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1. INTRODUCTION

These notes are based in particular on several joint works with Flavio Dickstein
and Fred Weissler, whose overall objective is to shed some light on the mecha-
nisms that lead certain solutions of nonlinear evolution PDEs to blow up in finite-
time. More specifically, we study here finite-time blowup for the complex Ginzburg-
Landau equation

e Puy, = Au+ |u|u, (L.1)
where @ > 0 and —F < 6 < 7. In fact, changing u to @ in (1.1) changes 6 to —6,
so we may as well assume

0<0< g (1.2)
Equation (1.1) with 6 = 0 reduces to the nonlinear heat equation
up — Au = |u|%u. (1.3)
For § = m/2, equation (1.1) becomes the nonlinear Schrédinger equation
iug + Au~+ |u|u = 0. (1.4)

Thus (1.1) is “intermediate” between the nonlinear heat and Schrédinger equations.

The equation (1.1) is a particular case of the more general complex Ginzburg-
Landau equation

uy = e Au + e |ulu, (1.5)

which has been studied in the context of a wide variety of applications. The non-

linear Schrédinger equation (1.4) is an important model in nonlinear optics and

in the study of weakly nonlinear dispersive waves. (See [44].) The nonlinear heat
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equation (1.3) is also an important model, in particular in biology and chemistry.
(See [11].) In the general case, equation (1.5) is used to model such phenomena
as superconductivity, chemical turbulence and various types of fluid flows. (See [9]
and the references cited therein.)

Local and global existence of solutions of (1.5), on both the whole space R and
a domain Q C R¥, are known under various boundary conditions and assumptions
on the parameters, see e.g. [10, 12, 13, 17, 27, 32, 33, 34, 35].

On the other hand, when the equation (1.5) is neither the nonlinear heat equation
(i.e. 8§ =~ = 0) nor the nonlinear Schrédinger equation (i.e. § = v = 7/2), there
are relatively few results concerning the existence of solutions which blow up in
finite time. In [46], blowing-up solutions for the equation (1.5) on RY are proved to
exist, when the equation is “close” to the nonlinear heat equation (1.3), i.e. when
0 = 0 and |y| is small. A result in the same spirit is obtained in [42] when the
equation is “close” to the nonlinear Schréodinger equation (1.4). The result in [46]
was significantly extended in [21], where the authors give a rigorous justification of
the numerical and formal arguments of [37, 38]. More precisely, they consider the
equation (1.5) on RY with —7/2 < 6,7 < 7/2 and prove the existence of blowing-up
solutions when tan? v+ (a+2) tanytan§ < o+ 1. In [43], the authors prove finite-
time blowup under a general negative energy condition when § = v, N = 1,2,
a = 2 and |f] < w/4. The calculations of [43] can be carried out in any space
dimension and for more general values of «, and the condition |6] < 7/4 takes the
form cos? 6 > %H (still assuming € = ~). Note also that, under certain assumptions
on the parameters, blowup for an equation similar to (1.5) on a bounded domain
with Dirichlet or periodic boundary conditions, but with the nonlinearity |u|**!
instead of |u|*u is proved to occur in [28, 29, 36].

There are essentially two types of techniques for proving blowup in nonlinear
evolution PDEs. One can look for an ansatz of an approximate blowing-up solution,
and then show that the remainder becomes small with respect to the approximate
solution, as time tends to the blow-up time of the approximate solution. The first
difficulty in applying this method is to find the appropriate ansatz. Then, proving
the smallness of the remainder is often quite involved technically. When this method
is successful, it provides a precise description of how the corresponding solutions
blow up. It may also explain the mechanism that makes these solution blow up. The
drawback is that it applies only to initial values in some small neighborhood. This
is the strategy employed in particular by Merle and Zaag [26] (for the nonlinear
heat equation); Zaag [46], Masmoudi and Zaag [21] (for the complex Ginzburg-
Landau equation); Martel and Merle [19], Martel, Merle and Raphaél [20] (for the
generalized KdV equation); Merle and Raphaél [22, 23, 24], Raphaél [40], Raphaél
and Szeftel [41], Merle, Raphaél and Szeftel [25] (for the nonlinear Schrédinger
equation).

The second type of arguments often used for proving finite-time blowup consists
in deriving a differential inequality on some quantity related to the solution, which
can only hold on a finite-time interval. The major difficulty there is to guess the
appropriate quantity to calculate. However, when such a method can be applied,
it normally proves blowup under an explicit condition on the initial value, which
usually yields a large class of initial values for which blowup occurs. The drawback
is that it does not give any idea of what is the mechanism that leads to blowup.
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This is the type of argument used by Kaplan [15], Levine [18], Ball [2] (for the non-
linear heat equation); Snoussi and Tayachi [43] (for the complex Ginzburg-Landau
equation); Glassey [14], Zakharov [47], Kavian [16], Ogawa and Tsutsumi [30, 31]
(for the nonlinear Schrédinger equation).

In what follows, we mostly use the second approach to study blowup for (1.1).
In Section 2, we consider the endpoint § = 0 in (1.1), i.e. the nonlinear heat
equation (1.3). We review the classical techniques, then we present some results
that indicate that the mechanisms leading to finite-time blowup are not as simple
as what appears at first sight. In Section 3, we recall the classical results for the
other endpoint of equation (1.1), i.e. the nonlinear Schrodinger equation (1.4),
and we discuss the possible mechanisms leading to blowup. Finally, we consider
in Section 4 the equation (1.1) in the intermediate case 0 < 6 < 7/2. We obtain
a general condition for finite-time blowup and we study how the blow-up time
depends on the parameter 6.

Notation. Given a domain Q C RY, we denote by LP(Q), for 1 < p < oo,
the usual (complex valued) Lebesgue spaces endowed with their standard norms.
HY(Q), H(Q) and H~1(Q) are the usual (complex valued) Sobolev spaces, endowed
with their standard norms. (See e.g. [1] for the definitions and properties of these
spaces.) We denote by C°(Q2) the set of (complex valued) functions that are
compactly supported in  and of class C*°. We denote by Cy(Q2) the closure
of C°(Q) in L>(N). In particular, Co(f2) is the space of functions u that are
continuous Q — C and such that u(z) = 0 for all z € 9Q and u(z) — 0 if z € €,
|z] = 0o. Cp(?) is endowed with the sup norm (i.e. the norm of L>°(2)).

2. THE NONLINEAR HEAT EQUATION

The nonlinear heat equation (1.3) is probably the technically simplest case
of (1.1). If we neglect the Laplacian in (1.3), then we obtain the ODE

2 =|z|%z. (2.1)
The solution of (2.1) with the initial condition z(0) = ¢ € C is given by
c

= g

for all ¢ > 0 such that tale|* < 1. If ¢ # 0, it blows up at the finite time Tiax =
1/ale|®.

(2.2)

Remark 2.1. Note that if one changes the sign of the nonlinearity, i.e. if one
considers the ODE 2’ + |z|%z = 0, then the solution with the initial condition
2(0) = ¢ is given by u(t) = ¢(1 + tale|*)~=. In particular, we see that all solutions
are global and bounded as t — oo.

The above calculation clearly implies finite-time blowup for constant in space
solutions of (2.3). Indeed, if @ C RN and ¢ € C, ¢ # 0, then

u(t,z) = z(t),

for all 0 < ¢t < Thax and € Q, where z is given by (2.2), is a solution of (1.3)
on [0, Tmax) x € which becomes singular (everywhere in space) at the time Tiax.
These are admissible solutions if the equation is set on R™ or on a domain with
the Neumann boundary condition.
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Consider now the initial-boundary value problem for (1.3) with Dirichlet bound-
ary condition. More precisely, let 2 C RY be a smooth domain (bounded or not),
and consider the problem

up = Au + |u|*u,
ujpn = 0, (2.3)
u(oﬂ ) = UO()

If Q is unbounded, the boundary condition u|sq = 0 is interpreted as u(t,z) = 0 if
x € 0 and |u(t,x)| = 0if x € Q, |z] = oo. Tt is well known that the problem (2.3)
is locally well posed in appropriate spaces. In particular, given any uy € Cy(Q),
there exist T = T'(||ug||L) > 0 and a unique function u € C([0,T], Co(2)) which
is C'in t € (0,T7) and C? in z € (, satisfies the equation u; = Au + |u|*u on
(0,T) x  and such that u(0) = ug. Moreover, u can be extended to a maximal
existence interval [0, Tinax) and satisfies the blowup alternative: either T,.x = 00
(i.e. u is a global solution) or else Tiax < 00 and ||u(t)||pe — 00 as t T Tmax (i-e.
u blows up in finite time). In addition, if ug is real valued, then so is u; if ug > 0,
then w(t) > 0 for all 0 < ¢ < Tpax; and if ug > 0, ug Z 0, then w(t) > 0 for all
0 <t < Tax. Furthermore, if ug € HJ(Q2), then u € C([0, Thax), H3(Q)); and if
ug is radially symmetric, then so is u(t) for all 0 < ¢ < Tipax. See for example [39].
Note that in [39] real valued solutions are considered, but the same arguments apply
to complex valued solutions.

Remark 2.2. Note that if one changes the sign of the nonlinearity, i.e. if one
considers the equation u; = Au — |u|*u, then all solutions are global. This follows
from the blowup alternative and the maximum principle (see Section 52 in [39]).
Indeed, it follows from the maximal principle that ||u(t)||pe < ||ug|/Le. Using the
blowup alternative, we conclude that w is global.

Note that the fact that the solution of (2.3) vanishes on the boundary competes
with the tendency of the nonlinear term to make the solution blow up. In fact,
it is not difficult to show when 2 is bounded that if ||ug||p~ is sufficiently small,
then the corresponding solution of (2.3) is global. (This is a consequence of the
exponential decay of the heat semigroup. See e.g. Theorem 19.2 in [39].)

A general condition for blowup of positive solutions of (2.3) was obtained by
Kaplan [15] in the case where 2 is bounded. It is based on the following calculation

d a+1
7/ up; = —)\1/ Uup1 +/ |U|aUQ01 Z —)\1/ up1 —+ (/ ucpl) s
dt Jo Q Q Q Q

where we used Jensen’s inequality. Here ¢ is the first eigenfunction of —A in
L?(2) with Dirichlet boundary condition, normalized by the condition [, ¢ = 1.
Comparing with the solution of the ODE 2z’ = —A1z + |2|*z, 2(0) = 2 et Jo w01,
we deduce that

A120

/(;’U,(t)@l 2 [)\? —Z&(l—e_klt)]év

for all ¢ < Tihax such that t < T* where

1
00 if zo < Ay,

L log(1 — ) if 2o > )\1%.

- «@
aly z§

T =
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Thus we see that if ug € Co(2), ug > 0 satisfies

1
/ UpP1 > )\la7
Q

then Tiax < T* < 00, so that the corresponding solution of (2.3) blows up in finite
time (by the blowup alternative).

A different condition was obtained by Levine [18], and it applies to sign-changing
initial values and, more generally, to any complex valued solution with initial value
in Co(Q) N H(2). It is based on the energy identities

i / uf? = ~I(u(t)), (24)
dt (u(t /\ut\z (2.5)

Iw) = / Vwf? / ]+, (2.6)

=5 [ 1Vl = = [ el (2.7)

The identity (2.4) (respectively, (2.5)) is obtained by multiplying the equation (2.3)
by @ (respectively, T;), integrating by parts and taking the real part. Note that

Iw) = 28(w) = =55 [ jul*?

:(a+2)E(w)f%/Q|Vw|2.

Levine’s argument shows that if F(ug) < 0, then the corresponding solution of (2.3)
blows up in finite time. (Note that if w € Co(2) N HF (), w # 0 and ug = kw,
then E(ug) < 0 for |k| large.) Indeed, it follows from (2.4) and the first identity

where

(2.8)

n (2.8) that
d
& | P = =Bt / . (29
Assuming F(ug) < O we deduce from (2.5) that E ) < E(up) < 0, so that (2.9)
yields
d 2 2 o2
7/ a2 > — / o2 > =2 jg=4 (/ u?) * (2.10)
dt Q o+ 2 0 o+ 2 Q

for all 0 < t < Tinax. One concludes as above that Ty.x < oo. This is in fact the
argument of Ball [2]. The original argument of Levine is slightly more involved,
but it applies in any domain, bounded or not.

Theorem 2.3 (Levine [18]). Let ug € Co(Q)NHE(Q) and let u be the corresponding
solution of (2.3) defined on the maximal interval [0, Tmax). If E(ug) < 0, then
Thax < 00, i.e. u blows up in finite time.

Proof. Tt follows from (2.4), the second identity in (2.8), and (2.5) that

d
= > —2(a+2)E(u(t))
dt /Q (2.11)

—2(a+2)E(uo)+2(a+2)/O /Q\ut|2.
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Assuming by contradiction that w is global, we deduce from (2.11) that
lw(t)] 2 2.0 (2.12)

Moreover, setting

1) = / o

it follows from (2.11) and Cauchy-Schwarz that

w2 ([ [l ([ [ )
22(a+2)(/0t/ﬂ|uut|)222(044—2)(/(:

> a;2(Ati/S)|u|2>2’

/th]f

which means
a+ 2

FF" = == () - £(0)* (2.13)
Since f'(t) — oo as t — oo by (2.12) we deduce from (2.13) that for ¢ large
e e,
4
so that
(f~5) <o. (2.14)
Equations (2.12) and (2.14) are clearly incompatible. O

The above techniques, especially that of Kaplan, are closely related to the
ODE (2.1). They seem to indicate that the solution of (2.3) blows up in finite
time whenever the nonlinear term in the right-hand side of the equation dominates
the linear part.

This is also what is suggested by the following classical result. (See Section 19.2,
pp. 120-125 in [39].) Suppose € is bounded and

00 N=1,2;

a<{ 4 (2.15)
—— N>3.
N—-2 =7

It follows that there exists a positive, stationary solution ¢ € Co(Q)NH{ (2) of (2.3),
i.e.

¢a0 = 0.
If 0 < wup < ¢ and up # ¢, then the corresponding solution of (2.3) is global and
converges (exponentially) to 0 as ¢ — co. On the other hand, if ug > ¢, ug # ¢, then

the corresponding solution of (2.3) blows up in finite time. This can be interpreted
as follows:

(i) Ifug = ¢, there is a perfect balance between the linear and the nonlinear terms
in the right-hand side of the equation, and the resulting solution is stationary.

(il) If 0 < wp < ¢ and ug # ¢ then, with respect to the previous case, the nonlinear
term in the right-hand side of the equation becomes smaller than the linear
term (at ¢ = 0), and the resulting solution is global.
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FIGURE 1. First movie: ug = k¢ with £k = 1.01 (click on the
picture to play the movie)

(iii) If up > ¢ and ug # ¢ then, with respect to the first case, the nonlinear term
in the right-hand side of the equation becomes larger than the linear term (at
t =0), and the resulting solution blows up.

Note, however, that this interpretation may fail in the case of sign-changing
stationary solutions. The two movies in figures 1 and 2 show what happens in
the cubic, three dimensional case (a = 2, N = 3), when Q is the unit ball. The
initial value ug has the form ug = k¢, where ¢ is the one-node, radially symmetric
stationary solution which is positive at the origin. The first movie corresponds to
k = 1.01 and the second to k = 0.99. (Click on the picture to play the movie)

The movies suggest that multiplying the sign-changing stationary solution by a
constant smaller than one, even though making the contribution of the nonlinear
term smaller than the contribution of the linear term at ¢ = 0, makes the corre-
sponding solution blow up in finite time. In fact, such a property can be proved.
More precisely, the following holds.

Theorem 2.4 ([5]). Let Q be the unit ball of RN, N > 3. It follows that there
ezrists 0 < a < ﬁ with the following property. If a < a < ﬁ and if ® € Cy(Q)
is a radially symmetric stationary solution of (2.3) which takes both positive and
negative values, then there exist 0 < A < 1 < X such that if A < A\ < X and X\ # 1,
then the classical solution of (2.3) with the initial value ug = AP blows up in finite
time.

Proof. Here is a sketch of the proof. For the details, see [5]. We linearize around
the stationary solution @, i.e. we set
A—1



101.mov
Media File (video/quicktime)


8 THIERRY CAZENAVE

407

304

20+

20

30

—40-

FIGURE 2. Second movie: ug = k¢ with & = 0.99 (click on the
picture to play the movie)

where uyg is the solution of (2.3) with the initial value A®. As A — 1, 2 — 2
uniformly on bounded time intervals, where

zt = Az + (a4 1)|D|%z,
z(0) = @.

Let A1 and ¢; > 0 be the first eigenvalue and eigenvector of the operator —A —
(a+1)|®|* on L%(Q) with Dirichlet boundary condition. If

I:L¢%¢& (2.16)

(first Fourier coefficient of the expansion of @), then
2(t) = Te Mo as t — oo.
Therefore, if Z # 0, for exemple if Z > 0, then z(T") > 0 for T large. Thus, if |\ —1|
is small, then 2*(T") > 0, i.e.
ure(T) > P if A > 1, uro(T) < ®if A< 1.
In both cases, uxe blows up. (® is unstable from both above and below.)

We have finished if we can show (2.16). ® is given, after scaling, by the solution
w of (see figure 3)
w” + Ew’ + |w|*w =0,
w(0) = 17; w'(0) = 0.
If ot a, =4/(N —2), it follows that w — w,, where

_N-2

wy(r) = (1 +
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FIGURE 3. The function w

is the solution for @ = «,. Now, if v, is the first eigenvector (which exists) of
—A — (. + Dw in RY with ¢, (0) = 1, then obviously [y w.t, > 0. A limiting
argument shows that Z > 0 if « is close to a4 (independently of the number of

zeroes). O

Remark 2.5. Here are some comments on Theorem 2.4.

(i) The condition (2.16) is essential in the proof of Theorem 2.4.

(ii) One can obtain a similar result when N = 3 and « small, by a passage to the
limit as above, but as @ — 0 instead of @ — a,. See [6].

(iii) Note that in space dimension N = 1, we have Z = 0 for all @ > 0 and all
sign-changing stationary solutions.

(iv) In space dimension N > 2, numerical experiments indicate that the prop-
erty (2.16) holds for all 0 < « < ﬁ and all sign-changing, radially symmet-
ric stationary solutions of (2.3). However, the mechanism which is involved
is not trivial, see figure 4, which represents ®/®(0) (blue curve), where ® is
the one-node stationary solution, and the corresponding first eigenvector (red
curve), in the case N =3, a = 2.

Open problem 2.6. Does property (2.16) hold for all N > 2, all 0 < a < ﬁ
and all sign-changing, radially symmetric stationary solutions of (2.3)?

3. THE NONLINEAR SCHRODINGER EQUATION

Consider the nonlinear Schréodinger equation

iug + Au+ |u|*u=0 (t,x) € (0,T) x RV, 3.1)
u(0,x) = uo(x) z € RV, )

where o > 0. The nonlinearity is called “focusing”, while with the other sign it is
called “defocusing”. For the ODE

iz + |2|%2, (3.2)
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with the initial condition z(0) = ¢ € C, there is no blowup. All solutions are global
and bounded, given by
2(t) = cettlel”,

If one changes the sign of the nonlinearity, i.e. if one considers the ODE iz’ —|z|%z =
0, the solution is given by z(t) = ce~lcI”  Here again, all solutions are global and
bounded, and there is no obvious distinction between the cases of the focusing and
defocusing nonlinearities.

It is well known that the Cauchy problem (3.1) is locally well posed in H!(RY)

provided
4

N -2
ﬁ, but there is not the usual blowup alter-
native.) In particular, given any uy € H*(RY), there exist T = T(||uo||z1) > 0
and a unique solution v € C([0, 7], HX(RY)) N C*([0,T], H 1 (RY) of (3.1). More-
over, u can be extended to a maximal existence interval [0, Ti,.x) and satisfies the
blowup alternative: either Ti,.x = oo (i.e. w is a global solution) or else Ti.x < 00
and ||u(t)||gr — oo as t T Tmax (i-e. u blows up in finite time). In addition, if
ug € L2(RY,|z|?dz), then u € C([0, Tmax, L2 (RY, |z|2dz)). Moreover, if ug is ra-
dially symmetric, then so is u(t) for all 0 < ¢ < Tyax- In contrast with the heat
equation, there is conservation of charge and energy,

/RN lu(t, z)|>dx = /RN |luol?, (3.4)
E(u(t)) = E(uo), (3.5)

for all ¢ € [0, Timax), where the energy F is defined by (2.7). (See, e.g. [4] and the
references therein for all the above properties.)
Finite-time blowup for (3.1) is known to occur if o > 4/N.

a< (3.3)

(It is also locally well posed if o =
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Theorem 3.1 ([47, 14]). Assume (3.3) and

4
> —. 3.6
a1 (36)
Let ug € HY(RN) N L2(RY, |z|2dx) and let u be the corresponding solution of (3.1)
defined on the maximal interval [0, Tmax). If E(ug) < 0, then Thax < 00, t.e. u
blows up in finite time.

Proof. In view of the conservation laws (3.4) and (3.5), one cannot apply Levine’s
argument to prove blowup for (3.1). Instead, the proof of blowup is based on the
variance identity (see e.g. Proposition 6.5.1 in [4] for details)

1 d? 2N
LA a2 = - “/ M“MA/ Vu?
2 dt2 RN (6% + 2 RN RN

(3.7)
=2NaFE(up) — (Na — 4)/ |Vul?.
RN
If E(ug) <0, then
O [P < -a 35)
dt? RN - ’ '
with A = —4ANaE(ug) > 0. Since [y |z[*|ul? > 0 for all 0 < t < Tiyax, we see that
the solution cannot be global. O

Remark 3.2. Note that if
4
a < ﬁ’
then all solutions of (3.1) are global. Indeed, it follows easily from the conser-
vation laws (3.4) and (3.5) together with Gagliardo-Nirenberg’s inequality that
SUPg<i<T,,., |U(t)||ar < 00. Thus Tinax = oo by the blowup alternative. (See e.g.

Theorem 6.1.1 in [4] for details.)

Remark 3.3. Note that if one changes the sign of the nonlinearity, i.e. if one
considers the equation iu; + Au— |u|*u = 0, then all solutions are global. Indeed, it
follows from the conservation laws (3.4) and (3.5) that supy<, 7 [Ju(t)||z1 < oo.
(Note that if one changes the sign of the nonlinearity, this changes the sign of the
term |u|®2 in the energy.) Thus Tyax = 0o by the blowup alternative.

The assumption ug € L2(RY,|z|>dz) in Theorem 3.1 is relaxed in [30, 31] if
N=1and a=4,orif N > 2 «a <4 and ug is radially symmetric. In particular,
we have the following result.

Theorem 3.4 ([30]). Suppose N > 2, (3.3) and 4/N < a < 4. Let ug € H(RY)
be radially symmetric and let u be the corresponding solution of (3.1) defined on
the mazimal interval [0, Tinax). If E(ug) < 0, then Thax < 00, i.e. u blows up in
finite time.

The proof of Theorem 3.4 uses an identity of the type (3.7) but with with the
function |z|? replaced by a bounded function which coincides with |z|? on a large
set. More precisely, fix a real-valued function ¥ € C®(RN) N W4>(RYN), let
ug € HY(RY) and let u be the corresponding solution of (3.1) defined on the
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maximal interval [0, Tiax)- It follows that

1 d? 1
. \Il|u|2=—f/ A I — / AW |u[*+2
2dt2 RN 2 RN a+2 RN

128 [ (H(®)VE, Vu), (3.9)
RN

for all 0 < t < Tpax, where H(W) is the Hessian matrix (97;¥); ;. (See Kavian [16].)
If both u and ¥ are radially symmetric, then (3.9) takes the form

1 d?
- \If|u|2:2NozE(u(t))f(Nozf4)/ |ur|272/ (2 — ") |u,|?
2dt2 RN RN RN
o 1
IN — AT ‘”277/ A?Tlul?. (3.10
+a+2/RN< ™2 =5 [ APk (310)

For a radially symmetric solution, the identity (3.10) resembles (3.7), except that
there are extra terms that must be estimated. This is the purpose of the following
lemma.

Lemma 3.5 (Lemma 5.3 in [7]). Suppose N > 2 and o < 4. Given any 0 < a, A <
o0, there exists a radially symmetric function ¥ € C(RN)NW4>°(RY), such that
U(z) >0 forxz #0 and

1
—2/ (2= ") |u |2 + —— (2N—A\I/)|u|°‘+2—f/ AU |uf? < a, (3.11)
RN OZ+2 RN 2 RN

for all radially symmetric u € H*(RYN) such that |ul|?, < A.

The proof of Lemma 3.5 is somewhat technical, and we refer the reader to [7]
for its proof. We now can complete the proof of Theorem 3.4.

Proof of Theorem 5.4. Let ug and u be as in the statement and let ¥ € C>®(R™)N
W42 (RN) be real-valued and radially symmetric. We deduce from (3.10), (3.5)
and the assumtion o > 4/N that

1 d?
f—/ Ulu? < 2NaE(up) — 2/ (2 — 0" |u,?
2 dt2 RN RN

«
o+ 2

/ (2N — AT)|u|*T? — 1/ A?ul?. (3.12)
RN 2 RN

We now observe that by (3.4), ||u(t)||zz = |Juol/r2- Applying Lemma 3.5 with
a=—NaE(ug) >0 and A = ||lug||2,, we deduce from (3.12) that

d2
-3 /RN Ulu? < NaE(ug), (3.13)

for all 0 < t < Tipax. Since NaFE(ug) < 0 and fRN Ulu|?> > 0, we conclude that
Thax < 00. O

Remark 3.6. The assumptions that ug is radially symmetric and that o < 4 in
Theorem 3.4 may seem unnatural. However, both these assumptions are necessary
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for the method we use. Indeed, the proof of Theorem 3.4 relies on the identity (3.9).
Assuming that ¥ is radially symmetric, (3.9) takes the form
1 d?
- /RN Wlul® = 2NaE(u(t)
\I,/
~ (Na— 4)/ Vul? + 2/ (55— w)(vu? — fu ) - 2/ (2 — U")|Vul?
RN RN \NT

a /(zN AT |u[o+2 — / A2y
Oé+2 RN

In order to complete the argument, we need at least an estimate of the form

\IJ/
~a-a) [ vaP 2 [ (T )09ul - fuf)
RN RN \NT

9 / (2 0 Vuf? + 2 / (2N — AV)ul**2 < F(ul ), (3.14)
RN O[+2 RN

where F' is bounded on bounded sets. Lemma 3.5 provides such an estimate for
radially symmetric v under the assumption a < 4. It is not difficult to show that if
Na > 4, then there is no radially symmetric ¥ € C4*(RY) N L>(RY), ¥ > 0, such
that the estimate (3.14) holds for general u. (See Section 6 in [7].) Furthermore,
one can also show that the assumption o < 4 is necessary in order that (3.14) holds
for some ¥ € W4>(RY) N C4(RY) and all radially symmetric u. (See Section 6
in [7].)

Open problem 3.7. Can the finite variance assumption (i.e. ug € L*(RY, |z|*dz))
be removed in Theorem 3.17

The above techniques do not give any clue as to what produces blowup in (3.1).
We recall the following discussion from [8]. Given a function u : [0,7] x RY — C,

set Rus RS
h(t) = uSuy — RuSu
|ul?
It follows that
Sauy = [ul*h(t)
and, if we write u = pe’®, then h(t) = ;. In other words, h measures the speed of
rotation of u.
Suppose first that u is a solution of the linear Schrédinger equation

iuy + Au = 0. (3.15)
Multiplying (3.15) by @, integrating over RY, and taking the real part, we get that

/RN [u(®)Ph(t) dz = [ Vu®)[Z> = = Vu(0)]Z--

Now suppose that u is a solution of the ODE (3.2). Multiplying (3.2) by @ and
taking the real part (without integrating) quickly yields that

h(t) = |u(t)|*. (3.16)
The competition between the two parts of (3.1), i.e. equations (3.15) and (3.2),
is now evident. The linear equation (3.15) produces, on the average, a negative

rotation, while the ordinary differential equation (3.2) produces a positive rotation
at every point.
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Finally, suppose that u is a solution of (3.1) with 4/N < o < 4/(N — 2) and

that «(0) L € HYRN) N L2(RYN, |z|%dz). Following the same steps as with

equation (3.15) above, we arrive at the formula

2 _ o a+2
/]RN [u(®)"A(t) dow = —2E(uo) + ——— [lu(®)ll7a%

If u is a global solution and scatters as t — +o0, it follows easily that ||u(t)||pa+2 —
0 as t — oco. Moreover, since E(ug) < 0 implies finite-time blow up and since u
being a solution that scatters at +oco is an open condition on uy € H(RY), we see
that E(ug) > 0. Thus,

/ lu(t)|?h(t) dz — —2F(ug) < 0,
RN

as t — oco. In this case, the negative rotation induced by (3.15) wins. If, on the
other hand, u blows up in finite time Tyyax, then |Ju(t)| pa+z — 00, as t T Tax; and
S0

/ lu(t)|*h(t) dz — oo,
RN
as t T Tiax. Here, the positive rotation induced by (3.16) wins.

4. THE COMPLEX GINZBURG-LANDAU EQUATION

Consider the complex Ginzburg-Landau equation
e Wuy = Au+ [ul*u  (t,x) € (0,T) x RV,
u(0, z) = ugp(x) r € RV,

where o« > 0 and

O§9<g.
For the ODE .
e = 2|,

the solution with the initial condition z(0) = ¢ € C is given by
z(t) = ¢[1 — ta|e|™ cos 9}*51*“” 9,
for all ¢ > 0 such that talc|* cos§ < 1 and blows up at the finite time
1
Tm' X - T A~ A
7 ale|* cos b

provided ¢ # 0.

Remark 4.1. Note that if one changes the sign of the nonlinearity, i.e. if one
considers the ODE e~ %2 + |z|*z = 0, then the solution with the initial condition
2(0) = ¢ is given by z(t) = ¢[1 + ta|e|* cos ]~ = (1+itan0) In particular, we see that
all solutions are global and bounded as ¢ — co.

Since 0 < 7/2, it is easy to show that the initial value problem (4.1) is locally
well posed in Co(RY) and in Co(RY) N HL(RY) in exactly the same terms as the
heat equation. See Section 2 in [7]. More precisely, given any ug € Co(RY), there
exist T = T(||uo||z=) > 0 and a unique function u € C([0,T],Co(RY)) which is
Clint € (0,T) and C? in z € RV, satisfies the equation e™%u; = Au + |u|®u
on (0,7) x RY and such that u(0) = wug. Moreover, u can be extended to a
maximal existence interval [0, Tiax) and satisfies the blowup alternative: either
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Tmax = oo (i.e. wu is a global solution) or else Thax < oo and ||u(t)||p~ — o0
as t 1 Thax (i.e. u blows up in finite time). Furthermore, if uy € H*(RY), then
u € C([0, Thax), HY(RY)).

The main feature of the equation (4.1), with respect to the more general Ginz-
burg-Landau equation (1.5) is that its solutions satisfy energy identities. More
precisely,

th/ lu|? = — cos 01 (u(t)), (4.2)

%E( = —co&@/ g, (4.3)

where I and E are defined by (2.6). In fact, negative energy solutions of (4.1) blow
up in finite time, as the following result shows.

Theorem 4.2 ([7], Theorem 1.1). Let uy € Co(RN) N HY(RYN) and let u €
C([0, Tmax), Co(RN) N HYRN)) be the corresponding maximal solution of (4.1).
If E(ug) < 0, then Thax < 00, i.e. u blows up in finite time.

Proof. In view of the identities (4.2) and (4.3), one can reproduce Levine’s calcu-
lations for the heat equation. Arguing as in the proof of Theorem 2.3, we obtain

7 |u|2 > —2(a+ 2)cos0E(u(t))
t (1.4)
—2(a + 2) cos OF (ug) + 2(a + 2) cos? (9/0 /Q g |%.

Assuming by contradiction that w is global, we deduce from (4.4) that
|w(t)|[32 > [2(a + 2) cos 9E(u0)}tt—> 00. (4.5)
—00

0= / ()25,

it follows from (4.4) and Cauchy-Schwarz that

117z 2w 2000 [ [ ) ([ [ o)
> 2(a+2)c0829</0t/9|uut|)2 > 2(a+2)c0829(/0t /Qﬂut
>0 2o [ [ ) = O oot 0 - rO),

One can conclude as in the proof of Theorem 2.3 provided

Moreover, setting

)2 (4.6)

a—+2

cos? 6 > 1.

However, the above condition can be removed. One slightly modifies (4.6) as follows.

ff”22(a+2)cos29(/0t/9|ut|2> (/Ot/ﬂ|u|2)
2(a+2)60529(/0t‘/9uut )2
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Next, we observe that, multiplying the equation (4.1) by @,

/ Tu, = —eI(u),
RN

so that
\/ g | = |1(u))].
RN
Since I(u) < 0 by (2.8), we conclude that
1 d ,
= I(u)= —— = 4.
‘/RNuut I(u) 2cos€dt/9|u| ’ (48)
where we used (4.2) in the last identity. We deduce from (4.7) and (4.8) that
a+2
15" 222w - o) (49)
and we conclude as in the proof of Theorem 2.3. O

Remark 4.3. Here are some comments on Theorem 4.2.

(i) One can refine the conclusion of Theorem 4.2. More precisely, one can obtain
the following estimate of the maximal existence time

uollZ2
Thax < . 4.10
ala+2)(—E(up)) cosd (4.10)
(See Theorem 1.1 in [7].)
(ii) Ome can quantify the end of the proof as follows. Set
a+4y\3771
K= [1 _ ( ) } 1, 411
200+ 4 ~ ( )
and
7 = sup{t € [0, Trmax); ||[u(s)]|32: < K|jugl32 for 0 < s <t} < Thax. (4.12)
If 7 < Thax, we deduce from (4.4) that
lu()IZ2 < KlluollZ> < llu(t)llf 0<s <7<t < Thnax, (4.13)

so that “F2(f'(t) = [(0))* = 52 f/(1)* for 7 < t < Trnax; and so (f7%)" <0
for 7 <t < Tihax. Therefore,

FOF I+ - () = ) F[1 - G- i) )],
for 7 <t < Thnax. Since f(t)~% > 0, we deduce that for every 7 <t < Thax,
=)W <1
e
(¢ Dl < 5 [ o) ads < SriulE, (414)

where we used (4.13) in the last inequality. Thus ¢t < <7 for all 7 < ¢ <
Tmax- Thus we conclude that

a+4
T.
«

T < (4.15)
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Fix an initial value uy € Co(R™) N HY(RY) such that F(ug) < 0 and, given
0 € [0,7/2), let u? € C([0,72,.), Co(RN)N H'(RY)) be the corresponding solution

of (4.1), so that u® blows up in finite time by Theorem 4.2.

If « < 4/N, then the solution of (3.1) (i.e. (4.1) for § = 7/2) is global, so we
may expect that the blow-up time 7, of u? goes to infinity as § — 7/2. This is
indeed the case, as the following result shows.

Theorem 4.4 ([7], Theorem 1.2). Fiz an initial value ug € Co(RY)NHY(RY) and,
for0< 0 <m/2letu’ € C(0,T2,.), Co(RN) N HY(RYN)) denote the corresponding

I max

mazimal solution of (4.1). If

4
0<a< —,
‘SN
then there exists a constant ¢ = ¢(N, «, ||ugl|r2, E(ug)) > 0 such that
9 C
4.16
max — cos 07 ( )

forall0 <6 < 3.

Proof. Global existence for (3.1) with o < 4/N follows from the conservation of
charge and energy and Gagliardo-Nirenberg’s inequality. Similarly, Theorem 4.4
follows from energy identities and Gagliardo-Nirenberg’s inequality. We give here
a sketch of the proof and refer the reader to [7] for details.

If 7Y, = oo, there is nothing to prove. We then assume T, < oco. Since
a < 4/N, it is not difficult to show that the Cauchy problem (4.1) is locally well

posed in L2(RY) (see [45]), from which it follows easily that

[u’(®)lz2 T oo as 1 TH.. (4.17)
Therefore, if we set
S% = sup{t € [0, Ta); [u”(5)l|72 < 2[luol|Z2 for 0 <'s <t}
then S < 79, and
lu® (S*)II> = 2uollZ-- (4.18)
Since E(u’(t)) < E(uo) by (4.3) and
Il @)1172 < 2[luolZ, (4.19)

for 0 <t < S, it follows from Gagliardo-Nirenberg’s inequality that there exists a
constant K such that

IVu (@)I17: + [lu’ (@)]732: < K, (4.20)
forallO§9<7r/2and0§t§SG;andso
[1(u? (1)) < K. (4.21)
Applying (4.2) and (4.21), we deduce that
(S92, < ||luol|22 + 2K cos0S?. (4.22)
It now follows from (4.22) and (4.18) that
2
S% > 2”;070'1)’;29, (4.23)

which proves the desired estimate. (I
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Remark 4.5. Note that, under the assumptions of Theorem 4.4 and if, in addition,
E(ug) < 0, there exist ¢, C > 0 such that

c 6 C

max —

cosf — cosf’
for all —7/2 < 6 < w/2. This follows from (4.16) and (4.10).

As observed above (Theorem 3.1), if 4/N < a < 4/(N — 2) and if ug has negative
energy and finite variance, then the corresponding solution of the nonlinear Schré-
dinger equation (3.1) blow up in finite time. Thus we may expect that for such
initial values ug, the blow-up time of u? remains bounded as 6 — /2.

It seems relevant to try the variance identity. For (3.1), multiplying the equation
by —i|z|*u, integrating by parts and taking the real part yields

1d
2dt J
The identity (3.7) follows by taking the time derivative and replacing u; in the right-

2|2 |ul? = 2%/ ux - Vu. (4.24)
N RN

hand side by using the equation. For (4.1), multiplying the equation by ew\x|2@,
integrating by parts and taking the real part yields
1d —
577 |z [?|u[? =2sin93/ ulz - Vul
2 dt RN RN

+cosf [ (—2R(wlz - Vub) — 22|Vl ) + |z2uf|*F2).  (4.25)
RN

Next, one must take the time derivative of (4.25). With respect to (4.24), there
are three more terms whose time derivative must be calculated. However, some of
the numerous terms that appear in the calculations combine and one can write the
resulting identity in the following form. (See Section 7 in [7].)

1d?
5@/ |22 [u’|?> = 2NaE(u’ (t)) — (No — 4)/ |Vu?|?
RN RN

a+4

d
+cosfL {—2|1:|2|Vu0|2 par=
a—+2

21,0192 L 9N 92}
il P u”| 2 o 2N |
72(;0320/ lz[2|uf . (4.26)
]RN

The identity follows from formal calculations that can be justified by standard
techniques assuming ug is sufficiently regular, and certainly if ug € C°(RY). In
particular,

1 d?

3a2 Jon |z2|u?|? < 2NaE(ug)

d 4
+cosfL / {21V’ 4 S Pl 12 2P ). (a27)
dt RN o+ 2
Integrating twice in time, one gets to an estimate of the form

/ 22 < C + Ct + 2N E (ug)t?
RN

¢ a+4
+c080// {—2|z|2|Vu9|2+7|x|2|u9|°‘+2+2N|u9|2}. (4.28)
0 RN OZ—|—2
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The factor of cos in (4.28) (due to the term |z|?|uf|*T2) seems very difficult to
control, so the only hope seems to be that it can be controlled by non-weighted
terms. This can be done with the following estimate, similar to some results in [3].

Lemma 4.6 (Lemma 7.1 in [7]). Suppose N > 2 and 4/N < a < 4. Given any
M > 0, there exists a constant C such that

/|x|2\wa+2 < /|alc|2|Vw|2 +C/\w|a+2 +C, (4.29)
for all smooth, radially symmetric w such that ||w]|pz < M.

Let K > 1and 0 < 7% < T%_ _ be defined by (4.11) and (4.12). We deduce

max

from (4.28) and Lemma 4.6 that there exists a constant C' (independent of 0 < 6 <
7/2) such that

¢
/ lz[2|ul|> < C + Ct + 2NaE(uo)t® + C’cos@/ / Juf |2, (4.30)
RN o JR¥

for 0 <t < 7% On the other hand, it follows from (4.2) and (2.8) that

d 012 20 20
= = cos(—2B(u’) + = | [u’|"+?) > cos L/ ?|ot2,
o N|u| cos (u?) + ato | |  cosf——— RN|u|

so that

o o+ 2
cosH/ /]RN| u?|ot? < = I )||U0||2L2 (4.31)

2

It now follows from (4.30) and (4.31) that, for C possibly larger but still independent
of 6,

/ 222 < C + Ct + 2NaE(uo)t?, (4.32)
RN

for 0 <t < 79. Since the left-hand side of (4.32) is nonnegative, we deduce that
there exists 7' independent of @ such that 7% < T < oo for all 0 < § < 7/2. Finally,
it follows from Remark 4.3 (ii) that

Tr?lax —_— 2 + 47—97
for all 0 < 6 < 7/2, so that T, remains bounded as 6 — /2.

The assumptions that ug is radially symmetric and o < 4 seem unnatural. These
conditions come from Lemma 4.6, which is essential in the argument. It is inter-
esting to note that both radial symmetry and the bound o < 4 are essential in
Lemma 4.6. (See Section 7 in [7].)

Note that these assumptions are precisely those made by Ogawa and Tsutsumi
in [30], where the authors eliminate the finite variance assumption of [14, 47]. At
this stage one might as well proceed as in [30] and use a truncated variance. Doing
S0, one obtains the following result.

Theorem 4.7 (Theorem 1.5 in [7]). Suppose
4
Nz2 —<ac<s (4.33)

and fix a radially symmetric initial value ug € HY(RY) N Co(RY). Given any
0<0<7/2 letu’ € C([0,T2,.),Co(RN) N HL(RYN)) denote the corresponding

max

mazximal solution of (4.1). If E(ug) < 0, then there exists T < oo such that
79 <Tf0rall0§9<g.

max
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Proof. The proof of Theorem 4.7 is based on the following identity, valid for all ra-
dially symmetric ug € HY(RY)NCy(RY) and all radially symmetric ¥ € C*(RY)N
W4ee(RN). (See formula (5.22) in [7].)

2
14 U[u’? = 2NaE(u’(t)) — (No — ) |UI L@ — U [ul]?
2dt2 RN
+ -2 /(2N AT |u0|0‘+2 /A2\p|u9|
a—+2 Jgy

d a+4
97 {—Q\IJV 02 9a+2 A\Ij 02 }
+eoso g [ {-2wva P+ S w1 - Awpl

- 2cos20/ lul|?.
RN
Since E(uf(t)) is nonincreasing and Na < 4, we deduce (assuming ¥ > 0) that

1 d?
5@/ W’ < 2NaE(ug) 2/ (2 — W)l
RN RN

1
a /(2N—A\I})|u9|"‘+2—f/ A [0 2
O(+2 RN 2 RN

d
+COS€—/ —20 |Vl + \IJ| 1942 L AW|uf)? } (4.34)
dt Jg~

One controls the first problematic terms in (4.34) by using Lemma 3.5. More
precisely, let K > 1 and 0 < 7% < T% _ be defined by (4.11) and (4.12). Applying

Lemma 3.5 with a = —NaE(ug) > 0 and A = K||ug||3., we deduce from (4.34)
that

1d2/ Ulu?)? < NaE(ug)
2.dt? Jpn B 0

d
9L { 20|Vl |2
+ cos o | |+

T[ul |2 4 AT P } (4.35)
RN

+2

for all 0 <t < 7%. We next integrate (4.35) twice in time and we obtain
/ B < O+ Ct+ NaBE(ug)
RN

+C080/ / _2u|Vuf|? + \If| o2 AwuP), (436)
RN

for all 0 <t < 79, where the constant C' is independent of 0 < # < 7/2. One then
concludes as above, see the argument following (4.30). O

Remark 4.8. The assumptions that ug is radially symmetric and that a < 4 in
Theorem 4.7 may seem unnatural. However, both these assumptions are necessary
for the method we use, see the comments in Remark 3.6 above.

Open problem 4.9. Suppose 4/N < a < 4/(N — 2). Fiz an initial value uy €
HYRM)NCH(RN) and, given 0 < 0 < 7/2, let u® € C([0,T2,.), Co(RV)NH(RY))

denote the corresponding mazimal solution of (4 1) If E(ug) < 0 (and, possibly,
ug € L2(RY, |z|2dx)), is it true that lim SUPgrr /2 1, 0 < 007
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Remark 4.10. If one changes the sign of the nonlinearity in (4.1), i.e. if one
considers the equation e~*%u; = Au—|u|*u, then the corresponding Cauchy problem
is locally well posed in Co(RY) and in Co(R™) N H*(RY). Note that the factor of
|u|**? comes with a positive sign in both the corresponding quantities I and E.
If the initial value belongs to Co(RY) N HY(RY), then the energy identities (4.2)
and (4.3) yield a control of ||u(t)| g1, which is uniform in 0 < ¢ < Tyax. Using
a standard parabolic bootstrap argument, it is not difficult to deduce that if o <
4/(N —2) (o < o0 if N = 1,2), then the L*> norm of the solution is also controlled,
so that the solution is global by the blowup alternative. Thus we see that all
solutions with initial value in Co(R™) N H'(RY) are global if a < 4/(N —2). Note
that these estimates make use of the energies, so they are not valid for initial values
that are only in Co(RY).

In view of the above remark, we emphasize the following open problems.
Open problem 4.11. Consider the equation e~*u; = Au — |u|*u and sup-
pose N > 3 and o > 4/(N — 2). Given any ug € Co(RYN) N HYRY) let u €
C([0, Tmax), Co(RN) N HY(RYN)) be the the mazimal solution corresponding to the

initial value ug. Is u global?
Open problem 4.12. Consider the equation e~ "%u; = Au— |u|*u. Given any ug €
Co(RN) let u € C([0, Timax), Co(RY)) be the the mazimal solution corresponding to

the initial value ug. Is u global?
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