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Tsirelson’s space and some applications to
Holomorphy

Pilar Rueda

Abstract

Tsirelson’s space T has provided several interesting counterexam-
ples in the frame of Banach Spaces Theory. However, the behavior
of T', that can be considered as pathological, turns to provide nice
properties in the Infinite Dimensional Holomorphy. These notes are
devoted to Tsirelson’s space, which is presented following the construc-
tion given by Figiel and Johnson, that was used by mathematicians as
Casazza and Shura or Lindenstrauss and Tzafriri. The main applica-
tion we present of Tsirelson space in Infinite Dimensional Holomorphy
is due to Alencar, Aron and Dineen. They used Tsirelson’s space to
get the first example of a reflexive space of holomorphic functions
defined on a Banach space of infinite dimension.

1 Introduction

Until 1974 all known Banach spaces had copies of ¢y or ¢, for some 1 <
p < oo. However, that year Tsirelson constructed a reflexive Banach space
with an unconditional basis that had neither isomorphic copies of ¢, for any
1 < p < o0, nor of ¢y. Tsirelson’s work allowed many mathematicians as
Figiel, Johnson, Odell, Schechtman, Argyros, Deliyanni..., to construct new
counterexamples in the theory of Banach spaces. This examples were called
modified Tsirelson’s spaces, mixed Tsirelson’s spaces...

Tsirelson’s space has also found applications to Holomorphy. In the sev-
enties properties as reflexivity of spaces of polynomials and holomorphic func-
tions on a Banach space X were being studied although there were no known
examples yet of infinite dimensional Banach spaces X with such a property.
In 1984 Alencar, Aron and Dineen used Tsirelson’s space to get the first



example of a reflexive space of holomorphic functions defined on an infinite
dimensional Banach space. Later on, Prieto [18] proved that the space of
all holomorphic functions on the original Tsirelson’s space T™ that are of
bounded type is reflexive. Rueda [19] and Garcia, Maestre and Rueda [§]
generalized Prieto’s result to weighted spaces of holomorphic functions de-
fined on a balanced open subset of T*. Tsirelson’s space has been (and is
still) used in the frame of Holomorphy and that has occasioned our personal
interest on this space.

The purpose of this course is to introduce Tsirelson space paying attention
to those properties that yield mainly to the example given by Alencar-Aron-
Dineen, Prieto and Garcia-Maestre-Rueda.

The construction we are going to follow is the one by Figiel and Johnson
[7], that was used by mathematicians as Casazza and Shura [3] or Linden-
strauss and Tzafriri [13], and that was given the name of Tsirelson’s space
T although the original Tsirelson’s space [21] is (an identification of) the
dual 7™ of T". Both spaces T" and T™ share the most important properties as
reflexivity, both have unconditional basis and do not contain copies of ¢, or
any £,.

These notes are based mainly in some of the results that appear in [3],
6], [13] concerning Tsirelson’s space. We refer to these excellent books for
further references. Some properties on 7" have been selected: on one hand,
the “nice” ones as reflexivity or the containment of an unconditional basis
and those “pathological” properties as the non containment of copies of any
¢, and, on the other hand, those properties that yield to the applications in
Infinite Dimensional Holomorphy. The aim of proportionating self-contained
and detailed proofs around Tsirelson’s space has motivated the selection of
the results, although the basics on Banach space Theory is presented without
proofs. As these notes are addressed mainly to people that are involved
with Holomorphy, in the applications some previous results concerning just
Holomorphy and not Tsirelson’s space are supposed to be known and so, they
are used without proofs. Despite of this and for the sake of completeness, we
have reproduced some known proofs and completed or modified other ones.

A first draft of these notes was done in 2002/03 during a Seminar that I
taught in the Departamento de Analisis Matematico of the Universidad de
Valencia, where the suggestions and comments of the friends that attended
the course there helped me to improve it. Thanks are given to all of them.
In particular, I would like to thank Vicente Montesinos who proved Propo-
sition 9. His result allowed to avoid a less pleasant argument that used that



the closed linear hull of any block sequence in T' generates a complemented
subspace of T' [3, Proposition I1.6]. This current version forms the material
for a mini-course that will be taught in II Enama, I Encontro Nacional de
Anélise Matematica e Aplicacoes, taking place in the Universidade Federal
da Paraiba, Joao Pessoa, in 2008. I would like to thank Geraldo Botelho and
Daniel Pellegrino for their kind invitation to visit their respective Universities
and to give this course in the II Enama.

2 Tsirelson’s space

2.1 Preliminaries on Schauder bases

Let X be a complex Banach space and let X* be its topological dual. Let
(n)n be a sequence in X. The sequence (x,,), is called a Schauder basis of X
if for every x € X there exists a unique sequence of scalars (ay,,),, such that x =
Y oo anTy. The sequence (), is called a basic sequence if it is a Schauder
basis of its closed linear span. It is well known that if (z,), is a Schauder
basis of X then the projections ¢" : X — X defined by ¢™(>" 7, apz,) =

> o anx, are bounded linear operators and ¢ := sup,, ||¢""|| < oo. The

constant c is called the basis constant of (x,)p.
A Schauder basis (z,), of X is called:

e cquivalent to a Schauder basis (y,), of a Banach space Y if Y~ a,z,
converges in X if and only if > 7  a,y, converges in Y, for any scalar se-
quence (ay)n. By [4, Theorem V.5] (z,,), and (y,), are equivalent if and only
if there is an isomorphism between X and Y that maps each z,, to y,.

e unconditional if the convergence of the series Y > b,x, implies the
convergence of the series > 7 | a,x, whenever |a,| < |b,| for all n.

e normalized if ||x,|| = 1 for all n (and so (”i—zn)n is a normalized Schauder
basis of X).
e shrinking if the coordinates functionals (z7),, given by 7, (37 apx,) =

G, form a Schauder basis of X*.

e boundedly complete if the series Y~ | a,x, converges in X whenever
m
SUpyy, || 2_pey ant|| < oo

Let us recall the following facts about a Banach space X with a Schauder
basis (2, )n:



e X is reflexive if and only if (z,), is shrinking and boundedly complete
(see [9] or [13, Theorem 1.b.5]).

e Assume that (z,), is unconditional, then X does not have a copy of ¢,
if and only if (x,), is boundedly complete (see [13, Theorem 1.c.10]).

e Assume that (x,), is unconditional. If X does not have copies of ¢, or
¢; then X is reflexive (see [13, Theorem 1.c.12]).

A sequence (y,), in X is called a block sequence of (z,), if each y, can be
written as y, = ?i;; +1 @52, for some sequence of scalars (a,), and some
increasing sequence of integers p; < pa < ---.

Given a sequence (), in X, let supp((z,),) denote the support of (x,),,
that is

supp((xy,)n) :={n € N: z, # 0}.

2.2 Definition and basic properties

In order to construct Tsirelson’s space, we consider the space Tj of all complex
sequences that are eventually zero. Let e, = (0,...,1,0,...), with the 1 in
the nth position. For each = € Ty, = (ay, as, ...), we define recurrently the
following norms:

[zflo = max]ayl,
n

k Nj41

1
lellmer = max{flallm, 5 max 3 |l anenllm}

ny<--<ngyq 7
k=1,2,.. J=1 n=n;+1

Lemma 1. It follows:

1. For everym =0,1,2,..., || |lm is a norm.
2. For everym =0,1,2,..., ||z||m < ||z||ms1 for all z € Tp.
3. For everym =0,1,2,..., ||z||m < ||z|ls, for all z € Ty.

PRrROOF: 1. It is easy to prove by induction that if ||z||,, = 0 then 2 = 0
and that | Az||,, = |\|||z|lm- To prove the triangular inequality it suffices to
proceed by induction and use that max(a+b,a’+b') < max(a,a’)+max(b, )
for a,a’, b, b > 0.

2. It is trivial.



3. We proceed by induction. Clearly ||lz(lo < >272, |a;| for all x € Tp. If
we assume that [|z][,, <>, [a;| for all x € Ty then for each k <ny < --- <
Ne+1, k= 1,2,...

k nj+1 Tj+1
SI Y aele<Y 3 < Z anl
j=1 n=n;+1 j=1 n=n;+1
Hence
o
|2 lmrr < lanl-
n=1
n
We define
[l ]| = Tim [ ]|
m
By the above Lemma || || exists and it is easy to show that it defines a norm

on Ty. Tsirelson’s space T is defined as the completion of (T, || ||). We shall
call original Tsirelson’s space the dual T of T

Proposition 2. The sequence (e,), is a 1-unconditional Schauder basis of
T.

PROOF: Let us start proving that: if |a,| < |b,| for every n (assuming that
an = 01if b, = 0) then || Y77 anenllm < || D07, buenllm, for all (by,bs,...) €
Ty and all m = 0,1,2,.... We proceed by induction. For m = 0 is trivial. If
we assume it is true for m, then

nj+1

9] [e'S) 1 k
1Y anenllmer = max{[| > anenllm, 3 4o, X ST anenllm}
n=1 n=1

§"1<"‘<"k 14
k:: + :1 n:nj+1

Tj4+1

< maX{HZbenHm, % max ZH D buenllm}

<njy < <nk
oo
= 1 bueallmn.
n=1

k= = n=n;+1
Now, make m — oo. It follows that if |a,| < |b,|, for all n, then || Y7 | ane,| <
| S0 buey|, for all (b, be,...) € To. As T is the closed linear span of the



e,’s the result follows from the simple fact that the linear space of all ele-
ments of the form Y > a,e, is a closed linear space (see [13, Proposition
1.a. 3]) ]

Proposition 3. For every x => 2 ane, €T,

n=1

Nj+1

sup ZH Z anenl|}-

k§n1<"'<nk+1 - .
k=1,2.... j=1 n=n;+1

N —

o]l = maxc{max|a,.

PROOF: Let us denote |||x]|| the term of the right hand. It suffices to be
proved for x = > | aye, € Ty. Actually, in that case, if z € T,

[l = Yim [z, || = Tion [| [z, || = [[|[]],

for some sequence (z,), in Ty that converges to .
Since ||z|| > max, |a,| and

nj4+1

ol s > 5 ma ZH S tnaln
j <nk+ = n=n;+1
for all m, when m — oo it follows
j+1
|\x\|>_ max ZH > aneall.
k:<n < <n
sz . =1 n=n;+1

Then [zf| = [}
If we assume that there is « € Tj such that ||z|| > |||z||| then

Tj+1

1
lzll > llelll = 5, max E 1> aneal|
np<- <"k+1
k=1,2,. j=1 n=n;+1
Tj+1

> % max ZH Z anenHm

k§n1<"'<nk+1

k:1,2,... ]:1 n:n;-&-l
for all m. Since ||z|| = lim,, ||z||,» there exists a natural number [, such that
for all I >
nj4+1
(el > 5 .. max Z 1> aneallm
k ny<- <n
k— 1,2, = n=n;+1



for all m. In particular,

nj+1
ol > 5 max Z IS el
1< <nk+ j=1 n=n;+1
Then ||z||; = ||z|;—1. Since
Tj+1
2l = [l > 5 ., max ZH Y aneallis
k.f <" =1 n=n;+1

then ||z||;—1 = ||z][;—2. In such a way and after a finite recurrence we get that
|l = l|lz]lizc1 = - - - = ||z]|o = max, |a,| for all [ > [y. Then ||z|| = max, |a,|
what contradicts that ||z|| > |||z]|| > max, |a,]. .

Proposition 4. For every natural number k and every normalized sequence
of blocks (y;)¥_, such that y; = ﬁ:;ﬁl anen, with 1 <i <k and k < p; <
P2 < -+ < Pry1 we have:

k k k
%ZW < IS bl < 1o (1)
i=1 i=1 i=1

for all scalar sequence (b;)F_;.

PROOF: Since k < p; < -+ < pgy it follows from Proposition 3

k Pj+1 Pj+1
IS byl > —ZH 3 b = 5 Zrbm 3 aiel
Jj=1 Jj=1 i=p;+1 i=p;+1

1 1
= §Z|bj|||yj|| = §Z|bj|~
=1 j=1

On the other hand,

k k k
1> baill < Y lllyall = D [bil.
i=1 i=1 i=1



The above proposition says that any sequence (y;)%_; of unitary vectors
in 7" with increasing disjoint finite supports (in the sense that max{i : i €
suppy,} < min{i : ¢ € suppy;11} for all j) whose first & coordinates are 0
fulfills (1). Next proposition shows a dual analog in T™*. Let (e}) be the dual
basis of (ey,)n-

Proposition 5. Let (y%)*_, be a sequence of unitary vectors in T* of the
form yf = Zi:*;iﬂane,*l, 1 <i<kandk <p <py < - < pgy1 (with
increasing disjoint finite supports whose first k coordinates are 0). Then

k

sup [bi] < D biyr|* < 2 sup |b
1<i<k P 1<i<k

for all scalar sequence (b;)%_,.

PROOF: Let 2] denote the restriction of y; to the subspace S5; generated
by ep. 11,5 €p,,- Let y; € S be such that 27(y;) = 1. Since the supports
are disjoint it follows that y7(y;) = di;.

Consider the subspace F' generated by 1, ..., yr endowed with the norms
| |le; and || |]. We know by the above proposition that 3| [le, < | | < |l
in F'. Taking duals in F™* we get that

" = sw (@)
lz||<1,zeF
< sup  |2*(7)|
llzlle, <2,2€F
W1
= sup  2[z"(S2)]
[2zlle, <1,2€F 2
= 2[|7"[|
and
[2"]lc = [[2"|I7, = sup |z*(x)] < sup |z"(x)] = [|=*|]"
lz]le, <1 l=)| <1
for all z* € F*. -

2.3 T does not contain /¢, spaces

Let us now prove that Tsirelson’s space 1" contains neither copies of ¢y nor of
{p, for any 1 < p < oo. We start proving next result on equivalent sequences
whose proof is taken from [4, Theorem V.9].

8



Proposition 6. (/4, Theorem V.9]) Let (x,), be a basic sequence in a Ba-
nach space X and let (z7), be the sequence of coordinates functionals. If
(Yn)n is a sequence in X such that > o~ |k ||lzn — yull < 1 then (yn)n is a
basic sequence equivalent to (z,)y.

ProOOF: By Hahn-Banach extension Theorem we extend each x to the
whole X. Define S: X — X as S(z) = >~k (z)(x, — y»n). Since

IS1 <> llapllllen = yall < 1
n=1

then I — S is an invertible operator with (I — .S)(x,,) = yn. .

Before proving next theorem observe the following remark:

Let Y be either ¢y or ¢,, 1 < p < oo, and let (u,), the canonical basis
of Y. For each increasing sequence of natural numbers (ny)g, the mapping
Sing) 1 Y — Y given by Sp, (D00 aptin) = Y5 | Ay, is an isomorphism
into whose inverse is S(_nt)(zzozl Uy Ung ) = D pey G, Uk, and that maps each
ug t0 up,. Therefore (uy,)r is equivalent to (uy),, for all sequence (up, ).

Moreover, each S(,,) is an isometry. Indeed, if ¥ = ¢q then

o o0
1~ axtin, lloo = sup lax| = 1) axtik]|o,
k=1 k k=1

whereas if Y = ¢, 1 < p < 0o, then

(o) oo (o]
13" avtlly = (o) = 'S g
k=1 k k=1

=1

The proof of T'not containing copies of ¢y nor of £,, 1 < p < 00, is based on
the Selection Principle of Bessaga-Pelczynski that asserts that given a Banach
space X with a Schauder basis (z,), if (), is the sequence of coordinates
functionals and (y,), is a sequence in X such that liminfy ||yx|| > 0 and
limy, 2}y = 0 for all n then (y,), has a subsequence which is equivalent to
a basic block sequence of (z,),. We will reproduce his proof while proving
Theorem 7.

Theorem 7. Tsirelson’s space T does not contain subspaces that are isomor-
phic to ¢y or €, for all 1 < p < oo.



PROOF: Let Y denote either ¢y or £,, 1 < p < oo. Let us assume that
there exists an isomorphism into S : Y — T. Let ¢,C' > 0 be constants
such that

cllyll < I1SW)Il < Cllyll,

for all y € Y. Consider the canonical basis (u,), of Y. Then y, := S(u,) is
a basic sequence of T' equivalent to (uy),. Writing y,, = >, al'e, we have
that, for each fixed n,

ay = e;(S(um)) = "S(e;,)(um)

n

converges to 0 when m — oo. Indeed, from 'S(ef) € Y* if 'S(e) =
S0 bk, then 'S(ef)(uy,) = b — 0 when m — oo.

m=1"m~"m
Moreover, for each increasing sequence (ny)x, S © S,) © S‘Hm:l is
an isomorphism into that maps each yj to y,,. Then (y;)x is equivalent to

(Yn, )x- For each m

m m m C m
1Y " I < CID - arn, || = CIDY - agurl| < —I > aryil.
k=1 k=1 k=1 k=1
Then

m C m
1Y~ el > al > ayn, | (2)
k=1 k=1

for all increasing sequence of natural numbers (ny), and all natural number
m.
“ Let K be the basic constant of (e,), that is, K := sup,, ||¢"|| where

qn(zzoz1 bkek) = Zzzl bkek.
Let p; > 1 be such that

p1

1 C
[y — ZanenH < Sk

n=1
Let 0 < &1 < gi5- Forpy, as P ae, — 0 when m — oo, there exists

nq so that

p1
1D apten] < e
n=1

Let now py > p; + 1 such that



Then

p2

p1 oe)
n . n n c o c

n=pi1+1 n=ps+1
c : P2 m :
Let 0 < ey < SR For p, since ) .* | a;'e, — 0 when m — oo there exists

n9 > ny so that

p2
1D azen| < e
n=1

Let now p3 > ps + 2 be such that

o0

n C
H Z CLnQGnH < (W—Gg).
n=p3+1
Then
p3 p2 00 ‘ .
o= 3 el =13 et S el < et (gm—e) = g
n=p2+1 n=1 n=p3+1

By induction we construct sequences (n;); and (p;); with p;+1 > p; + j such
that

Pj+1

c
n
Hyn] - Z a’nje’ﬂ” < m
n=p;+1
for all j. Let us denote
Pj+1
Zj = Z ayie,, j>1
n=p;+1

Then (z;); is a block sequence of (e,), with supp(z;) > j. So, if p < ¢ then

p q
1Y S aizll < KD agzll
j=1 j=1

for all scalar sequence (a,),. Hence, (z;); is a basic sequence with basic
*

constant less than or equal to K. Therefore, given » = 77 z5(x)z; it
follows that
1

K >sup|¢'|| > [l = sup || )| > [l ()l =
i lyll<1 |||

11



and then
125 ()21l = ¢ () = ¢~ (2)]| < 2K]|z]].
From ||y, || > ¢ for all n, it follows that
¢ < 1y, Il < llgm, = 21+ 1251 < s + 1511
SK2J
Then

c

Izl > e s > =
SK2I 2

Hence . iK
127 ()] = [|2] (%) 2 || v— B < 2K—||11?|| = —lell
J

Thus ||z;|| < & and then

;nzjnnzj—ynjn SN —ij <325

From Proposition 6 it follows that (y,,); is a basic sequence equivalent to
(2j);. Then there exists a constant M > 0 such that

o o
1Y aizill < MY ajyn, |
j=1 j=1

for all scalar sequence (a;);.”
From (2), taking the sequence (n,,_14;);, it follows that for any m and
any finite sequence (a;)7,

- oyl -
j=1 j=1 Y3 j=1
C o C ik
5” Zajynm_1+j|| > CM||Zajznm_1+j||
= =

> Lo bl

where we have used Proposition 4 in the last inequality. That is,
m m c m
CZ |a;| > || Z%‘%‘H > QC—MZI%I
j=1 j=1 j=1

12
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for all sequence (a;)jL; and all m. So, (y;); is equivalent to the canonical
basis of ¢; which is absurd. "

The quoted part of the proof constitutes the proof of Bessaga-Pelczynski
Selection Principle (see also [4]).

Next step is to prove that 1" does not contain a copy of ;. We need the
following result due to James [10]:

Theorem 8. (James) If X is a Banach space that contains a subspace iso-
morphic to ¢y then, for any € > 0 there ezists a sequence (uy), in X with
llun]l <1 such that

(L=e) > Il < 1Y byl < o] (3)
j=1 j=1 j=1

for all sequence (b;); € (1.

PROOF: Let (z,), be a basic sequence in X which is equivalent to the
canonical basis of ¢;. Then there exist m, M > 0 such that

o0 o0 o
mY | <Y ajw| <MY ay|
j=1 j=1 j=1

for all sequence (a;); € ¢;.
For each n we define

B, ={(aj); € i |(aj);lle, =1, supp(a;); < oo and a; = ap = --- = a, = 0}

Ky =inf{[| Y aja;]: (a); € Ea}.
j=1

Since E, 1 C E,, the sequence (K,), is increasing. Since m < K, < M
for all n, there exists K := lim, K,. Moreover, K > K; for all j and
m< K <M.

Let 0<f<1<¥.

Chose p; > 1 such that K, > 0K. Since K, < ¢'K there exists a

sequence of the form (0,...,0,ap,41,...,0p,,0,...) € E, such that
p2
1Y aal < 0K,
Jj=p1+1

13



Since K, < §'K there exists a sequence (0,...,0,ap,41, ..., 0p,, 0, ..
such that
p3
I az)| < 0K
Jj=p2+1

By induction we construct for each j scalars a,, y1,...,a,,,, such that

Pj+1 Pj+1

> lanl=1  and > anza| <O'K

n=p;+1 n=p;+1
Let
Pj+1
S anr
n=p;+1
Then (y,), is a block sequence of (z,), and ||y,|| < ¢'K. Define
Y
Uy 1= 9/[(
Then ||u;|| <1 and
1D byugll < D Ibslllugll < Y 18]
j=1 j=1 j=1
for all sequence (b;); € ¢;.
On the other hand, let (b;); € ¢, and m > 1. Since

m Pj+1 Pj+1 m

> > Ibal= Z(ijl Y laal) =) 1ol

j=1 n=p;+1 J=1 n=p;+1 j=1
then

1
Z = W(O, ey bl(lp1+1, c. ,blap2, ey bma'pm—i-la ey bmapmH, 0, ..
7j=1

Hence

)€

)€

m Pji+1 Z | | m m
HZ%H =Y. > ban "HZ] 1be| szZ!bﬂ > 0K ) |byl.
J=1 =1 j=1

Jj=1 n=p;+1

14
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Thus,
m 9 m
1D bjusll > 7 > b1,
j=1 j=1
for all m. Therefore,
(0.9} 0 o
1 bjusll > 7 > 1l
j=1 j=1
It suffices to chose 6 and ¢’ such that /0" > 1 — e. n

Note that in the proof of the Theorem of James (Theorem 8) we have
started with a basic sequence in X equivalent to the canonical basis of /5.
When X =T, if we assume that T' contains a copy of ¢; then we can assume
that this sequence is a block sequence of (e, ),. Indeed, we have the following
result due to Vicente Montesinos. We shall say that a basic sequence (uy,),
is (1 — €)-equivalent to the canonical basis of ¢; if it fulfils (3).

Proposition 9. (V. Montesinos) Let X be a Banach space with a Schauder
basis (tn)n and let 0 < e < 1. If X has an isomorphic copy of {1, then it has
a basic sequence which is (1 — €)-equivalent to the canonical basis of {1 and
equivalent to a block sequence of (t,)n.

PRrROOF: By Theorem 8 if a Banach space X has an isomorphic copy of ¢4,
then it has a basic sequence (uy,), (1 — €)-equivalent to the canonical basis of
¢y. Let (t¥), be the sequence of coordinates functionals associated to ().
For each n = 1,2,..., let S,, denote the linear span of {u,, tuni1, Uni2, ...}
and, for m > n let S denote the linear span of {u,,u,t1,...,un}. Since
ker(t;) NSy # {0} there exist p; € N and b; € X, [|by|| = 1, such that

by € ker(t}) N ST

Since (7_, ker(t) N Sy 41 # {0} there exist py > p; and by € X, [|bo]| = 1,
such that

2
by € [\ ker(t;) N SE2,.
=1

By induction, we construct a normalized sequence (b,), in X such that
limg ¢f (b)) = 0 for all n. Applying Bessaga-Pelczyriski Selection Principle,
(bn)n has a subsequence, (s,),, which is equivalent to a basic block sequence
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of (tn)n. Being (s,), a normalized block sequence of (up)n, (Sn)n is (1 — €)-
equivalent to the canonical basis of /5. .

We can then conclude the following fact: if T" contains a copy of ¢; then
T has a basic block sequence of (e, ), equivalent to the canonical basis of ¢;.
If we start the proof of Theorem 8 with such a block sequence, then what we
eventually show is that if T" contains a copy of ¢; then 7" has a basic block
sequence of (e,), (1 — €)-equivalent to the canonical basis of ¢;. We will use
this fact in the proof of Theorem 10.

Theorem 10. Tsirelson’s space T has no subspaces isomorphic to (1.

PRrOOF: Taken from [13, Example 2.e.1]. Assume that T" has a subspace
isomorphic to ¢;. By the above comment, there exists a basic block sequence
(v)%20 of (en)n, with [v;]| < 1, for all j = 0,1,..., and such that for all
sequence (b;)22, € {1

SN ES ]
=0 i=0

=0
In particular,

1 16
HUO‘F;(UI‘F"'_'_UT)HZ?? T:1727"‘ <4>

Consider k < p; < ps < -+ < pry1 and for each 7 =1,2,... k let

o) Pj+1
qj(z bnen) = Z bnén.
n=1 n=p;+1

Using the characterization of the norm of 7" it follows that

k
1
ol > 23 lay @l
j=1

forall z € T
Let ng := max{i : i € supp(vo)} and let z = vg+ L(vy +- - +v,). Let us
show that 2?21 lg;(2)|| < %. We distinguish two cases:
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If k> ng then ¢;(vg) =0 for all j =1,..., k. Then,

NN

k
1
> lai= H—ZH% (v -t o)) <2-(or+- - Fo)| <2<

If k£ < ng we define
d:={i>1: ||gj(v;)| # 0 for at least two values of j}

o:={i>1: |[¢gj(v)|l # 0 for at most a value of j}.

Since there are k blocks determined by p; < -+ < pry1 and the v; have
disjoint supports then the cardinal of § is [0] < k—1. Moreover, if i € o and jj
is the only integer between 1 and & such that ||g;, (v;)|| # 0 (if there is no such
J then [|gj(v;)|| =0 for all 7 =1,..., k) then supp(v;) C {pjo + 1,...,Djo+1}-
Hence g¢;,(v;) = v; and ¢;(v;) = 0 for all j # jo. Thus

ZH%(Z)H < ZII% o)l + - ZZH% vi)|

=1 j=1
= ZH% vo)ll + — ZZH% vi ||+ZZ||% vi)ll)
€6 j=1 i€o j=1
< 2Hvo||+ 2> Mol + > llel)
€S i€o
1
< 24 (200 + o) =2+~ " (6] + 1)

1 —1
<3402

1 k—
< 24 —(k—=14+r)=3+
T T r

Taking r > 2ny we have that

-1
| <3 <
}jqu <3ty <

l\DI\]

Then we can conclude that for z =" | a,e, we get

1
Il = max{max|a.|,5  sup ZH% )
n k<pj<- <pk+1 ‘*1
k=12,...

7

< max{mgx|an|, Z} =T (5)
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Indeed, as the v; have disjoint supports, for each n such that a, # 0 there
exists a j so that n € supp(v;), then

if j > 1 we have that |a,| < v <2 <1<

if j =0 we have that |a,| < [lvo]] <1< 1.

Hence, from (4) and (5) it follows that 16/9 < 7/4 which is absurd. =

Corollary 11. Tsirelson’s space T is reflexive.

PROOF: Since T has an unconditional basis, but it does not have copies
of ¢o or ¢; then it is reflexive (see [13, Theorem 1.c.12]). .

3 Applications to Infinite Dimensional Holo-
morphy

3.1 Preliminaries

Let X be a complex Banach space and let U be an open subset of X. Let
P("X) denote the space of all continuous n-homogeneous polynomials on X.
Let Py ("X) (Puse("X)) be the subspace of P("X) of all continuous polyno-
mials that are weakly continuous on bounded sets (resp. weakly sequentially
continuous). Clearly P, ("X) C Pus("X) C P("X). We consider these
spaces with the usual supremum norm. Given P € P("X), by P we mean
the continuous symmetric n-linear mapping associated to P.

Let H(U) be the space of all holomorphic functions on U. If f € H(U)

we denote by Y 7, dng !(0) the Taylor series expansion of f at the origin.
A semi-norm p on H(U) is ported by the compact set K C U if for every
open set V', K C V C U, there exists a constant ¢(V') > 0 such that p(f) <
c(V)sup,ey |f(z)| forall f € H(U). The Nachbin or ported topology on H(U)
is the locally convex topology generated by the semi-norms ported by the
compact subsets of U, and it is denoted by 7,. Another important topology
we shall consider on H(U) is the 75 topology generated by the countable open
covers, that is, a semi-norm p on H(U) is 75 continuous if for each increasing
countable open cover of U, (U,),, there exist a constant C' > 0 and a natural
number ng such that p(f) < Csup,ey, |f(z)|, for all f € H(U). The 7
topology is then defined as the locally convex topology generated by all 74
continuous semi-norms. The 75 topology is related to the Nachbin topology 7,
in the sense that 75 is the barrelled topology associated with 7,, [17] (see also
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[6, Corollary 3.37(b)]). Moreover, we can consider a fundamental system of
semi-norms for 75 with “good Taylor series convergence” properties. Indeed,
the 75 topology is generated by all semi-norms p on H(U) satisfying that

is 7,, continuous for all m and that p(3°°° , LL@) — g0 o, d2/0))

n=0 " nl n=0 nl
for all Y~ dnfl(o) € H(U). It is worth mentioning that 75 = 7, = .|| on
P(™X), for all m (see [5, Example 1.36]). Moreover, if X is a Banach space
with a Schauder basis and U is a balanced open subset of X then 7, = 75 on
H(U) (see [15] and [6, Corollary 4.16]).

Let H,(U) denote the space of holomorphic functions of bounded type
on U, that is, the space of all holomorphic functions that are bounded on
U-bounded sets. Recall that a bounded subset A C U is U-bounded if its
distance to the boundary of U is positive (when U = X, U bounded sets are
just all bounded sets). The space H,(U) is endowed with the topology 7, of
uniform convergence on U-bounded sets. It is well known that (H,(U), 1) is
a Fréchet space.

Dipmx,

3.2 Reflexive spaces of holomorphic functions

Let us recall that the dual T of T' is called the original Tsirelson’s space.
In 1984 Alencar, Aron and Dineen [1] prove that for any balanced open sub-
set U of the original Tsirelson’s space T* the space (H(U),7,) is reflexive.
That was the first known example in the frame of infinite dimensional Ba-
nach spaces. However, examples of non normable locally convex spaces were
known (e.g. E Fréchet nuclear with the DN property) for which the cor-
respondent space of entire functions was reflexive. On the other hand, the
space H(¥,) is not reflexive for any 1 < p < oo (see [20]). Let us mention
what Casazza and Shura [3, Chapter XI] commented about Infinite Dimen-
sional Holomorphy and, in particular, about the example by Alencar, Aron
and Dineen: “It is curious to us that this is the only area of analysis wherein
the ¢, spaces are pathological, while Tsirelson’s construction yields an ex-
ample of a space with ‘good’ properties”. In 1992 Prieto [18] reinforced this
appreciation by showing that (H,(7*), ) is also reflexive. Garcia, Maestre
and Rueda used Prieto’s techniques to generalize this to weighted spaces of
holomorphic functions. In particular, they proved Prieto’s result for H,(U)
where U is any balanced open subset of 7.

Let us start, in a similar way as in [1], by showing that any Banach space
X for which (H(X"*),7,) is reflexive has to share many of the properties of
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T. For example, as X is a subspace of (H(X™),7,), X should be reflexive.
Moreover, if we assume that X has a copy of some £,, 1 < p < oo, then let
S : 4, — X be an isomorphism into. Consider its transpose 'S : X* —
, =: Ly and let (uy), be the canonical basis of £,. For each » € X* and each
(p)n € €, we have that

S(@)((wn)n) = tS@)(Z Tply) = an 'S (@) (un) = an:c(S(un)) (6)

Since /), = {, it follows that (z(S(un)))n € £, and then,

Zp; (un))]? < 0. (7)

Let [ :=[q] + 1 and Q,, := S(u,)' € P('X*). By (7) it follows that

M=) |Qu(@)| =Y [a(S(un)|' < co. (8)

Using that the pointwise limit of a sequence of continuous homogeneous poly-
nomials is continuous, we get that > .°7, @, € P('X*). These calculations
will allow to prove that P(*X*) has a copy of £o.

Indeed, if we start with (x,,), € l, from (6) and (8) the mapping (=), €
loo — Py, € P('X*) given by

= aal S(@)(un))

is well defined. Let y, € X* be such that 'S(y,) = wu’. Since ||yn| <
C| "S(yn)|| = Cllug|| = C for some C > 0, and P,,)(yn) = zn, then

l

1 5P| P (yn)| < CUlI Py | < CFsup [ M.

sup |z, | =
n

Hence P(*X*) should have a copy of £, which is impossible by reflexivity.
Thus, X should be a reflexive Banach space without copies of £,,, 1 < p < oo.
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3.2.1 Weakly sequentially continuous polynomials

In order to prove the result by Alencar, Aron and Dineen we need the follow-
ing Lemma. With the aim of giving as many details as possible we include
the proof which is taken from [6, Lemma 1.9(b)]:

Lemma 12. [6, Lemma 1.9(b)] Let X be a Banach space and let (x;)h_, be
a finite sequence in X. Then

k k
sup |[P(Y_ Aay)IP 2 ) |1 P(a;)P,
o j=1
k
for all P € P("X).

PROOF: Let P € P("X). We start by proving [6, Lema 1.9] that for any
x,y € X then

‘s;|1<pl|P(:v+/\y)|2 > |P(x)* + |P(y)[*. (9)
Define .
g(A) = Plx+ \y) = Z (7) P(ad ym=y\m=a,

Denoting a,,—; = (T;) P(x7,y™7) we have ag = P(z) and a,, = P(y).
Then, by the Maximum Modulus Principle

sup |[P(z + Ay)|? = sup [P(z+Ay)[* = sup [g(V)]?
[AI<1 |A|=1 IA=1
1 27 1 27 )
= — sup [g(A\)[?df > — lg(e”)|? db
27T 0 |A|=1 2’/T 0
1 [l
B S
0 =0 k=0
1 2
= Z a;Q,— U=k g9
: 2m J,
0<j,k<m

= D o’ = laol* + |am]’
§=0
= |P(@)] +|P(y)*.
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Hence if |p| =1,

sup |P(ua + Ay)| > (|P(uo)* + |P(y)|*)"? = (IP(2)* + [P)]*)"?,

[A<1
and using again the Maximum Modulus Principle,

sup |P(ux + My)| = sup |P(uz + Ay)| > (|P(z)]* + [P(y)[*) /2.

IA]<1 IAI<1
lul<1 |ul=1
Apply now induction: if we assume that given x1,..., 25,1 € X
k—1
sup ZA zj)[* = ) 1P(x;))%,
[Aj1<1 j=1
7j=1,...,k—1
then for zq,..., 2, € X it follows that
k—1
sup |P(Z NP = sup sup |P( Z)\ z;) + M\pwr)|?
IAj1<1 =1 YIRS |Ak|<1 j=1
j=1,...,k j=1,..., k—
> sup Z)\ z;)|? + | P(ag)|?
IAj1<1
j=1,...,k
k—1 k
> [P(x)]” + [Pz = D [P(x;)]”
j=1 j=1

Theorem 13. (Alencar, Aron, Dineen [1]) Every continuous polynomial on

T 1s weakly sequentially continuous at the origin.

PROOF: It is an adaptation of the proof of [1, Theorem 6]. Assume that
there exist m and P € P(™T™*) which is not weakly sequentially continuous
at the origin. Let § > 0 and (z,), € T* weakly convergent to 0 such that

|P(zy,)| > d for all n. We can assume that ||z,| <1 for all n.

Let (t,)n be the Schauder basis of 7%, that is, ¢, = e}. For each natural

number N we write zy = Y 22, a}'t;.

22



Take Ny := 1. Since

6 <|P(a1)] = |P(Y_aity)] =1im P} ajt;)]
i=1 i=1

there exists n; > 2 such that

PO " alt)] > 6.
=1

Being (zy)y weakly convergent to 0, given m the sequence e,,(zx) = al)

converges to 0 when N — oo. Then > aMNt; — 0 when N — oo. Let
Ny > Njp be such that

i=1""

ni
1> ar) <
=1

for all n > N,. By induction we construct strictly increasing sequences (n;);
and (N;); such that

DO | —

g

nj
Pa ) > 6 and Y e < o
=1

=1

for all k > j. Let ¢"(ay,) == Y2y a,’t;. By the above Lemma, given a
natural number [,

2

2[+1 2l+1
sup (P D Ny || = Y 1P ()
[Aj1<1 j:2l+1 j:2l+1
J=2141,...,20+1
2l+1
> )8 = 2 -2
j=2l41
= §°2.
Then there exists a sequence ()\j)gl;llﬂ, with |A;] <1, such that
21+1
Pl Y Ngv(ay) || > 0(V2) (10)
j=21+1
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On the other hand, if we call

@) (zn) = q" (zn;) — ¢V (2ny) = Z a; i,

i:nj,1+1
then the vectors {qn’_, (x Nj)}jz.l:;l .1 have increasing disjoint supports.
If2' +1<j <2 then n;_; > j —1 > 2'. Hence

g

QZZ(an_l (xNJ>> = O)

that is, the first 2! coordinates are 0. This allows us to apply Proposition 5
and we get

2l+1
1> Mg (an)] < 2 sup [ Alllgni_ (2w,
j:21+1 2L 1< <+
nj
<2 swp | @it
RS S A |
< 2 sup oyl £2
2 4+1< <2t
Then,
ol+1 2l+1 ol+1
SOongan)| < || DD Mg )| | DD Mg (aw,)
j=21+1 j=2+1 =241
2l+1 1
< ) Nl +2 <8
j=214+1
Hence
2[+l
P YD N || < 1PIs"
j=2l+1

Thus, using (10) it follows that
(V2)l < | P|3"

for any [, which is absurd. It has been proved that any continuous polynomial
is weakly sequentially continuous at the origin. .
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Theorem 14. (Alencar, Aron, Dineen [1]) Let X be a Banach space and
let m € N. All continuous polynomials of degree less than or equal to m are
weakly sequentially continuous if and only if all of them are weakly sequen-
tially continuous at the origin.

PROOF: The proof is taken from [6, Lema 2.32]. Let us just prove the
non trivial implication. Assume that every continuous polynomial of degree
< m is weakly sequentially continuous at 0. Let P ="  P,, P, € P("X).
Let (x;); weakly convergent to some z in X. For each j we have that

n

) (Z) Po(a" 7, (2 — 2)")]

For each n and k, 1 < k < n, the mapping
n\ 5 n
y (k) P (a" 7%, y")

is a k-homogeneous polynomial, & < m and, by hypothesis, weakly sequen-
tially continuous at 0. Then,

( Z > Po(x" " (z; — 2)*) — 0

when j — oo, for all 1 <k <n < m. Hence P(z;) — P(x) when j — 0.
Thus P is weakly sequentially continuous at x. .

Corollary 15. P("T*) = Pys("T*), for all n.

3.2.2 Reflexivity on spaces of polynomials

Using weakly sequentially continuity of polynomials, Ryan [20] proved the
following result about reflexivity on certain spaces of polynomials.

Theorem 16. (Ryan [20]) Let X be a reflexive Banach space. If P("X) =
Pusc("X) then P("X) is reflexive.

Proor: We follow the proof of [6, Proposition 2.30]. By [11] a Banach
space is reflexive if and only if every continuous linear functional attains its
supremum on the unit sphere. So, since P("X) is a dual space it follows
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that P("X) is reflexive if and only if every P € P("X) attains its norm.
Let P € P("X) and choose a sequence (z,)n, ||z,|| < 1, such that (P(z,)),
converges to || P||. Being the closed unit ball of X weakly sequentially com-
pact by the Eberlein-Smulian Theorem (see [4, Theorem III]), there exists
a subsequence (z,, )r weakly convergent to some z in X. By assumption P

is weakly sequentially continuous and then (P(z,, ))r converges to P(z) too.
Hence P(z) = || P||. Thus, P("X) is reflexive. .

Corollary 17. (Alencar, Aron, Dineen [1]) The space P("T*) is reflexive,
for all n.

Proor: It follows from Corollaries 11, 15 and Theorem 16. .

We have seen that P("T*) = Pyus("T*), for all n. Let us go further by
proving that P, ("T*) = Pys.("T*), for all n.

Theorem 18. (Aron, Hervés, Valdivia [2]) Let X be a Banach space. If X
does not have copies of {1 then every weakly sequentially continuous polyno-
mial on X is weakly continuous on bounded sets.

PROOF: The proof follows [6, Proposition 2.36]. Let P be a weakly
sequentially continuous polynomial on X. Using Rosenthal’s ¢;-Theorem,
every bounded sequence on X contains a weakly Cauchy subsequence (the
result can be found in [13, Theorem 2.e.5] or [4]). Moreover, every bounded
subset is sequentially dense in its weak closure. Then if A is a bounded subset
of X and z belongs to the weak closure of A, XU(X’X*), then there exists a
sequence (x;); C A weakly convergent to x. Being P weakly sequentially
continuous it follows that P(z;) converges to P(x). Then

—o(X,X*), _ =

P(A ) C P(A).

Hence P is weakly continuous on bounded sets. .

The converse to this result is also true and is due to Diestel (see [6,
Proposition 2.36]).

Corollary 19. P("T*) = Pyusc("T*) = Py ("T*) for all n.
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3.2.3 Reflexivity on spaces of holomorphic functions of bounded
type

By using a projective description of the space H,(U) and the linearization of
spaces of bounded holomorphic mappings given by Mujica [14, Theorem 2.1],
Mujica and Valdivia [16] proved next result, that yields to the reflexivity of
(Hy(U), 1), for all balanced open subset U C T*.

Theorem 20. (Mujica, Valdivia [16, Corollary 4.2]) Let X be a reflezive
Banach space. If every continuous polynomial on X is weakly continuous on
bounded sets then (Hy(U), 1) is reflexive, for all balanced open subset U of
X.

Let us now show another approach to the reflexivity of H,(7™) by means
of Schauder decompositions. We will follow the work of Prieto [18] and
Garcia, Maestre and Rueda [8].

Given a locally convex space F, a sequence (E, ), of subspaces of E is said
to be a Schauder decomposition of E if any x in FE can be written in a unique
way as & = y_ -, T, with z, € E,, and the projections x = Y ° z,
Yo x,, m € N, are continuous. Schauder bases on Banach spaces can be
considered as Schauder decompositions of dimension one.

Schauder decompositions are a powerful tool to lift properties from the
spaces forming the decomposition to the whole space. Next result, due to
Kalton [12, Theorem 3.2], shows that the reflexivity property can be lifted
for some special Schauder decompositions.

A Schauder decomposition (E,), of E is shrinking if ((E,)})n is a Schauder
decomposition of Ej, where Ej; denotes the strong dual of E. The Schauder
decomposition (E,), is called boundedly complete if the series Y | =, T, €
E,, converges in E whenever the sequence (3", ), is bounded in E.
The Schauder decomposition (E,), is said Taylor Series convergent (T.S.
T-convergent for short) if for any sequence (x,,),, z, € E,, n € N, the series
> oo T, converges in E whenever the series Y, p(z,) converges for all
continuous semi-norm p on E. Finally, (E,), is called unconditional if, for
ecachz =)~ x,in E, z, € E, for all n, the series >~ | Z(n) converges to
x, for all permutation ¢ of the natural numbers.

The key to study the reflexivity of spaces of holomorphic functions is the
following result due to Kalton [12, Theorem 3.2]:

Theorem 21. (Kalton [12, Theorem 3.2]) A locally convex space E with a
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boundedly complete shrinking Schauder decomposition (E,,), is semi-reflexive
if and only if each space E, is semi-reflexive.

We recall that a locally convex space is reflexive if and only if it is semi-
reflexive and barrelled. For instance, any Fréchet space is barrelled.

Using Kalton’s result and the fact that (P(" X)), is a boundedly complete
shrinking Schauder decomposition of the Fréchet space (H,(U), ), Prieto
[18] and Garcia, Maestre and Rueda [8] showed the equivalence between the
reflexivity of H,(U) and the reflexivity of all P("X), n € N. Prieto proves
it for U = X whereas Garcia, Maestre and Rueda got it for an arbitrary
balanced open subset U C X. Actually, in [8] it is shown a much more
general result involving weighted spaces of holomorphic functions.

Theorem 22. Let X be a Banach space and let U be a balanced open subset
of X. The space (Hy(U), ) is reflexive if and only if (P("X),||.||) is reflexive
for all n € N.

As a consequence they also proved Corollary 23 (for U = X in [18] and
arbitrary balanced open set U C T™ in [8]).

Corollary 23. The space (Hy(U), ) is reflexive, for all balanced open subset
UcCT.
3.2.4 Reflexivity on spaces of holomorphic functions

Let us now prove that (H(U), 7,) is reflexive, for all balanced open subset U
of T*. We will follow the above ideas by looking for a Schauder decomposition
of (H(U), ).

Lemma 24. Let (E,), be a Schauder decomposition of a locally convex space
(E,T) which is T.S. T-complete. Assume that T is generated by a family of
semi-norms p satisfying that

(a) p, is T continuous in E,, for all n, and
(b) p(x) =32 play) forallz =37z, € E.
Then (Ey), is boundedly complete.

PROOF: Let (2,)n, Tn € En, n € N, such that (37", )., is 7 bounded.

n=1
We have to show that the sequence (3" | x,), converges to some z in E.
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Let p be a continuous semi-norm. By assumption we can choose p satisfy-
ing (b). Then the sequence (p(3>°7  2n))m = Oone, p(24))m is bounded.
Hence Y >°, p(x,) converges. Since (E,), is T.S. 7-complete we conclude
that >~ x, converges in E. =

Theorem 25. Let U be a balanced open subset of a Banach space X. Then
(P("X), ||l is a boundedly complete shrinking Schauder decomposition of
(H(U), 7s)-

PRrROOF: By [6, Proposition 3.36] and [5, Corollary 3.14] (P("X)),, is
a shrinking Schauder decomposition of H(U). Moreover, since (H(U),7s)
is T.S. 75 complete (see the proof of [6, Corollary 3.53]) it follows from
Lemma 24 that (P("X)), is a boundedly complete Schauder decomposition

of H(U) [ ]

Actually, it is well-known that (H(U), 7s) is complete when U is a bal-
anced open subset of a Banach space X (see [6, Corollary 3.53]).

Theorem 26. (Dineen [6, Corollary 4.19]) Let X be a Banach space with a
Schauder basis. Let U be a balanced open subset of X. The space (H(U),1.,)
is reflexive if and only if (P("X), ||.||) is reflexive for all n.

PrOOF: By Theorem 25 and Kalton’s result it follows that (H(U),7s)
is semi-reflexive if and only if (P("X), ||.||) is reflexive for all n. Since the
75 topology is barrelled (see [6, Corollary 3.37]), and a locally convex space
is reflexive if and only if it is semi-reflexive and barrelled, it follows that
(H(U), 7s) is reflexive if and only if (P("X), ||.||) is reflexive for all n. More-
over, since X has a Schauder basis, by [15] or [6, Corollary 4.16], 7, = 75 on
H(U). .

Corollary 27. (Alencar, Aron, Dineen [1]) The space (H(U), 1,,) is reflexive,
for all balanced open subset U of T™.

Proor: It follows from Proposition 2 and Theorem 26. .
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