

Let E and F be Banach spaces. An operator T € L(F; F) is strictly singular if for every infinite-dimensional
subspace Y of E, the restriction T'|y is not an isomorphism onto its range. The space of all such operators will be
denoted by SS(E; F).

The concept of strictly singular polynomial was introduced in [2]. A continuous n-homogeneous polynomial
P € P("E; F) is strictly singular, denoted by P € S§ o P("E; F), if there are a Banach space G, a n-homogeneous
polynomial @ € P("E;G) and an operator u € SS(G; F) such that P = u o . We denote by Py("E; F) the
subspace of all n-homogeneous weakly compact polynomials from F to F.

Let K be a compact Hausdorff space. It is well known that weakly compact linear operators defined on C'(K)
are strictly singular ([1, Theorem 5.5.1]). We shall see that if K is scattered, n-homogeneous weakly compact
polynomials defined on C(K) are strictly singular. More generally, in the present work we study conditions on E

and F for which weakly compact homogeneous polynomials from F to F' are strictly singular.

1 Results

Theorem 1.1. Let E and F be Banach spaces. Suppose that @:SE has the Dunford-Pettis property. Then, for
each n € N we have

Pw("E; F) C S8 o P("E; F).

Corollary 1.1. (a) If K is a scattered compact Hausdorff space, then Py("C(K); F) C 8§ o P("C(K); F) for
each n € N and each Banach space F.

(b) Pw("1;F) C SS o P(™y; F) for each n € N and each Banach space F.
(c) Pw("Li(p); F) C SS o P("Ly(u); F) for each n € N and each Banach space F.

Remark 1.1. As to (a), there are a non-scattered infinite compact Hausdorff space K and a weakly compact non-
strictly singular bilinear mapping from C(K) x C(K) to ¢5. This does not settle the polynomial case because we
cannot assure that this bilinear mapping is symmetric. We conjecture that there are a non-scattered infinite compact
Hausdorff space K, a Banach space F' and a weakly compact non-strictly singular 2-homogeneous polynomial from
C(K) to F.

A Banach space E has the hereditarily Dunford-Pettis property if every closed subspace of E has the Dunford-
Pettis property.

Theorem 1.2. Let E and F' be Banach spaces. Suppose that F' has the hereditarily Dunford-Pettis property. Then,

for each n € N we have

Pw("E;F) C SSoP("E; F).

A Banach space E is weakly sequentially complete if weakly Cauchy sequences in E are weakly convergent.
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Theorem 1.3. Let E and F' be Banach spaces. Suppose that F is weakly sequentially complete. Then, for each

n € N we have
SSoP("E;F) C Pw("E; F).

From a result due to Pelczynski (see [1, Theorem 5.5.3]) we conclude, in particular, that W(C(K); F) =
SS(C(K); F) for every compact Hausdorff space K and every Banach space F. In this direction we have:

Corollary 1.2. If K is a scattered compact Hausdorff space, then for each n € N we have

Pw("C(K); 1) = 8S o P("C(K); £1)
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A UNIFIED PIETSCH DOMINATION THEOREM
GERALDO BOTELHO*, DANIEL PELLEGRINO! & PILAR RUEDA?

1 Introduction

Pietsch’s domination theorem [3, Theorem 2.12] is a cornerstone in the theory of absolutely summing liner operators.
As expected, this type of domination theorem turned out to be a basic result in the several (linear and non-linear)
theories which generalize and extend the linear theory of absolutely summing operators. In this direction, sev-
eral Pietsch-type domination theorems have been proved for different classes of (linear and non-linear) mappings
between Banach spaces. Among these theorems, we mention: the Farmer and Johnson domination theorem for
Lipschitz summing mappings between metric spaces [5, Theorem 1(2)], the Pietsch and Geiss domination theorem
for dominated multilinear mappings ([10, Theorem 14], [6, Satz 3.2.3]), the Dimant domination theorem for strongly
summing multilinear mappings and homogeneous polynomials [4, Proposition 1.2(ii) and Proposition 3.2(ii)], the
domination theorem for a-subhomogeneous mappings [1, Theorem 2.4], the Martinez-Giménez and Sdnchez Pérez
domination theorem for (D, p)-summing operators [7, Theorem 3.11], the Caliskan and Pellegrino domination the-
orem for semi-integral multilinear mappings and the X. Mujica domination theorem for 7(p)-summing multilinear
mappings. In this work we construct an abstract setting which yields a unified version of Pietsch’s domination the-
orem which comprises all the above results as particular cases. Moreover, this unified Pietsch domination theorem
does not depend on algebraic conditions of the underlying mappings, such as linearity, multilinearity, etc. In other

words, we prove that Pietsch-type dominations are algebra-free.

2 Results

Let X, Y and E be (arbitrary) sets, H be a family of mappings from X to Y, G be a Banach space and K be a
compact Hausdorff topological space. Let R: K x E x G — [0,00) and S:H X E x G — [0,00) be mappings so
that
e There is ¢ € E such that

R(p,xo,b) = S(f,20,b) =0

for every ¢ € K and b € G.
e The mapping
Ryp: K — [0,00) , Ryp(¢) = R(p,z,b)

is continuous for every x € F and b € G.
e It holds that
R(p,2,mb) < nR(p,x,b) and nS(f,z,b) < S(f,x,nb)

for every p € K,z € E,0<n<1,be G and f € H.

Definition 2.1. Let R and S be as above and 0 < p < oco. A mapping f € H is said to be R-S-abstract p-summing
is there is a constant C7 > 0 so that
ZS(f, z;,b;)? < Cy sup ZR(go,wj,bj)p, (2.1)

j=1 ek
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for all 1,...,2m € E, b1,...,by € G and m € N. The infimum of such constants C; is denoted by mrs ,(f).
It is not difficult to show that the infimum of the constants above is attained, i.e., mrg,(f) satisfies (2.1).

Theorem 2.1. Let R and S be as above, 0 < p < 0o and f € H. Then f is R-S-abstract p-summing if and only if

there is a constant C' > 0 and a regular Borel probability measure p on K such that

st <c ([ ronra <so>)‘l’ (2.

=

for allz € E and b € G. Moreover, the infimum of such constants C equals Trs (f)

For convenient choices of R, S and H, we recover from Theorem 2.1 all the domination theorems mentioned in

the introduction (including, of course, Pietsch’s original theorem).

Definition 2.2. Let F and F' be Banach spaces. An arbitrary mapping f: E — F' is absolutely p-summing at

a € E if there is a C > 0 so that, for every natural number m and every z1,...,x,, € E,
m m
Dollflata;) = f@)|f < C sup Y fp(;)]"
j=1 QDEBE/ j=1

As [8, Theorem 3.5] makes clear, the above definition is actually an adaptation of [8, Definition 3.1]. We finish
applying Theorem 2.1 to show that, even in the absence of algebraic conditions, absolutely p-summing mappings

are exactly those which enjoy a Pietsch-type domination:

Theorem 2.2. Let E and F' be Banach spaces. An arbitrary mapping f: E — F is absolutely p-summing at a € E
if and only if there is a constant C' > 0 and a regular Borel probability measure p on Bg: such that, for all x € E,

p

[fla+2z) = fla)l <C (/B ()" du(w)) : (2.3)

E/
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EIGENVALUE BOUNDS FOR MICROPOLAR COUETTE FLOW
P. BRAZ E SILVA* & F. VITORIANO E SILVA !

We derive some eigenvalue bounds for micropolar plane Couette flow.

1 Eigenvalue bounds for micropolar Couette flow

Consider the initial boundary value problem

1
ut+(u~V)u+Vp:EAu
divu=0

u(z,0,1)

(0,0) (1.1)
(z,1,t) = (1,0)

u(z,y,t) =u(z+1,y,1)

u(z,y,0) = f(z,y)

u(x, 1,t

where u : R x [0,1] x [0,00) — R? is the unknown function u(x,y,t) = (u(z,y,t),v(x,y,t)), and the positive
parameter R is the Reynolds number. The initial condition f(x,y) is assumed to be divergence free and compatible
with the boundary conditions. It can be easily seen that U(x,y) = (y,0), P = constant is a steady solution of
problem (1.1). The vector field U(z,y) = (y,0) is known as plane Couette flow. This flow is linearly stable, that is,
the eigenvalues of the linear operator associated with the system of differential equations governing perturbations
of the flow have negative real part[5]. Even though this is the case, there are still fundamental issues not completely
understood; for example, for the 3 dimensional Couette flow, transition to turbulence is observed in laboratory for
Reynolds numbers as low as R =~ 350 (Lundbladh & Johansson[4] and Tillmark & Alfredsson[6]).

Micropolar fluids[3] are fluids with asymmetric stress tensor, which are governed by the equations

u; + (u-Viu+ Vp = (v + v,.)Au + 2v,.curl w,
wi + (u- V)W 4+ 4v,w = (¢q + ca) AW + (co + ¢4 — ¢4)Vdivw + 2v,.curl u, (1.2)
divu =0,

The unknowns u, w, and p are, respectively, the linear velocity, the angular velocity of rotation of fluid particles,
and the pressure distribution of the fluid. The positive constants v, v.., ¢y, ¢4, cq are related with viscosity properties
of the fluid, and satisfy ¢y + ¢4 > ¢,. We are interested in studying stability of plane Couette flow for such fluids.
To this end, the first step is to consider general shear flows

U = (U(y),0,0), W =(0,0,W(y)), P = constant, y € (0,1),

and perturbations u = (u(x,y),v(z,y),0), w = (0,0, w(z,y)) of the base flow. The linearized equations for such
perturbations are

u; + (u-V)U+ (U-V)u+ Vp
w,+ (U-V)w+ (u- V)W = 2uy.curlu—4v,w + (co + ¢g — ¢o)Vdivw + (¢cq + cq) AW (1.4)

(v + vp)Au + 2vcurlw (1.3)
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under periodic condtions in z, u(t,z,y) = u(t,z + 1,y), w(t,z,y) = w(t,z + 1,y), and initial and boundary
conditions

u(0,z,y) =0, w(0,z,y) =0
u(t,z,0) =0=nu(t,z,1), w(t,z,0) =0=w(t,z, 1)

Introducing the dimensionless streamfunction v by ¢, = —u, 1, = v, and considering specific disturbances
w _ J(y)eia(mfct),
w = ﬂ)'(y)ez'oz(ar:—ct)7

onde gets the dimensionless equations[2]

~ 1 1 ~ R
: U—eN(D?— a2 —U" (L= VY (p2_a220— D2 e
i (U = D = ) =" 5 = (- + g ) (0 @220 = (0" = o)
(1.5)
- ~ 1 . 2Ry . 1 ~
ia [(U —ow — W’w] = E(D2 —a®)w — Ruow + R—V(D2 — o,
where R, R,, R,, Ry, and Ry are dimensionless parameters and D := %. The growth of the disturbances with

time depends on the sign of ¢;, the imaginary part of ¢ = ¢, + ic;: If ¢; is positive, the disturbance grows with

time. If it is negative, it decays with time. In case c is real, one tipically has an oscillatory behavior. Here, it is

important to note that ¢; has the same sign as the real part of the eigenvalues of the linear operator associated with

the differential equations governing perturbations of the flow, so that ¢; being negative assures linear stability of
R,

the flow. Define Ry := max {=*, Ry}, R := min{R,, %}, R3 := max{ 2}1%0 , Ry}. We prove the following theorem,

assuring bounds for ¢;.
Theorem 1.1. Let ¢ = ¢, + ic; be any eigenvalue of 1.5. If R1 < Ry, and Rz < %, then

2 2
<T@ Tt

T 2a aR
where & = min{Ri1 — R%,R% - P%}, q1 = mazyeo,|U ()], @2 := mazyeo,)|W (y)|. Moreover, there are no
amplified disturbances if
2
aRqy < @ 1+ 2503, aRg < (4,73)*7 + 2a°m,
and or and
2
aRgy < 2%+ a?)(4,73)%, aRgy < 2a°Vm?tal
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UPPER SEMICONTINUITY OF GLOBAL ATTRACTORS FOR
pP-LAPLACIAN PARABOLIC PROBLEMS

SIMONE M. BruscHI* & CLAUDIA B. GENTILET & MARcos R. T. Primo ¥

In 1974 N. Chafee and E. F. Infante completely described the set of stationary solutions of a semilinear parabolic
problem like
up = Mgy +u—u?,  (z,t) € (0,1) x (0,+00)
w(0,t) = u(1,t) =0, 0 <t < 400 (1)
u(x,0) = uo(x), =« €(0,1),

where ) is a positive parameter and the initial data are sufficiently smooth. The set of equilibrium states, Ey, is
taken as function of A and, roughly speaking, the authors obtain that, for large values of A, the only stationary
solution is zero, and all nonconstant equilibria bifurcate from zero, two by two, while A cross the values of a sequence
An, Obtained from the eigenvalues of the linearized problem. For details see [3].

A similar problem, involving the p-Laplacian operator was studied by Takeuchi and Yamada in 2000. They

consider the problem

Ut = )‘(‘ua:|p72um)m + |u‘q72u(1 - |u|T)a (.’E,t) € (07 1) X (07+OO)
w(0,8) = u(1,£) =0, 0<t< +oo (2)
u(z,0) = up(x), =€ (0,1),

where p > 2, ¢ > 2, r > 0 and A > 0. In this case the set of equilibrium points, Ey, is always infinity if p > ¢
and, if p = g or p < ¢q, E) is a finite set only for large values of A\. However, in each of the three cases, there is
the possibility of the existence of continuum equilibrium sets, which does not happen in the semilinear case, p = 2.
Notice that problem (1) can be seen as a limit problem of (2) taking p=¢q =1 = 2.

If we consider only the case p = ¢ in (2), there are several similarities between this problem and (1). In fact,
although there is the possibility of bifurcation of a continuum equilibrium set in (2), the numbers of connected
components of E is always finite for fixed values of A, and the scheme of bifurcation of this components is the same
of (1). The stability properties of equilibria are the same, that is, in both cases the trivial solution is asymptotically
stable for large values of the diffusion parameter A and became unstable when appears the first pair of nontrivial
stationary solutions, which are asymptotically stable as long as they exist. Any other stationary solution is unstable,
for any p and q.

It is well known that problems (1) and (2) are globally well-posed in L?(0,1) and there is a global attractor {As}
for (1), [3, 10, 5, 7]. The existence of a global attractor {.A,} for (2) is easily obtained from the uniform estimates
that we will obtain in this work. Furthermore, the problems (1) and (2) generate gradient systems in C2([0,1])
and T/VO1 (0, 1) respectively and therefore, the global attractors are characterized as the union of the unstable set
of equilibrium points, [5, 11]. Another interesting similarity we can point out is that, in both problems, the lap-
number does not increase through orbits, if the initial conditions are continuous. With this information we can
determinate which equilibrium points can belong to the w-limit set of any initial data. The non-increasing property
of lap-number was obtained for (1) and (2) by Matano in 1982 and by Gentile and Bruschi in 2005 respectively,
8, 4].
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With all of this it is interesting to investigate in which way the parameter p > 2 affects the dynamic of (2),
analyzing the continuity properties of the flows and the global attractors .A,, with respect to parameter p > 2.
In this work we obtain some uniform estimates, with respect to parameter p > 2, for solutions of (2) on L?(0,1)

and VVO1 (0,1), then we will use these uniform estimates to prove the following compactness result:
Theorem 1. The set MP :={u,; p € (2,3], u, is a solution of (2)}, is relatively compact in C([0,T]; L*(0,1)).

With help of this result and the uniform estimates we can prove the continuity of the flows in C([0,7] : L?(0, 1))
for each T' > 0 and finally we can prove the following result:

Theorem 2. The family of global attractors
{A, CL*(Q); 2<p<3}
of the problem (2) is upper semicontinuity in p = 2, on L?(0,1) topology.

The proofs of the results presented here can be found in [2].
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EXISTENCE OF POSITIVE SOLUTIONS FOR THE p-LAPLACIAN

WITH DEPENDENCE ON THE GRADIENT
H. BUENO*, G. ERCOLE',  W. FERREIRA? & A. ZUMPANOS

In this paper we consider the Dirichlet problem

{_Apu = w(@)f(|Vul) nQ (0.1)

u = 0 on 0N

where Q@ C RY (N > 1) is a smooth, bounded domain, A,u = div (|[Vu|P=2Vu) is the p-Laplacian, 1 < p < +o0,
w:Q — R is a continuous, nonnegative function with isolated zeros (which we will call weight function) and the
Cl-nonlinearity f:[0,00) x RY — [0, 00) satisfy simple hypotheses.

Adapting methods and techniques developed in Ercole and Zumpano [?], where the nonlinearity f does not
depend on |Vul|, we start by obtaining radial, positive solutions for the problem

{ 7Apu = wa(u7 ‘VUD in BR) (02)

u = 0 on JBg,

where Bp, is the ball with radius R centered at zo and wg a radial weight function. For this, no asymptotic behavior
on f is assumed but, instead, simple local hypotheses on the nonlinearity f. (See hypothesis (H2) in the sequence.)
The application of the Schauder Fixed Point Theorem yields a radial solution u of (?7?).

When the nonlinearity f does not depend on the gradient, the same technique was generalized in Bueno, Ercole
and Zumpano [?] to smooth, bounded domains Q C RY. However, if  is not a ball, the dependence of f on |Vul
prevents controlling || Vu| e in €2 and thus the application of Schauder’s Fixed Point Theorem. To cope with the
general case of a smooth, bounded domain €2, we apply the method of sub- and super-solution as developed in [?],

which imposes an assumption on f related to the growth of |Vul:
(H1) f(u,v) < C(Ju])(1 + |v[P) for all (x,u,v), where C:[0,00) — [0, 00) is increasing.

Since the same assumption is also related to the regularity of a weak solution, hypotheses like (H1) are found in
papers that do not apply the sub- and super-solution method (see Boccardo, Murat and Puel [?] and Ruiz [?]).
By considering a ball B, C (2, radial symmetrization of the weight function w permits us to consider a problem
in the radial form (??) in the subdomain B,. As a consequence of our study, (??) has a radial solution u, defined
in B,. Defining the extension u of u, by u(z) = 0, if z € Q\ B,, we prove that u is a sub-solution of problem (??).
A super-solution of (??) turns out to be a consequence of our hypothesis on the nonlinearity f. As we said

before, no asymptotic behavior is assumed on f but local hypotheses of the type
(H2) {0 < f(u,|v]) <bMP=L if 0<u<M, |v] <yM}
(H3) {ad?P~t < f(u, o)), if 6 <u< M, |v| <yM},

where 0, M, a, b and ~ are constants defined in the paper. This type of hypothesis will be considered in different

scenarios: always with Dirichlet boundary data, solving the radial problem (??) and solving problem (?7?).
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In order to obtain a super-solution for (??), we consider the problem (of the torsional creep type)

—Appo, = w in Qy, 0.3)
bo, = 0 ondQs, '
where 5 is a smooth domain such that  C Qy. If || - || denotes the sup-norm, it turned out that we had to control
the quotient
Voo, ||
_ 0.4
X 04
in order to obtain a super-solution for problem (?7).
Choosing Qs = Bg (a ball such that Q C Bg) and denoting the solution of (??) by ¢, that is
_Ap¢R = WR in BR, (05)
¢or = 0 on JBg,

(the notation of (??) is applied here), a super-solution for (??) will depend on ¢ and M and is a consequence of
radial symmetrization of the weight function w. The quotient (??) is controlled thanks to the radial symmetry of

PR-

In the special case w = 1, a second super-solution is produced by solving

_Ap¢1 = 1 in Q, (0 6)
o1 = 0 on 09. ’
To control the quotient (??) — that is, to control ”chﬁfh” — we supposed 2 to be convex and applied regularization

methods (as in Kawohl [?] and Sakagushi [?]) and results of Payne and Philippin [?].
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EXISTENCE OF POSITIVE SOLUTION FOR A QUASILINEAR

PROBLEM DEPENDING ON THE GRADIENT*
H. P. BUENO,T G. ERCOLE' & A. ZUMPANO®

We prove the existence of a positive solution for the quasilinear Dirichlet problem

{Apu = f(z,u,Vu) in

0.1
u = 0 on 0, ©-1)

where Apu = div (|Vu|p*2Vu) is the p-Laplacian operator for p > 1, f is a nonnegative, continuous function
satisfying simple hypotheses and 2 C RY is a bounded, smooth domain.

In general, this problem is not suitable for variational techniques and thus topological methods (as fixed-point
or degree results) and/or blow-up arguments are normally employed to solve it ([5, 7]).

In the case of the Laplacian (i.e., p = 2) an interesting combination of variational and topological techniques
(precisely, a combination of the mountain pass geometry with the contraction lemma) was first used in [4] and has
motivated some works (e.g., [2]).

Our proof of existence of a positive solution for (0.1) is a immediate consequence of the sub- and super-solution
method for quasilinear equations involving dependence on the gradient ([1, 6]).

Let w # 0 be a continuous, nonnegative function and A; be the first eigenvalue of the Dirichlet problem for —A,

with weight w in the domain , that is, A; is the least positive number such that

{—Apu = MwuP™! inQ 0.2)

u = 0 on 0f),

for some u € WO1 P(Q), w > 0in Q. Our assumptions on the nonlinearity f depend on the chosen weight function w.

The first one is standard and also presented in [4]: near u = 0" the values of the nonlinearity f(z,u,v) must
be greater than A\ju?~*w(x). We show that for ¢ small enough this assumption produces a positive sub-solution .
of (0.1) such that ||uc||oo = €. (This is a well known fact, if the nonlinearity f depends only on (x,u). In the case
of dependence on (z,u, Vu), this fact was overlooked in previous papers.)

The second assumption is that f, restricted to a suitable compact set, is bounded from above by a special
multiple of the weight w. This approach follows [3], where (0.1) was also independent of the gradient. We show
that this hypothesis produces a super-solution U for (0.1), with ue < U for e small enough.

The third and last assumption on f is related to the growth of |Vul. It is merely technical and can be chosen
as any hypothesis that guarantees the existence of a solution of (0.1) from an ordered sub- and super-solution pair.
We have taken for granted the growth condition stated in [1].

1 The main result

For a chosen (continuous) weight function w # 0, let ¢ € C*(Q) N Wy (Q) be such that —A,¢ = w in Q. Tt is
well known that ¢ > 0 in .

By setting a = (||¢Hoo)7(p71), W= % and B,y = {v € RN : |v| < uM} we assume that the continuous
nonlinearity f satisfies, for some arbitrary positive constant M:
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(H1) 0 < f(x,u,v) < aw(x)MP~1, (z,u,v) € Q x [0, M] X By,

flz,u,v)

up~1

(H2) lim

u—0t

(H3) f(x,u,v) < C(|u])(1+ |vfP) for all (z,u,v), where C': [0,00) — [0, 00) is increasing.

> Nw(z), (2,v) € Qx Byy  (uniformly)

In Figure 1, hypotheses (H1) and (H2) are interpreted in a particular situation.

z

Figure 1: For f(z,u,v) = w(x)g (u,|v|) and p = 2: (a) the graph of g(u,t) passes through a “box with a small step”
in its floor; (b) for each ¢ € [0, uM], the graph of g(u, c) passes through the gray area.

We state the main result, where u; denotes the positive first eigenfunction of the Dirichlet problem (0.2),

normalized such that ||u1]/e = 1:

Theorem 1.1. If the nonlinearity [ satisfies (H1) — (H3), the Dirichlet problem (0.1) has at least one positive
solution u € C*(Q) N W, P(Q) satisfying the bounds

M¢
Pl

O<eup <u< (1.3)

for all e > 0 sufficiently small.
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EXISTENCE RESULTS FOR THE KLEIN-GORDON-MAXWELL

EQUATIONS IN HIGHER DIMENSIONS WITH CRITICAL EXPONENTS
P. C. CARRIAO*, P. L. CUNHAT & 0. H. MIYAGAKI *

This article concerns the existence of solutions for the Klein-Gordon-Maxwell (XGM) system in RY with critical

Sobolev exponents

—Au+[m2 — (w4 ¢)Hu = plu|T?u+ [u* 2u inRY, (0.1)
Ap = (w+¢)u? inRY (0.2)

where 2 < ¢ < 2* = 2N/(N —2), 1 > 0, mg > 0 and w # 0 are real constants and also u, ¢ : RV — R.

Such system has been first introduced by Benci and Fortunato [1] as a model which describes nonlinear Klein-
Gordon fields in three-dimensional space interacting with the eletromagnetic field. Further, in the quoted paper [2]
they proved existence of solitary waves of the couplement Klein-Gordon-Maxwell equations when the nonlinearity
has subcritical behaviour.

Some recent works have treated this problem still in the subcritical case and we cite a couple of them.

D’Aprile and Mugnai [4] estabilished the existence of infinitely many radially symmetric solutions for the sub-
critical (KGM) system in R®. They extended the interval of definition of the power in the nonlinearity exhibited
in [2]. For related works, see [8] and [10].

Non-existence results and a treatment of the (KXGM) system in bounded domains can be found in ([3], [5], [6],
[7] and references therein).

With this Ansatz Cassani [3] proved the existence of nontrivial radially symmetric solutions in R? for the critical

case. He was able to show that

o if |mg| > |w| and 4 < g < 2%, then for each p > 0 there exists at least a radially symmetric solution for system
(0.1)-(0.2).

o if mg| > |w| and g = 4, then system (0.1)-(0.2) also has at least a radially symmetric solution by supposing
u sufficiently large.

The goal of this paper is to complement Theorem 1.2 from Cassani in [3] and also extend it in higher dimensions.

1 Mathematical Results

Theorem 1.1. Assume either |mg| > |w| and 4 < g < 2* or |mo|\/qg — 2 > |w|vV2 and 2 < q < 4.
Then system (0.1)-(0.2) has at least one radially symmetric (nontrivial) solution (u,¢) with u € H*(RY) and
¢ € DV2(RY) provided that

i) N>6, N=5for2<q<$5 N=4and N=3 ford<q<2*, ifpu>0

it) N =15 for % <qg<2and N =3 for2<q<4, ifp is sufficiently large.

Proof In order to get this result we will explore the Brézis and Nirenberg technique and some of its variants. See
eg. 9. O
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CAMPOS QUADRATICOS NO PLANO COM LIGACOES DE SELAS EM

LINHA RETA.
P. C. CARRIAO*, M.E.S. coMmES T & A.A. GASPAR Ruas?

Apresentamos uma classificacdo dos retratos de fase dos campos de vetores quadraticos no plano que possuem

uma reta invariante contendo duas selas e as singularidades finitas formam um quadrilatero.
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PERTURBATION THEORY FOR SECOND ORDER EVOLUTION

EQUATION IN DISCRETE TIME
AIRTON CASTRO * & CLAUDIO CUEvAS T

This work deals with the existence, uniqueness and stability of solutions for semilinear discrete second order
evolution equations in Banach spaces by using recent characterization of well-posedness for second order evolution

equations in terms of R—boundedness and ¢, —multipliers.

1 Introduction

Let X be a Banach space and let A be a bounded linear operator. In Ref. [1], Castro et al. have characterized
the well-posedness in weighted spaces ¢},(Zy; X) := {(xy) : (r™"zy) € £,(Z+; X)} (r > 0) for the following discrete
second order evolution equation:

A%, — Auy, = fn, n€Zy, (1.1)

with zero initial condition, f € ¢,(Z; X) and A € B(X). The well-posedness of equation (1.1) in weighted spaces

0,(Z4; X) is equivalent to the well-posedness of the evolution equation
Afzn —r?Ax, = f,, forallneZ,, (1.2)

in the usual spaces £,(Z4; X ). The authors shown how R—boundedness properties of the resolvent operator A and
£,—multipliers can be used to obtain a characterization of well-posedness of equation (1.2) in UMD spaces, i.e.
Banach spaces with unconditional martingale difference . The probabilistic characterization of UM D turns out to
be equivalent to the LP—boundedness of the Hilbert transform. Classical theorems on LP—multiplier are no longer
valid for operator-valued functions unless the underlying space is isomorphic to a Hilbert space. However, recent
work of Clément et al. [2], Weis [ 6, 7] and Clément and Priiss [3], show that the right notion in this context is
R—boundedness of the sets operators.

In this article, we are concerned with the study of existence and stability for the semilinear evolution problem
A2z, —r*Az, = G(n,z,, Avzy,), foralln€Z,, xz9=x; =0, (1.3)

this is accomplished by using the well-posedness properties of the vector-valued evolution equation (1.2). A mo-
tivation for this study is the recent articles by Cuevas and Lizama Ref. [4] and Cuevas and De Souza Ref. [5],
where the authors have treated discrete semilinear problems for certain evolution equations of second order. We
generalize several results presented in the previous papers as qualitatively as extending to a more general class of

equations.

2 Results

We make the following assumption:

Assumption (A): Suppose that the following conditions hold:
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(i) The function G : Z; x X x X — X satisfies a Lipschitz condition in X x X, i.e. for all z,w € X x X
and n € Zy, we get ||G(n,z) — G(n,w)||x < pnllz — w||xxx, where p := (p,) is a positive sequence such that
> om0 PrY(T,n) < Fo0.

(ii) G(e,0,0) € [1(Z+; X).

Teorema 2.1. Assume that o = 142, r > 1o, 1/(14++/2) < 1. Let X be a UMD space and T € B(X) be an
analytic operator and assume that the following conditions hold:

(a) Assumption (A) is fulfilled.

(b) The set M :={(z —1)?((z—7r)2 =7r2(I = T))"': |z| = ar, z # ar} is R-bounded.

Then, there is an unique solution T = (z,,) of equation (1.8) such that (A2z,,),((I — T)z,) belong to £,(Z+; X).
Moreover, one has the following a priori estimates for the solution:

sup | (lzallx + [1Arzn][x)] < |IG(e,0,0)|[1][per(r, o)[[7 1A, (2.4)
nely 7(T7 n)
and
|AZ2]|, + [[r*(I = T)a||, < C(r)[|G(e,0,0)|1e**), 1< p < 400, (255)

where C(r) is a constant depending on r and A(r) := 2(1 + 2[|K"||3u, z, ,x)))O(r)||pey(r, ®)||1 and

2 —
ﬁ7 fOT r< 17
—r P
G(T) = #7 f07" r > 17 (26)
r— P
1, forr=1,

Teorema 2.2. Let X be a UMD space. Assume that o = 1+ /2,7 > 1o, 1/(1 +/2) < 79 and (A) hold. In
addition, suppose that T € B(X) is an analytic operator with 1 € p(T') and the set M in (b) of Theorem 2.1 is
R—bounded. Then, the system (1.3) is stable, that is the solution x = (x,) of (1.3) is such that x, — 0 as n — oo.
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RELAQAO ENTRE HOMOTOPIA MONOTONICA DE TRAJETORIAS DE
UM SISTEMA DE YOUNG E CONJUGAQAO DE SISTEMAS DE YOUNG

P. J. CATUOGNO* & M. G. O. VIEIRA T

O conceito de homotopia monotonica de trajetorias foi explorado por F. Colonius, E. Kizil e L. A. San Martin
[2] no contexto de sistemas de controles associados a equagoes diferenciais ordindrias. No presente trabalho, intro-
duzimos a nocao de homotopia monotonica de trajetérias no contexto de sistemas de Young e obtemos resultados
que permitem relacionar homotopia monotonica e conjugacao de sistemas de Young.

Considere T > 0. Denotamos o intervalo [0, 7] por J e dado um espago de Banach E, denotamos o conjunto de

todos os caminhos continuos de J em E por C(J, E).

Definicao 0.1. Sejam p € [1,00) e E um espaco de Banach. A p-varia¢do de um caminho X:J — E é definida
por

I1X]| "o (0.1)

p,J = ( sup Z "Xtri+1 - Xti
DeP(J)t;eD

onde P(J) denota o conjunto de todas as partigoes D = {0 =g < ... < tx—1 < tx, = T} do intervalo J.

Dado um espago de Banach E, o subconjunto de C(J, E) constituido de todos os caminhos continuos de J em

E com p-variacao finita é denotado por VP(J, E) e tal subconjunto é um espaco de Banach quando munido com a
norma da p -variacdo dada por

IXlhvr .y = 1X . + sup Xl (0.2)

Definigao 0.2. Sejam E; e E5 espagos de Banach, 1 < p < ~, f € Lip"(Es, L(E1, Es)), A C VP(J, E1) um conjunto

fechado por reparametrizacoes positivas e por concatenagoes e M C E5. Dizemos que a lista
(f, A, M) (0.3)

é um sistema de Young com p-varia¢do para o qual J é o intervalo de defini¢cdo, E1 e Es sa0 0s espagos associados,

f é o campo, A é o conjunto dos controles de integracdo e M é o espaco de estados.

Definicao 0.3. Seja ¥ = (f, A, M) um sistema de Young com p-variagio, definido no intervalo J e com FE; e Fs

espagos associados. Os elementos do conjunto
T(X)={a e V(] Ey):a. =u+ [,flas)dX,, X € A e a(J) C M} (0.4)
sao chamados de trajetorias do sistema de Young .

Dado ¥ = (f,A, M) um sistema de Young com p-variagdo, definido no intervalo J e com F; e FEy espagos
associados, denotamos uma trajetéria a € T'(X) por I%(X) para indicar que oy = u + fotf(as) dXs, para algum
X € A eparatodot € J. Dados u,v € M, o conjunto das trajetorias do sistema ¥ que iniciam em u e terminam
em v é denotado por T(X, u,v) e tal conjunto serd munido com a topologia 77 induzida pela norma da p-variacao
em VP(J, Es).

Definicao 0.4. Sejam p € [1,00), ¥ um sistema Young com p-variacdo e o, € T'(X, u,v). Dizemos que a € p -
monotonicamente homotdpica a (3, com respeito ao sistema 3, se existe um caminho continuo H: [0,1] — T(X, u,v)

em relagao a topologia 7P tal que H(0) = o e H(1) = 5. O caminho H é chamado homotopia p -monoténica.
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Usamos a notagao a =, § para dizer que o é p-monotonicamente homotépica a 3 e a notacao H: o ~, 3 para

indicar que H é a homotopia p-monoténica entre a e 3.

Proposicao 0.1. Sejam p € [1,00), ¥ um sistema de Young com p -variagdo e a, 3 € T(3,u,v). Se a ~, § (com
respeito a ), entdo existe uma aplica¢do continua L:J x [0,1] — M satisfazendo:

i) L(t,0) = oy e L(t,1) = B¢, para todo t € J.

ii) L* € T(X,u,v), para todo s € [0,1], onde L*(t) = L(t, s).

Decorre da proposigao acima que se a ~~, 3, entdao o >~ (3, onde ~ denota a relagao de equivaléncia dada pela
homotopia cldssica entre caminhos continuos. Entretanto, existem sistemas de Young X, com «, 5 € T(X, u, v), nos
quais o > 3 e néo existe H:[0,1] — T'(X,u,v) tal que H:a =), .

No estudo dos sistemas de Young um problema que pode ser considerado é o de comparar dois sistemas,
identificando-os se eles tiverem as mesmas propriedades essenciais de estrutura. Nos sistemas de Young as trajetorias
sao os elementos mais relevantes, portanto, é de se esperar que qualquer nocao de equivaléncia entre sistemas de
Young preserve de alguma forma as trajetérias.

Definigdo 0.5. Sejam ¥ = (f,A, M) e ¥’ = (g,A, N) dois sistemas de Young com p-variagdo e definidos no
intervalo J. Dizemos que X é topologicamente conjugado a Y se existe um homeomorfismo h: M — N, chamado
de conjugacao, tal que

RIEX)() = ™ (X)(2) (0.5)

para todo (t,u,X) € J x M x A.
A seguir apresentamos o principal resultado deste trabalho.

Teorema 0.1. Sejam L:J x [0,1] — M wuma aplicagio continua e ¥ = (f, A, M) um sistema de Young com
p -variagao, definido no intervalo J e com Ey e Ey espacgos associados. Se H(s) € T(X,u,v), para todo s € [0,1],
onde
H(s)(t) = L(t, s) (0.6)
entdao as sequintes afirmacoes sao validas:
i) Eziste uma sequéncia {H"}nen C C([0,1],V(J, E2)) equicontinua tal que lim ||[H™(s) — H(s)|lva(sE,) = 0,
n—oo
para todo s € [0, 1] e para todo q > p.
ii) H : [0,1] — T(X,u,v) € uma homotopia q -monoténica, para todo q > p.
iii) Se sup || H(s)|/p,s < oo entdo H : [0,1] — T(X,u,v) € uma homotopia p -monotdnica.
s€[0,1]

Com o teorema acima obtemos o proximo resultado, o qual permite relacionar a nocao de homotopia monotoénica

de trajetorias de um sistema de Young com a nocao conjugagao entre dois sistemas de Young.

Teorema 0.2. Sejam ¥ e ¥/ sistemas de Young com p-variagio e o, € T(X,u,v). Se a ~, e h é uma

conjugagdo entre ¥ e X' entao hoa =~y ho f3, para todo q > p.
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EXISTENCE OF SOLUTIONS IN WEIGHTED SOBOLEV SPACES FOR
DIRICHLET PROBLEM OF SOME DEGENERATE SEMILINEAR

ELLIPTIC EQUATIONS
A.C. CAVALHEIRO *

In this paper we prove the existence of (weak) solutions in the weighted Sobolev spaces Wy*(€,w) for the
Dirichlet problem

Lu(z) — pu(z)g(z) = — f(z, u(z)), on Q
(P) { u(x) =0, on 00

where L is the partial differential operator

n

Lu(z) = — Z Dj(a;;(z)D;u(x)), (0.1)

i,j=1
with D; = 0/0z; (j =1,...,n), Qis a bounded open set in R™, where the coefficients a;; are measurable, real-valued

functions whose coefficient matrix A = (a;;) is symmetric and satisfies the degenerate elliptic condition

n

NePw(@) < Z a;j(z) & & < AJefPw(a), (0.2)

ij=1

for all £ €R"™ and a.e. x €, w is weight functions (i.e., locally integrable, nonnegative function on R") and p€R .

Let w be a locally integrable nonnegative function in R™ and assume that 0 < w < oo almost everywhere. We
say that w belongs to the Muckenhoupt class A,, 1 < p < oo, or that w is an Ap,-weight, if there is a constant

C = C,, such that
1 1 1/(1-p) o
— | w(x)dx —/w _pxdx> <C
(1 f, =) (31, (@)

for all balls B C R™, where |.| denotes the n-dimensional Lebesgue measure in R”.

Theorem 1 Let w be a weight function, w € Ay. Suppose that

(H1) The function f : Q x R—R satisfies the Carathéodory condition, that is, x+— f(x,t) is on Q for allt €R and

t f(z,t) is continuous on R for almost all x € §2;

(H2) There exist two nonnegative functions g; € L*(Q,w) and ga € L>=(Q) such that |f(z,t)| < g1(x) + g2(z)|t]|;

(H3) The function t— f(x,t) is monotone increasing on R for all x € Q;

(H4) |g(2)| < Crw(x) a.e. z€Q.

Then the problem (P) has exactly one solutionu € Wy > (Q,w). Moreover, if g1 € L*(Q,w) N L*(Q,w™ ") and ga/w € L®(Q),
then

[ullwi2@uw) < C2ll91ll L2001y
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Example Let Q = {(z,y) €R? : 2 + 3? < 1}, and consider the weight w(z,y) = (2 + y?)~'/? (w € Ay), and the

; cos(x
function f : QxR —-R, f((z,y),t) = (x2+(y2y))1/2

4 —1/20u 9 _1/90u
Lu(x,y):_ax<a(w2+y2) 1/2833) _%(b(x2+y2) 1/26y>

with 0 < a < b, g(z,y) = sin(zy) /(2% + y2)/2, g1(z,y) = (22 + y*)~Y/2 and gy(z,y) = e~ @) By Theorem 1
the problem

+ te=@*+¥") Let us consider the partial differential operator

{ Lu(z,y) - :U‘u(x’y) g(z,y) = —f((z,y),u(:c,y)), on 2
u(z,y) =0, on 00

has a solution u € Wy % (Q,w).
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BIFURCATION IN A MECHANICAL SYSTEM WITH RELAXATION

OSCILLATIONS
MARCIO JOSE HORTA DANTAS *f

Consider the system:
2wl = d+p(l-a?)a, p>1

1" ’ ’ 3
y +wly = exy—kx (y) .

This equation appears as a simplified model of the action of a wind field on suspended cables. For details see [1].

(0.1)

The progressive damping, x2:17/, has been included to ensure a limited vibration amplitude. Notice that (0.1) is an
autoparametric system. Indeed, if y = 0 there is a van der Pol oscillator with a relaxation oscillation because of
the condition > 1. In this note, it is shown that, under adequate conditions on the coefficients wy,ws,d, €, k,
(0.1) has a periodic orbit which stability depends on some inequalities satisfied by those parameters. If not , one
has unstable periodic orbit. In other words, it is obtained a bifurcation result for the system (0.1) . It would be

emphasized that this bifurcation result is new in the literature in this field. See, for example, [2] and [3].

1  Preliminary Results

The system (0.1) can be rewritten as a singularly perturbed system. Hence, one gets

xr = u,
’ —
/ ’ 1.2
v o= —wiy+exy — kuvd, (12)
U = ¢ (fw%x + dyz) + (1 - x2) U

where e = 1/pu. For (1.2) can be used the result of [4] on Invariant Manifolds. For that, it is necessary to assume
the following inequality
1—-2?<-28<0, (1.3)

for some 3 > 0. Hence there is an invariant manifold M. given by the graph of

2. 32
u= 5M +0 (%). (1.4)

1— 22

By substituting (1.4) in (1.2), ,  the following reduced system is obtained

Qo= edirmdt (%),

, 1—a2

= v, (1.5)
2 2

—wiy + exy — akiwllﬂz‘iy 24+ 0 (52) ,

’

v

Now, assume that
w2 —ex >0, (1.6)

and define w = w (z) = /w3 — ex. Then, (1.5) can be written as

, 2 52
do— et o),
' = ’U, (1.7)
! 2 wiz—dy® 3 2
voo= —wy—cek{—_7v +O(€),

*Faculdade de Matematica, Universidade Federal de Uberlandia, Uberlandia, MG, Brasil, e-mail: marcio@ufu.br
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Now, consider the following change of variables y = rsin (0), v = wrcos (0). Applying it at (1.7) one gets

/ wiz—dr?sin?(0 2
r = eIt ()+O(€ ),

1—x2

4 wiz—dr?sin® w?rcos® (0 ercos?
roo= e (9)<( o) 4 2w2(9)>+0(52) (1.8)

’ wiz—dr?sin® w3rdcos®(0)sin ersin(0)cos
o = w-eduzars (9)( (0)sin(0) | ersin(0) <e>)+0(€2).

‘We have

da w2zfdr25in2(9)
5 - 5 () o),

(1.9)
g = g (S0 (Cpuiteost (9) + S5O 4 O(c2)

w 1—x2 2w?2

Now, we shall use the Averaging Method in order to study the dynamics of (1.9). The averaged system is given by

de e 2nwilz—mdr?® 2
e~ 27 w (1—z2) +0 (E )

(1.10)
d o 7rr(6w4kr2w12zf4ew12sz4dkr4+der2) 2
d75 - i 8w3 (z2-1) +O(€ )

2 Main Result

Using (1.10), the results on Invariant Manifolds given at [4] and taking into account the inequalities (1.3), (1.6) one
obtains the following result.

Suppose that the following inequalities hold

V22

Ve <wy, T2 <133le (w3 - e)’. (2.11)
Let k& be such that
de 3de? 1331 d 2
Keint = it Y 2.12
inf max{4w12 (w22 —6)27 2w12w26} 288w12w26 up ( )

From (2.11), (2.12), [5], pg.301, Theorem 6.6.2 , pg.304 and [4] one obtains that (1.2) has a periodic solution. It

can be concluded if k is adequately near of ksyp, k < ksyp and wy < % such orbit is orbitally stable, see

[5]. Suppose that (2.11); and k > A33Lde® 1014, Thus one gets that the above periodic orbit is unstable.

288 w12 (.AJQG
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S-ASYMPTOTICALLY w-PERIODIC AND ASYMPTOTICALLY ALMOST
AUTOMORPHIC SOLUTIONS FOR A CLASS OF PARTIAL

INTEGRODIFFERENTIAL EQUATIONS
BRUNO DE ANDRADE*, ALEJANDRO CAICEDO* AND CLAUDIO CUEVAS *f

Resumo

In this work, we study the existence of S-asymptotically w-periodic and asymptotically almost automorphic
solutions for a class of partial integrodifferential equations.

1 Introduction

The study of existence of almost periodic, asymptotically almost periodic, almost automorphic, asymptotically
almost automorphic, pseudo almost periodic and pseudo almost automorphic solutions is one the most attracting
topics in the qualitative theory of differential equations. However, the literature concerning S-asymptotically w-
periodic functions with values in Banach spaces is very new (cf. [2,3,5]). We investigate existence of S-asymptotically

w-periodic and asymptotically almost automorphic solutions for a class of integrodifferential equations (cf. [4]).

2 Existence Results

In this work, we study the existence of S-asymptotically w-periodic and asymptotically almost automorphic solutions
for a class of abstract partial integrodifferential equations of the form:

u'(t) = Au(t) + /0 B(t — s)u(s)ds + g(t,u(t)), t >0, (2.1)

w(0) = o, (2.2)

where A : D(A) C X — X, B(t) : D(B(t)) € X — X, t > 0, are densely defined, closed linear operators on a
Banach space X; D(A) C D(B(t)) for every t > 0 and g(+) is a continuous function, zy € X.

We will assume the following condition:

(A) The resolvent operator (R(t));>o is uniformly exponentially stable, i.e., || R(t)|| < Me=% for all t > 0 and
some constant M,d > 0.

Teorema 2.1. Assume that (A) is fulfilled. Let g : [0,00) x X — X be a continuous function such that g(-,0) is

integrable on [0,00) and there is an integrable function L : [0,00) — [0, 00) such that

lg(t, ) — gt ) < L)z -yl (2.3)

forallz,y € X andt > 0. Then the problem (2.1)-(2.2) has a unique S-asymptotically w-periodic mild solution for
all w> 0.

*Institui¢io, DMAT-UFPE, PE, Brasil, e-mail bruno00luis@gmail.com, alejocro@dmat.ufpe.br, cch@dmat.ufpe.br
fThe third author is partially supported by CNPQ/Brazil



To establish our next result, we consider functions g : [0,00) x X — X that satisfies the following boundedness
condition.

(B) There exists a continuous nondecreasing function W : [0, 00) — [0, 00) such that ||g(¢,z)|| < W(||z||) for all
t €[0,00) and z € X.

Teorema 2.2. Assume that (A) is fulfilled. Let g : [0,00) X X — X be an uniformly S-asymptotically w-periodic
on bounded sets and asymptotically uniformly continuous on bounded sets that satisfies assumption (B), and the
following conditions:

(a) For each v > 0, limy_, oo ﬁ fot e =)W (vh(s))ds = 0. We set

i

B) = || IRC)zoll + M / I wh(s)ds||

where M is the constant given in Condition (A).

(b) For each € > 0 there is r > 0 such that for every u,v € Cp(X), ||[v — ul|p <7 implies that
Mfot e 0= g(s,v(s)) — g(s,u(s))|ds < &, for all t € [0, 00).

(¢c) For all a,b € [0,00), a < b, and r > 0, the set {g(s,h(s)x):a <s<b, x € X,|z|| <r} is relatively compact
m X.

(d) iminfe_, o %&) > 1.

Then the problem (2.1)-(2.2) has an S-asymptotically w-periodic mild solution.

Teorema 2.3. Let g € AAA([0,00) x X; X) such that satisfies assumptions (B), (a), (b), (c) and (d) of Theorem
2.2 and the following condition:

(a)* g(t,-) is uniformly continuous on bounded sets uniformly for t € [0,00), that is, for every e > 0 and every
bounded subset K of X, there exists de x> 0 such that ||g(t,z) — g(t,y)|| < € for allt > 0 and all x,y € K, with
[z —yll < e k-

Then there exists an asymptotically almost automorphic mild solution to Eq. (2.1)-(2.2).
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ALMOST AUTOMORPHIC AND PSEUDO-ALMOST AUTOMORPHIC
SOLUTIONS TO SEMILINEAR EVOLUTION EQUATIONS WITH

NONDENSE DOMAIN
BRUNO DE ANDRADE AND CLAUDIO CUEVAS *f

Resumo

In this work we study the existence and uniqueness of almost automorphic (resp. pseudo-almost automorphic)
solutions to a first-order differential equation with linear part dominated by a Hille-Yosida type operator with

non dense domain.

1 Introduction

In recent years, the theory of almost automorphic functions has been developed extensively (see, e.g., Bugajewski
and N’guérékata [2] and the references therein). However, the literature concerning pseudo almost automorphic
functions is very new. Recently an interesting article has appeared by Liang et al. [5] concerning the composition
of pseudo almost automorphic functions. The same authors in [6] have applied the results to obtain pseudo-almost

automorphic solutions to semilinear differentail equations (see also [7]).

2 Existence Results

In this work, we study the existence and uniqueness of almost automorphic and pseudo-almost automorphic solutions
for a class of abstract differential equations described in the form

() = Azx(t)+ f(t,x(t)), t € R, (2.1)

where A is an unbounded linear operator, assumed to be Hille-Yosida of negative type, having the domain D(A),
not necessarily dense, on some Banach space X; and f: R x Xy — X is a continuous function, where Xo = D(A).
The regularity of solutions for (2.1) in the space of pseudo-almost periodic solutions was considered in Cuevas and

Pinto [3] (see [4]).

Teorema 2.1. Assume that f : R x Xg — X be an almost automorphic function in t € R for each x € Xg and
assume that satisfies a L— Lipschitz condition in © € Xo uniformly int € R. If CL < —w, where C > 0 1is the

constant in Lemma 2.5 in [1], then (2.1) has a unique almost automorphic mild solution which is given by

t

wt) = [ Toat- ) f(sylo)dst € R (22)
— 00

Teorema 2.2. Assume that f : R x Xg — X be a pseudo-almost automorphic function and that there exists a

bounded integrable function Ly : R — [0, 00) satisfying

f(t2) = fE9)I < Lyl =yl t € R, 2, y € Xo. (2.3)

Then (2.1) has a unique pseudo-almost automorphic (mild) solution.
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WEAK AND PERIODICAL SOLUTION FOR THE EQUATION OF

MOTION OF OLDROYD FLUID WITH VARIABLE VISCOSITY
G. M. DE ARAUJO* & S. B. DE MENEZES T

It is well know that, the motion of an incompressible fluid is described by the system of Cauchy equations
ou ou
T vy = di . divu=0, 0.1
at—i—uza% p=divo+ f, divu (0.1)
where u = (ug,...,uy) is the velocity, p is the pressure in the fluid, f is the density of external forces and o is
the deviator of the stress tensor. The Hooke’s Law establishes a relationship between the stress tensor ¢ and the
aui 8uj
+
&rj (9332

fluid the relationship has the form o = aD + 3D? where a and 3 are scalar functions. If a@ = constant = 2v > 0

1
deformation tensor D;j(u) = 3 ( ) and their derivatives. For example, for an incompressible Stokes

and § = 0 we have the Newton’s Law o = 2vD, which substituting in (0.1) we obtain the equations of motion of
Newtonian fluid, which is called the Navier-Stokes equations:

v —vAu+ (u.V)u+Vp=f, divu=0.

Oldroyd proposed a model of a viscous incompressible fluid whose defining equations has the form Its follows that

0o 10D

Multiplying (0.2) by e&, integrating and assuming that o(z,0) = D(z,0) = 0, we obtain

t
oz, t) = 2kA"1D(2, ) + 22" (v — kA7) /0 5 D(, €)de 0.3)

k
where A, v, k are positive constants with v — — > 0. Thus, substituting (0.3) in (0.1), the equation for the motion
of Oldroyd fluid can be written by the system of integro-differential equations

a t

6—? + (u.V)u — pAu — / Bt —&Au(z,§)dé+Vp=f, x€Q,t>0 (0.4)
0

and the incompressible condition divu = 0, « € Q, t > 0, with initial and boundary conditions u(z,0) = ug, = €

Q, and u(z,t)=0x €T, t>0. Here, u = kA~ > 0 and S(t) = ve~%, where v = \~* (1/ — k)fl) with § = A71.

In Lions [5] we find investigation for a mixed problem for the case of the Navier-Stokes with viscosity of the type

1%,

v =1y + v||u(t)]|*, vo > 0 and v; > 0 are positives constants.

In the present work we consider a mixed problem similar to Lions [5], adding a memory term, that is

t
—/ g(t — 0)Au(o)do. More precisely, in this paper we study the mixed problem
0

ou

G+ 9w o+ alulau - [ (- ) Au(w, g + - f (05)
0

with the incompressible condition divu = 0, x € £, t > 0 and initial and boundary conditions u(z,0) = ug, = €
Q, and wu(z,t) =0z €T, t > 0 under standard hypothesis on f and ug. Making use of the Galerkin’s approxima-

tions, we establish existence of weak solutions. Uniqueness and periodical solutions are also analyzed. We consider
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g :[0,00) — [0,00) is a function of W'1(0, 00) such that g(t) = ye™®, with v = £2 and § positive constants.
We define the following spaces V={peD)"; divy = 0}, V V( ) with inner product and norm denoted

respectively by (( Z / gj: 821 (x)dz, ||jul* = Z / <ggz ) dr, H = H(Q) with inner prod-
j j

7,7=1 7,7=1

uct and norm defined, respectively, by (u,v) = Z/ wi(z)vs(x) de,  |ul* = Z/ lui ()| dz and V with inner
=179 =179

n

product and norm denoted, respectively by ((u, z))v, = Z(ui, vy, lully, = ((u,u))vs,
i=1

We introduce the following bilinear and the trilinear form

aul 81}1 3”]
a(u,v) Z / axj 890] (z) dzx = ((u,v)) and b(u,v,w) Z / ui(x 89&1 w;(x) de.

,j=1 ,j=1

Next we shall state the main results of this work.
Definition 0.1. A weak solution to the boundary value problem (0.5) is a function v : @ — R™, such that
u € L0, T; V)N L>(0,T; H), for T > 0, satisfying the identity

(v, v) + pa(u,v) + b(u, u,v) + (Au,v) — (/o g(t — o)Au(o)do, U) dt = (f,v)dt, Yv e V. 04

u(z,0) = up(x).

Remark 0.1. We denote by A the monotonic and hemicontinous operator A : V. — V' | (Au,v) = |lul*a(u,v)
(see, for example, Lions [5], p. 218). We have that Au = —||u||*Au.

Theorem 0.1. Ifn < 4,f € LY3(0,T;V’) and ug € V, then there exists a function u = u(z,t) defined for
(z,t) € Q, solution to the boundary value problem (0.5) in the sense of Definition 0.1.

Theorem 0.2. We suppose that n = 2,3, then there exists a unique function u solution to the boundary value
problem (0.5) in the sense of Definition 0.1.

Theorem 0.3. Under the assumptions of Theorem 0.1, there exists a function u : Q — R”, solution to Problem
(0.5), in the sense of Definition 0.1, such that u(0) = u(T).
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NUMERICAL ANALYSIS OF AN EXPLICIT FINITE ELEMENT

SCHEME FOR THE CONVECTION-DIFFUSION EQUATION
J.H. CARNEIRO DE ARAUJO * V. RUAS! P. R. TRALEsS 1}

This work deals with an explicit scheme for solving time-dependent convection-diffusion problems in N-dimension-
al regions of arbitrary shape, for N > 1. The scheme is based on a piecewise linear finite element approximation.
This is combined with a suitable weighted mass matrix, but the technique can also be applied to other types of
space discretization. Convenient bounds for the time step in terms of both the weights and the mesh step size,
leads to the stability of the scheme in the maximum norm, in both space and time. Convergence in the same sense
is also proven to hold under the classical acute angle condition.

The time-dependent convection-diffusion equation is expressed as follows:

Find a scalar valued function u(x,t) defined in €2, a bounded open subset of R with boundary 82, for N = 1,2
or 3, for every time t, 0 < t < 400, such that,

Ou

E—Fa-Vu—uAu:f; in  x (0, 00)

u=g; on 90 x (0,00) (0.1)

u=u"; inQfort=0
where v is a positive constant and a is a given solenoidal velocity. The data f and g are respectively, a given
forcing function belonging to L>®[Q x (0,00)], and a prescribed boundary value in L[99 x (0,00)]. We assume
that u® € L>°(Q), and that for every ¢t € (0,00), a(-,t) € L>=(Q).

The numerical solution of equation (0.1) is known to be delicate in the case where convection is largely dominant,
that is, the case where v << ||a(-,t)||c0,0, Vi

The efficient solution of problems combining both diffusive and advective phenomena, is a crucial step to
handle numerical simulations in countless technological applications, in particular those involving fluid flow. In the
framework of numerical simulations with finite elements, one of the first techniques employed to model convection
was the so-called Lesaint-Raviart method (cf. [6]). However a little later relevant contributions to the time-
dependent case incorporating diffusion arose, as it is well reported in [4]. In this respect we should quote the
pioneer upwinding schemes due to Tabata and collaborators (see e.g. [8] and [1]).

Since the mid-eighties, the most widespread manner to deal with dominant convection in finite element codes
has been the use of stabilizing procedures based on the space mesh parameter, among which the streamline upwind
Petrov-Galerkin (SUPG) technique introduced by Brooks & Hughes [2] is one of the most popular. However, as
far as time time-dependent problems are concerned, it turns out that the time step plays a better stabilizing role,
provided a formulation well suited to the equations to be solved is employed. A good illustration of this assertion
in the case of the time-dependent Navier-Stokes equations can be found in [3].

Ruas, Brasil Jr. and Trales gave in [7] a contribution in this direction, in the case where convection-diffusion
equation (0.1) is discretized in space with piecewise linear finite elements, combined with a non standard explicit
forward Euler scheme for the time integration, and a standard Galerkin approach. However contrary to most
methods employed in the same context, this method uses a classical lumped mass matrix on the left hand side and
a suitably weighted mass matrix on the right hand side. In so doing it turns out to be simple to implement and

well performing, even in the case of largely dominant convection.
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A main theoretical result proven in [7] states that the numerical solution is stable in the maximum norm in
both space and time, and even convergent under a classical angle condition, provided that roughly the time step is
bounded by the space mesh parameter multiplied by a mesh-independent constant that we specify. As the authors
should clarify, the scheme studied in this paper follows similar principles to the one long exploited by Kawahara and
collaborators, for simulating convection dominated phenomena (see e.g. [5] among several other papers published
by them before and later on). As shown in those papers their scheme generates stable approximations under non
restrictive conditions on the time-step. However the strength of the present scheme as compared to theirs, relies on
the fact that it is consistent even for non uniform meshes in any space dimension. Actually rigorous conditions are
exhibited here for it to generate first order convergent approximations in the sense of the maximum norm.

An outine of this work’s presentation is as follows: First we describe the type of approximation that char-
acterizes the method under study for solving equation (0.1). More particularly we focus on the weighted manner
to deal with the finite element mass matrix on the right hand side at every time step, in order to obtain a stable
and consistent scheme independent of the choice of stabilizing numerical parameters. Next we recall the stability
results that hold for this method in the sense of the space and time maximum norm, applying to non restrictive sets
of weights. Then conditions to be satisfied by the weights, allowing for optimal error estimates derived in [7] are
specified. Finally we address the main contribution of this work, that is, a straightforward and systematic way to
determine a set of weights satisfying the above conditions, for each inner node of the mesh. Illustrative numerical
results obtained with this methodology complete the presentation.
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O PROBLEMA DE RIEMANN PARA UM SISTEMA DE LEIS DE
CONSER\/AQAO COM DADOS ESPECIFICADOS

A. J. DE SOUZA* & M. J. F. GUEDES |

Neste trabalho estamos interessados na resolugao do problema de Riemann para um sistema de leis de conser-
vagao, proveniente da modelagem matematica de um escoamento trifasico (4gua, dleo, gés) em um meio poroso,

dado por

0U(x,t)  OF(U(x,t))

= .1
9 o 0, zelR t>0, (0.1)

U_, se <0,
U(z,t =0) = (0.2)
Uy, se x>0,

em que as variavel dependente U(x,t) = (sw, Sg, So) representa as saturagoes das fases agua, oleo e gas, respect.,
e F(U) = (fu(U), fo(U), fg(U)) representa a funcao de fluxo do sistema. No problema especifico que estamos
tratando aqui o estado & esquerda U_ representa uma mistura do tipo gés-adgua a ser injetada num reservatério
petrolifero com o intuito de deslocar uma mistura tipo 4gua-o6leo, inicialmente residente no mesmo, representada
pelo estado a direita U,.

As saturagoes s, S, € 54 assumem valores no espago de estados, chamado de triangulo de saturacoes, dado por:

A ={(5w, S0, 5g) | 0 < 50y < 1,0 <5, < 1,0 < 59 <1, 5+ 50+ 55 =1}

As fungoes de fluxo fracionario do sistema (0.1) obtidas para o modelo de Corey, [2], com permeabilidades

relativas quadréticas, sao dadas por

3?//1;‘

)\(Sw’so’sg)7 t=w,o0,g,

fj(Swa Sos Sg) =

com, ,
2 2
s s s .
MSws S0, 8g) = 2 4+ 2+ L em que fy, foe gy Sa0 constantes.
Hw Mo Mg

O sistema (0.1) tem a peculiaridade de possuir quatro pontos umbilicos isolados (ponto com velocidades carac-
terfsticas coincidentes e matriz jacobiana multipla da matriz identidade), sendo que trés destes pontos correspondem
aos vértices do triangulo de saturagdes e o outro é interior ao triangulo dado por U = (pw/fhes fo/ s fog/ it), cOM
Ht = pow + fho + fig-

Em Isaacson et al [3] foi considerado o caso em que p,, = o = g Com isto o sistema (0.1) possuia uma simetria
tripla com relacdo as medianas do tridngulo das saturacdes fazendo com que o ponto umbilico U coincidisse com
o baricentro do tridngulo. Isto permitiu uma redugao considerdvel no nimero de casos a serem considerados
na descrigdo da solu¢do do problema de Riemann. Em seguida um segundo passo foi dado em Souza [5], onde
foi resolvido o problema de Riemann para dados iniciais arbitrarios no tridngulo das saturagoes, considerando
Hw > g = pho. No caso duas simetrias foram quebradas sendo que, com relacao ao caso de [3], o ponto umbilico foi

deslocado ao longo de uma das medianas do tridngulo de satura¢ées numa determinada direcao. Com isto o nimero
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de casos a serem considerados na descrigao da solugao aumentou substancialmente. Recentemente Azevedo et al [1]
foi considerado o caso da quebra total da simetria com p,, # pto # g # Hw, €m que o ponto umbilico U nio esta
mais sobre nenhuma das medianas do tridngulo das saturacoes, mas para o caso particular de o estado & direita Uy
coincidir com o vértice do triangulo das saturacoes correspondendo a composi¢ao inicial do reservatério de apenas
0leo, e o estado a esquerda U_ ao longo do lado que representa misturas bifasicas do tipo gas-agua. Neste trabalho
estamos considerando uma variagdo tanto do trabalho em [1] como em [5]. Fixamos a relacdo p, = po > fig,
em que o deslocamento do ponto umbilico U se d& ao longo de uma mediana do triangulo das saturacoes distinta
daquela considerada em [5]. Com relagao ao trabalho em [1], cujo estado a direita era fixado como um dos vértices,
passamos a considerar um caso de interesse mais pratico variando U, ao longo do lado do tridngulo das saturagoes
que representa a composigao inicial do reservatério como sendo uma mistura do tipo agua-6leo. Este lado é denotado
por WO. O estado U_ ¢é considerado como em [5] representando uma mistura do tipo gas-dgua ao longo de outro
lado do tridngulo das saturagoes, o qual é denotado por GW.

A metodologia utilizada para a construgao da solugao do problema de Riemann (0.1)-(0.2) consistiu, inicialmente,
em descrever as curvas de Hugoniot baseadas em estados U, ao longo do lado WO. Genericamente provamos que
estas curvas consistem do proprio lado WO conjuntamente com dois ramos de hipérboles interiores ao tridngulo das
saturacoes. Em seguida analisando os graficos das velocidades caracteristicas, bem como o grafico da velocidade
de choque, ao longo destes ramos de curvas de Hugoniot obtivemos trés estados especiais U determinando quatro
segmentos disjuntos ao longo do lado WO inferindo sequéncias de ondas com velocidades rapidas distintas na solugao
do problema. De maneira analoga, para cada estado & direita U, fixado num destes quatro segmentos, obtivemos
também um namero finito de estados especiais U_ separando segmentos disjuntos ao longo do lado GW para os
quais a estrutura da sequéncia de ondas de velocidades lentas sao distintas. Feito isto passamos a construir a solucao
do problema de Riemann em si a partir das varias sequéncias de ondas possiveis descritas nos dois passos iniciais.

Construida a solu¢ao para todos os estados a direita Uy, ao longo do lado WO, e para todos os estados a

1

esquerda, ao longo do lado GW, mostramos a dependéncia continua da solucao no sentido L; .

com relagao aos
dados iniciais e obtivemos também que para cada estado U, fixado existe um tnico estado & esquerda U_, chamado
de estado critico, para o qual a estratégia de injecao seja O6tima, isto é, a recuperagao seja méxima. Para este
estado critico mostramos que a solugao do problema de Riemann pode ser descrita por até trés sequéncias de
ondas com trajetorias distintas ao longo do tridngulo das saturagoes, mas que consistem exatamente da mesma
solugao no espaco fisico xt. Para U, em dois segmentos extremos ao longo do lado WO a solugao consiste de duas
ondas distintas, independentemente do dado a esquerda U_. Para U, nos outros dois segmentos internos ao lado
WO a solugao, para alguns estados & esquerda U_, pode consistir de até trés ondas, sendo a onda de velocidade

intermediaria nao classica no sentido de Lax, [4].
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ON SOLITARY WAVES FOR THE GENERALIZED

BENJAMIN-ONO—ZAKHAROV—KUZNETSOV EQUATION
A. ESFAHANI* & A. PASTOR |

We study the generalized Benjamin—Ono-Zakharov-Kuznetsov (BO-ZK) equation in two space dimensions,
up + OHUgy + Uy + vPu, =0, (7,y) € R?, t € RT.

Here p > 0 is a real constant, the constant ¢ measures the transverse dispersion effects and is normalized to +1,

the constant « is a real parameter and H is the Hilbert transform defined by

1 t
Hu(x,y,t) = p.v.—/ M dz,
R

™ T —z

where p.v. denotes the Cauchy principal value. When p = 1, the BO-ZK equation appears in electromigration and
the interaction of the nanoconductor with the surrounding medium, by considering Benjamin-Ono dispersive term
with the anisotropic effects included via weak dispersion of ZK-type (see [4]). In fact, the BO-ZK equation can be
viewed as a generalization of the well known one-dimensional Benjamin-Ono equation.

The solitary waves we are interested in are of the form

U(Jf, Y, t) = QDL(Q]‘ - Cta y)

By using some Pohojaev type identities and the concentration-compactness principle, we classify the existence and
non-existence of solitary waves depending on the sign of the dispersions and on the nonlinearity. In the framework
introduced by Cazenave and Lions [1] we study the nonlinear stability of solitary waves. More precisely, we prove
the following results.

Theorem 0.1. The BO-ZK equation do not admit any nontrivial solitary wave solution if none of the following

cases occur:

(i)e=1,¢>0,a<0,p<4;

)
(i) e=-1,¢<0, >0, p<4;
(i)
(iv)
Theorem 0.2. Let ¢ > 0 and 0 < p < 4/3. Then the solitary wave @, is Z-stable with regard to the flow of the
BO-ZK equation, that is, for all positive €, there is a positive § such that if ug € H®, s > 2, and ||ug — p.|lz <9,

then the solution u(t) of BO-ZK equation with uw(0) = ug satisfies

e=1,¢<0,a<0,p>4;

e=-1,¢>0,a>0,p>4.

sup inf ||u(t) — <,
up inf [uft) — vl <

where Z is the closure of C§°(R?) for the norm

2
2 _ 2 2 1/2
lell% = llelzaea) + leulzaey + [DF2¢] , oo

and N, is the set of the minimizers.
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SOLUCAO GERAL DA EQUACAO DE HAMILTON-JACOBI
UNIDIMENSIONAL

M. L. ESPINDOLA *

1 Introducao

A importancia pratica e conceitual da equacao de Hamilton-Jacobi pode ser apontada de maneira extensiva:
como um conceito fundamental em Mecénica Cldssica[l]; como uma ferramenta prética para resolver equagoes
diferenciais[2]; como uma base para a quantizac¢ao[3]; como uma aproximacao de ordem zero no método WKBI[4];
etc...

As solugoes da equagao de Hamilton-Jacobi sao usualmente determinadas como solugoes integrais pelo método de
separacao de varidveis. Mas solugoes gerais destas equagoes sao mais importantes, nao somente por seu significado
conceitual[5], mas porque geram uma infinidade de solugoes integrais.

O carater desta equagdo - uma equacao diferencial parcial ndo linear - faz com que a procura por uma solugao
geral seja quase sempre uma tarefa insuperdvel[6, 7], estando indisponivel até agora, algum procedimento que
aplicado a essas equagoes resulte numa solugao geral. Eo propésito deste artigo apresentar uma solugao para este

problema centenario no caso unidimensional.

2 Solucao Geral da Equagao de Hamilton-Jacobi

Considere a equagao mais geral de Hamilton-Jacobi para um sistema conservativo nao relativistico unidimen-

sional
ap’ +V —q=0, (2.1)
onde p=0S/0x e q=05/0t.
Portanto
dS = pdx + qdt = d(px + qt) — xdp — tdq, (2.2)

onde utilizamos uma transformacao semelhante a de Legendre.
Substituindo p obtido a partir de (2.1) obtemos

— YR SR
s =g vala=V) ) _w@V=aVi—gd), (T Ny (2.3)
a 2/a(qg—V) 2/a(qg—V)
onde & =da/dx e V' =dv/dx. Integrando
S(z,t) =2/ (¢ —V)/a+ qt — F(z,q), (2.4)
sendo F' tal que
F
or = t+ #, (2.5)
dq 2/a(qg—V)
oF z(a'V —aV' — qa’
il ( qe’) = H(z,q). (2.6)
oz 2/a(g—V)
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A integragao da Eq. (2.6) conduz a F = [ H(z,q)dz + G(q), onde G ¢é uma funcio arbitrdria. Usando este
resultado em (2.5) obtemos a equacdo que define a varidvel g = q(z,t), para cada escolha arbitraria da fungdo G:
/%—Iq{daerG/(q) =y+ % (2.7)
Entao S = S(z,t), fornecido por (2.4) é uma solugao geral.
E interessante ressaltar que no método de separagao de varidveis aplicados a equagao de Hamilton-Jacobi as
solugdes usuais sao obtidas fazendo a hipdtese de que g = constante (i.e., dg =0, S(z,t) = W(z) + C(t)).

3 Exemplo

Como exemplo vamos considerar uma particula livre descrita pela equacdo de Hamilton-Jacobi como ap?—qg =0
(a = constante). A partir de (2.4) se obtém a solugao

S =uxzvq/a+qt — F.

onde a fungdo F ¢ determinada pela solucao do sistema obtido de (2.5) e (2.6)
x
2/aq’
Esta equagao fornece a cada escolha da funcao arbitrdria F a varidvel ¢ = g(x,t). Por exemplo, se F = Cq
entdo q = x?/4a(C —t)?, logo S(z,t) = 2%/4a(C —t). Esta solucao foi previamente obtida utilizando dados do
movimento da particula[8], o que é desnecessario no nosso método.
A solucao x\/m + Ct obtida pelo método de separacdo de varidveis é obtida substituindo dg =0 em (2.3).

Fl(g)=t+

4 Final Remarks

O procedimento apresentado para resolver a equagdo de Hamilton-Jacobi é uma extensdo do apresentado no II
ENAMA[9]. A condigéo de integrabilidade da forma Pfaffiana (2.3) resulta nas equagoes (2.5) e (2.6).

A extensao do método para outros equagoes e a formulacao geral do método para este tipo de equagoes esta
dentro das possiveis abordagens posteriores.
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DIFFERENTIABILITY, ANALYTICITY AND OPTIMAL RATES OF

DECAY TO DAMPED WAVE EQUATION
L. H. FATORI* & J.E.M RIVERA

This work is concerned with analyticity, differentiability and asymptotic stability of the Cjy semigroups associated
with the following initial value problem

utt+Au+But =0
u(0) = ug, u(0) = uy

where A, and B are a self-adjoint positive definite operators with domain D(A®) = D(B) dense in a Hilbert space
H and satisfying the following hypotheses

(H1) There exists positive constants C; and Cj such that
C1A% < B < Ch A,

which means
Cl (Aau7 u) < (B’U,, U) < 02 (Aaua U)

for any u € D(A®).

(H2) The bilinear form b(u,w) = (B'/?u, B'/?w) is continuous on D(A%/?) x D(A*/?). By the Riesz representation
theorem, assumption (H2) implies that there exists an operator S € £(D(A*/?)) such that

(Bu,w) = (A*/2Su, A%/ ?w)
for any u,w € D(A%/?).

There exists a large literature about the above problem dealing with asymptotic behaviour of the solutions to
the damped wave equation see for example [7, 8, 9] and the references therein. In contrast to this results, there
exists only a few literature dealing with regularity properties of the damped wave equation, like analyticity and
differentiability of the corresponding semigroup. Here we mention two references. First, in [6] the authors proved
that the semigroup associated to the damped wave equation is analytic if 1/2 < o < 1. This result established a
fortiori the conjetures of Goon Chen and David L. Russel on structural damping for elastic systems, which referred
to the case @ = 1/2. Second, in K. Liu and Z. Liu [10], the authors proved also the analyticity of the corresponding
semigroup when « € [1/2,1] and the differentiability of the semigroup provides « €]0,1/2].

In the two above cited papers there are no information about the behaviour of the semigroup for —1 < a < %,
which frequently appears in applications. In this work we also show a class of operator A, and B, for which the
above equation is analytic, differentiable and exponentially stable. Here we develop a simpler proof than in [6, 10],
without using contradictions arguments. In addition, we show in case that the semigroup is not exponentially
stable, that the solution of problem decays polynomially to zero as time goes to infinity. We show the our rate
decay is optimal. To do so, we show for any contraction semigroup, a necessary condition to get the polynomial
rate of decay. That is to say, the main result of this work is to get a fully characterization of the damping term for
—1 < a < 1. We show as in [6, 10] that the semigroup is analytic if and only if 1/2 < « < 1, it is differentiable
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when « €]0,1[ and that it is exponentially stable if and only if o € [0,1]. Finally, in case of & = —y < 0 we show

that the corresponding semigroup decays polynomially to zero as t—/7+te (e < 1/7), and we show that this rate

of decay is optimal in D(A) in the sense that is not possible to improve the rate t~!/7 with initial data over the

domain of the operator A.
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A TRANSFORMADA DE FOURIER-BOREL ENTRE ESPACOS DE
FUNCOES ©-HOLOMORFAS DE UM DADO TIPO E UMA DADA
ORDEM

V. V. FAVARO* & A. M. JATOBA T

Neste trabalho, usamos o conceito de 71-tipo holomorfia, introduzido em [2], para obter resultados de dualidade
via transformada de Fourier-Borel entre o dual do espaco vetorial complexo Expg 4 (E) de todas as funcoes ©-
holomorfas definidas no espago de Banach E de ordem k e tipo estritamente menor que A, e o espago vetorial

complexo Ea:pg, (E’) de todas as fungbes ©’-holomorfas em E’ de ordem k' e tipo menor ou igual

0,(A(k)A)
a (A (k) A)_l. A transformada de Fourier-Borel identifica algebricamente e topologicamente estes dois espacos
se considerarmos a topologia forte no dual. Provamos também que a transformada de Fourier-Borel identifica
algebricamente o dual do espaco vetorial complexo Emp’ép’ 4 (E) de todas as fungdes O-holomorfas definidas em E

de ordem k e tipo menor ou igual a A, com o espaco vetorial complexo Ea:pg, (E') de todas as fungoes

-1

L(A(k)A)~1
©’-holomorfas em E’ de ordem k' e tipo estritamente menor que (A (k) A) e

Os resultados que provamos generalizam resultados deste tipo obtidos por V. V. Févaro [1], M. C. Matos [6],
A. Martineau [5] e contém como casos particulares os resultados obtidos por [2], C. Gupta [3], B. Malgrange [4],
M. C. Matos [7] e X. Mujica [8].

1 Definicoes e Resultados

Introduziremos abaixo os espagos E:cpgA (E) e E:z:p’(i),707A (E").

Definigao 1.1. Seja (Po(’E))32, wm tipo de holomorfia de E em C. Se p >0 ek > 1, denotamos por ng (E)
o espago vetorial complezo de todas f € H (F) tais que aif (0) € Pe (YE) , para todo j € Ng ={0,1,2,...} e

ISYIFAL
Mlesn =307 ()|

que € um espago de Banach com a norma ||-[|g  , -

1
j!

ij(O)H < o0,
C]

Definigao 1.2. Seja (Po(VE));2, um tipo de holomorfia de E em C. Se A € (0,400) e k > 1, denotamos por

E:vpgA (E) o espago vetorial complexo U Bg’p (E) com a topologia limite indutivo localmente convexa. Con-

p<A
sideramos o espago vetorial complexo E:vp’é,oyA (E) = ﬂB@,p (E) com a topologia limite projetivo localmente
p>A
convera. Se A = +4oo e k > 1, consideramos o espago vetorial complexo Exp’ém (E) = Ung (E) com

p>0
a topologia limite indutivo localmente convera e se A = 0 e k > 1, consideramos o espago vetorial complexo

Efpgp (E) = Expl(i),o,o (B) = ﬂng (E) com a topologia limite projetivo localmente conveza.

p>0
Estamos considerando as topologias limite indutivo e projetivo dadas pelas inclusoes naturais.

Proposigao 1.1. Seja (Po(’E))32, um tipo de holomorfia de E em C.
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(a) Para cada A € (0,+00] e k> 1, Exp 4 (E) € uma espago DF.
(b) Para cada A € [0,+00) e k> 1, Empgo’A (E) € um espago de Fréchet.

Seja (Pe(?E))52, ¢ um 7-tipo de holomorfia de E em C. Definimos a transformada de Borel

Bo: [Po’E)]' — P(E')

por BT () = T(¢7), para todo T € [Pe (jE)]/ e p € E’. Denotamos a imagem de Bg por Pe/(?E’) com a norma
definida em Pg/ (E") dada por |BeT||er = ||T||-

Considerando a sequéncia de espacgos de Banach (Pe (7 E’ )52 ¢é possivel definir de maneira andloga a Definigao
1.2, os espagos vetoriais complexos Expg, 4 (E') e Exp§, 4 (E') para todo A € (0,+00] e k > 1.

Enunciaremos agora os resultados principais deste trabalho:

Teorema 1.1. Se (P@(jE))‘J?‘;O é um m1-tipo de holomorfia de E em C, entao a transformada de Fourier-Borel

/ ’
F: [Expg,O,A (E)} I El‘pg,7(/\(k)A)71 (E/)v

dada por FT (@) =T (e®), é um isomorfismo algébrico entre estes espagos, para k € (1,+00) e A € (0,4+00]. Aqui

(k) = #, para k € (1,4+00) e k' denota o conjugado de k.
k—1) &

Teorema 1.2. Se (Po(’E));2 ¢ wm m-tipo de holomorfia de E em C, entdo a transformada de Fourier-Borel

I ’
F:[Expg 4 (B)] ; — Bapl, o xuyay-1 (E')

dada por FT (p) = T (e®), é um isomorfismo topoldgico entre estes espagos, para k € (1,+00) e A € (0,+00]. A
letra B indica que estamos considerando a topologia forte no dual.
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POLINOMIOS LORENTZ SOMANTES, LORENTZ NUCLEARES E
RESULTADOS DE DUALIDADE

V. V. FAvArRo*, M. C. MaTos ' & D. PELLEGRINO?

O estudo da teoria de dualidade de polindomios em espagos de Banach desempenha um papel importante em
Anilise Funcional. Nessa linha, varios trabalhos foram feitos e aplicados na teoria de equagdes de convolugao como,
por exemplo, os trabalhos citados na presente bibliografia.

Neste trabalho, trataremos das nogdes de polindémios homogéneos Lorentz somantes (introduzida em [13]) e
polinémios Lorentz nucleares (introduzida em [5]) e caracterizaremos, via transformada de Borel, o dual da classe
de polinémios Lorentz nucleares definidos no espago de Banach E com uma respectiva classe de polinomios Lorentz
somantes definidos em E’.

Resultados deste tipo contribuirdo para o estudo de fungbes holomorfas definidas a partir destas classes de
polinémios e, posteriormente, na investigacao de resultados de existéncia e aproximacao de solugoes para equagoes

de convolugao definidas sobre os espagos de tais fungoes holomorfas.

1 Definicoes e Resultado Principal

Introduziremos abaixo os espacos de polinomios Lorentz somantes e nucleares e enunciaremos o resultado de dual-

idade. F e F' denotarao espagos de Banach definidos sobre K =R ou C.
Definicao 1.1. Sejam z = (7;)52, € l(E) e
an(x) == inf {||x — u|| ;v € coo(E) e card(u) < n}.

Para 0 < 7,q < +00, 0 espago de sequéncias Lorentz l(, 4)(E) é o conjunto de todas as sequéncias x = (z;)32; €
loo (F) tais que
1_1 o0
(nr qan(ﬂc)) € lg.

n=1
Definicao 1.2. Para 0 < p,q,7,s < oo, dizemos que um polindémio n-homogéneo P € P("E;F) é Lorentz
((5,p); (r,q))-somante se (P(z;))52; € l(sp)(F) para cada (7;)52, € lz‘j,’q)(E).
Aqui, lzl; q)(E) denota o espago de todas as sequéncias em F fracamente Lorentz (r, ¢)-somantes.
O espago vetorial de todos os polinémios n-homogéneos Lorentz ((s, p); (1, ¢))-somantes de E em F' é denotado
POr Pas((s,p)s(r.a)) (" B3 F)-
Definigao 1.3. Sejam n € N e r,q,s,p € [1,00] tais que r < ¢, s’ <p’ e
1
1<= 42
qa P

Um polindmio n-homogéneo P : E — F é Lorentz ((r,q); (s, p))-nuclear se
P(z) = Zl)\j(%(x))"yj,
j=

com ()22, € Uingys (93)30 € 18 0 (B) € ()32 € Lo ().
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Denotamos por Py ((r.q);(s,p)) (" E; F') o conjunto de todos os polindmios n-homogéneos Lorentz ((r,q); (s,p))-
nucleares.

E possivel definir em Py ((r.q);(s,p)) (" E; F)e Pas((s.p);(ra) ("E; F) quase-normas que tornam os espagos comple-
tos.

Enunciaremos agora o resultado principal deste trabalho:

Teorema 1.1. Se E’ tem a propriedade da aproximacao limitada entao a aplicacao linear
VP (st ("B F) = Pas(oranss o (B F),
dada por U(T) = Pr é um isomorfismo topoldgico. O polinomio Pr : E' — F’' € dado por

Pr(e)(y) =T(¥"y)
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EXISTENCE OF PERIODIC SOLUTIONS FOR A CLASS OF IMPULSIVE
FUNCTIONAL DIFFERENTIAL EQUATIONS

M. FEDERSON7Y A. L. FURTADO *

In this work, we establish conditions for the existence of periodic solutions for a class of non-autonomous
functional differential equations subject to self-supporting conditions in the frame of Henstock-Kurzweil integrable
functions.

1 Introduction

We consider retarded functional differential equations (we write RFDEs for short) subjected to changes of state
in short periods of time and we use the Henstock-Kurtzweil integration theory to treat them. These problems
are related to impulsive RFDE’s. In this work, we denote by H([a,b]) the space of Henstock-Kurzweil integrable
functions f : [a,b] — R, with integral (K) f[a’b} f(t)dt. Two functions f,g € H([a,b]) are called equivalent

whenever f = g, were f and ¢ are the indefinite integral of the functions f and g, respectively. We consider the

space H ([a,b])a of equivalence classes of functions of H([a,b]) endowed with the Alexiewicz norm || - || o
fer(at) = Ifla = 1fle = s [(£) [ f(s)ds|
t€la,b] [a,b]

Let 7, o, a be n on-negative numbers. By PC(o, r, a) we mean the space, endowed with the supremum norm,
of piecewise continuous functions from [0 — r, o + a] to R which are left continuous. Let O C PC(o, 7, a) be a
open set and let H C H([—r,0],R) be such that if + € O, then x; € H, t € [0,0 + a]. We identify the set H with
a subset Hy of H([—7,0])4.

Let = be a real-valued function defined a.e on [0 — 7,0 + a] and continuous on [o,0 + a]. We denote by
ty, t € [o,0 + a], the pair (z4,2(t)) € Haq X R, where z; is defined a.e on [—r,0]. Then we consider the non-

autonomous retarded differential equation

(1.1)

where f: G C 0,0 +a| x Hy — R, with G open, and for every z € Oy ,0 = {z € O; z, = ¢, z(c) = 2}, such
that the function t € [0, 0 + a] — f(t,2¢) € R is Henstock-Kurzweil integrable, for some o > 0, a > 0.

Given 2z = (¢,2°), we say that x = z(- ;¢,2°) is a Henstock solution or simply a solution of problem (1.1)
through (¢, 2°) if z is defined a.e. in [0 — r, o + a], continuous on [0, o + a, with =, = ¢, z(c) = 2° € R, and for

every interval [t1,%2] C [0, 0 + a], the integral equation

2(t2) :x(tl)—i—(K)/ F(s,24)ds

[t1,t2]

is satisfied.
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2 Existence of periodic solutions

Let f a real-valued function defined on R x G, where G is an open subset of Hy, —Q < f(¢,%) < —w, for all
(t,9) e Rx G, 0 <w < Q. Suppose for every x € Oy o, the map t € [0,0+a] — f(t,2¢) € R is Henstock-Kurzweil
integrable. Assume, in addition, that there is a locally Lebesgue integrable function L = L(t), t € [0,0 + a], such
that x1, 25 € O implies

) [ o) = £ ) las| < [ D@, (@2)lads.

[t1,t2]

with f[t t+a] L(s)ds < N for every t and a given N with aN < 1. Under these conditions, consider the initial value

problem (1.1) subjected to the self-supporting conditions

z(t—)=0 = z(t+)=c (2.2)
where ¢ > 0 is fixed.
Consider a piecewise continuous function 7 : [—r, 0] — R such that 7 is left continuous and satisfies the conditions:

(N1) 7(0) = 0;

(N2) the set of all zeros of 1 in [—r,0[ coincides with the set of its discontinuities and n(t) = 0, ¢t € [—r, 0 implies
n(t+) = ¢

(N3) —Q(t2 —t1) < n(te) —n(t1) < —w(t2 — t1), whenever 7 is continuous in [t1, t2].

Thus 7 is strictly decreasing in any interval where it is continuous. If we denote by Z, = {s;; ¢ =0,1,2,...,m} the

set of all zeros of n, with —r < s, < 51 < ... < s9 =0, then

C c .
—<s1—5<—, 1=12,...,m
QN (2.3
STYL+TS -
w

A

S3

80:0

Figure 1: A typical function 7.

Let K be the set of all functions 7 : [—r,0] — R defined as above.
Theorem 2.1. There exists a ¢ € K for which problem (1.1), (2.2) admits a periodic solution x(- ; ¢,x°).

Proof. The proof of this theorem is presented in [1].
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SOME CONTRIBUTIONS OF THE KURZWEIL INTEGRATION THEORY
TO RETARDED FUNCTIONAL DIFFERENTIAL EQUATIONS

M. FEDERSON* & § SCHWABIK '

We present new results for retarded functional differential equations (RFDEs) concerning the stability of solu-
tions. These results are converse-type Lyapunov theorems for RFDEs (see [2]) which were obtained by means of
the relation between RFDEs and a certain class of generalized ODEs ([1]). The concept of non-absolute integra-
tion introduced by J. Kurzweil is the heart of generalized ODEs and it allows one to deal with highly oscillating
functions. Other implications of Kurzweil integration theory to RFDEs can be found in [3], for instance.

Converse Lyapunov theorems for RFDEs

Let G~ (I,R™) denote the space of left continuous regulated functions from an interval I C R to R™ with the
topology of local uniform convergence. Consider the initial value problem for a RFDE

{ B (t) = f (1),
Y, = ¢,
where

e € G ([-r,0,R"), r >0,

o f(¢p,t): G~ ([-r,0],R™) x [0, +00) — R™;

e t— f(y:t) belongs to L}, ([ty, +o0), R"), for every y € G~ ([-r,00), R").

We refer to the retarded system above by REDE(f). It is clear that RFDE(f) is equivalent to the system

t
y(t) :y(t0)+ f(ysas) dS, t e [t07+00),
to
Yto = ¢7

Assume further that f(0,t) =0, Vt € R, that is, y = 0 is a solution of the RFDE(f) and suppose the following
additional properties hold:

(A) 3 M e L} ([tg, +00),R) s.t. for x € G~ ([-7,0],R") and uy,us € [to, +00),

loc

/ " f(s) ds

u2
S/ M (s) ds;
U1l

(B) 3L e L} ([to, +o0),R) s.t. for z,y € G~ ([-r,0],R™) and uy, us € [tg, +00),

loc

/u2 [f (st) - f(ysas)] ds

1

u2
< [ L)~ ulds
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TMathematical Institute, Academy of Sciences of the Czech Republic, Zitna 25 CZ - 115 67 Praha 1, Czech Republic,
schwabik@math.cas.cz.

74



Our main results are as follows. The notation and terminology will be specified in the Congress.

Theorem 1. If the trivial solution y = 0 of REDE(f) is variationally stable, then for every 0 < a < ¢, there exists
a function U : [to — 1, +00) X E, — R, where E, = {¢p € G=([-r,0],R"); |[¢|| < a}, such that for every x € E,, the
function U(-,v) belongs to BV~ ([to — 1, +0),R) and the following conditions hold:

(i) U(t,0) =0, t € [to — 7, +00);
(”) |U(t7’¢}) - U(taaﬂ < ||1/) _E”i te [tO - +OO>7 %E € Ea-

(#ii) U is positive definite along every solution y(t) of RFDE(f), that is, there is a function b : [0,4+00) — R of
Kamke class such that

U(t7yt) > b(Hyt”)v (tayt) € [tO -7 +OO) X Fq;
(i) for all solutions y(t) of RFDE(f),

' u(t ~U(t
U () = lim sup L DY) = U 9))

n—04 n

that is, the right derivative of U along every solution y(t) of REDE(f) is non-positive.

Theorem 2. If the trivial solution y = 0 of RFDE(f) is variationally asymptotically stable, then for every0 < a < ¢,
there exists a function U : [tg — r,+00) X E, — R such that for every x € B,, the function U(-,x) belongs to
BV~ ([to — r,+0),R) and the following conditions hold:

(i) U(t,0) =0, t € [tg — r,+00);
(”) |U(t7¢) - U(t,@” S ||¢ _E”i te [tO - +OO), 1/%@ S Ea-

(iti) U is positive definite along every solution y(t) of the retarded equation RFDE(f), that is, there is a function
b:[0,+00) — R of Kamke class such that

Ut ye) = 0(l[yell),  (,90) € [to — 7, +00) X E;

(i) for all solutions y(s) of RFDE(f) defined for s > t, where y(t) = ¢ € E,, the following relation holds

' Ut ~U(t
U(t,yt) = lim sup ( + n’yt+77) ( 7yt)

n—04 n

< Ut 9).
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PERIODIC ORBITS OF THE KALDOR-KALECKI MODEL WITH DELAY
MARTA C. GADOTTI*

M.V.S. Frasson, S.H. J. Nicola and P.Z. Téaboas jointly contributed to the development of this work.

N. Kaldor [4] published in 1940 a macroeconomic trade cycle model which describes the interaction of the

national gross product and the capital stock by the following nonlinear system:
Y =alI(V,K)-S(Y,K)], K=IY,K)-iK. (0.1)

The dot denotes derivative with respect to ¢, I and S are the investment and the savings functions, respectively,
Y is the national income, K is the capital stock, « is the adjustment coeflicient in the goods market, usually referred
as speed of adjustment, and § is the depreciation rate of the capital stock.

In [6] a delay T > 0 is incorporated in the investment in the second equation of (0.1) as a reflexion of the

Kalecki’s hypothesis of gestation lag:
V(t) = olI(Y(1). K1) = S(Y (). K(1)], K@) =1(Y(t-T), K@) - K(t). (0.2)

We investigate the case where savings and investment have the same rate with respect to the income at Y = 0.
Varying the speed of adjustment « one obtains a sequence (ay ), ap — 00 as k — oo, such that a branch I'y, of small
amplitude periodic solutions of (0.2), whose frequencies approach oo as k — oo, emanates from the equilibrium at
a=ag, k=0,1,.... These bifurcations hold interest by themselves, but from the economic viewpoint the lower

terms of (ay) are the most important.

Let us keep the variables Y, K, the functions I, S, and the parameters «, ¢ with the meaning they have in
Equation (0.1). The investment function (Y, K) is supposed to be separated, that is,

I(Y,K) = J(Y) + N(K)
where J(0) = N(0) =0, [dJ/dY]|y=0 =, [dN/dK] k=0 = 8, with 8 < 0 < 7.

The savings depends only on the income, S(Y, K) = S(Y), and [dS/dY]y—o =7 € (0,1).
Let us assume the Kalecki’s statement of the existence of a gestation lag between the investment decision and

its implementation. By the time re-scaling, the Kaldor-Kalecki model will be represented in the form

Y(t)=al[J(Y(t) +N(K(t) - S(Y ()],

K(t)=J(Y(t—1)) + N(K(t)) — dK(t). (0.3)
The linearization of (0.3) near (0,0) leads to the system

Y(t) = aln — 1Y (1) + afK(t),

K(t)=nY(t—1) = (6 - B)K(t), (0.4)
whose characteristic equation is

N+ AN+ B+ De ™ =0, (0.5)
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where A = a(y—n)+ (0 — ), B=a(y —n)(6 —8) e D = —afn.

Let us assume that the parameters «, (3, v, d, and 7 are related in such a way that A, D are positive and B > 0.
The following theorem provides sufficient conditions for the origin of the Y K-plane to be an asymptotically
stable equilibrium of the Kaldor-Kalecki model (0.3).

Theorem 0.1. Let D > 0 be sufficiently small in such a way that
H > 2De?/? (0.6)
Then all roots A of the characteristic equation (0.5) satisfy R(A) < 0.

From now on we are concerned with the case 3, v, §, n fixed and v = 7. Letting o > 0 to vary, a sequence of
Hopf bifurcations will be obtained at values g < a3 < - -+ — 400 of «a for Kaldor-Kalecki system (0.3).

We need the two hypotheses below:

(H1) The Linear System (0.4) for @ = ag has a simple pure imaginary characteristic root A\g = iby # 0 and all
characteristic roots A # \g, Ao satisfy X\ # m)g for any integer m.

Assuming the hypothesis (H1) is satisfied, if & € (ap—0, ag+0) for some o > 0, it is known that the corresponding
Linear System (0.4) has a simple characteristic root A\(«) with continuous derivative X' (a)) and A(ag) = Ag. See [3,
Section 7.10, Lemma 10.1].

(H2) RN (0)) £ 0.

Theorem 0.2. Suppose the hypotheses (H1) and (H2) are satisfied. Then there exist constants ag, o, 69 > 0 and
Ct functions a = a(a), w = w(a), for a < |ag|, with a(0) = ag, w(0) = 27/by and a nonconstant w(a)-periodic
solution X*(a) = (Y*(a), K*(a)) of System (0.3) for o = a(a). Moreover, if o — ag| < o and X (t) = (Y (t), K(t))
is a nonconstant w-periodic solution of (0.3), with |X(t)| < 0o, t € R, and |w — 27w /by| < do, then X(t) is one of
the solutions X*(a), a < |ag|, except for phase shift.
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UNIQUENESS OF THE EXTENSION OF 2-HOMOGENEOUS

POLYNOMIALS
P. GALINDO * & M. L. LOURENGO |

Homogeneous polynomials of degree 2 on the complex Banach space co(¢2) are shown to have unique norm-
preserving extension to the bidual space. This is done by using M-projections and extends the analogous result for
co proved by P-K. Lin.

1 Introduction

R. Aron and P. Berner [1] showed that on any complex Banach space every n-homogeneous continuous polynomial
has an extension to the bidual space. Later A. Davie and T. Gamelin [4] proved that such extension is norm-
preserving. The uniqueness of the extension fails in general. However, R. Aron, C. Boyd and Y. S. Choi [2] proved
that norm-attaining 2-homogeneous continuous polynomials on ¢y have unique norm-preserving extension to the
bidual space £ . Following such trend Y. S. Choi, K. H. Han and H. G. Song [3] got the same result for d.(w, 1),
the predual of a Lorentz space, while M. L. Lourengo and L. Pellegrini did the same with the ¢y sum of Hilbert
spaces [7].

Recently, P-K. Lin [5] has proved that on ¢y the norm-attaining condition can be removed and still obtain
uniqueness. This note deals with the same topic and relying on Lin’s technique and M-projections, we are able to
get, under certain conditions, the uniqueness of the extension. As a consequence it turns out that 2-homogeneous
continuous polynomials on ¢(¢2) have unique norm-preserving extension, regardless they attain the norm. We also
show that if a Hilbert space is an M-summand in F, and a 2-homogeneous continuous polynomial on E attains its

norm at some point in the Hilbert space, then it factors through the Hilbert space.

2 Results

Lemma 2.1. Let E be a Banach space and QQ an M-projection. If A is a 2-homogeneous polynomial on E, we have
for any unit vector z € Q(E) that

[Ao (Id— Q)| < ||All — ReA(2).
In particular, |Ao (Id— Q)|+ [|[Ao Q| < ||A].

Proposition 2.1. Let E be a Banach space and {E;,}mesm a directed family of Banach spaces which are M-
summands in E** with Uj Ep,; dense in E for any cofinal set {m;} in M. Assume that for some basis in Ey,, the
norm is invariant when rotating the coordinates and that ||Re(u) + iRe(v)||? < [Jul|® + [[v||* for u,v € Ey,.

If P is a 2-homogeneous polynomial on E such that for all m ||P, || <[P and ||P, | is attained at a point
whose coordinates are nonvanishing real numbers, then P has a unique norm-preserving extension to E**.

For a sequence (X,,) of Banach spaces, recall that the ¢o-direct sum is the Banach space

co(Xn) = {(@n)n : xn € X A lim |2y, || = 0, endowed with |||(z,,)]]| = sup ||zn] })-
n n

*Departamento de Anélisis Matematico, Universidad de Valencia. 46.100, Spain. e-mail: galindoQuv.es
fDepartamento de Matematica USP, CP 66281-CEP 0535-970 Sao Paulo, Brazil e.mail: mllouren@ime.usp.br
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Example 2.1. If {X,,} are Hilbert spaces, the space direct sum co(Xy) fulfills the conditions on E in Proposition
2.6. In this case E,, = &' X, and @, is the projection over the first m-sequences,
Consider P((z7)) = >_,_, > j(x?)Q where (z7) € Xp,. Clearly, ||P|| =1 and P is not norm-attaining. Also

P((zd)) = >, &~ j(x?)Q Jor ((z1)) € B and ||P, || =1— 5= < 1. Further ||P, || is attained at a point
whose coordinates can be chosen real and non vanishing. Proposition 2.6 assures that P has unique norm preserving

extension to the bidual space loo(Xy,).

Corollary 2.1. All homogeneous polynomials of degree 2 on the complex Banach space co(£2) have unique norm-

preserving extension to the bidual space.

Proof. In case the polynomial is norm-attaining, the conclusion holds by Corollary 2.2 in [6]. Otherwise, we may
apply Proposition 2.1 since the corresponding subspaces E,,, as in Example 2.1, are finite dimensional and, thus,
the polynomial attains its norm in each of them, and by a suitable change of basis on F,,, the coordinates of the

point of attainment can be chosen real and not vanishing. O

Corollary 2.2. All homogeneous polynomials P of degree 2 on the complex Banach space co(I), for any index set
I, have unique norm-preserving extension to the bidual space.

Proof. If P attains its norm, any possible norm-preserving extension A to ¢ (I) depends, according to Lemma
2.1, on a finite number of variables that is, A((x;)) = A(z1,...,Zm,0...) = P(x1,...,2m,0...). So the extension
is unique.

For the case that P does not attain its norm, we consider the family {E,,}meom of the spaces generated by a
finite number of elements of the canonical basis in ¢g(I). The assumptions on the space in Proposition 2.1. as well

as on the polynomial are fulfilled, thus P has unique norm-preserving extension. O
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AVERAGING FOR IMPULSIVE RETARDED FUNCTIONAL
DIFFERENTIAL EQUATIONS VIA GENERALIZED ORDINARY
DIFFERENTIAL EQUATION

J. B. GODOY * & M. FEDERSON *

In this work, we consider the following initial value problem for a retarded functional differential equation with

impulses
z=cf (t,xy), t#tk
Ax(ty) = el (z(ty)), k=0,1,2,... (0.1)
Ty, = @,

where f is defined in a open set Q@ C R x G~ ([—r,0],R™), r > 0, and takes values in R, ¢ > 0 is a small parameter
and ¢ € G~ ([-r,0],R™), where G~ ([—r,0],R™) denotes the space of regulated functions from [—r,0] to R”™ which

are left continuous. Furthermore, t) < t; < ... <t < ... are pre-assigned moments of impulse effects such that
klim tp = 400 and Az(ty) = x(t',i') — z(tg). The impulse operators I, £k = 0,1,..., are continuous mappings
—+o0

from R™ to R™. For each x € G~ ([—r,00),R"™), t — f(t,x;) is locally Lebesgue integrable and its indefinite integral

satisfies a Carathéodory-type condition. Moreover, f is Lipschitzian with respect to the second variable. We define
1

fo()= lim — [ f(t,9)dt and I’(z) = lim — > Iia), (0.2)

where ¢ € G~ ([—r,0],R™) and « € R", and we consider the "averaged" autonomous functional differential equation

{ v =e[fo(ye) + I°(y(t))] (0.3)

Yto = .

Then we prove that, under certain conditions, the solution x(t) of (0.1) approximates the solution y(t) of (0.3) in

an asymptotically large time interval.

1  Mathematical Results

Theorem 1.1. Let y be solution of REDE with impulses
Ax(t;) = Li(z(t;)), 1=1,2,... (1.4)

and y© be solution of RFDE with impulses given by (0.1), where ¢ € G—([-r,0,R™) and f : G~ ([-r,0],R") x

[0,00) — R"™ satisfies the conditions

*Instituto de Ciéncias Mateméticas e de Computagao, Universidade de Sao Paulo-Campus de Sao Carlos, CP 668, CEP 13560-970,
SP, Brasil. E-mails: jaquebg@icmc.usp.br and federson@icmc.usp.gé



(A) There is a function locally Lebesgue integrable, My : R — R, such that for x € PCy and uy,us € [0,400),

/ f (00 5) ds

(K ) There is a positive constant K such that, for v, € G~ ([-r,0],R") and u € [0, +00),

U2
§/ M, (s) ds;
uy

[f (¢, u) = Flouw) < K¢ =l

Assume that

T+ao
lim —/ M(s)ds < ¢, ¢= constant, o >0,
[e3%

Let 0 <ty <t <..<tp<...bea sequence of points such that t, — oo when k — oo and

1
lim sup — Z 1<d, a>0,

T—oo 4 <t <atT
and assume that the sequence of impulse operators I; : R™ — R™, i =0,1,2,..., is such that
(A") There is a constant Ky > 0 such that fori=1,2,... , and for all x € R™
[ 1:(z)]| < K,

(B’) There is a constant Ko > 0 such that for i =1,2,... and for all z,y € R™

11i(x) = Li(y)l| < Kzl -yl

(1.5)

Further, assume that I° and fo are given by (0.2). Then for all p > 0 and L > 0, there is a g9 > 0 such that for

e € (0,e0), the inequality
(%) = @ )ell < o

holds for all t € [0, L/¢e], where §° is a solution of RFDE given by (0.3) on [0,L/e].
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UMA CARACTERIZACAO DO ESPACO DE HARDY H' SOBRE
PRODUTO DE SEMI-PLANOS

L. A. P. GOMES* & E. B. SILVA |

1 Introducao

Apresentamos inicialmente algumas defini¢bes. Se E é um espago de Banach e P = (p1,p2) com 0 < p1,py < o0,
LT (R2, E) é o espaco de todas as funcoes f definidas sobre R? a valores em E tais que ||f||g é Lebesgue mensuravel

e
1/p2

p2/p1
| fllLpr2,m) = </ </ ||f|%1dfﬁ1> d932> < 00,
R R

com as modificagdes usuais quando algum dos p; é igual a co. Analogamente, dado @ = (g1, ¢2) com 0 < g1, g2 < 00,

indicamos por (9 (Z2, E) (¢9(Z?) quando E = C) o espaco de todas as (multi)sequéncias (cy)yezz em E tal que

1/q2

00 0o q2/q1
l(en)nez2llea@emy = [ D <Z|CN|qE1> < oo
o0

j=—o00 \~

com as modificagoes usuais quando algum dos ¢; for igual a co.
A transformada de Fourier de uma funcio f € L'(R? E) é definida por

Fi@) = f@) = [ [ =iy,
onde z.y = x1y1 + z2y2. Usaremos a seguinte notacao: O = {(0,0), (1,0), (0,1), (1,1)}.
Definicao 1.1. Seja E um espaco de Hilbert e f € L*(R% E). Suas transformadas de Hilbert Hyf, k € O, sdo os
elementos de S'(R?, E) definidos por:
(1) F(Hwof) = —isgx F(f)(2,y),
(2) F(Horf) = =1 sgy F(f)(z,y),
(3) F(Hu1f) = (=i sgx)(—isgy) F(f)(z,y),
(4) (Hoof) =1

Definicao 1.2. Seja E um espaco de Hilbert. H'(R x R, E) ¢ o espaco vetorial das funcoes f em L'(R%, E) tais
que suas transformadas de Hilbert, Hy. f, k € O\ {(0,0)}, pertencem a L*(R?, E). Munimos o espaco H(R xR, E)

com a norma || fll g exr,2) = Dpeq 1HefllL1®2,E), onde Hoof = f.

Definicao 1.3. Seja E um espaco de Hilbert. Uma funcdo g de R? em E pertence a BMO(R x R, E), se ela
pode ser representada como g = Y, . Hrgr, onde Hoogoo = goo € Y _per |gr|lLo 2,5y < 00. Munimos o espago
BMO(R xR, E) com a norma ||g||pmomxr, gy = nf{> . collgrllL=®2 )}, onde o infimo é tomado sobre todas as
representagoes de g na forma g =3, o Hrgy.

*Universidade Estadual de Maringd, DMA, PR, Brasil, lapgomes@uem.br
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Chang-Fefferman demonstraram em [2] que (H*(R x R))* = BMO(R x R). Este resultado também vale para o
caso vetorial BMO(R x R, E), onde E é um espago de Hilbert. Isto é utilizado na demonstragdo do Teorema 2.1.

Lema 1.1. (Berg-Lofstron [1]) Eziste ¢ € S(R), such that
(1) suppFop={teR : 271 <|t| <2} ;

(2) |Fo(t)| >0 se27t<|t| <2 ;

(3) Yo L Fo(27)=1 set#0 .

Definicao 1.4. (Sistema de Fungoes Testes). Seja ¢ como no Lema 1.1 e para cada i € Z seja ¢; a fungdo dada
por ¢i(t) = 2¢p(2't). A familia (¢;)icz € chamada de um sistema de funcdes testes sobre R. Observamos que valem
as sequintes condigoes:

(1) supp Fop; ={teR : 207t <|¢| <2} 5 e Z

(2) |Foi(t)] >0 se27t < |t| <20+
(8) X Foilt)=1 set#0 .

Definicao 1.5. Sejam (¢;)icz € (V) ez sistemas de fungées testes como na Definigdo 1.4. Entao, HS’Q(RXR) éo

espago vetorial das fungoes f € L' (R*)NS'(R?), a valores reais, que satisfazem (0% f)i; € L' ((2(2?)). Munimos
2
fungoes testes utilizados, como pode ser visto em Schmeisser-Tribel [4].

0 espaco Hy*(R x R) com a norma ||f|] = |[(¢; * flijllLr@2(z2))- Esta norma independe dos sistemas de

2 Resultado Obtido

Neste trabalho obtemos a seguinte caracterizacao do espago de Hardy H!(R x R) a dois parametro:

Teorema 2.1. Uma funcdo f em L'(R?) pertence a H'(R x R) se, e somente se, f pertence a Hé"Q(R x R). Além
disso, existe constante C' > 0 tal que

OileHHl(Rx]R) < ||f||Hév2(RxR) < ONlfllH mxR) -

Na demonstragao deste teorema utilizamos, como uma das ferramentas essenciais, resultados obtidos por Gomes-
Silva em [3]. Esses resultados se referem a agao de certos operadores integrais singulares vetoriais com nicleo produto
sobre os espacos H'(R x R, E) e BMO(R x R, E), onde E é um espaco de Hilbert.
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ON THE PROBLEM OF KOLMOGOROV ON HOMOGENEOUS

MANIFOLDS

A. Kushpel*
DM-IMECC-UNICAMP
E-mail: ak99@ime.unicamp.br

07 August 2009

We give the solution of a well-known problem of Kolmogorov on sharp asymptotic of the rates of convergence
of Fourier sums on sets of smooth functions on homogeneous manifolds. In 1935 A. N. Kolmogorov [1] established
a famous result on convergence of Fourier series on sets of differentiable functions on the circle (one dimensional
sphere). Namely,

4
sup ||f = Su(f)llc = =n7logn+ 0O (n77),y € N.
fewy Q0

This discovery has established an entire epoch in Analysis and Approximation Theory. Since that time a significant
progress has been made in this area and there are hundreds of results which are worthy to be mentioned. Therefore, it
is important to consider the problem of A. N. Kolmogorov on the d-dimensional sphere and more general manifolds,
the two-point homogeneous spaces, the spheres S?, d = 1,2, 3, ... the real projective spaces Pd(R), d=2,3,4,... the
complex projective spaces P%(C),4,6,8, ..., the quaternionic projective spaces P¢(H),d = 8,12,... and the Cayley
elliptic plane P16(Cay).

1 The Results

Let M? be a compact globally symmetric space of rank 1, v its normalized invariant volume element, A its Laplace-
Beltrami operator. The eigenvalues of A are discrete, nonnegative and form an increasing sequence 0y, limy_,o 0 =
00. Corresponding eigenspaces Hy, k > 0 are finite dimensional and Lo (Md, V) = @72 oHy. Let dim Hy = dj,. Denote

by {ij}?il an orthonormal basis of Hi. For any f € Ly (Md, 1/) consider the sequence of Fourier sums

n dy L
Su(f) = Z Z e (NYF, eri(f) = fYfdv.
. Md
k=0 j=1
Let
M s? P4(R) P4(C) P4(H) P16(Cay)
) | ZEDMCER) [ 2r () AC(EON() [ 20CEDT(E) 112172
©3/2(r(4))" aD($(HE) | #320(4T(92) | #T(4)r(42) | 2949120 x'/2

(see [2], [3] for details).
Theorem 1. Let W;(Sd) be the Sobolev’s class. For any v > 0 and p = 1,00 we have

sup [|f = Su(f)llp

fewy (M)

1, d=2
Inn, d=3

— dy ,,—v+(d-1)/2 -y
= KM n +0|n W92 g4 ,

*This research has been partially supported by FAPESP Grant820.2007/56162—8



where M4 = P(C?), P(CY), P(HY), P*(Cay). If M¢ = P(R?), then

sup [|f = San(f)llp

few, (M4)
1, d=2
= Lfl) nortA=0/2 L o | o Inn, — d=3
D (§)T (L) n@=92 4> 4
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ENTROPY AND WIDTHS OF SETS OF INFINITE DIFFERENTIABLE

AND ANALYTIC FUNCTIONS ON HOMOGENEOUS SPACES
A. KUSHPEL *T & s. Tozont ¥

1 Introduction

In this work we are continuing to develop methods to estimate n-widths and entropy numbers of multiplier operators
begun in [1] - [3]. Our main aim is to give an unified treatment for a wide range of multiplier operators A on
symmetric manifolds. Namely, we investigate entropy numbers and n-widths of decaying multiplier sequences of
real numbers A = {\ }ren, A 0 L,(M?) — L, (M%) on two-point homogeneous spaces M?: S, P4(R), P4(C), P4(H),
P6(Cay). Suppose that A is a convex, compact, centrally symmetric subset of a Banach space X with closed unit
ball Bx. The Kolmogorov n-width of A in X is defined by

dn(A, X) :=inf sup inf —q|,
(4.X) =gl supinf [

where X, runs over all subspaces of X of dimension n. The nth entropy number e,,(A, X) is defined as the infimum
of all € > 0 such that there exist x1, ..., Ton-1 in X satisfying

27171

AcC U (zx + eBx).
k=1

On the circle T' = S', unlike of the Kolmogorov n-widths, the entropy numbers of Sobolev’s classes W,/(S'),
v > 0, have the same order for all 1 < p,q < oo, i.e., n™7 < e, (W) (S'), Ly(S')) < dn (W) (S'), Ly(S")). We show
that for the multiplier sequences A = {A\;}reny which decay to zero exponentially fast, the n-widths and entropy
numbers are essentially different. If A = {A\;}ren, Ak = e y>0,0<r<1,2<p,q< o0, Up(Sd) denotes the
closed unit ball of L,(S%), then we show that d,(AU,(S?), L;(S?)) < e, (AU,(S?), Ly(S?)). The results we derive
are apparently new even in the one dimensional case.

For easy of notation we will write a,, > b, for two sequences, if a,, > Cb, for n € N and a,, < b, if C1b, <
a, < Csb, for all n € N and some constants C,C; and Cs.

2 The results
For us, A will be the multiplier operator from L,(M?) to L,(M¢), 1 < p,q < 0o, on a two-point homogeneous space
M? e {s%,PU(R),P*(C), P(H), P**(Cay)}

defined by the sequence {\g}ren, A\ = e 7%, 4 > 0, 0 < r < 1. Remark that AU,(M?) is a set of infinite
differentiable functions or analytic functions on the manifold M¢ if 0 < r < 1 or r = 1, respectively. Each two-point

homogeneous space M of dimension d is associated with parameters o, 3 € R as follows:

st | PYR) | PUC) | PUH) | P'%(Cay)
a | (d2)/2 | (@2)/2 | (d2)/2 | (d2)/2 7
Bl (@22 ] @22 o 1 3

*This research has been partially supported by FAPESP, Grant no. 2007/56162-8
fIMECC, UNICAMP, Campinas, SP, Brasil, ak99@ime.unicamp.br
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Consider the constants:

 (T(a+2)T(a+[+2
R ( TG+ 1)

))T/d, M? e {S¢,P4(C), P4(H), P! (Cay)},

R =~ (d)"*, M?=P4R),

€ i (d(an)(d +r)0(a+ Dl (a+ 6+ 2)>T/<d+r>

) M e {Sd7Pd(c)’Pd(H)’Pm(CaY)}a

2T(B+1)
r/(d+r)
€ 1= /() (d!(1n2>(d * ”) . M? = PY(R).
T
Theorem 2.1. We have that
1, I1<p<2,1<qg<2
1, 2<p<o0,2<qg< o0,
. 1 1<p<2<
dn(AU,, Ly) > e R0 - =b=== ’
(logn)™¥/2,  1<p<2,q=1,
(logn)='/2,  p=o00,2<¢q< oo,
(logn)~/2, 1<p<2 g=o0,
and
1/2
dn(AU,, L) < e~ R0/ p=r/aya/o=1/2 ) 4 2, lsps2sg<oo
p (logn)'/2, 1<p<2 q=c0.
Theorem 2.2. We have that
1, p <00, qg>1,

(logk)~1/2, p< oo, q=1,
(logk)™1/2, p=o0, ¢>1,
(Ing)il’ p=00,q=1,

ex(AUp, Lqg) > exp (—Ckr/(d"'r))

and
1, p>2,1<¢q< o0,
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PROBLEMA MISTO GERAL PARA A EQUAQAO KDV POSTO NA
SEMI-RETA

N. A. LARKINE* & E. TRONCO

H&4 muitos estudos sobre a equacao KAV em vérias formas. A ela foram dedicados varios trabalhos sobre
problemas de valores iniciais e de fronteira, como os de Bona [2] e outros pesquisadores. Um problema misto, com
condicOes mais gerais na fronteira para a equacao KdV, em um dominio limitado foi considerado no trabalho de
Bubnov [1]. Em nosso trabalho consideramos um problema misto para a equa¢ao KdV posto na semi-reta (x > 0)

com condigoes gerais na fronteira, a saber:

ug + D3u +uDu+ Du=0, em RT x (0,7); (0.1)
u(z,0) = up(z), = €RT; (0.2)
D?u(0,t) + aDu(0,t) + fu(0,t) =0, t € (0,T); (0.3)

onde os coeficientes « e 3 sdo escalares tais que para qualquer ntimero real d > 0
A=p—ads +d3 0,
8>0 e |a <min{26,1}, (0.4)

ondeT >0, Rt ={z €R; z >0}, u: R x(0,7) — R é uma fungao desconhecida, u; denota sua derivada parcial
com respeito a t > 0 e D7 significa derivada de ordem j € N com respeito a varidvel espacial x. Como resultado,

provamos a existéncia e unicidade de solugao regular deste problema.

1 Problema e resultados principais

O resultado principal deste trabalho é o seguinte:
Teorema 1.1. Sejam ug € H*(RT), a e 3 satisfazendo (0.4) e existe um real k > 0 tal que

3
(e]”, lz |D"u0|2 + |u0Du0|21> < 0.

=0

Entao existe T > 0 tal que o problema (0.1)-(0.3) tem uma tinica solugéo regular:
we L=(0,T; H*(RT)) N L*(0,T; H(RT)),
ug € L°°(0,T; L*(R™)) N L?(0, T; HY(RT)).

Além disso, vale a sequinte estimativa:

3

Z ka |D’u| () + (e’”’,uf) (t)—|—/0 (ekm,|DuT|2) (t)dr

=0

3
- ( [Z Dol + [uo Do

i=0

)para g.t. t € (0,7).
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Prova: FEuxisténcia e Unicidade - Para mostrar a existéncia de solugoes regulares desse problema usamos o método
de semi-discretizacdo com respeito a t. Mais ainda, usamos a funcio peso exponencial e¥* (onde k > 0 é a taxa de
decaimento dos dados iniciais) para estimar a taxa de decaimento da solu¢do quando x — oo. Finalmente, depois

de fazer algumas estimativas a priori, construimos a solugao usando o Teorema do ponto fixo de Banach. =
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ON AN EVOLUTION EQUATION WITH ACOUSTIC BOUNDARY
CONDITIONS

J. LiMAco ', H. R. CLARK !, C. L. FROTA > & L. A. MEDEIROS >

In this paper we analyze from the mathematical point of view a mixed problem for a nonlinear wave equation of
Carrier type (see [2] and [3]) with weak internal damping, coupled with acoustic boundary conditions on a portion
of the boundary and homogeneous Dirichlet boundary condition on the rest. Our goal is to extend some of the
results of Frota-Goldstein [1] in the sense of considering a weaker internal damping and a quadratic non-linearity in
the Carrier equation. Precisely, let 2 be an open, bounded and connected set of R™, n < 4, with smooth boundary
I'. Suppose T is divided into two disjoint portion of positive measure I' = I'g UT'; and v is the outward unit normal
vector on I'. By @ = Q x (0,7T), for T > 0 a real number, one denotes the cylinder of R**! with lateral boundary
X =Tx(0,T) =3¢ UZXq, being ¥g =Ty x (0,7) and X1 =T x (0,7). We study the following initial boundary

value problem

u’(x,t) — /|uxt|Rdx>Au(xt)+u(:vt)—i—ﬁu(xt) 0 in Q@
u(z,t) =0 on 3,

ou (z,t) + f(x)d" (z,t) + g(x)d (z,t) + h(x)d(z,t) =0 on X,
1
%(m,t)—é’(m,t):o on X, .

u(z,0) = up(z), u'(x,0)=ui(z), z €,
5(x,0) = 8o(z), &' (x,0) = 8;;( ), zel,

where 3, p are positive constants, f,g,h: 1 — R are given functions and M()\) = a + b\, for all A > 0, with a, b
positive real constants.
Let 4o : HY(Q) — Hz (') be the trace map of order zero and let

V={uec H(Q); v(u) =0, ae. in Ty}

equipped with inner product and norm

(u,v) Z/(a%)( )dm ul| = /|Vu|Rndx ,

respectively. The inner product and norm in L?(§2) and L?(T) are denoted by (-,-),|-| and (-,-)r, | - |r, respectively.
Let Cy, C1, Cy be constants such that

0 (d)r < Coll9ll, [8] < Crllg|l and |@|ps o) < Cal|d]|, for all ¢ € V.

1Universidade Federal Fluminense, IM, RJ, Brasil, jlimaco@vm.uff.br, hclark@vm.uff.br
2Universidade Estadual de Maringd, DMA, PR, Brasil, clfrota@uem.br
3Universidade Federal do Rio de Janeiro, IM, RJ, Brasil, lmedé%ros@abc.org.br



On functions f,g and h we assume the following assumptions:

fr 9, he COTy); (2)
0 < f1 = min f(x) and 0 < hy = min h(x); (3)
xzel'y xzel'y
2
0< 000 o g1 = min g(z); (4)
2 zel'y

Now we are in conditions to state:

Theorem 1. Let (2)-(4) hold. Suppose that ug € VN H?(Q), uy € V and &y € L*(T") satisfy

202C} 4bC4 VPBC3 172 pPa
A2 /
pﬁag ot \/Zl AO + \/ﬂ A0 < 4 (5)
where
3p, 12 30, 2 2 2 L2 dug |2 1 2 2 2
Ag= 2P il b /224 ‘h /25 ‘ 2,03 . 6
0 = Flurl? + 3 uol® + (a+bluol*) [muon +<f 3 |, [H0] )|+ 5p0E ol (6)

Then there exists a unique global weak solution (u,d) to (1).

Our proof to Theorem 1 is based on the Faedo-Galerkin method following the idea contained in Tartar [4].
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ON A COUPLED SYSTEM IN BANACH SPACE
ALpo T. LOUREDOY M.MILLA MIRANDAT & OSMUNDO A. Lima ¥

Is this work we study the existence of solutions of the following coupled system in Banach spaces.
w4+ M([[u(®) |3y, [0 (@)[Ify) Au+ 5w’ = 0 in L>(0,00; D(A%))
V" 4 M([[u(®)[y, [[v(t)[[Fy) Av + 60" = 0 in L>(0,00; D(A%))

) u(0) = u®, v(0) = v°

o/ (0) = ut, v/(0) = vl
with § > 0. Here W is a Banach space, A an unbounded positive self-adjoint linear operator of a Hilbert space H,
M (s,) a smooth function defined in [0, 00)? and satisfying M (s,r) > mg > 0.

Problem (*) was motivated by the works of Kirchhoff [12], Carrier [1] and Nayfeh and Mook [11]. An extensive
list of references on the Kirchhoff equation can be seen in Medeiros et al. [10]

Consider the small vibrations of an elastic stretched string of length L and denote by (u(x,t),v(x,t), w(z,t) the
displacement of the point x of the string at the instant t. In [11] is showed that v and v are solutions of Problem
(%) with M([[u(t)|[3, [o(D)|3) = fy" ulde + [ vids

Recently the second author and et al [6] study the existence and decay solutions of the initial value problem for
the equation u”(t) + M (||u(t)||%,)Au(t) + du'(t) = 0,¢ > 0

Let V and H be real separable Hilbert spaces with V' densely and continuously embedding in H. Denote by |ul
the norm of H. Consider the operator A defined by the triplet {V, H, (u,v)v }

We assume that
(H1) W’ is strictly convex and W is continuously embedding in D(A)
where W' represents the dual of the space W and D(A), the domain of A. Thus there exist positive constants kg
and kp such that
lullw < kolAu|,Yu € D(A) and ||ullw < k1A% %u|,Yu € D(A3/?)

We also assume that
M € C([0,00) x [0,00)),

M(s,r) >my >0, Vs,7 >0

(H2) M(s,r) >0, M,(s,r) >0, Vs,7 >0
|MS(S,T)|S% <coM(s,r), Vs,r >0
|M,.(s,7)|rz < coM(s,r), Vs, >0

Theorem 0.1. Assume hypotheses (H1), (H2). Consider
(H3) {u®,0%} € [D(A2)]2, {u',v'} € [D(A)]?
satisfying

(H4) 2 coko M (ki p(0), kp(0))¢'/*(0) < 6.

where
12 1,2
©0(0) = - [Au |*+]Av"| ) + \A3/2u0|2 + |A3/2U0|2

M ([lu® 15 100115

Then there exists a unique pair of functions {u,v} in the class

*DME-UEPB, PB, Brasil, aldotl@uepb.edu.br,
TIM-UFRJ, RJ, Brasil, milla@im.ufrj.br
{DME-UEPB, PB, Brasil, osmundoal@uepb.edu.br
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{u, v} € [L22(0, 005 D(A2))]*;
{0} € [L>(0, 003 D(A))*;
{u, 0"} € [L®(0,00; D(A3))]?,

satisfying
w4 M([[w(®) [y, o)1) Au+ 6w’ = 0 in L*2(0,00; D(A?))
V" + M([|u(®) |y, [v(0)[[F) Av + 60" = 0 in L>°(0, 00; D(A?))
*
(*) w(0) =1, v(0) =°
v/ (0) = ul, v (0) = vt
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NONCONSTANT STABLE EQUILIBRIA INDUCED BY SPATIAL

DEPENDENCE IN NONLINEAR BOUNDARY CONDITIONS®
G. F. MADEIRAT & A. S. DO NASCIMENTO ¥

An important question in problems modeling time-dependent phenomena is stability of its stationary solutions
(also called equilibrium solutions or equilibria, for short). It is well known that for some semilinear parabolic
equations with gradient-like structure, equilibrium solutions play a fundamental role since understanding the long
term dynamics depends heavily on its existence and stability. See, for instance, [1, 2, 8] and the references therein.

In this work we consider the problem

Oru = Au in Q xRt

(0.1)
= en(z)g(u)  on 0N x RT

where Q@ C R™ (n > 2) is a bounded smooth domain, v the outward pointing normal vector, ¢ > 0 a parameter
and g(u) = u —u? is the prototype balanced bistable function. We suppose that n € C*7(99Q), for some 0 < v < 1,
satisfies

(H) 7 is a indefinite weight and/ n(x)dH" 1 #0

o0
where H"~1 denotes the (n — 1)-dimensional Hausdorff measure and an indefinite weight means a function which
assume both positive and negative values. Our main goal is, following [7], to prove existence of two nonconstant
exponentially stable equilibria to (0.1)—stability in Lyapunov sense—one of them positive and the other one
negative, if € > 0 is sufficiently large in any n-dimensional smooth domain (n > 2).

Related to the question of existence of nonconstant stable equilibria to parabolic problems under linear or
nonlinear boundary conditions, the geometry of the domain plays a fundamental role in answering many of them.
For instance, when 1 = const, that is, when there is no explicit spatial dependence in the boundary condition, the
geometry of the domain determines the existence of nonconstant stable equilibrium solutions to (0.1). Indeed, if
2 = Bgr(0) (the n-dimensional ball with radius R and centered at the origin) then there is no nonconstant stable
equilibrium solution to (0.1) whereas such solutions can be created for dumbbell type, thus non-convex, domains.
See [4, 5]. Still for the case n =const, existence of such solutions in three-dimensional convex domains has been
established in [6].

When n = 2, n = 1 and g(z,u) = u(l — u)(c(x) — u), where 0 < ¢(z) < 1, existence of nonconstant stable
equilibrium solutions to (0.1) was proved in [3] for smooth planar domains. Our work corroborates the assertion
that explicit spatial dependence on boundary condition for reaction-diffusion equations can be a mechanism to create
nonconstant stable equilibrium solutions. We emphasize that, under our hypotheses, problem (0.1) exemplifies this
property can holds true in arbitrary smooth domains 2 C R, n > 2.

The condition that the parameter is large is actually necessary. Indeed, there is no nonconstant stable equilibria
to (0.1) when the parameter is small because we prove that there are no equilibria to (0.1) besides the constant
ones if € > 0 is small enough. It is also proved, via Implicit Function Theorem, that nonconstant stable equilibria

obtained are isolated and depend smoothly on the parameter.

*Work partially supported by Capes/Brazil.
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APPLICATION ON STABILITY OF DIFFERENTIAL EQUATIONS WITH

PIECEWISE CONSTANT ARGUMENT USING DICHOTOMIC MAP
S. A. S. MARCONATO* & M. A. BENA T

Abstract

The asymptotic stability of the equation z'(t) = —bz(t) + f(x([t])) with argument [t], where [t] designates the

greatest integer function, is studied by means of dichotomic maps.
Summary

The study of differential equations with piecewise continuous argument has been subject of recent investigations
[3] and in the stability study of this type of equation using dichotomic maps some literature can be cited [1, 2, 4, 5, 6].

We proved that the null solution of the equation z' (t) = —bx(t)+cz([t]) is asymptotically stable since b > § > 0,
lc| < k6 and k € (0,1) [4]. The same result was proved to the equation z (£) = —b(t)z(t) 4+ c(t)z([t]) since
b:Ry — R and ¢: Ry — R be a continuous maps such that 0 < d < b(t) < +oo and | ¢(t) |[< b < p.d for all ¢
and for some 0 < p < 1 [5].

The aim of this work is to extend the result to the equation

2'(t) = —ba(t) + f(=([t]) (1.1)

using dichotomic maps, with imposed conditions about the function f and the parameter b. This equation is a
particular case of the equation

2'(t) = f(t,(t), z([t]) (1.2)

where f: R x R” x R™ — R" is a continuous map with f(¢,0,0) =0 for all ¢t € R.

We denote by z(., to, 1) the solution of (1.2) with z_(.,t,,%) = v and (., t,¥)(0) = z(t+0,t,,%),0 € [-1,0],
¥ € C, where C denotes Banach space of the continuous maps from [-1,0] into R™. The solution through ¢ = 0,
that is, z(.,t,,0), is the null solution.

If V:RxR" — R is a continuous map, roughly speaking, we say that V' is dichotomic with respect to (1.2)
if, for all points where the derivative of V' with respect t along (1.2) is nonnegative at time ¢, then there exists a
previous instant ¢, t < ¢ such that V (¢, z(t)) < V (¢, z(7)).

V is strictly dichotomic with respect to (1.2) when (i) if V is as above, then we must have p(V (¢, z(t)) <
V (¢, z(t)), with p a continuous and nondecreasing map satisfying p(y) > vy, vy € (0,9) for some 6 > 0 and t — ¢ <
M < o0, and (ii) if the derivative of V' with respect to ¢ along a solution tends to zero as t — oo and if V' tends to
a constant function as ¢ — oo, it must imply that this solution tends to the null solution as ¢ — oco. We will use
the following results to prove the desired result [2].

Theorem 0.1. : Let u,v : Ry — Ry be continuous, nondecreasing functions which are positive for s > 0 and
u(0) = v(0) = 0. If there exists a positive definite dichotomic map with respect to (1.2), V : R x R™ — R such that
u(lz]) <V(t,z) <v(lz|), teR, z€R" then the null solution of (1.2) is stable.

Theorem 0.2. Let V be a continuously differentiable strictly dichotomic map with respect to (1.2) in Theorem
(0.1). Then the null solution of (1.2) is asymptotically stable.

*IGCE, UNESP, Rio Claro, SP, Brasil, sasmarc@Qrc.unesp.br
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Now we present the main result.

Theorem 0.3. Let f: R — R be a continuous map and b€ R, b > 1. If f(z) <z forx >0, f(z) >z forz <0
and xf(x) > 0 for x # 0, then the null solution of (1.1) is stable. Moreover, if f is continuously differentiable at
zero and 0 < f'(0) < 1, then the null solution of (1.1) is asymptotically stable.

2

Proof The idea of the proof is to suppose V'(z;) > 0 for some ¢ with V() = %, that is,

V(@) = w(t)2'(t) = w()[=bx(t) + f(=([t])] = 0

and to analyze the cases x(t) > 0 and z(t) < 0. If 2(¢) > 0, then —bx(t) + f(x([t])) > 0, that is, f(x([t])) > bx(t).
By hypothesis, z and f(z) have the same signal and, since f(z([t])) > bx(t) > 0, then z([t]) > f(z([t])) > bx(t).
Therefore x2([t])/2 > b222(t)/2 > x2(t)/2, that is, V(x([t])) > V(z(t)). The case z(t) < 0 is analogous. Hence, in
both cases, we have that if V' (a;) > 0, then there exists a previous instant [t], [¢] < t such that V(z(¢)) < V(x([t])).
So, V is dichotomic with respect to (1.1).

Taking v(x) = 2? and u(z) = 22/4, by Theorem (0.1), we have that the null solution of (1.1) is stable. Now, we
will prove that V is asymptotically dichotomic with respect to (1.1). Since 0 < f/(0) < 1, there is a ball B(0,¢,)
centered at zero with radius €, > 0 such that, for z € B(0,¢,), 0 < f/(x) < 1. Since the null solution of (1.1) is
stable, we can take 0, > 0 such that if || < J,, then x(¢,0,v) € B(0,¢,) and 0 < f'(x(t,0,%)) < 1 for all t > 0 and
all |¢] < d,. Suppose now V'(x(t)) > 0 and x(t) > 0; the case x(t) < 0 is similar. It follows that f(z([t])) > bz(t).
By Mean Value Theorem, f(z([t])) — f(0) = f'(w)z([t]) > bx(t). Since w € B(0,¢,), f'(w) = K < 1, we have that
Kz([t]) > bxz(t). We choose L, 0 < K < L < 1 and so z([t]) > 2x(t), that is, @ > %xz(t),o < L <1 By
using p(y) = Z—Zy for y > 0, we obtain that whenever V'(z;) > 0 for some ¢, we have an anterior instant [¢t] such
that p(V(z(t))) < V(z([t])). Now, let V'(z;) — 0 and z(t) — w when t — occ.

Then 0 = lim; o0 z(t)[—bx(t) + f(x([t]))] = w[—bw + f(w)], that is, w = 0 or f(w) = bw.

If w > 0, by hypothesis f(w) < w, it follows that bw < w. So, (b — 1)w < 0 and since w > 0 we have b < 1, a
contradiction. If w < 0, we obtain similar contradiction. Therefore w = 0 and V is a strictly dichotomic map with

respect to (1.1). By theorem (0.2), the null solution of (1.1) is asymptotically stable.
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DECAY RATES FOR EIGENVALUES OF POSITIVE INTEGRAL

OPERATORS ON THE SPHERE
V. A. MENEGATTO* & A. P. PERON'

1 Introduction

Let m be a positive integer at least 2, S™ the unit sphere in R™*! and do,, the surface element of S™. Let K be
a positive definite kernel on S™ ([1]), that is, a function K : S™ x §™ — C from L?*(S™ x S™, 0y, X 0,) satisfying

ZZCMEK(JCM,QUV) >0, (1.1)

p=1lv=1
for all positive integer n, complex numbers ¢y, cs, ..., ¢, and points x1,z9,...,x, in S™, and consider the integral
operator given by the formula
K@) = | K,y f(y)dom(y), =€ (1.2)
Sm'

Since K is hermitian a.e., the formula (1.2) defines a self-adjoint compact operator in L?(S™, c,,) := L?(S™). As
so, the spectrum of K consists of at most countably many nonnegative eigenvalues which we assume arranged in

decreasing order
A(K) > X(K)>...>0, (1.3)

repeating each one according to its algebraic multiplicity.

The main result here will describe decay rates for the sequence {\,(K)}, assuming a smoothness assumption of
Lipschitz type on the kernel K. To explain that, denote by d,, the usual geodesic distance on S™. One of its closed
forms is

dm (2, y) = arccos(1 — 27 |z — y||?), =,y € S™, (1.4)

in which || - || stands for the usual norm in R™*1 If 3 > 0 and B € L'(S™) then a kernel K is said to be
(B, B)-Lipschitz (with respect to d,,,) when

K (w,z) — K(w,y)| < Bw)dy,(z,y)°, z,y,weS™. (1.5)

2 Main Result

The main achievement in this note is Theorem 2.1 described at the end. The approach we adopt to prove the
theorem is based upon an interesting result from operator theory which provides an alternative interpretation for
the singular values of an operator acting on a Hilbert space. We will write B(H) to denote the vector space of all

bounded operators on a Hilbert space H.

Proposition 2.1. (/3], p. 51) Let T be a compact operator on a Hilbert space H. Arrange the singular values of T

in decreasing order taking into account multiplicities, say s1(T) > so(T) > ---0. Then

s$p(T)=min{||T —U||g : U € B(H) andrank U <n -1}, n=12,.... (2.1)
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The number on the right-hand side of the above equation is usually called the n-approximation number of the
operator T

Returning to the integral operator K, basic functional analysis implies that it has a unique square root v/&C
obeying the formula

vﬁifxx)::/ KY(e,9)f(g) don(y), | e I2(S™), @ e 8™ (2.2)

m

In addition to that, the eigenvalues of v/ and K are related to each other via the formula A, (K)Y? = \,(VK),
n =1,2,.... Then, it is quite clear that ([4, 7])

A (VK) = min{||[VK = Ul|s : U € B(L*(8™)) and rank U <n —1}, n=1,2,.... (2.3)

Therefore, our strategy will be to obtain a sharp bound on the n-approximation number of v/&. That will be done
by computing the expression |[v/IC — Ul||5 for a specially chosen operator U of rank at most n — 1 on B(L?(S™)),
namely, a composition of a convenient spherical convolution operator with /K itself. The convenient convolution
we use is based on the so-called generalized Jackson kernel ([5, 6]). It depends upon two positive integers I and
> 2 and is given by the formula

1 (sin(ut/2) 2
D,(t) = — | ———= , t , ), =1Il(u—1), 2.4
0= (Se) L el v=iu-1) (2.4
where the constant k, is chosen so that
Dy (dm(z,y))dom(y) = om-1, x€S™. (2.5)

Sm
Since D, is an even n-order trigonometric polynomial in the variable ¢, the formula

R(f)(2) = — Dy (dm(,9)) f(y)dom(y), f€ L*(S™), we 8™, (2.6)

Om—1 Jsm

defines a spherical polynomial R, (f) of degree v in the variable z. Thus R, (v/K) is a linear operator of rank at
most v and we estimate the expression ||[v/K — R, (vVK)||2 in order to obtain an upper bound for A, (v/K). Since
v =1(p — 1), a convenient choice for [ and p then provides the desired upper bound for )\n(\/lz) when n is large

enough.

Theorem 2.1. If K is (B, 3)-Lipschitz, then there exist a constant C depending on m and 3 only such that
M (K) < Cn=B, as long as n > m + 3/2.
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MULTIPLICIDADE DE SOLUCOES PARA UM PROBLEMA EL{PTICO
EM RY ENVOLVENDO EXPOENTE CRITICO E FUNCAO PESO

M. L. MiorTO *

Estabelecemos a existéncia e multiplicidade de solugoes nao triviais do seguinte problema

(Pr.r)

—Au=Af(z)ut ' 44>~ em RN
0 <ue DV2(RY),

onde 1 < ¢g<2<2"= %, N > 3, XA um parametro positivo e a funcao f satisfaz as seguintes condigdes:

(H) f=fi+f (fr =max{f, 0}, f- = min{f, 0}) é uma fun¢io mensuravel, localmente limitada sobre R\ {0},
com 0 # fi € C(RV\{0}) e

flz) = { O(]z|®), quando |z| — 0

N O(|z]*), quando |z| — oo,

para numeros reais a, b satisfazendo

a < Q—J\i(qu*) < b.

Tais restricoes nas condigoes de crescimento da funcéo peso f sdo necessdrias para que tenhamos uma condicao
de compacidade. Condigoes semelhantes foram utilizadas por Szulkin e Willem [11]. Ainda Egnell [9], bem como
Noussair, Swanson e Yang [10] demonstraram que tais restri¢oes nas condigdes de crescimento sao necessarias para
que haja solugao nao trivial.

Nos tltimos anos, intmeros trabalhos apresentaram resultados de existéncia e multiplicidade de solugoes fracas
para equagdes elipticas semilineares com crescimento critico. Citamos o trabalho pioneiro de Ambrosetti, Brézis e

Cerami [2] que, dentre outros problemas, analisou a existéncia e multiplicidade de solugbes positivas de

—Au = \f(x)ul™t +uP!, em Q
(P ) { f()

u =0, sobre 02

onde 1 < ¢ <2< p<2*eQédominio limitado de RY. Considerando o caso particular em que f = 1, eles pro-
varam a existéncia de A\g > 0, tal que o problema (P f o), admite ao menos duas solugdes positivas se A € (0, Ag),
possui uma solugao positiva para A = Ay e nao possui solugao para A > A\g. Recentemente, ainda com f =1 e para
o caso em que = By(0,1), ou seja, 2 é a bola unitaria, os autores Adimurthi, Pacella e Yadava [1], Damascelli,
Grossi e Pacella [6] e Tang [12] provaram que existem exatamente duas solugoes positivas para A € (0, Ag) e apenas
uma solugao positiva para A = Ag. Ainda no caso de 2 ser um dominio limitado qualquer, Wu em [13], considerou
o problema (P, f, o) sob a hipétese que f € C(Q), com fi # 0. Sob tais condigoes ele garantiu, através de métodos
variacionais sobre a variedade de Nehari, a existéncia de A\g > 0 de modo que o problema (Pj ¢, o) admite ao menos
duas solugoes positivas para A € (0, Ag). Para outros resultados similares sobre dominios limitados citamos dentre
outros os artigos [4], [7] e suas referéncias.

Em todo o espago, ou seja, quando € é igual a RY, os autores Garcia e Peral [3], além de outros resultados,

provaram através de métodos variacionais, a existéncia de A9 > 0 de modo que o problema (Pj, ¢) admite ao menos
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duas solucdes ndo negativas para A € (0, \g), sob as condicdes que f € L*(RN) N L>(RY) e f; # 0. Para mais
resultados relacionados em todo o espago fazemos mencao & [5], [8], bem como suas referéncias.

A seguir enunciamos o nosso resultado:

Teorema 0.1. Suponha que f é uma funcdo mensurdvel em RN satisfazendo (H). Entdo existe uma constante

positiva A = A(g, f,N), onde para todo X € (0,A) o problema (Py,f) possui ao menos duas solugées ndio triviais.

O nosso teorema pode ser visto como uma generalizacao dos resultados acima mencionados, principalmente dos

resultados obtidos em [3] e [13], pois uma classe mais geral de fungdes peso é considerada. Por exemplo, a fungao
fla) = —lz|*xallz]) + xp(|z)3z — 6] + |« ¥ xp(|2]),

onde A = (0,1), B =[2,3) e D = [3,00), satisfaz a hipétese (H), mas nio estd em L'(R™) N L>®(RY) e também
nio pertence a C(RY), condigdes estas que a fungio peso f deve satisfazer em [3] e [13] respectivamente. Do
mesmo modo que [3], usamos métodos variacionais, mais precisamente, combinamos técnicas de minimizagao e uma
versao do Teorema do passo da montanha sem a condi¢ao de Palais-Smale, além disso obtemos um comportamento
“preciso” dos niveis de Palais-Smale.
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PROBLEMA DO TIPO AMBROSETTI-PRODI PARA UM SISTEMA
ENVOLVENDO O OPERADOR p—LAPLACIANO

T. JUNGES MIOTTO *

Este trabalho destina-se ao estudo de um problema do tipo Ambrosetti-Prodi para um sistema elitico envolvendo
o operador p—Laplaciano. Problemas do tipo Ambrosetti-Prodi sao amplamente estudados por diversos autores
e receberam essa terminologia devido aos primeiros mateméticos que o resolveram em 1972. Ambrosetti e Prodi
em [1] mostraram, utilizando teoremas de inversdo para aplica¢oes diferencidveis com singularidades em espagos
de Banach, a existéncia de uma variedade M de classe C! em C%%(Q) que divide o espaco em duas componentes

conexas N e O de modo que o problema

(0.1)

—Au = f(u)+g(z), em Q
u = 0, sobre 0f)

nao possui solucoes se g € N, possui exatamente uma solucao se ¢ € M e possui exatamente duas solugoes se
g € O. Nesse caso f é uma funcio a valores reais de classe C? satisfazendo f”(s) > 0, para todo s € R e
0 < limy oo f(s) < A1 < limg 400 f/(8) < Az, com Ap, Ay 0 primeiro e o segundo autovalor de (—A, W, *(Q)) res-
pectivamente. Com diferentes variantes e formulagoes, varios autores vem estudando problemas do tipo Ambrosetti-
Prodi para operadores lineares de segunda ordem.

Mais recentemente problemas do tipo Ambrosetti-Prodi envolvendo o operador p—Laplaciano tem sido estudados
por Arcoya e Ruiz [2], bem como Koizumi e Schmidt [7], entre outros, utilizando principalmente a teoria do grau
de Leray-Schauder.

Para o caso de sistemas existem resultados para o caso de operadores lineares de segunda ordem uniformemente
eliticos, onde podemos citar [3,4,5], entre outros. A respeito de sistemas que envolvem o operador p—Laplaciano,
com p # 2, nao conhecemos nenhuma referéncia ou resultado. Motivados pelos trabalhos de [3] e [5] estudaremos o
seguinte sistema

—Apuy = fi(z,uy,ug) +t1¢1 + hy, em Q
(St) —Apup = fa(w,ur,uz) +tado + ho, em Q
uy = ug = 0, sobre 09,

onde h;, ¢; € L=(Q), com ¢; = 0 em §, parai=1,2 e t = (t;,t3) € R? 6 um parametro.

O sistema (S;) pode ser reescrito na forma matricial
—Apu = f(z,u)+td+h, em Q@ uw=0 sobre 99,

onde u = (ur,u)”, b = (h1, ho)", f(z,u) = (fr(x,u1,u2), f2(x,u1,u2))" € td = (t1d1, ta2)” .
Além disso, fi: Q x R x R — R é uma funcéo continua satisfazendo as seguintes condicdes:

(Hl) Ifi(x751;82)| S C(l + ‘31|qi + |82‘ri)a 1< Tiyqi S P — 17 1= 1727
(H2) existe o > 0 tal que fi(, s1,52) + o|s;|P~2s; é ndo decrescente em s;, para todo (z,s;) € Q x R?, i =1,2,

(H3) £i(2,0,0) =0 e f; é quase-monétona para todo (x,s;) € Q x R, isto é, para cada i # j, i = 1,2, fi(z,s1,52)

¢ nao decrescente em u;,
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(H4) existem matrizes estritamente cooperativas (a;;, c;; > 0 para i # j),

A1_<a11 a12 >’ A2_<011 012>
a1 Q99 C21  C22
com aqy + a2 < 0, asy + agze < 0 e existe § € [0,1] tal que Ay — degp — (1 — d)cgz < 0, sendo Ay o primeiro
autovalor de (—A,, Wy()), tais que A\ (A, + A1) >0, A (A, 4+ A3) < 0, onde
M(A, + A;) =supE(4,),
E(4) = (AR Tp € (WEF(9))2 0 > 0, Ao+ (A + AD)T, () < 0},
com W, (s) = (p(s1), ¥p(s2))T € ¥p(s;) = |s:|P~2s;. Além disso, existem constantes by, be > 0 tais que
flz,s) > A10,(s) —b1e,Vs <0, f(z,s) > AV, (s) —bee,Vs >0,
para s = (s1,52) € R? onde & = (1,1)T = €T
(H5) para cada sequéncia {s,} C R? tal que ||s,, || é limitado e ||s;}|| — oo quando n — oo,

lim inf f (@, 5n) — [, 57)

n—oo ||3,j;HP*1

> 0.

A seguir enunciaremos o nosso resultado:

Teorema 0.1. Suponha que (H1) — (H5) ocorrem. Entdo existem curvas Lipschitzianas T'* e T, que dividem R?

em trés conjuntos disjuntos M, N e O tais que o problema (S;):
i) possui ao menos duas solugdes para t € M,

ii) possui ao menos uma solug¢ao parat € T*UT, UQO,

iii) ndo possui solucdo parat € N.

Uma das solugoes é encontrada através do método de sub e supersolugao. Para a segunda solugao vamos utilizar
a teoria do grau de Leray-Schauder. Como é conhecido, para aplicarmos essa teoria precisamos obter estimativas a
priori das eventuais solucoes. Para obter tais estimativas fez-se necesséario o uso da teoria das solugoes de viscosidade
e uma adaptacao das estimativas ABP obtidas em [6].
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UNIFORM CONVERGENCE THEOREM FOR THE KURZWEIL

INTEGRAL FOR RIESZ SPACE-VALUED FUNCTIONS
G. A. MONTEIRO* & R. FERNANDEZ !

We prove that the uniform convergence of a sequence of Kurzweil integrable functions imply the convergence of

the sequence formed by its corresponding integrals.

1 Introduction

In [4], it was proved that:
If X is a Dedekind o-complete weakly o-distributive Riesz space, f € X[ is a bounded function and (f,)nen

is a sequence of Kurzweil integrable functions on [a,b] such that f, > f, then

b b
[ is Kurzweil integrable on [a,b] and / fn 2 / f. (1.1)

Our purpose here is to obtain (1.1) without the assumption that f is bounded. In the sequel follows some defintions.
A Riesz space X is a real vector space on which a partial ordering < compatible with its vector space structure
is defined, that is, (X, <) is a lattice. A sequence (z,,),en of elements of X is said to be (0)-convergent to x € X,

. o . . . .
and we write z, — x, if there exists a nonincreasing sequence (a,)ncn of elements of X such that

an, 0 and |zgx—z|<ar, foralkelN.

[a,b]

A sequence (fp)nen of elements of X is said to be uniformly convergent to f € X*! and we write f, — f, if

there exists a nonincreasing sequence (u,)nen of elements of X such that
u, WO and |fx(x) — f(z)| <ug, forallx€la,b] and k € IN. (1.2)

A bounded double sequence (a;;);; of elements of X is said to be a (D)-sequence if, for each ¢ € IV, the sequence
(ai;)jen is nonincreasing and a;; \, 0 as j — oo. The Riesz space X is said to be a Dedekind o-complete weakly
o-distributive Riesz space, if it is Dedekind o-complete Riesz space (i.e., every non-empty, enumerable subset that

has upper bound admits a least upper bound or supremum) and
/\ (\/ aw@)) =0, for all (D)-sequence (a;;);; of elements of X.
e NN \i=1
A function f € X% where X is a Dedekind o-complete weakly o-distributive Riesz space, is said to be Kurzweil
b
integrable on [a,b] if there exists L := / f € X, satisfying :

there is a (D)-sequence (a;;); of elements of X such that, for every ¢ € INY | there is § = 6(¢) € Ry ** such that
b

Si-f s
11 a

The set A, (0) consists of all o-fine partitions II of [a,b], that is, II := {(Ix,ar)}rer, A C IN finite and
I, C ]Ozk — (5(Ozk) , O + (5(ak)[, for all £k € A.

< \/ (i) for all L A y(5) . (1.3)
i=1
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2 Uniform convergence theorem

The proof of Theorem 2.1 follows closely the ideas presented by Riecan and Vrabelovd in [4].

Theorem 2.1 (Uniform convergence theorem). Let X be a Dedekind o-complete weakly o-distributive Riesz

space and (fn)nen be a sequence of Kurzweil integrable functions on [a,b]. If f, ~ f, then
b b
f is Kurzweil integrable on [a,b] and / fn > / f

Proof. Since f, — f, there exists a sequence (uy,)nen as in (1.2). Observing that a sequence which is uniformly

b
convergent is also Cauchy uniformly, by Proposition 3.2.1 in [1], there exists L € X such that / fn 2 L. Thus,

there exists a nonincreasing sequence (wy, )nen of elements of X such that

/abfk—L

)ij satisfying the Kurzweil integrability condition (1.3) for f,. Given

wy, \,0 and <wg, forall ke IN.

(n)

ij

¢ € N and considering p := 116111{[1 @(i+ 1), for IT € A, 3)(0,), we have
K3

2L
11

For each n € IV, there is a (D)-sequence (a

o0
<u,(b—a)+w,+ \/ aii)(i+p+1) , for all IT € Apg 4)(d5) - (2.4)
i=1

o0
Let S :=uy (b—a)+w + \/ agil) and a triple sequence (cyij)nij of elements of X defined by

i=1
 fwitui(b—a) if n=1 o
Cnij ‘= {az(';z—l) if ﬂ22 5 17]61\7.
By the Lemma 2 in [3], there exists a double sequence (b;;);; on X such that (S A b;;);; is a (D)-sequence and
S A (Z \/ Criw(iJrT)) < \/ (S A bjw(j))a foralln € IN and ¢ € NV, (2.5)
r=1i=1 j=1
Rewriting the inequality (2.4), we obtain
o) 00 p+1 o
D=L =V oeveuin + V corviotrin < DV erigln- (2.6)
I j=1 i=1 r=1i=1

%

On the other hand, ‘Z f- L‘ <up(b—a)+wi+V 'V =s. Therefore, for a § € B+[“’b] sufficiently fine, applying
I i=1
(2.6) and (2.5), we conclude the proof. m
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APPROXIMATION OF COMPACT HOLOMORPHIC MAPPINGS

IN RIEMANN DOMAINS OVER BANACH SPACES
JORGE MUJICA *

1 Introduction

Let H(U) denote the vector space of all complex-valued holomorphic functions on a nonempty open subset U of a
complex Banach space E. Let 71y, 7, and Ts respectively denote the compact-open topology, the compact-ported
topology and the bornological topology on H(U). We refer to the books of Dineen [4] or Mujica [9] for background
information on infinite dimensional complex analysis.

The study of the approximation property for the spaces (H(U), 7o), (H(U),7.) and (H(U), 7s) was initiated by
Aron and Schottenloher [2]. More recently Boyd, Dineen and Rueda [3] studied the approximation property for the
space of holomorphic functions on U which are weakly uniformly continuous on U-bounded sets, with its natural
topology. In those papers the authors obtained their best results when U = E or when U is a balanced open subset
of E.

In a more recent paper Dineen and Mujica [5] extended some of the results of Aron and Schottenloher on
(H(U), o) to the case of arbitrary open sets, and promised to devote a subsequent paper to the study of (H(U), 7.,).

A forthcoming paper of Dineen and Mujica [6] is devoted to the study of the approximation property for the
spaces (H(U), 1,,) and (H(U), 75). This note is an announcement of the main results in [6]. Dineen and Mujica [6]
observe at the outset that the spaces (H(U), 7,,) and (H(U), 7s) behave very differently from the space (H(U), 79).
Indeed among other results Dineen and Mujica [5] proved that if F is a Banach space with a Schauder basis, then
(H(U), 19) has the approximation property for every open subset U of E. On the other hand, it follows from a
remark of Floret [7] that if U is any open subset of the Hilbert space £z, then neither (H(U), 7,,) nor (H(U), 7s) has
the approximation property.

In their main result Dineen and Mujica [6] show that if F is a Banach space with a shrinking Schauder basis,
and with the property that every continuous complex-valued polynomial on E is weakly continuous on bounded
sets, then (H(U), 7,) and (H(U), 75) have the approximation property for every open subset U of E. The classical
space cg, the original Tsirelson space T* and the Tsirelson*-James space T5 are examples of Banach spaces which
satisfy the hypotheses of our main theorem.

Even though Dineen and Mujica [6] are mainly interested in the study of holomorphic functions defined on
open subsets of Banach spaces, they deal more generally with holomorphic functions defined on Riemann domains
over Banach spaces. The reason is that their proofs rely heavily on results and techniques from the theory of
holomorphic approximation in pseudoconvex Riemann domains over Banach spaces with a Schauder basis, and the
fact, established by Alexander [1] and Hirschowitz [8] that every space of the form (H(U),7s), with U C E open,

is topologically isomorphic to a space of the form (H(U),7s), where Uisa pseudoconvex Riemann domain over E.

2 Main results

Let E and F be Banach spaces, let (X, &) be a Riemann domain over E, and let Hy(X; F') denote the vector space

of all compact holomorphic mappings from X into F. With this notation the main results in [6] are the following:

*IMECC, UNICAMP, Campinas, SP, Brasil, mujica@ime.unicamp.br

106



Theorem 2.1. Let E be a Banach space, and let (X, &) be a Riemann domain over E. Then:

(a) If H(X) ® F is dense in (Hy(X; F),1,) for every Banach space F', then (H(X),7,) has the approximation
property.

(b) If E is separable, (X, &) is connected, and H(X) ® F is dense in (Hi(X; F),7s) for every Banach space F,
then (H(X),7s) has the approzimation property.

Theorem 2.2. Let E be a Banach space with a shrinking Schauder basis, and with the property that every continuous
complez-valued polynomial on E is weakly continuous on bounded sets. Let (X,£) be a connected Riemann domain
over E. Then:

(a) H(X) ® F is sequentially dense in (Hy(X; F),7s) for every Banach space F.

(b) (H(X),7,) and (H(X),7s) have the approximation property.

Theorem 2.1 is obtained with the aid of the e-product of Laurent Schwartz. In Theorem 2.2, (b) follows from (a)
by Theorem 2.1. Theorem 2.2(a) is obtained with the aid of results and techniques from the first paper of Dineen
and Mujica [5] and from a recent paper of Mujica and Vieira [11]. A preliminary version of Theorem 2.2, when X
is a pseudoconvex open subset of E, was announced at the Second ENAMA, in Jodo Pessoa, in November 2008.
To delete the hypothesis of pseudoconvexity it was necessary to consider the case of Riemann domains. Versions of
some of the results in [2] and [5], and preliminary versions of some of the results in [6], with complete proofs, were
presented by Mujica [10] at a five-lecture course at the Universidad Complutense de Madrid, in June 2009. I am
indebted to José M. Ansemil for his kind invitation to deliver that course.
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OPERADORES DE COMPOSICAO ENTRE ALGEBRAS
DE FRECHET UNIFORMES

C. NACHTIGALL *

Este trabalho tem por objetivo principal estudar as relagoes entre operadores de composigao da forma T, : A — A
e as respectivas aplicagoes g : May — M4, onde M4 é o espectro da uF-algebra A. Os resultados apresentados
fazem parte da tese de doutorado que estd sendo desenvolvida junto ao IMECC - UNICAMP, sob a orientagao da

professora Daniela Mariz Vieira e co-orientagao do professor Jorge Mujica.

Definigao 0.1. Seja A uma F-dlgebra com unidade e. Denotaremos por M4 o conjunto de todos os homomorfismos
complexos continuos e nao nulos da dlgebra A. Dizemos que M4 é o espectro de A. Para cada f € A, definimos a
funcio f: M4 — C tal que f(¢) = ¢(f), para toda ¢ € My, onde f é chamada de transformacio de Gelfand de f,
e denotamos A = {f|MA; f € A}. Chamamos de topologia de Gelfand em M4, a menor topologia que torna cada
transformagao de Gelfand continua em M 4. Desta forma, a aplicagdo f — f é um isomorfismo topoldgico entre A

e A, e podemos considerar A C C(M4). Denotemos por § a topologia forte em My, induzida por (A’, 3).

Definigao 0.2. Uma F-algebra A é chamada de uF-dlgebra (dlgebra de Fréchet uniforme) se pn(f?) = pn(f)?, para

toda f € A, onde (p, )nen é uma sequéncia de seminormas que gera a topologia de A.

Toda uB-dlgebra (dlgebra de Banach uniforme) é uma dlgebra de uF-dlgebra. O espago da fungdes continuas
em um K —espago hemicompacto X = UpenK,, denotado por C(X), com a topologia dada pelas seminormas
Pn(f) = sup,ck, [f(x)], assim como o espaco das fungdes holomorfas do tipo limitado, denotado por Hy(U), onde
U é um aberto em um espago de Banach, munido da topologia da convergéncia uniforme sobre os U —limitados, sao

exemplos de uF-algebras.

Defini¢ao 0.3. Sejam A uma uF-dlgebra e T : A — A um operador linear. Dizemos que T' é um Operador de

Composigao se existe uma aplicagdo continua g : M4 — M4 tal que T(f) = f o g, para toda f € A. Neste caso

denotamos T' = Tj,.

Na verdade, vale que todo homomorfismo unitdrio T': A — A (i.e., T é continuo, linear, multiplicativo e

T(e) = e) é um operador de composigao, onde g : M4 — My é dada por T’|MA e T' é o operador adjunto de T.

Definigao 0.4. Sejam A uma uF-dlgebra e T': A — A um operador continuo. Dizemos que T é pontualmente
limitado se existe uma vizinhanca de zero V' C A tal que T(V) C A C C(M4) é pontualmente limitado, isto é, para
cada © € My, o conjunto C,, = {T(f)(z) : f € V} é limitado em C.

A seguir, apresentamos os principais resultados obtidos:

Proposicao 0.1. Sejam X um K-espago hemicompacto e T': A C C(X) — C(X) um operador de composicao
pontualmente limitado, onde A é uma subdlgebra fechada de C(X). Entao T(A) C Cp(X) e T é continuo, onde
Cy(X) denota a uB-dlgebra formada pelas fungdes de C(X) que sao limitadas em X, com a norma do supremo.

Corolério 0.1. Sejam A uma uF-dlgebra e T : A — A um operador pontualmente limitado. Entao T(A) C B,

onde B é uma uB-édlgebra. Consequentemente, 7' é continuo.

O corolario 0.1 generaliza o teorema 2.1 de [1]. Em [1], o resultado é obtido para o caso particular em que
A= Hy(U) e B=H*>(U) (fungoes holomorfas e limitadas em U).
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Proposicao 0.2. Sejam A uma uF-dlgebra e T, : A — A um operador de composigdo compacto. Se L C My é
um conjunto S-limitado em M4 entéo g(L) é [-relativamente compacto em M 4.

A proposigao 0.2 generaliza parte da proposicao 2.12 de [1], onde o resultado é obtido no caso particular em que
A= Hp(U) e L é um conjunto U—limitado.

Seja Y um conjunto qualquer e suponhamos que ¥ = Y,, onde Y,, C Y, 41, para todo n € N. Vamos dizer

neN
que um subconjunto A C Y¢ = {f:Y — C} é uma cilgebme uniforme no conjunto Y se A é uma sub-dlgebra das
fungdes em Y que sdo limitadas em cada Y,,, separam pontos de Y e contém as constantes. Neste caso, dizemos
que A é uma Y -dlgebra e denotamos A = A(Y). Vamos considerar em A a topologia gerada pelas semi-normas
pu(f) = sup,ey, |f(y)], Vf € A. Com esta topologia, A é uma uF-dlgebra. Os espagos C(X) e Hy(U) citados
acima sao exemplos de uF-algebras que sao Y —algebras. Notemos que o conjunto Y pode ser identificado com
um subconjunto do espectro de A(Y), através da aplicacdo avaliacdo § : Y — M4, onde §,(f) = f(y), para cada
fe A= A(Y). No que segue, ndo distinguiremos Y de 6(Y) C M4. Definimos em Y a topologia mais fraca que

torna todas as fungdes de A continuas em Y. A seguir, temos uma aplica¢do da proposigdo 0.2 para A = A(Y):

Coroldrio 0.2. Sejam A = A(Y) uma uF-dlgebra e T, : A — A um operador de composigdo compacto. Entao
g(Y,,) é f-relativamente compacto em M 4.

Um homomorfismo unitario T' : A(Y) — A(Y) é um operador de composicdo em Y quando gly : ¥ — Y.
Estamos interessados em obter condigoes para que um homomorfismo unitério T : A(Y) — A(Y") seja um operador
de composicao em Y. Dizemos que um sunconjunto L C Y é Y —limitado se existe n € N tal que L C Y,,. Dizemos

que Y é A—convezo se (V)4 ={y €Y : |f(y)| <sup.ey, |f(2)],Vf € A} é Y —limitado, para cada n € N.

Proposicao 0.3. Sejam A = A(Y) uma uF-algebra e T'=T, : A — A um homomorfismo unitdrio. Entao T é um

operador de composicao em Y se e somente se para cada n € N, existe n, € N tal que g(V;,) C (Yo, ) 4-

Corolério 0.3. Sejam A = A(Y) uma uF-dlgebra e T = T, : A — A um homomorfismo unitério, onde Y é
A-convexo. Entao T' é um operador de composicao em Y se e somente se para cada n € N, existe ny € N tal que
9(Yn) C (Y,)a-

O corolério 0.3 generaliza a proposigdo 3.1.1 de [2], onde o resultado é obtido para a uF-dlgebra A(Y) = Hy,(U).

Proposicdo 0.4. Sejam A = A(Y) uma uF-dlgebrae T =T, : A(Y) — A(Y) um operador de composicao em Y.
Entao T, é pontualmente limitado se e somente se existe ng € N tal que g(Y) C (Ys,) 4-

Corolério 0.4. Sejam A = A(Y) uma uF-dlgebra e T = T, : A(Y) — A(Y) um operador de composi¢do em
Y, onde Y é um conjunto A—convexo. Entao T, é pontualmente limitado se e somente se existe ng € N tal que
g(Y) CYa,.

Proposigao 0.5. Sejam E um espago de Banach com a propriedade de aproximacao e U C E um conjunto
Hy(U)—convexo e equilibrado. Seja T : Hy(U) — Hp(U) um homomorfismo unitdrio que é 79 pontualmente

continuo em conjuntos limitados de Hy,(U). Entdo T é um operador de composigdo em U, onde 73 indica a
topologia compacto aberta em Hy,(U).

O coroldrio 0.4 e a proposi¢do 0.5 generalizam 2.3-b e 2.3-a de [1], respectivamente, onde os resultados séo

obtidos para um operador de composicao Ty, : H,(U) — Hp(U), onde U é um aberto absolutamente convexo de E.
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EXPONENTIAL ATTRACTOR FOR A NONLINEAR DISSIPATIVE

BEAM EQUATION OF KIRCHHOFF TYPE
V. NARCISO* & M. T. Fuf

In this paper we prove the existence and uniqueness of global solution and existence of a exponential attractor
for the following Kirchhoff type beam equation

uge + A%u — M(||[Vul]?)Au+ g(ug) + f(u) =0 in Q x RT,
_ Ou _
u = o — 0,
u(z,0) = uo(z), w(x,0)=ui(x)
where (3 is a positive constant, M is a continuously differentiable real value function with M(s) > 0, for all s > 0,
Q is a bounded open set of R” with smooth boundary I', and the functions

g(us) = Puy and f(u) =~ |ulfu

are, respectively, linear dissipation and forcing term.

The results of existence and uniqueness of local solution are obtained using the theory of semigroups [16]. We
show that the solution exists globally obtaining uniform estimates. Finally, we show that the dynamical system
associated to this equation posses a global attractor and a finite dimensional exponentially attracting set, employing
the methods given in [20] and [8].
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A CRITERION FOR NUCLEARITY OF POSITIVE INTEGRAL
OPERATORS

A. P. PERON"* M. H. CASTRO'T & V. A. MENEGATTO !

We investigate the nuclearity of positive integral operators on L?(X, 1) when X is a Hausdorff locally compact
second countable (LCH) space and p is a non-degenerate and finite Borel measure. This setting includes the case
in which X is a compact metric space and p is a special finite measure. The results apply to spheres, tori and other
important subspaces of the usual space R™.

The main result in this note can be seen as a generalization of another one proved in [8] for the case X = [a, b].
The proof there used in a key manner the so-called Steklov’s smoothing operator to construct an averaging process
to generate a convenient approximation to the integral operator I generated by a kernel K : X x X — C. The
upgrade to the case in which X is a subspace of R™ was discussed in [6] and references therein. By assuming
that the Lebesgue measure of nonempty intersections of X with open balls of R™ was positive and using auxiliary
approximation integral operators generated by an averaging process constructed via the Hardy-Littlewood theory,
the main result in [6] described necessary and sufficient conditions for the traceability of the integral operator, under
the assumption of positive definiteness of the kernel. Unfortunately, this result excluded some important cases such
as spheres and tori. Thus, one of the achievements in the present note is the filling in of such gap, still using a
similar average process but dropping the restrictive assumption of finiteness on the measure.

Since our spaces are no longer metric, the Hardy-Littlewood theory in the average arguments need to be replaced.
We will rely on techniques involving martingales following very closely the development of Brislawn in [1]. In other
words, we will define auxiliary integral operators based on a martingale constructed from special partitions of X.
The main difference between the construction delineated here and that in [1] is that in the present one we need to

guarantee that the elements in the partitions belong to the topology of X.

1 Main result

Let X be a (LCH) topological space endowed with a non-degenerate and finite Borel measure p. We shall investigate
the nuclearity of integral operators K : L?(X, ) — L?(X, ) generated by a suitable kernel K : X x X — C from
L?(X x X, u x p). The setting just described allows the space L?(X, 1) to have a countable complete orthonormal
subset ([5, p.92]) while the operator K, which is given by the formula

K(f) = /X K(9)f @) duty), € L3(X. ), (11)

becomes compact. As so, the spectral theorem for compact operators is applicable and K can be represented in the

form

K(f) =Y Malfs fudfur  f€LXX,p), (1.2)

in which {\,} is a sequence of real numbers (possibly finite) converging to 0 and {f,} is a complete orthonormal

sequence in L?(X, i1). The symbol (-, -) will stand for the usual inner product of L?(X, p).
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The basic requirement on the kernel K will be its positive definiteness. A kernel K from L2(X x X, u x ) is
L?(X, p)-positive definite when the corresponding integral operator K is positive:

(K(f) f) =20, feL*(X,p). (1.3)

Fubini’s theorem is all that is need in order to show that a L?(X, u)-positive definite kernel is hermitian u x p-a.e..
As so, K is self-adjoint with respect to (-, -). In particular, the sequence {\,} mentioned in the previous paragraph
needs to be entirely composed of nonnegative numbers.

Nuclearity of K refers to the property

D KK(f), )P < o0 (1.4)
fes
for every orthonormal basis B of L?(X, ). In the formula above, K* is the adjoint of K. The main result establishes
a necessary and sufficient condition on K in order that K be nuclear. Its description depends upon a special
martingale {E,(f)} defined via the formula

1
E,(f)(z) = 2On(@) /On(w) fdp, (1.5)

in which {O,(x)} is a suitable family of open subsets of X.
The main result is as follows.
Theorem Let K be L?(X, p)-positive definite. The integral operator K is nuclear if and only if
limsup/ E,(K)(z,z)du(z) < . (1.6)
X

n—oo
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UNIQUENESS THEOREM FOR THE MODIFIED HELMHOLTZ

EQUATION INVERSE SOURCE PROBLEM.
N. C. ROBERTY* & M. L. S. RAINHAT

If we consider the uniqueness problem of reconstruction of an unknown characteristic source inside a domain
modeled by Poisson equation with a source given by a non homogeneous characteristic star-shape function, a well
known result, back to 1938, by Novikov , see [5], says that this kind of source can be reconstructed uniquely from
the Cauchy boundary data. In this work we assume that the model is giving by a modified Helmholtz equation, in
which the Laplacian operator is perturbed by an absorption term, and proof’s a uniqueness result for the case of
characteristic convex domain. The main application are in stationary and transient inverse problems modeled with
partial differential equations.

Let © ¢ RY an bounded regular domain. Let w C € open with C? boundary. Let y,, the characteristic function
of the set w. The direct problem with the modified Helmholtz operator: to find a regular field u that satisfy the

system
—Au+r2u= fx,
u=g 1e)9) (0.1)
k€ L>(Q) € L*(Q).

is well posed and has a unique solution u € H(().

The inverse source problem consists in by knowing the Cauchy data in the boundary 052, that is the Dirichlet
to Neumann map in at least one Dirichlet datum g, to recover the source fx,. This problem has been studied for
generic sources by [1] who shown that it is useless to change the input Dirichlet data g. The unique information

available is given by only one measurement, say, that Neumann boundary measurements

ou = gy. (0.2)

1 Mathematical Results

Theorem 1.1. Consider the direct problem (0.1) and its associated inverse problem (0.2) with two sources fxu,
and fXw,. Suppose that f(x) > 0 for ¥ € w. Let wy , wa C Q domains with C? boundary and wi\wa , wa\w1 ,

w1 Nwy convex. If the Cauchy data for the two problems are the same, then w; = ws.

Proof. Suppose that wy # ws. Let the u; e ug respective solutions for (0.1) for the same Cauchy data. Then,

w = u] — Uy satisfies

—Aw + k*w = F(Xeor = Xwp) = F Q

w=0 i9) (1.3)
guw =0 o0

where, w € H?(Q) N H}(Q) is the unique solution of (1.3). We also note that FF = 0 if x € Q\(w; Uws) ; F =
fifzew\wy; F=—fifz€w)\w and F=0if x € w; Nws.

From now on, for simplicity, we omit the zero Cauchy data for w, (w, %) = (0,0) on 99, Ows\w1, Owy\ws. This
is a direct consequence of Homesgren’s theorem applied to the regular region Q\(w; U ws).
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Now we applied the Maximum Modulo Principle to the region ws\w; for which
~Aw+ K*w=—f <0 (1.4)

to obtain that there exist x; € dw; Nwe with w(x1) > 0 such that w(z1) > w(z), V & € w;\wa, or there exist
x3 € (wo\w1)® such that w(zsz) < 0.

The results above assures that w is not constant for all interior points of we\w1. The Strong Maximum Principle
established that the second condition above and the normal derivative of w at the boundary ws\w;can not be zero

simultaneously, which implies the occurrence of first above condition. In an analogous way, for region wy\wa,
—Aw+ K*w=f >0 (1.5)

and there exist z3 € Jws Nwy with w(zz) < 0 such that w(zs) < w(z), V o € wa\wy.
Also, for region wi Nws
—Aw + K*w = 0. (1.6)

and it follows from the Maximum Modulus Principle that there exist ], #5 € wi Nwy such that w(z}) > w(zx) >
w(zh) V x € wy Nws. It can be proved that ) = z1 e z, = x5. Note that also w can not be constant in regions
wo\w1, wi\wa.

Now suppose that w is constant in w; Nws. This will imply that w = 0 , and by continuity we have that

w(z1) =0 e w(xze) = 0. Applying the Maximum Modulus principle to region (1.5) and (1.4)we obtain:

i. There exist x3 € (wa\w1)® such that w(zs) < 0 and %—f =0 on Ows\w1.

ii. There exist 24 € (w1\w2)° such that w(x4) > 0 and ((99% =0 on Jdwy \wa.

Again by the Strong Maximum Principle we obtain that (i) e (ii) cannot occurs simultaneously. This contradiction
shows that w is not constant inside wy N wq
Suppose now that w also is not constant in w; Nwy. By the Strong Maximum Principle applied to equation (1.6)
it follows that the exterior normal derivative of w in x5 is positive and consequently the normal interior derivative
is negative. If we again applies the Strong Maximum Principle to the region of equation (1.5) we obtain that the
exterior normal derivative of w in x5 is positive, and since w € H2(Q2) N H}(Q) we have that the normal interior in
(1.6) and exterior in (1.5) must coincides. Since one is positive and the other is negative, we obtain a contradiction
with the hypotheses that wy # ws.
O

We also present numerical results from computational experiments.
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METODO DE CAMADAS DE POTENCIAL PARA O PROBLEMA
COMPRESSIVEL DE NAVIER-STOKES

JORGE L. D. RODRIGUEZ* & MARK THOMPSON T

Considere as equagoes de Navier Stokes Compressiveis:

Dv .
Por upAv —vpVdive +VP(p) = pf 0.1)
pt + div (pv) =0
com dados iniciais de fronteira:
v =0 sobre 0D x[0,T] 0.2)
v ‘t:O =wvy , p‘t:o =po sobre D

definido em (z,t) € Dy = D x (0,T), onde D C R3, é um dominio limitado do plano com fronteira Lipschitz 0D
(veja também Brown [1]), v = (v!,v% v3) é a velocidade do fluido, p é a densidade, P = P(p) a pressio e f a

forga externa. Os termos da difusao p e da conveccao v, sao tais que p < v.

1 Equacgoes Lineais

Considere o sistema Linearizado
2

ut—uAu—VVdivu+C—Vn = f , em Dr
p
net+pdive = g, em Dr (1.3)
u = 0, sobre St
u |t:0, 77|t:0 0, sobre D
Usando a segunda equagao do sistema (1.3) na primeira, temos
ou . 5 [T ..
E:MAu +vVdivu +¢ (Vdivu)(z,s) ds+ F(z,t) (1.4)
0

2

onde F = f —Cp/t(Vg)(a:,s) ds.
0

2 Solucao Fundamental

Seja & = divu, # =V x u. Entao temos

t
%@/ - (M+V)A3{+c2/ AZ ds+ div F
0

A solucao fundamental da primeira equagao pode ser escrita como,

D(z,t) =G 4o(z,t) + T (z,t) + T (z,t) + To(z,t) (2.5)
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tal que
WW=G,%x(VxF) , 2 =TxdivF

Entao
u(z,t) = [G,+AG,— AT|%x F

onde A = (—A)~!Vdiv. Entao a solugao do sistema (1.4), em D, tem a forma

u(z,t) = /O/DG(z—y,t—T)F(y,T)dy dr

onde
G(z,t)= G, (z,t)+ (—A) "'V div G, (z,t)— (=AY 'VdivT (z,t) (2.6)

Substituindo a equacao (2.5), temos

()t 52y

M(m ,0) df é o nicleo achado por Brown e Shen [2].

onde i, j =1,2,3. Fij(:ll,t) = (SijGu(:lI,t) +/

3 Resultados

Poténcias de camada dupla sao estabelecidos no Problema de Navier Stokes Compressivel. Mediante o calculo da
condicao de salto na fronteira é possivel estabelecer existéncia e unicidade da solucao como potencial de camada.

De maneira geral temos

Kg)(p.t) = 3%(p,0)g(p.t)+ K(g)(p.1)
onde
¢ 1
Do(p,t) = /Oh(t—S) d8+;gj(pﬂf)—2ANj(p><N(p)7g(p,t)>
K(g(p,t) = p-v-/o /aDa](?,((}p)(p—q,t—S)gj(mS)dq ds

K*(g(p,t) = p~v~/o BDGJ?,((;TQ)(p—qJ—S)gj(q,S)dq ds

Lema 3.1. Seja D um dominio Lipschitz em R3, com fronteira conexa. Entdo para todo f € L*(St)

|(ao-r) o] < {3 ere) o]+

onde C depende somente sobre a constante de Lipschitz para D.

y(f)dzdt’}

St
Teorema 3.1. 3%, + K : L?(Sy) — L*(Sr) € invertivel.

Referéncias

[1] BROWN, R. M. - The Method of Layer Potentials for the Heat Equation in Lipschitz Cylinders, DAmerican
Journal of Mathematics, vol 111, pag 339 - 379, 1989.

[2] BRowN, R. M. AND SHEN, Z. - A Note on Boundary Value Problems for the Heat Equation in Lipschitz
Cylinders, Proceedings of the American Mathematical Society, vol 119-2, pag 585 - 594, 1950.

117



ENAMA - Encontro Nacional de Andilise Matematica e Aplicagoes
UEM - Universidade Estadual de Maringa
Edicdo N2 3 Novembro 2009

ANALYSIS OF PERTURBATIONS IN A BOOST CONVERTER
R. P. ROMERO* & R. P. PAZOST

The main goal of this work is the study of perturbations in a boost converter. For that, it is applied a method
envolving discrete wavelet transform technique, with grouping statistical methods, such as Principal Component
Analysis, in order to generate a database of subsignals aj . So, for another perturbed signal whose output voltage
is measured, the correspondent aj is compared with the data base. For signal of great size it is employeed the

power cepstrum of the subsignal aj, and then there are applied the statistical tecniques.

1 Introduction

One of the more used circuits in power electronics is the boost converter. This is a very well known step-up
converter topology and widely used for low power switching power supplies. This topology includes voltage source
FE connected to an inductor L with a paralell circuit envolving a capacitor C' and a resistor R, with a controlled
switch, in order to grew the output voltage V,,:. The key principle that drives the boost converter is the tendency
of an inductor to resist changes in current. When being charged it acts as a load and absorbs energy (somewhat
like a resistor), when being discharged, it acts as an energy source (somewhat like a battery).

Changes in parameters R and FE represent load disturbances and fluctuations of the tension source, respectively.

In this work, the main focus is on some pertubations in the source.

2 Mathematical Background

2.1 Instantaneous model of the boost converter

Tne circuit analysis of the basic boost converter, operating in a continuous conduction way, allows to deduce the
ideal instantaneous model:
da:l

dx 1
Cd—;:uxl—ﬁxg (2.2)

where x; =4, represents the intensity of electric current in the inductor, 2 = v is the tension in the capacitor,
u=1—gq(t, x) is the control and ¢(t, z) is the function representing the discret state of the electronic switch.
Furthermore, the output voltage V,,; must be regulated in order that V,,; = v, > E. The system (2.1 - 2.2) is
known as instantaneous model of the boost converter. This system describes the dynamic of the variables x;(¢) and
x2(t) , including the high frequency components generated by the high frequency of commutation of the switch,

characterizing the ripple of this signal type.

2.2 Discrete wavelets transforms

Definition 2.1. Let be 1 : D — R a function of type Lc(R), denominated generating function ', such that the

functions 1, definided by scaling and translation transformations from

1 t—0b .
wa’b(t):aP/Pw(a)’ with p>0, a, bER, a#0 (2.3)
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generate a functional base. The wavelet family is the set of functions v, 1, being frequently the value p = 2 the
most used. [Bach 00]

Certanly, there are many wavelet transforms, but the most remarkable can be the discrete wavelet transform
(DWT) such as Haar [Haar 10], Daubechies [Daub 92], Coiflet, Meyer, among the main of those. These DWT can
be applied to a function f(¢) using filter banks. More technically, a wavelet is a mathematical function used to
divide a given function or continuous-time signal into different scale components.

With multirresolution analysis, it is possible to model signals with abrupt variation [Bach 00].

3 Methodology

1. For a signals S =[s1, s2, , ..., s,] it is applied a DWT [Pazos 07], up to level k, such that the k-th level

decomposition seems as:
DWT(S) = (ak |dy |dx—1| - [da|d1) (3.4)

2. If the subsignals a; corresponding to output voltages including perturbations in the source have high amount
of energy of the original signals, then can be serve for the database.

3. Applying PCA (or HCA) grouping statistical techniques, tha database can be classified.

4. For each signal obtained by direct measurement, the DW'T chosen is applied to the k-th level in order to
establish comparision with the database. So it can be identified, and then reconstructed.

5. For subsignals aj of great size, there can be applied the power cepstrum.

4 Main Results

The dynamics for states 1 and 2 are established. An important database of pairs [V;,, Vou:] and their correspon-
dent pair of subsignals aj are generated. Some aj of output tension associated to perturbation for identification
are measured. The grouping statistical tecniques were used, so the identification was efficient. In some cases the

use of the power cepstrum, was robust.

5 Conclusion

The method to study perturbations in a boost converter allows the combination of different techniques envolving
discrete wavelets transforms, power electronics, dynamical systems, grouping statistical techniques. There exists
an approach for signals of short size and for signals of great size; in the last case it is applied the power cepstrum

for the subsignal a; . Applications for other areas is a straightforward task.
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QUASI-LINEAR ELLIPTIC PROBLEMS UNDER STRONG RESONANCE

CONDITIONS
E. D. SiLva *

Abstract : In this notes we establish existence and multiplicity of solutions for an quasi-linear elliptic problem
which has strong resonance at the first eigenvalue.
Keywords : Quasilinear Elliptic Equation, Strong Resonance, Variational Methods, Morse Theory.

1 Introduction

In this notes we discuss the existence and multiple solutions of the Dirichlet boundary value problem

p— = p_2 i
{ Apu = MifuP"?u + f(z,u) in Q, (1.1)

u =0 on 01,

where Q C RY is a bounded open domain with smooth boundary 9Q, 1 < p < N and f : Q xR — R is a
Carathéodory function such that

fla,t) _

tl—oo |tP~1

(1.2)

Here A\, denotes the p-Laplacian operator, that is, A,u = div(|Vu[P~2Vu). When p = 2, it is the usual Laplacian
operator.

From a variational stand point of view, finding solutions of (1.1) in Wy () is equivalent to finding critical
points of the C* functional .J given by

1
J(u) :f/ |Vu|pdm—&/ |u\de—/F(Jc,u)dm,VuEWOl’p(Q), (1.3)
pJa b Ja Q

where F(x,t) = fot f(z,s)ds and the Sobolev space W, () is a Banach space endowed with the norm |ju| =

1
(fQ |VulPdx)?.
It is well known that the p-homogeneous boundary value problem

— = P=24 4
{ Apu = A |ulPu in Q, (1.4)

u =0 on 0,

has the first eigenvalue A\; > 0 that is simple and has an associated eigenfunction denoted by ®; which is positive
in Q, see [4]. It is also known that \; is a isolated point of o(—2\,), the spectrum of —A,, which contains at least
an increasing eigenvalue sequence obtained by the Lusternik-Schnirlaman theory.

Therefore, by (1.2), the problem (1.1) presents the resonance phenomena at the first eigenvalue. These problems
are very interesting and they have a vast literature which starts by celebrated work [2].

The main goal of this notes is find existence and multiple solutions of problem (1.1) assuming strong resonance
conditions at infinity. These problems has been studied since the appearance of work [1]. More specifically, we
consider the following restrict situations

lim f(x,t) =0, and |F(z,t)] < C, V(x,t) € Q x R. (1.5)

|[t|—o0

Moreover, we make some conditions which are weaker than the non-quadricity condition at infinity introduced
by [3]. More specifically, we introduce the following hypothesis
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(H0) There are functions a,b € L'(Q) such that

limsuptf(z,t) <alx) X0,VzeQ, (1.6)
[t]— o0
or
l‘iIIninftf(:c,t) >b(x) =0,V xe. (1.7)
t|—o0

Here the inequality a(z) < 0 means that a(z) < 0,V x € Q with strict inequality holding on some subset  C Q

which has positive Lebesgue measure.

2 Mathematical Results

In this section we presents the main results. Here, we will always use the Variational Methods and Morse Theory.

First, we can prove the following result
Theorem 2.1. (Ezistence) Suppose (SR), (HO). Then the problem (1.1) has at least one solution ug € Wy ().
Now, we take F(z,0) = 0, f(z,0) = 0 which implies that v = 0 is a trivial solution of problem (1.1). In this

case the key point is assure the existence of nontrivial solutions. We need some additional hypothesis

(H1) There are 6 > 0 and « € (0, A1) such that
- A
Fla,t) < S 2L4P, v |t < 6, Yz € Q.
p

(H2) There is t, € R\{0} such that
/ F(z,t,®1(z))dz > 0.
Q
Thus, combining Ekeland’s Variational Principle and Mountain Pass Theorem, we can prove the following multi-
plicity result

Theorem 2.2. Suppose (SR),(HO0),(H1),(H2). Then the problem (1.1) has at least two nontrivial solutions
U, U1 € Wol’p(Q)

Next, we consider the following hypothesis
(H3) There are r > 0 and € € (0, A2 — A1) such that

Az — A1 —
p

0< Flat) < S|PVt <7, V€ Q.

Then, using the Three-Critical Point Theorem, we can show the following result

Theorem 2.3. Suppose (SR), (HO),(H3). Then the problem (1.1) has at least two nontrivial solutions.

References

[1] P. BArTOLO, V. BENCI, D. FORTUNATO - Abstract critical point theorems and applications to some nonlinear
problems with “strong” resonance at infinity, Nonlinear Anal. 7 (1983), no. 9, pp 981-1012.

[2] E.M. LANDESMAN AND A. C. LAZER - Nonlinear pertubations of linear elliptic boundary value problems at
resonance, J. Math. Mech. 19, (1969/1970), pp 609-623.

[3] D. G. Costa AND C. A. MAGALHAES - Variational Elliptic Problems Which are Nongquadratic at Infinity,
Nonlinear Anal. 23 (1994), no. 11, 1401-1412.

[4] P. LINDQVIST - On the equation div(|Vu|P~2Vu)+A|uP~2u = 0, Proc. Amer. Math. Soc. 109, (1990), 609-623.

121



ENAMA - Encontro Nacional de Andilise Matematica e Aplicagoes
UEM - Universidade Estadual de Maringa
Edicdo N2 3 Novembro 2009

EXISTENCIA DE SOLUCOES PARA UMA EQUACAO ABSTRATA DO
TIPO KIRCHHOFF

M. A. J. SILVA *

Neste trabalho estudamos uma equagao de operadores do tipo Kirchhoff
M (||A%u||}) Au = Nu, 0<a<l, (1)

onde M : Rt — R* ¢ uma fungao continua, A : D(A) C H — H é um operador linear auto-adjunto e N : H — H
é um operador continuo, possivelmente nao linear.

O problema (1) corresponde & forma estaciondria da equagdo de ondas de Kirchhoff [4]. Sobre esse assunto,
vérias referéncias podem ser encontradas, como por exemplo, em [1,2,3,5]. Na forma abstrata (1), envolvendo
operadores com operadores com poténcia fraciondria, foi considerado em [2].

Seja © é um dominio de RY. No caso em que H = L?(Q), A = —A, e a = 1/2, a equacio (1) se reduz & equacao
eliptica do tipo Kirchhoff

~M(|[Vul}3) Au = (), @

com condigoes de fronteira do tipo Dirichlet. Notemos que nesse exemplo, o operador nao linear N correspondera
ao operador de Nemytskii associado a f, definido por (Nu)(z) = f(x,u(x)). Problemas do tipo (2) sdo equagoes
elipticas néo localmente definidas, e diversos resultados podem ser vistos em [1].

Nosso objetivo é apresentar uma extensdo do resultado principal de [2]. Com efeito, em [2], o resultado de
existéncia de solugoes para o problema (1) é baseado na hipdtese

INulla < allullm + 0,

onde a, b sdo constantes positivas convenientemente escolhidas. Utilizando o mesmo método apresentado em [2,3,5],

a saber, o Método de Galerkin, mostramos como a sublinearidade de N pode ser removida em certos casos.
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ON THE STEADY VISCOUS FLOW OF A NON-HOMOGENEOUS

ASYMMETRIC FLUID
FABIO V. SILVA *

We are concerned with the solvability of the following system of equations

—(p+ pr)Av + p(v - V)v + Vp = 2p, carlw + pf
V- (pv) =0, V-v=0, (0.1)
—(cq +ca)Aw + py(v - VIw — (cog — ¢q + ¢a)V(V - w) + dpyw = 24, curlv + pg

in a bounded planar domain 2, having a C? boundary, subject to the following boundary conditions
p=py onl, v =19, w=1wy on I, With/ vo-n =0. (0.2)
o

This system governs steady motions of a class of fluids having a non-symmetric stress tensor and whose particles
undergo translations and rotations as well. In (0.1) the unknowns are p, the density, v, w, the fields of velocity
and rotation of particles and p, the pressure. The fields f and g are, respectively, given external sources of linear
and angular momenta densities whereas 7, u, pi., o, cq, ¢4 are positive constants characterizing the medium and also
satisfying cg > co+cq. T’ C 09 is a connected arc on which vg-n < 0. Such model, which contains the incompressible,
density dependent Navier-Stokes system as a particular case (w = 0), is named the non-homogeneous micropolar
fluid model and was introduced in [1]. Details on the physical meaning of the several parameters above may be
found in [5].

Frolov addressed in [2], the solvability of the above boundary value problem in the case w = 0. Loosely speaking
Frolov’s technique may be summarized as follows: let @ be the stream-function of the velocity field i.e., v =
(—tuy, ¥, ) = VE1p. For a given smooth scalar function 7, letting p = (1)) we have div(pv) = 7' () Ve - Vi = 0.
Thus, n > 0 is fixed from before so that we have p [r= po and equations (0.1)2 3 may be dropped. The solution is
found as a fixed point of a certain operator which fulfills the assumptions of Leray-Schauder theorem.

We managed to prove existence of solution to the above system by coupling ideas of Frolov [2] and those of
Lukaszewicz [5]. Owing to the presence of the equation (0.1)4, we first solve an auxiliary problem for w and next
we plug it into the right-hand-side of (0.1); and follow Frolov’s scheme for obtaining v.

As the author points out [2], some minor changes on the arguments are needed so that they apply to the case
of I' consisting of a finite union of connected arcs, I' = Uy;, with p|,, = po, and each po, being continuous. In [6]
with a similar approach, the harder problem of mixing two fluids with different, and discontinuous, densities in a
bounded planar domain is considered. More recently Frolov’s result was reobtained in a boundary control problem
for non-homogeneous incompressible fluids [3]. It is worth of notice that in this latter work the author does not
require Holder continuity of neither py or n: they are assumed to be merely continuous.

Uniqueness of the solution is not tackled in the above mentioned papers. Some instances in [4] show that one

should not expect this problem to be uniquely solvable. Nevertheless, this will be object of further investigation.

1 Notations and main result

Before stating our main result we introduce some notations and clarify what is meant by (0.1) to hold in a planar
domain. By L?(f2) we denote the Lebesgue spaces and W*?(Q),k > 0,p > 1, denotes the standard Sobolev spaces
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modelled in LP(2). We endow W*? with the norm [|¢[]} , = [, 2 laj<k D[P, As usual, WOP(Q) = LP(Q) and
Wk2(Q) = H*(Q), k > 0. In the same vein, W*=1/PP(9Q),k > 0,p > 1, denote the trace spaces and || - ||5_1/p,
their norms. V is the set of divergence-free vector fields ¢ = (1, ¢2) such that ¢ € C§°(Q2) and V is the closure
of V in the H'-norm and H = {¢ € H! | divp = 0in €, [,,¢-n = 0}. By C"™P(Q) we denote the set of all m
times continuously differentiable functions in 2 whose m-th order derivatives are Holder continuous with exponent
8 € (0,1].

We regard v = (v (21, 72), va(71,22),0),w = (0,0, w(z1, 7)) and write V1) = (—0y,v, 0., 1) and curl(¢y, ¢a) =
Oy P2 — O, 1. Given u, v, a pair of vector fields, we denote [(u - V)v]; = >, ur0z,v;. This way equations (0.1)

may be written componentwise

7(:“’ +MT)AUj +pv- V’Uj + aﬂfjp - (71)j712/u’7“81_7‘w + pfja ] = 172
V- (pv) =0, V-v=0 in Q. (1.3)
—(eq + ca)Aw + pyv - Vw + 4dprw = 24, curlv + pg

Assuming f,g € L*(Q),wo € HY?(9Q),v9 € HY?(9Q) with Joquo-n = 0,p0 € C®P(T), we homogenize
boundary conditions as usual and consider a perturbed problem obtained by plugging v = v+ a, w = w+ b
into (1.3). Here u € V,w € H{(Q) are new unknowns whereas a, b are suitable extensions of vy, wq to the whole €.
We then resort to a weak formulation, testing the first two equations with divergence-free vector fields of compact
support, which eliminates the pressure gradient. It is recovered afterwards as a consequence of de Rham’s lemma.
The steps mentioned above in the introduction provide us with a weak solution of this perturbed problem, with
which we form a weak solution corresponding to the original problem.

Our main result reads

Theorem 1.1. Given wy € HY/?(0Q),v9 € HY2(9Q) with [, uo-n = 0,p9 € COP(T), f,g € L*(Q), the sys-
tem (0.1) has a weak solution p € C%7(Q),y < B,v € H,w € H(Q).
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EQUAQ@ES TOTALMENTE NAO LINEARES COM FRONTEIRAS
LIVRES: TEORIA DE EXISTENCIA E DE REGULARIDADE

EDUARDO V. TEIXEIRA* & GLEYDSON C. RICARTE '

Seja 09 uma hipersuperficie compacta suave em R”, ¢ : 9Q — R uma funcdo nio-negativa, ¢ : @ — R uma
funcao positiva. Uma questao importante na matematica aplicada é a de saber se podemos encontrar uma outra

hipersuperficie compacta I' = 99’ C Q tal que seja possivel resolver o problema superdeterminado

F(z,D?*u) = 0 em Q\
u = ¢ em 0N (0.1)
u=0 , wu,=gemT

onde v é o vetor normal interior a I' e F': S(n) x 2 — R é um operador totalmente nao linear aonde S(n) denota
o espaco das matrizes simétricas de ordem n.

Versoes variacionais do problema acima estdo em conexao com o trabalho monumental de Alt e Caffarelli [1].
De fato, para problemas regidos pelo Laplaciano, solugoes do problema (0.1) podem ser obtidas como minimos do

funcional
() = /Q V0l? + g2 (X)X us0y dX, (0.2)

dentre fungoes H' () com v = ¢ em 9. De fato é possivel mostrar (vide [1]) que um minimo do functional em (0.2)
satisfaz u, = ¢ na O{u > 0}. Inicialmente a equacao é entendida em um sentido bastante fraco. Isto se deve ao fato
de nao ser possivel a principio guarantir regularidade suficiente para u (observe que o potencial em J é descontinuo;
portanto a teoria do Calculo das Variagbes néo se aplica) muito menos suavidade da fronteira livre 9{u > 0}.
Revoluciondrias ferramentas com embasamento na teoria geométrica da medida foram entédo desenvolvidas em [1]
para mostrar que a menos de um conjunto de medida nula, 9{u >} é uma hipersuperficie de classe C1'* e portanto
a equagao u, = g ¢ satisfeita classicamente, médulo um possivel (e inevitdvel) conjunto singular.

Infelismente, para problemas governados por operadores que nao admitem um functional de Euler-Lagrange,
por exemplo operadores da forma nao divergente ou totalmente nao lineares ou ainda equagoes com termos de
transporte, Au + b(z) - Vu, a teoria variacional de Alt-Caffarelli ndo pode ser empregada e novas estratégias
precisam ser desenvolvidas para solucionar o problema superdeterminado (0.1).

Uma possivel abordagem para tais problemas na auséncia de caracterizacoes variacionais estd baseado em
técnicas de perurbagoes singulares. A idéia bdsica é a seguinte: uma possivel solugdo para o problema (0.1) serd

obtida como limite de solugoes do problema regularizado

{F(x,DQue) = g°(z).Be(ue) in (0.3)

us = on 0N

aonde (. é uma aproximagao apropriada da fungdo dy de Dirac. Para cada ¢ > 0 fixado, (0.3) modela problemas
de difusao com ativagao de alta energia. E importante para este campo de pesquisa, estimativas e propriedades
geométricas uniformes em . Com relacao ao problema superdeterminado acima, (0.1), estimativas uniformes em &
sdo entao tranportadas para o problema de fronteira livre original.

Problemas de fronteira livre resultante da passagem ao limite de problemas regularizados tém recebido grande

atencao dos ultimos anos. Versoes simplificada deste problema foram vastamente investigadas nos anos 80 por
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Lewy-Stampacchia, Caffarelli, Kinderlehrer e Nirenberg, Alt e Phillips, dentre outros. Problemas em meios nao-
homogéneos com hipéteses minimas de regularidade nos coeficientes foram estudados em [2]. Em [3], Teixeira
fornce uma principio variacional para a abordagem de equagbes nao-variacionais com termos de transporte, Lu =
>i 5 9i(aij(@)Diu) + 32, bi(x) Diu + c(x)u = Be(u).

Embora o trabalho [3] contemple uma variedade de problemas elipticos nao-variacionais de relevancia fisica, as
técnicas desenvolvidas neste artigo ainda sdo de cunho variacional e dificilmente seriam adaptdveis a problemas
totalmente nao lineares e ndo variacionais como F(z, D?u).

De fato a analise de problemas inevitavelmente nao variacionais exigem novas abordagens em praticamente todos
as etapas do projeto. O desenvolvimento destas solugoes é o tema de minha tese de doutorado supervisionada por
Eduardo Teixeira na UFC.

1 Resultados...

Em seguida listo em um tnico teorema todos os resultados obtidos até o presente momento do projeto.
Teorema 1.1. A respeito do problema regularizado 0.3:
v' Para cada € > 0 fizado, a equagao 0.3 possui uma solu¢do mazimal u..

v Fizado um subdominio Q) € Q, existe uma constante C' = C’(ﬁ) > 0, independente de € > 0, tal que |Vu.| < C

em Q. Ou seja ue € localmente uniformemente Lipschitz continuo. Esta regularidade é sharp.

v A familia u. é uniformemente fortemente ndo degenerada, ou seja, supu. > cr. Tal degenerecéncia é dtima.

s

v’ A menos de subsequéncia, u. converge local uniformemente para uma fungdo Lipschitz continua ug que satisfaz
F(z,D%*ug) = 0 em {ug > 0} no sentido da viscosidade. Ademais, uo(x) 2 dist(x,d{ug > 0}), para todo
x € {ug > 0}.

v A dimensdo de Hausdorff da fronteira livre {ug > 0} é n — 1. Para qualquer bola centrada na fronteira livre,
vale H" =1 (B N d{ug > 0}) ~ r"~L.

v' A fronteira livre reduzida tem medida total.

A listagem dos resultados acima (propriedades da geometria fraca relevantes ao problema) nos coloca em posigao
favoravel para a investigacao da regularidade da fronteira livre. Neste tocante, destacamos a necessidade de provar-
mos condicoes de fronteira livre adequadas. Até o momento obtemos condi¢oes de fronteira livre apropriadas para
operadores lineares (da forma néo divergente) Lv = a;j(x)D;jv, com coeficientes Lipschitz continuos. Neste caso
demostramos com sucesso a regularidade C*“ da fronteira livre {up > 0} a menos de um conjunto de medida de
Hausdorff n — 1 nulo.
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WAVE EQUATION WITH ACOUSTIC/MEMORY BOUNDARY
CONDITIONS

A. VICENTE* & C. L. FROTA T

Let Q C R™ be an open, bounded and connected set with smooth boundary I". Suppose I' is divided into two
portion of positive measure I' = I'y UT'; such that Tg N Ty = @. Let v be the outward unit normal vector on I'. In

this work we consider the mixed problem for the wave equation with acoustic/memory boundary conditions

W —Au=F inQx(0,7), (1)
t
)
u+/0 5(%@%(5) ds=0  onTyx (0,T), 2)
)
ai: =&  onlyx(0,7T), (3)
u + 0" +g5+hd=0  onTy x(0,7), (4)
w(@,0) = up(a), '(2,0)=w(z), weQ, (5)
5,0 = dole), #(,0)= D0r),  wely, (©

0 "L 92 —
where ' = pre A= Z 922 is the Laplacian operator; F : Q x (0,T) — R; f,g,h € C(I'1) such that f(z),h(z) >0
i=1

and g(z) >0, forallz €Ty ; B: RT — R, ug,u1 : @ — R and &y : I'; — R are given functions.

Mixed problems for wave equations with homogeneous boundary conditions have been studied for a long time.
However, time-dependent boundary conditions seems to be more suitable to model concrete applications.

In this direction boundary conditions of memory type, as equation (2), imposed on a portion of the boundary
and Dirichlet condition on the rest of the boundary, have been considered, see for instance [ 1, 4, 11, 12, 13].
Equation (2) means that the portion Iy is clamped in a body with viscoelastic properties. On the other hand,
wave equations equipped with time-dependent acoustic boundary conditions have been considered also. For locally
reacting boundaries, conditions (3) and (4), were introduced by Beale-Rosecrans [2] and studied in [ 3, 5, 6, 7,
8, 9, 10 ]. In these cases, the solution u of the wave equation (1) is the velocity potential of a fluid undergoing
acoustic wave motion and d(z,t) is the normal displacement to the boundary at time ¢ with the boundary point x.
Similarly, acoustic boundary conditions have been coupled with homogeneous Dirichlet condition on a portion of
the boundary, excepted in [10, 14] where the acoustic boundary condition were imposed in the whole boundary T'.

The main purpose of this paper is to study the combination of acoustic and memory boundary conditions. We

prove the existence and uniqueness of global solution to the problem (1)-(6).
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ZEROS DE POLINOMIOS EM ESPACOS DE BANACH REAIS

L. C. BATISTA "
Orientador: M. L. Lourenco |

Responder se zeros de um polinémio n-homogéneo sobre um espago de Banach real de dimenséo infinita contém

algum subespacgo de dimensao infinita, é um problema nao resolvido completamente. Estre trabalho tem como
objetivo apresentar uma solugao parcial para este problema para um particular tipo de polinémio em um particular
tipo de espago. Os resultados aqui apresentados foram obtidos por J. Ferrer em [3] e [4].
Em seu artigo [3], J. Ferrer demonstra construtivamente que todo polindémio n-homogéneo fracamente continuo
sobre os limitados de um espacgo de Banach, cujo o dual nao seja w*-separavel, se anula em um subespaco também
de dual ndo w*-separdvel. Aplicando estas técnicas em seu artigo [4], J. Ferrer demonstra que se K é um espago
topoldgico compacto nao satisfazendo a Condicdo de Cadeia Contdvel entao, todo polinbmio n-homogéneo continuo
sobre C(K) se anula em um subespago nao separdvel de C(K).

1 Resultados

Teorema 1.1. Seja X um esp¢o de Banach e {Py : k € N} uma cole¢do de polinémios homogéneos fracamente
continuos sobre os subconjuntos limitados de X . Se X* nao for w*-separdvel entao X admite um subespaco fechado

Z de dual ndo w*-separdvel e tal que Z C (\en Py (0).
Um aplicacao interessante deste teorema pode ser obtida em conjunto com o préximo resultado bem conhecido.

Teorema 1.2. Se X ¢é um espaco de Banach com a propriedade de Dunford-Pettis e ndo contendo subespaco
isomorfo a ly entdo todo polindmio homogéneo continuo sobre X € fracamente continuo sobre os subconjuntos
limitados de X .

Entao se X é um espaco de Banach com a propriedade de Dunford-Pettis de dual nao w*-separdvel e nao
contendo subespago isomorfo a I, para toda colegdo {Py : k € N} de polindémios homogéneos continuos sobre
X, existe um subespago fechado Z C (,cn Py 1(0), mais geralmente basta apenas que X contenha um subespaco
satisafendo essa condigoes.

Como exemplo de espago satisfazendo essas condiges temos co(I') onde I' é um conjunto nao contével. Utilizando

esse fato pode se demonstrar o seguinte resultado, devido a J. Ferrer.

Teorema 1.3. Seja {Py : k € N} uma colegao de polinémios homogéneos continuos definidos sobre co(I') onde T' €

um conjunto ndo contdvel. Entdo existe um subsepaco Z, tal que Z C Uy Py '(0) € Z = ¢o(T).

O préximo teorema nos dd uma classe de espagos contendo subespago isomorfo a algum c¢o(I") onde v é um
conjunto nao contavel. Lembremos que um espago topoldgico satisfaz a Condicao de Cadeia Contavel ou CCC' se

qualquer colegao de abertos disjuntos for contével.

Teorema 1.4. Se K é um espago de Hausdorff compacto nao satisfazendo a condigao CCC entiao C(K) contém

um subespago isomorfo a co(T) onde T' é um conjunto ndo contdvel.
Entao obtemos o seguinte resultado, devido a J. Ferrer em [4]

Corolario 1.1. Seja K um espaco de Hausdorff compacto nao satisfazendo a condicao CCC. Entao todo polinomio

n-homogéneo continuo definido sobre C(K), se anula em um subespaco isomorfo a co(T'), para algum T’ ndo contdvel.
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SOBRE UMA EQUAQAO DO TIPO BENJAMIN-BONA-MAHONY EM

DOMINIO NAO CILINDRICO

C. M. SURCO CHUNO* & J. Limacof

O objetivos deste trabalho é estabelecer a existéncia e unicidade de solugoes de um problema misto associado a

uma equagao do tipo Benjamin-Bona-Mahony em um dominio néo cilindrico. Assim, denota-se por O um conjunto

limitado néo vazio contido em R™ x R. Suponha que 2, = O N {t = s}, com s € R, sejam conjuntos abertos nao

vazios e limitados com fronteiras I'y. Para T > 0 define-se o dominio nao cilindrico

Q= |J ax{s.

0<s<t

Nestas condicoes, investiga-se o seguinte problema misto

(2, t) + Alug(x, 1)) + div(p(u(z, 1)) = 0 em Q,
u(x,t) = 0 sobre S = Uogsgtrs x {s},

u(z,0) = up(x) em Q,

onde Au=— > %(am%) é um operador de segunda ordem e a; ; € C'(Q x R, R) é tal que
i J
n
Z ai j(z, )€€ > co(& + ... + &2) para todo &1, ...,&, € R.
i,j=1
Definigao 0.1. Uma solugdo fraca do problema (0.1) é uma fungdo u : @ — R com a regularidade

u,up € L0, T; HY (%)),

satisfazendo a identidade integral

/ut(x,t)ﬂ(x,t)dxdt+/ ai,j(x,t)Maa(x’t)dxdt—/ d(u(z,t))VO(z,t)dzdt = 0,
Q Q Ox; Oz Q

para todo 0 € L2(0,T; H} () e tal que u(x,0) = ug(x) em Q.

(0.1)

Para estabelecer a existéncia e unicidade de solugdes do problema misto (0.1) no sentido da defini¢ao 0.1 supGe-se

as seguintes hipotese:

i) ¢ € C?(R™ x R) com ¢(s) = (61(8), ..., pn(5)) € $(0) = 0;
i) |i(s)| < C(Is] + |s]*);

i4) [¢5(s)| < A(L + [s]);

iv) Se t; <ty entao projli=o, C projli=of:,. Isto significa que a familia (€;)o<t<7 é ndo-decrescente;

v) Para qualquer t € (0,T), Se v € H}(Q) e v(x,t) =0 q.s. em x € Q — Qy, entdo v € H}(Q;) para todo t € [0,T].

Teorema 0.1. Suponha ug € Hg(Qo) e que as hipdteses (i)-(v) sejam satisfeitas. Entdo existe uma tnica fungdo

real u definida em Cj solugao no sentido da Defini¢ao 0.1 do problema misto (0.1).

*ICMC-USP, SP, Brasil, csurco@usp.com.br
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Prova: FEuxisténcia - A existéncia de solugoes é obtida por meio do método de penalizacao. A idéia da demonstragao

é dada como segue.

Problema Penalizado - Suponha Q C @ onde Q = 2x]0,T[ e Q um aberto limitado de R™ com bordo regular
tal que Q¢ € Q. Seja M : Q — R o termo penalizante dado por

M(z,t)=1 em Q—QU{Q x0} ¢ M(z,t)=0 em QU { x 0}.
O problema penalizado consiste em dado € > 0, determinar uma familia de funcoes u® : Q — R tal que
u,us € L®(0,T; Hy (),

para T > 0, satisfazendo

oug(x,t) 00(x,t)

(2, )0(x, t)dzdt s, ) L TR T gt
| w00 )zt + | (o) 250 T Dt

L : — us(x x,t)dxdt =
6/QM(z,t)ut(x,t)G(x,t)dxdt /QQS( (x,t))VO(z,t)dxdt = 0,

para todo 6 € L?(0,T; Hi(2)). Além disso, u¢(z,0) = tp(x) em (2, onde Uy é a extensdo de ug a 2 pondo zero em
Q- Q.
Para obter-se u¢ aplica-se o método de Faedo-Galerkin . Observa-se que a penalizacao possibilita investigar o

problema misto em um cilindro, cuja técnica de resolugao é conhecida obtendo o caso nao cilindrico quando € — 0.

Unicidade - Suponha que u e @ sdo duas solugbes do problema misto nao cilindrico (0.1). Definindo w = u — @,
tem-se que w,w; € L>=(0,T; H}(Q)) e satisfaz

/wt(m,t)ﬁ(a:,t)dmdt—F/ ai,j(x,t)wae(x7t)dajdt:/
) ) ox; Oz, )

[p(u) — @p(@)|VO(z, t)dxdt, w(xz,0)=0 em Qo

para todo 6 € L?(0,T; Hg ()).

Na demonstracao da unicidade é fundamental o seguinte resultado

Lema 0.1. Se w € uma solugdo fraca do problema (0.1) comug =0 e 0< p <t, entdo

/A lw2dzdt < p? /A |w; |2 dxdt.

Qp Qp
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LINEARIZACAO DE APLICACOES MULTILINEARES CONTINUAS

ALESSANDRA RIBEIRO DA SILVA *

Neste trabalho mostraremos como se faz a linearizacao de aplicagoes multilineares continuas entre espacos
de Banach. Para tanto introduziremos a norma projetiva no produto tensorial e mostraremos que as aplicagoes
multilineares continuas entre espacos de Banach estao em correspondéncia biunivoca com os operadores lineares
continuos definidos no produto tensorial projetivo. Além disso, apresentaremos duas propriedades importantes da

norma projetiva. Primeiro mostraremos que ela nao respeita subespagcos e segundo que respeita quocientes.

1 Resultados...

Sejam X7, ..., X, espacos vetoriais sobre o corpo K, onde K = R ou C. Denotaremos por X; ® - -- ® X,, o produto
tensorial algébrico dos espacos X1,..., X,.
Definicao 1.1. Sejam E,...,E,, F e G espagos vetoriais normados. Denotaremos por L(E1,..., E,; F) o espaco

de Banach de todas as aplicagbes n-lineares continuas de Fy X --- X E, em F com a norma do sup. Quandon =1e
F =K, denotaremos L(F1,K) = E{. E L(G; F) denota o espago de Banach de todos operadores lineares continuos

de G em F com a norma do sup.

Definigcao 1.2. Sejam E1, ..., E, espacos vetoriais normados. Para cada tensor u € E1 ® - -+ ® E,, define-se:

k k
m(w) =inf ¢ > |laf[[- - |Jad | ru=> "2l @ @i
Jj=1 j=1

Denota-se por E ®; - -+ ® F, o produto tensorial de F1,..., F, dotado com a norma 7. Esta norma é conhecida
como a norma projetiva. O completamento do espaco B Q@ - - - @ E,, serd denotado por E1®y - - - @ F,. O espaco

de Banach F; @W e @WEn seréd chamado de produto tensorial projetivo dos espacos vetoriais normados Ff, ..., E,.

O Teorema abaixo mostra em que sentido o produto tensorial projetivo realiza a linearizacao de aplicagoes

multilineares continuas. No entanto, primeiro consideremos a seguinte aplicacao n-linear

OnE1 X X Ep — F1®, -+ R.E,

dada por o, (21, ..., 2p) =21 @ -+ Q@ .
Teorema 1.1. Sejam E1,...,E, e F espacos vetoriais normados. Se B:E1 X --- X E, — F € uma aplica¢cao
n-linear continua entdo existe um unico operador linear continuo Byp: @, R,.E, — F satisfazendo
Br(z1 ® - ® ) = B(z1,...,2,) para quaisquer x; € E; com j = 1,...,n, ou seja, o diagrama abaizo € co-
mutativo:

By x - x B, & F

x %
El®‘n’ e ®71'En

A correspondéncia B «—— By € um isomorfismo isométrico entre os espacos de Banach L(Ey,...,En;F) e
LB\ @y @nFEn; F).
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Abaixo mostraremos como a norma projetiva nao respeita subespagos.

Observagao 1.1. Sejam F e F espagos vetoriais normados e G C E um subespago. Suponha que G @, F' seja um
subespago de F ®; F. Assim, pelo Teorema de Hahn Banach temos que todo elemento de (G®, F)’ se estende a um
elemento de (E®, F)'. Seja u € L(G; F'). Definindo A: G x F — K por A(z,y) = u(z)(y) e usando a identificagéo
natural entre os espagos de Banach £(G;F') e L(G, F;K) temos que A € L(G, F;K). Do Teorema 1.1 segue que
Ap € (GR,F) = (G ®, F)', e portanto existe ¢ € (E @, F) = (E®,F)" tal que ¢leg. r = Ar. Novamente,
pelo Teorema 1.1, existe B € L(E, F;K) tal que By, = ¢. Agora usando a identificacdo natural entre os espagos de
Banach L(E, F;K) e L(E; F') e definindo w': E — F' por u/(z)(y) = B(z,y) temos que v’ € L(F; F'). Seja x € G.
Entao
u(@)(y) = A(z,y) = ALz ®y) = ¢z ®y) = Bz ®@y) = B(z,y) = v'(2)(y),

para todo y € F. Entao u(x) = v/(x) para todo x € G. Logo, u’ é extensdo de u a E. Em resumo, todo elemento de
L(G; F’") se estende a um elemento de L(F; F’). Agora, vejamos um exemplo que nem sempre a ultima afirmagcao
acima acontece.

Exemplo 1.1. Seja G C E um subespago nao complementado do espago normado E. Considere Ig: G — G.
Sabemos que I¢ € L(G;G). Suponha por absurdo que I se estenda a E, ou seja, existe u € L(E;G) tal que
u|g = Ig. Por outro lado, dado = € E observe que

u?(z) = u(u(z)) = I (u(@)) = u(x),

2 = u. Assim, concluimos que u é uma projecao de F sobre G e consequentemente temos que G é subespaco

isto é, u
complementado de E. Absurdo, logo I nao se estende a E, ou seja, existe um elemento de £(G;G) que nao se
estende a um elemento de L(E; G). Assim, fazendo G = F’ concluimos da observagdo 1.1 que mesmo G sendo um
subespaco de F isto nao implica que G ®, F seja um subespaco de E ®, F. E nesse sentido que dizemos que a
norma projetiva nao respeita subespagos. Um exemplo mais concreto deste fato pode ser visto quando F = L]0, 1]
e F = {5, pois segue de [3, Teorema 1.12] que L1[0, 1] possui um subespaco G' ndo complementado em L4[0,1] e
isomorfo a 5. Logo, de acordo com o que foi visto acima e sabendo que G = F' = (f3)" = {5 tem-se que {3 ® lo
néo é um subespago de L1[0,1] ®; £a.

Definigao 1.3. Sejam E e F' espagos vetoriais normados. Dizemos que E é um quociente de W se existe um
subespago fechado Y C W tal que E = W/Y.

Definigao 1.4. Sejam Z e Y espagos vetoriais normados. Dizemos que o operador linear continuo Q: Z — Y é

um operador quociente se @) é sobrejetor e ||y|| = inf{||z|| : z € Z,Q(z) = y} para todo y € Y.
A proposicao abaixo mostra como a norma projetiva respeita quocientes.

Proposigao 1.1. Sejam E1,...,E, e Wy,..., W, espacos vetoriais normados. Se E; é um quociente de W; para
todoi=1,...,n entdo B @ --- R E,, é um quociente de Wi @x - - Q5 W,,.

Nas referéncias abaixo todos os resultados deste trabalho sao provados para o produto tensorial de dois espagos

de Banach. Um dos objetivos é apresentar demonstracoes quando o produto tensorial possui n espagos de Banach.
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CALCULO DE VARIACOES E AS EQUACOES DE EULER - O
PROBLEMA DE SUPERFICIE MINIMA

A. P. X. FLORES* & R. Z. G. OLIVEIRA

Resolver um problema de otimizagao, significa, como o proprio nome diz, buscar o melhor resultado. Para
exemplificar a aplicabilidade desses problemas, escuta-se frequentemente os termos: lucro maximo, custo minimo,
tempo minimo, tamanho 6timo e caminho mais breve. Uma &rea da matemadtica que é muito 1til na solugao de
problemas de otimizagao é o Calculo de Variagoes.

Foi a partir do século XVII, na Europa Ocidental, que o Céalculo de Variagoes teve seu progresso substancial,
contando com a colaboracao de cientistas renomados, tais como Lagrange, Euler, Isaac Newton e os irmaos Jackes
e Jean Bernoulli. Jean por ter proposto o problema da braquistécrona, que consiste em encontrar a forma (curva)
de um fio que leva um corpo a se mover de um extremo fixo A até outro B em tempo minimo, apenas sujeito a
agao da gravidade e Jackes por propor e discutir o problema das figuras isoperimétricas (caminhos planos fechados
de uma dada espécie e perfmetro fixo que cercam uma drea méxima) [5].

Neste trabalho, estudamos a teoria do Célculo de Variagoes, procurando destacar as diversas semelhangas com
o Célculo de uma variavel real. Além disso, alguns problemas cldssicos de otimizagdo, como a braquistcrona e as

figuras isoperimétricas sao analisados, com destaque especial para o problema de superficie minima.
Definigao 1. Um funcional J é uma regra que associa a cada fung¢ao x em ) um unico nimero real.

Definigao 2. Se z e x4z sao fungoes para os quais o funcional J estd definido, entao o incremento de J, denotado
por AJ € dado por
AJ = J(x+o0x) — J(x).

Definigao 3. O incremento de um funcional pode ser escrito como:
AJ(z,0z) = 6J(z,dz) + g(x, dx). ||0z]|

onde §J € linear em dx. Se Héhﬁn g(x,6x) =0 entdao J € diferencidvel em x e 6J é a varia¢io de J em x.
z|[—0

Lema Fundamental do Célculo de Variagoes

Se a fungdo h(t) € continua em [to,ts] e

/ v h(t)dz(t)dt = 0

to
para toda fungdo 0x(t) que € continua no intervalo [to,ts], entdo h(t) deve ser zero em todo intervalo [to,ty].
Dem. ver Elsgolts [2].

Teorema Fundamental do Calculo de Variagoes
Seja x uma fungio em Q e J(x) um funcional diferencidvel em x. Suponha que as fun¢ées em §2 nao sejam
limitadas. Se x* é um extremo, a variacdo de J deve se anular em x*, isto €, 6J(z*,dx) = 0 para todo dx admissivel.
Dem. ver Kirk [1].
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Considere agora x uma funcio escalar de classe C'! e g de classe C2. O problema classico do Célculo de Variacoes

consiste em encontrar uma funcgao z* para a qual o funcional

J(z) = / " gl (). 2 (), t)dt (1)

to
tenha um extremo relativo, onde ¢ e ¢y sdo fixos e z(ty) e z(t;) conhecidos (problemas com fronteiras fixas).
Considerando z* uma curva extremal, ap6s a aplicagdo do Teorema Fundamental do Célculo de Variagdes e

algumas manipulagoes algébricas, obtemos que, se x* é um extremal entao:

dg

85 (z*,0x) = 0 = / N {gg(x*(t), 2 (t),t) — % {ax,(l«*(m 2 (t), t)] } sz (t)dt.

to
Aplicando o Lema Fundamental obtemos que uma condigdo necessdria para x* ser um um extremo é:

P (@0 (0.0 - | 5 0.0 00| =0

que é chamada Equagao de Euler, que em geral é uma equacao diferencial nao linear.

O problema de superficie minima consiste em encontrar uma curva com fronteiras fixas, cuja rotacdo em torno

do eixo das abscissas gera uma superficie de drea minima. Dessa forma, o funcional a ser minimizado [4] é dado por

ty
J(x) =27T/ V1 + z'%dt
t

0
A equagao diferencial obtida, aplicando a equagao de Euler para o problema é dada por:

12

oam— xx
zVvV 1+ 56/2 - 5 = Ol
14
cuja solugao, obtida por uma mudanca de variavel é,
t—Co
x = C cosh .
1 c

As curvas acima sao conhecidas como uma familia de catendrias, onde Cy e Cs sdo constantes a serem determinadas
a partir das condigoes iniciais.
No trabalho de dissertacao abordamos também outros tipos de problemas como os de fronteiras moveis, onde

critérios adicionais devem ser satisfeitos [3].
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ESTABILIDADE DE SOLUCOES TIPO ONDAS VIAJANTES PARA A
EQUuACcAO KDV

IsnaALDO Isaac B.*

Este trabalho estd baseado no artigo de Jonh P. Albert [1]. Temos com objetivo demonstrar um resultado de
estabilidade orbital para solucoes Tipo Ondas Viajantes para a Equacdo KdV no espaco de Energia H'(R). Para
obter tal resultado fazemos uso do Método de Compacidade Concentrada introduzido na literatura por Lions

em [2] e [3]. Aplicamos esse método tendo em mente duas leis de conservagéo da KdV, a saber:

Qu) = %/Rugdm e E(u) = %/R {(ugﬁ)2 — ;uﬂ dz.

Um resultado essencial para provar a estabilidade foi o uso da Boa Colocagao Global para a Equagao KdV
obtido em [4] por C. Kenig, G. Ponce e V. Vega.

1 Resultados

Lembramos o problema de valor inicial para a KdV:

(PVI) at 9z o . (1.1)

u(z,0) = up(x)

Estabilidade aqui significa que a solu¢ao do (PVI) estd tdo préximo quanto se queira da solugdo tipo onda
viajante desde que a distancia, na norma Hl(R)7 do dado inicial a onda viajante seja suficientemente pequena.

Segue o resultado principal deste trabalho.

Teorema 1.1. Para cada € > 0, existe § > 0 tal que se

luo = el g gy <0 (1.2)
entdo a solugdo u(x,t) do problema (1.1) com u(x,0) = ug satisfaz

;2% H’U;(,t) - ¢c( + y)”Hl(]R) <e, VteR. (13)

O esquema da demonstragao é o seguinte: Aplicamos o Lema de Compacidade Concentrada:

Lema 1.1. Seja (p,) uma sequéncia de fungées em L' (R™) tal que:

pn >0 em R", / Pndr = A (1.4)

n

com A > 0 fizado. Entdo existe uma subsequéncia (pn, ) satisfazendo uma das trés propriedades abaizo:

(i) (Compacidade) Existe y; € R™ tal que pp, (- + yx) acumula-se, ou seja,

Ve > 0,dR < oo, Prdr > A —¢g; (1.5)
Yyr+Br
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(ii) (Nulidade)

lim sup / Pnydr =0, VR < 00; (1.6)
k—’OOyER" y+Br

(iii) (Dicotomia) Erxiste o € (0,)) tal que, para todo ¢ > 0, existe kg > 1 e pi,ps € LY(R™) com p},p: > 0
satisfazendo para k > ko

P = 0k + PO oy < &5 |fim PR — ] <) [ [ pRdz — (A —a)| <&
dist (Supp py., Supp pﬁ) BLEGNS

observando que o tinico caso possivel é o da Compacidade.

Usando a Compacidade e o seguinte resultado

Teorema 1.2. Se s > 1 entao PVI é globalmente bem posto, ou seja,
u e L= (R, H*/(R)).

Resta-nos organizar nos hipéteses, fixando ¢ = Q(¢.), onde ¢, é a solugdo tipo onda viajante para a KdV, e
definindo

I, =inf {E(Y); ¢ € H' e Qy) = a},
consigimos provar que a orbita
Go={veH": EW)=1¢Q[)=q}

é estavel, para a Equacao KdV.
Por fim, prova-se que

Proposicao 1.1. Se G, € ndio vazio entdo
Gq ={8(- +z0); 2o € R}.

Para provar este resultado usamos a teoria de Multiplicardores de Lagrange em espaco de dimensao infinita
e Derivada de Fréchet.
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BIFURCAQ@ES DE PONTOS DE EQUILfBRIO

J. MARTINS* & S. M. BRUSCHI !

Neste trabalho, apresentamos o estudo de bifurcagoes, com respeito ao parametro A > 0, de pontos de equilibrio

para o problema parabdlico quasi-linear governado pelo p-Laplaciano, p > 2, dado por

ue = M|t [P~ ?ug)s + [ul??u(l = [ul"), (x,t) € (0,1) x (0,+00)
w(0,t) =u(l,t) =0, 0<t<+o00 (0.1)
u(z,0) = uo(z), =€ (0,1).

e também do problema semilinear dado por
Up = Mgy + f(u), (z,t) € (0,7) x (0, +00)

u(0,t) = u(m,t) =0, 0<t< 400 (0.2)
uw(z,0) = uo(x), =€ (0,m).

onde f(u) = au(l — u?).

Desde que estudamos pontos de equilibrio de (0.1) e (0.2), trabalhamos com as equagoes diferenciais ordindrias

AMJta "1z )o + [ul 7 2u(l = u|") =0, 2 € (0,1)
{ u(0) = u(1) = 0. (0:3)
Mgy + f(u) =0, 0<z<m7
{ uw(0) = u(r) = (0.4)

Este estudo foi baseado nos artigos [1] e [2]. Estudamos o caso p = ¢ na equagao (0.3) devido a existencia de

algumas similaridades com o problema (0.4).

1 Descricao do conjunto de equilibrios

A seguir, enunciamos os teoremas que descrevem o conjunto dos pontos de equilibrio para os problemas (0.2) e
(0.1), para cada X > 0.

TL2

f0)’

pontos de equilibrio ur(\) € Bo(1) que possuem as sequintes propriedades

Teorema 1.1. Seja A\, = onde n € N*. Entao para cada n € N* e A € [\, +00), o problema (1.2) tem dois

i) uE(\) = 0.

ii) Para cada \ € (A, +00), ur(\) tem ezatamente n + 1 zeros em [0, 7).

Denotando esses zeros por x;t()\), q=0,1,2,....n, com

0=a2F(\) <2f(\) <..<zf(\) =,
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temos (—1)%u (z;A) > 0 para af (A) <z <z, (N), ¢=0,1,...,n—1 e (=1)%u, (z;A) <0 para z7 (\) <z <
41N, ¢=0,1,...,n— 1L

Finalmente, para cada X € [0,400), o problema (1.2) nao tem pontos de equilibrios além da origem ug = 0 e dos
+

elementos u=(\), n > 1, para os quais A, < A.

Denotaremos por E) o conjunto dos pontos de equilibrio de (0.1), para cada A > 0.

Teorema 1.2. Seja p = q. Definimos para cada k € N
p

A =
k p—l

(2(k+1)1o)7P,

1
onde Iy = p% / (1- tp)_%dt. Entao temos que
0

i) Se Ao < A, entdo Ey\ = {0}.

k
i) Se Apgr1 < A < Ay, entdo E\ = {0} U{:l:Eé\} onde EX possui as sequintes propriedades
1=0

a) ES ={ul} para X\ > 0.
b) Se \i(1) <\, paral=1,2,..., entdo E\ = {ul}.

¢) Se0 < X< N(1), paral =1,2,..., entdo existe uma relagio bijetora entre EY e [0, 1]'.

Em particular, o problema (1.3) possui uma unica solugdo positiva se, e somente se, A < Ag.
Os pontos de equilibrio ul)\ no caso (a), apresentam o mesmo comportamento do caso de (ii) no Teorema 1.1. Os

pontos de equilibrio ulA no caso (b), apresentam patamares na altura u=1 ou u = —1
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VERSOES NAO-LINEARES DO TEOREMA DA DOMINACAO DE
PIETSCH

Antonio Gomes Nunes*

Resumo

Este trabalho é um resumo de nossa Dissertacdo de Mestrado, defendida na UFPB, sob orientagdo do Professor
Daniel Pellegrino. Apresentamos algumas versoes recentes do Teorema da Dominagao de Pietsch (TDP): o TDP
para aplica¢Oes subhomogéneas e uma versao abstrata do TDP. O caso linear e o trabalho [1], de certa forma,
servem como modelo para as generaliza¢oes nédo lineares exibidas no presente trabalho. Apresentamos ainda uma
demonstracdo do TDP linear baseada na demonstracgao encontrada no livro [5], embora tenhamos feito algumas
modificagbes para evitar o uso de medidas com sinal. Em relago ao caso de aplica¢bes subhomogéneas, obtemos
ainda uma versdo nao usual do TDP para aplicagdes multilineares, que estd essencialmente contida em [4]. A
versdo abstrata do TDP, também devida a Botelho, Pellegrino e Rueda (veja [2, 3]), engloba vérias versées do
TDP existentes na literatura, como o TDP para aplicagoes semi-integrais, fortemente somantes, assim como o

caso linear e o de aplicacoes subhmogéneas.

1 Resultados

O Teorema da Dominagao de Pietsch, em sua versao original, caracteriza os operadores lineares absolutamente

somantes por intermédio de uma desigualdade:

Teorema 1.1. (Teorema da Dominagao de Pietsch - Caso Linear) Sejam 1 < p < co e u: E — F um operador
linear continuo. Entdo u € p-somante se, e somente se, existem uma constante C' > 0 e uma medida de probabilidade

u nos borelianos de Bg«, com a topologia fraca estrela, tais que

P

[u(z)]| < C /Iw(l‘)l”du(w) (L.1)

para cada x € E. Neste caso, mp(u) € a menor de todas as constantes C' tais que (1.1) ocorre.

O préximo resultado, encontrado em [4], é essencial para a demonstracdo das versoes nao lineares que apresen-
tamos do TDP.

Teorema 1.2. Sejam 1 <p<oocea>0. Se f: E— F € a-subhomogénea, sio equivalentes:

(a) Ezistem constantes C,, > 0 e o > 0 tais que

ST @)IF < Ca sup Y o (2)
j=1

pEBE* j=1
para todos x1,...,xm € E em € N com H(xj);nzlu < o.
w,p
(b) Existe uma constante C, > 0 tal que
m B " v
P

SoIf@ll= | <Gy sup [ Y lo(w)
J=1 p€BEx \ T

para todos x1,....,x;m €E K em=1,2,...
(c) A funcao f € absolutamente (g;p) -somante.

*UFERSA/DCEN, Mossor6-RN, nunesag@ufersa.edu.br
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Teorema 1.3. (Botelho-Pellegrino-Rueda []]) Sejam 1 < p < co e a > 0. Entdo uma aplica¢do a-subhomogénea
f: E — F € absolutamente (g,p) -somante se, e somente se, existem uma constante C > 0 e uma medida de

probabilidade 11 nos borelianos de By« (com a topologia fraca estrela) tais que

If @) <C ( /B @l <¢>)g (1.2)

para todo x em F.

O préximo resultado, essencialmente contido em [4], é consequéncia do anterior, e é diferente da versdo usual
do TDP para aplicacoes multilineares.

Teorema 1.4. Seja 1 < p < oco. Uma aplicagio A € L (Ey, ..., En; F) é absolutamente (%;p,...,p) -somante se, e
somente se, existem uma constante C' > 0 e uma medida de probabilidade p nos borelianos de B(g, x...x g,)* com a
topologia fraca-estrela tais que

n
14

[A (@1, .zl < C (/ o (1, oy )| dpe (90)>
B(Elx“‘XEn)*

Finalmente, enunciamos a versao abstrata do TDP:

Teorema 1.5. (Botelho-Pellegrino-Rueda) Sejam 1 < p < oo e f : E — F a-subhomogénea. Entdio f é R°-
abstrata p-dominada (com constante C1) se, e somente se, existem uma constante C > 0 e uma medida de proba-

bilidade 1 nos borelianos em K tais que

I @) < c( | Ripay du(@)fﬁ (1.3)

para todo x € E. Além disso C = C{”.
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ESTUDO DO MODELO DE RONALD ROSS PARA PREVENCAO DA
MALARIA

G. J. PEREIRA * & S. A. S. MARCONATO |

1 Introducao

O objetivo deste trabalho é fazer uma analise qualitativa do modelo proposto por Ronald Ross no artigo “Con-
tribution to the Analysis of Malaria Epidemiology”de Alfred J. Lotka, publicado na revista The American Journal
of Hygiene da John Hopkins University, em 1923.

O modelo de Ross trata da propagacdo da maldria em uma comunidade e o artigo de Lotka tornou-se célebre
por ser uma das primeiras tentativas de modelagem matematica de uma epidemia e também porque foi muito usado
pela Organizacao Mundial de Saide para fazer avaliagoes durante as tentativas de erradicagao da maldria em varias
partes do mundo.

O modelo é dado por um sistema nao linear de duas equagoes diferenciais ordinarias que sera analisado através do
estudo de estabilidade dos seus pontos de equilibrio, indicando condicoes para a extingao da epidemia. Considerando
os seguintes parametros:

p - populacdo humana, z - populagao humana afetada com maldria, fz - parcela dos humanos afetados (pela picada),
r - taxa de cura dos humanos, b - nimero de picadas que o homem recebe por unidade de tempo, N - taxa de

’

natalidade, M - taxa de mortalidade, ¢ - tempo, p,, z/, b/7 f/z/, r, M/, N’ sdo as quantidades referentes a
populacao de mosquitos, e desprezando emigragao e imigracao na comunidade, temos que a taza de crescimento de
individuos afetados se dd pelo nimero de novas infeccoes por unidade de tempo, subtraido do nimero de mortes
por unidade de tempo e também do numero de curas por unidade de tempo.

Observemos que, se o mosquito picar um humano, em média, b vezes por unidade de tempo, entao f'.z'

dessas

mosquitos infectados terao b/( f/.z/) picadas infectadas (sobre humanos) por unidade de tempo e b

picadas cairao sobre pessoas sadias.

Assumindo que toda pessoa picada torna-se afetada, entdo o niimero de novas infec¢oes por unidade de tempo,

ror —Z
na populacao humana, serd b .f .z .p .

Similarmente, se um humano for picado b vezes por unidade de tempo, o nimero de novas infec¢oes entre os
’ ’

mosquitos sera b.f.z.p _,

Com estas consideragoes, o modelo de Ross é dado por:

1ot

dz bfz , ' ;

pri J; (p—2)—Mz—rz=f(z,2) =a112+ a12z + a11222

dZ/ b z ’ ’ ror ro ’ ’ ’

P I{/ (p—z2)—-Mz —rz =g(z,2 ) = a2z + axwz + a2z . (1.1)

O sistema (1.1) pode ser visto como uma perturbagao do sistema linear

*Mestrado Profissional, Instituto de Geociéncias e Ciéncias Exatas, IGCE, UNESP, Rio Claro, SP, Brasil, pereirajg07@yahoo.com.br
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& = Df()z (1.2)

onde Df(Z) é a Matriz Jacobiana de f no ponto de equilibrio Z.

De acordo com Figueiredo [3] e Coddington [4], temos o seguinte resultado:

Teorema 1.1. Se um ponto de equilibrio para o sitema linear (1.2) for assintoticamente estdvel, isto é, se os

autovalores da matriz Jacobiana forem reais negativos, entao também serd para o sistema (1.1).

2 Resultados

O sistema (1.1) admite dois pontos de equilibrio dados por (0,0) e (p,q) = < dorfiz — Auidaz - G211z 7 022011 )

a110212 — A21a112 (220112 — G120212

e a andlise dos autovalores da matriz Jacobiana associada nos remete ao seguinte resultado:

Teorema 2.1. Se M'r > b/2ff/p/, isto €, se a mortabilidade vezes a taxa de cura for maior que o produto (nimero
de picadas ao quadrado )x (taza de infec¢ao humana)x (taxa de infecgdo do mosquito)x (populagao de mosquito), entdo
a origem para o sistema (1.1) serd assintoticamente estdvel (extingdo da epidemia).

Se N'r < b/ff/p/, isto €, se a origem for instdvel, entao (p,q) serd assintoticamente estdvel.

E se a origem for estdvel, os valores estimados para p e q serdo menores que zero (sem significado bioldgico).

Prova: Ao estudar a estabilidade do ponto de equilibrio (0,0), obtemos a equacgao caracteristica A2 — (a1 +ag) A\ +

(a11 + ag2) £ VA _ (a11 + age) £ \/(au + a22)? — 4(ar1a22 — a12621)

(a11a22—a12a21) = 0 que possui as rafzes A = 5 5
Note que A = (a1 — a22)2 + 4aq2a91 > 0, pois a2, as s&o positivos, logo os autovalores sao reais. Analisando o
caso (aj1a22 — a12a21) < 0 teremos autovalores distintos com sinais diferentes (e (0,0) serd instavel). De fato, se
(a11a22 —a12a91) < 0, entao —4(ajiaze —ajzaz;) > 0 o que implica /A > |a11 +ags|, ou seja, (a1 +age)++vA > 0,
pois a1 e ass a0 negativos. De modo andlogo mostra-se que (a1 +ag2) — A < 0. Agora, se (a11a22 —aj2a21) > 0
teremos autovalores distintos negativos, pois /A < |a1; + ags|, e pelo teorema (1.1) o ponto de equilibrio (0,0)
serd assintoticamente estdvel. Como M r > b/2ff/p/ é equivalente & ai1a22 — ai2a21 > 0, concluimos que, com esta
condicao, (0,0) é assintoticamente estavel.

/2 7 ’
Para o ponto (p,q) a equacao caracterfstica A + (a12% + aglg)/\ — (a11a22 — a12a21) = 0 admite rafzes A =

—(a12 +an2) £ VA —(a12f +anl) + \/(a12% +a212)? + 4(a11a22 — arza21)
= Observe que A = (a2l —

2 2 p
a21§)2 + 4ajazs > 0, logo os autovalores sdo reais. Se N r < b ff p que é equivalente & (a11a22 — a12a21) < 0,

q

temos que a origem é instavel e /A < , desse modo os autovalores serdo negativos, logo (p,q)

q p
a12— + a21—
p q

P . . p . . . . —(G11G22 — A21012
serd assintoticamente estavel. Se a origem for estdvel, isto é, (a11a22 — a12a21) > 0, ( ) <0e

110212 — A210A112

—(011022 - C121012)

G220112 — 4120212
biolégico.

< 0 e portanto, os valores estimados para p e g serdo menores que zero, que nao tem significado
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25 ANOS DE HOMOGENEIZACAO

J. S. SOUZA* & J. Q. CHAGAST

1 Introducao

Nosso objetivo neste trabalho é apresentar resultados de homogeneizacao obtidos em 25 anos de trabalho, bem
como a evolugao de seu tratamento matemético. A modelagem matemaética de intiimeros fenémenos que ocorrem na
natureza necessita de um conhecimento preciso do sistema fisico envolvido. Nesse trabalho, mostraremos problemas
onde o tratamento matemaético desses sistemas faz uso do método sequencial, devido a F. Murat, que adaptou as
idéias de L. Tartar ao construir um quadro abstrato de hipéteses, admitindo a existéncia de uma familia adequada
de funcgoes testes, que permite obter o comportamento assintotico da sequéncia de solugoes, ou seja, que permite
passar o limite quando € tende para zero e caracterizar esse limite. Apresentamos resumidamente, abaixo, dois

exemplos de trabalhos nessa linha, um de 1982, e outro de 2004.

2 Problema eliptico estacionario

Em 1982, D. Cioranescu e F. Murat [1] consideraram o problema eliptico: Encontrar u. solugao de

—Au., = f, em .
ue. = 0, sobre 0,

onde f é dada em H~1(Q2) e Q. é um dominio “perfurado” do R¥, aberto e limitado, obtido de  pela extracio de
um conjunto S, de buracos S; distribuidos periodicamente com periodo € > 0 na direcao de cada eixo coordenado.
Em vez de hip6teses geométricas diretas sobre os buracos 57, admitiu-se a existéncia de uma familia adequada de

K3

fungoes testes, dada pelo seguinte quadro funcional abstrato:

Existe uma sequéncia de fungoes (we, fic, Ve ) tais que:
() we e H(Q)NL=(Q), [[welp~o) < Mo
) we =0, em S,
(iii)  w. — 1, fraco em H(Q), e q.s. em £
i) e W@V,
(v)

—~

—Aw, = pe — . onde pie,ve € H Y (Q)pe — p, forte em H=1(), e

<76 - 1/5>Q = 0 para todo v, € H}(Q) tal que v. = 0 em S..

Utilizando a extensdo . de u. a todo 2 definida por zero em S., demonstrou-se que @ — u, fraco em Hg (£2), onde

Ue € a unica solugado do problema original para cada € > 0 fixado, e u é a tnica solu¢do do problema homogeneizado

—Au+pu=f, em
u =0, sobre 9,

onde ;1 é uma medida de Radon, ndo negativa, pertencente a H~1(£2). Obteu-se ainda o resultado de corregao
Ue = weu +7r:, com r. — 0, forte em H&(Q),

que diz que w.u é uma boa aproximacgao para a solucao do problema original.
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3 Problemas relaxados
Em 2004, G. Dal Maso e F. Murat [2] estudaram o problema de Dirichlet
—Au = f7

onde A é um operador eliptico linear de segunda ordem com coeficientes mensuraveis limitados em ). Foi conside-

rada uma sequéncia de problemas de evolugao com condigoes de Dirichlet lineares da forma

{ —div(A*Du.) = f em QF 51)

us € HH(Q.),

onde as matrizes A° e os dominios varidveis 2° dependem do pardmetro . Os conjuntos €2°, abertos, sdo todos
contidos em um conjunto 2 C R™, fixo, aberto e limitado, e as matrizes A®, definidas sobre {2 com coeficientes
mensuraveis, sao coercivas e limitadas. O processo de homogeneizacao consiste em estudar o comportamento das
solugoes u° quando € tende para zero. No caso Q° = (), existe uma subsequéncia ainda denotada por (A°) e uma
matriz A°, chamada de H-limite de (A®), tal que para cada f € L°(0,T; H 1(Q)), as solucdes v° dos problemas

v¢ € HE (),
—div(A*Dv®) = f, em D'(Q),

convergem fracamente em H{ (£2) para a solugao v° de

v € Hy(9Q),
—div(A°Dv0) = f, em D'(Q),

e satisfazem também A°Dv® — A°Dv0 fraco em L2(Q,RY).

4 Comentario final

O problema apresentado na se¢ao 2 tem como restrigao o fato de o dominio €. ser obtido de {2 através da extragao de
buracos distribuidos periodicamente com periodo € > 0. Ja o problema relaxado apresentado na secao 3 apresenta
uma dependéncia simultanea de € nos coeficientes e nos dominios perfurados, que agora podem ser mais gerais.
O problema de Dirichlet relaxado é também mais geral. O desafio que se apresenta agora é obter solugdes para

problemas semelhantes ao da secao 2, utilizando a técnica aplicada na solucao do problema da secao 3.
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ALGUNS ASPECTOS TEORICOS SOBRE UM SISTEMA
TERMO-ELASTICO NAO LINEAR

P. H. Tacuri* & H. R. CLArk

1 Introducao

O objetivo deste trabalho é fazer uma andlise qualitativa sobre as solu¢tes do sistema misto termo-eldstico nao
linear acoplado

uge(x,t) — M(/L |uz(t)|ﬂ2{dw)um(m,t) + Upzar (T, 1) + 0. (z,t) + ug(z,t) =0 em Q,

O (z,t) — Hm(x,(t)) + Ugt(2,8) =0 em Q,

w(0,8) = u(L,t) = ua(0,£) = up(L,t) = 0 para ¢ >0, (1.1)
6(0,t) =6(L,t) =0 para t>0,

u(z,0) = uo(x), w(x,0) =ui(z) e O(x,0)=0y(z) em ]0,L][

onde @ =]0, L[x]0,T[ com L > 0 e T > 0. De modo preciso serd estabelecido:

e a existéncia de solugoes globais fraca e a estabelizacao assintética da energia associada as solugoes;

e a existéncia e a unicidade de solugoes fortes nao locais.

2 Os principais resultados

Mostra-se que o sistema (1.1) tém solugdes fracas e globais {u, 8} desde que
up € H2(0,L), uwy € L2(0,L) e 0y € HY(0,L); M€ COR*) e M(\) > 0. (2.1)
A estabilizagao assintdtica da energia associada as solugoes fracas {u, 6} é obtida supondo-se, além da hipétese
(2.1) sobre a fungao M, que ela satisfaga:

A
M(MA > M(X) para todo A >0 onde M(\) = / M(s)ds. (2.2)
0

Definicao 2.1. Uma solugdo fraca e global do problema (0.1) é um par de fungéoes {u, 0} definido em
Qoo =]0, L[X[0, 00[ com walores reais tal que

ue LS, (0, oo; H (O,L)) . up € Ly, (07 oo; L2 (0, L)) , 0eLy (0, oo; L? (O,L)) N L?

loc

(0, oo; HE (O,L)) ,

o par {u, 0} satisfaz as identidades integrais

/ / up(x, t)ye( t)dxdt+/ [ (|uw( )\2) /L ug (2, ) vz (2, t)dz
/ / ummt%mwtdxdt—i—/ / 0. (2, t)y xtdmdt—i—/ / ug(x, t)y(x, t)dadt = 0,
—/0 /0 O(x, t)n(z, t)dxdt + /0 /o 0 (z, t)n. (x, t)dzdt + /0 /0 Ugt(z, t)n (2, t)dxdt = 0,
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para vy € L*(0,T; HF(0,L)), v € L*(0,T;L*(0,L)), v(0) = +(T) = 0, e para n € L*(0,T;Hj(0,L)) com
n(0) =n(T) = 0. Além disso, {u,0} satisfaz as condigées iniciais (1.1)s.

Teorema 2.1. Supondo-se que as hipdteses (2.1) sao vdlidas, entao existe pelo menos uma solu¢io {u, 8} do
sistema (1.1) no sentido da Defini¢ao 2.1.

A demonstracao do Teorema 2.1 é baseada nos Métodos de Faedo-Galerkin e de Compacidade.

Teorema 2.2. As solugoes {u, 8} do sitema (1.1), garantidas pelo Teorema 2.1 sdo assintéticamente estdveis,

desde que a hipdtese estabelecida em (2.2) seja vilida. Ou seja, a energia total do sistema (1.1) dada por
B(1) = {0 + 7 (s () + feas (O + 1002},
satisfaz E(t) < CAexp (—pt) para todo t > 0, onde u, C and A sao contantes reais positivas.
Mostra-se que o sistema (1.1) tém uma tnica solugdo forte nao global {u, 8} desde que
up € HZ (0,L)NH*(0,L), uy € H3(0,L) e 6y € HZ(0,L); M e C*RYR) e M(A) > 0. (2.3)
O conceito de solugoes forte nao locais para o problema (1.1) é dado por:

Definicao 2.2. Uma solug¢do forte mdao local do problema (1.1) é um par de funcgoes {u, 0} definido em
Q =)0, L[x[0,T[ com wvalores reais tal que

u € L>®(0,T; H3(0,L) N H*(0,L)), u; € L>=(0,T; H3(0,L)), uy € L>(0,T;L*(0,L)),
0 € L>*(0,T; H5(0,L)), 6, € L>=(0,T;L*(0,L)),
para T >0 fizado, e satisfaz o sistema (1.1) g.s. em @Q =|0, L[x]0,T.

Teorema 2.3. Se as hipdteses em (2.3) sao vdlidas, entdo existe uma tdnica solugao {u, 0} de (1.1) no sentido da

Defini¢ao 1.2.

A demonstragdo do Teorema 2.3 é, também, baseada nos Métodos de Faedo-Galerkin e de Compacidade m
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