
Stabilized Finite Element Methods
in Porous Media Flow

Abimael F.D. Loula

LNCC/MCT
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Introduction
Miscible displacement in porous media:

φ
∂c

∂t
+ u · ∇c − div(D∇c) + f̂ c = g in Ω × (0, T ),

D = D(u) = αmI + |u|{αlE(u) + αtE
⊥(u)}

E(u) =
1

|u|2
u ⊗ u, E⊥(u) = I − E(u)

with the boundary and initial conditions

D∇c · n = 0 on ∂Ω × (0, T )

c(x, 0) = c0(x) on Ω

The velocity field u is given by the Darcy flow model
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Model problem - Darcy flow

Given the hydraulic conductivity tensor K, with inverse A = K
−1, and

a source term f : Ω → R, find the hydraulic potential p : Ω → R

and Darcy velocity u : Ω → R
2 such that:

Au = −∇p in Ω,

div u = f in Ω

u · n = 0 on ∂Ω.

Equivalently

−div(K∇p) = f in Ω

K∇p · n = 0 on ∂Ω.

ENAMA 2011 – p. 9/41



Why discontinuous formulations?
Adaptivity (unstructured and irregular meshes)

Domain decomposition

Conservation

Stabilization

κ
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On Discontinuous FE formulations
Edges, averages and jumps

Regular partition of Ω : Th = {K} := union of all elements K

All edges : Eh = {e : e is an edge of K for all K ∈ Th}

Interior edges : E0
h = {e ∈ Eh e is an interior edge}

Boundary edges : E∂
h = Eh ∩ ∂Ω,

Averages and jumps:

Scalar function : {ϕ} =
1

2
(ϕ1 +ϕ2), JϕK = ϕ1

n
1 +ϕ2

n
2 on e ∈ E0

Vector function : {v} =
1

2
(v1+v

2), JvK = v
1·n1+v

2·n2 on e ∈ E0.
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Darcy flow in heterogeneous media

Broken space formulation
Find the hydraulic potential p : Ω → R such that:

−div (K∇p) = f in each K ∈ Th

with interface conditions:

JpK|e = 0 on each edge e ∈ E0

h.

JK∇pK|e = 0 on each edge e ∈ E0

h.

and boundary condition:

K∇p · n = 0 on each edge e ∈ E∂
h = Eh ∩ ∂Ω.
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DGFEM - IP formulation
Find p ∈ U such that

b(p, q) = l(q) :=
∑

κ∈Th

∫

κ
fqdΩ ∀ q ∈ U

U =
{

q ∈ L2(Ω) : q|κ ∈ H2(κ) ∀κ ∈ Th

}

,

b(p, q) =
∑

κ∈Th

∫

κ
K∇p · ∇qdΩ + b∂(p, q) ,

b∂(p, q) =

∫

E0

h

(λJpK{K∇q · n} − {K∇p · n}JqK + βJpKJqK) ds

λ = −1 for SIP formulation: Douglas Arnold 1982

λ = 1 for NSIP formulation, λ = 0 for Neutral formulation
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Abstract Mixed Formulation

Au + B∗p = g in Ω

Bu = f in Ω

Weak form: Find {u, p} ∈ W × V such that

a(u,v) + b(v, p) − g(v) + b(u, q) − f(q) = 0 ∀{v, q} ∈ W × V

Babuška - Brezzi / Inf-sup conditions:

sup
v∈W

a(u,v)

‖v‖W
≥ α‖u‖W ∀v ∈ K0

sup
v∈W

b(v, q)

‖v‖W
≥ β‖q‖V ∀q ∈ V

K0 = {v ∈ W , b(v, q) = 0 ∀q ∈ V }
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GLS Stabilization

Mixed Petrov-Galerkin method (Galerkin least-squares): Find

{u, p} ∈ W × V such that ∀{v, q} ∈ W × V

a(u,v) + b(v, p) − g(v) + b(u, q) − f(q)+

δ1(Au + B∗p − g,Av + B∗q)h + δ2(Bu − f,Bv)h = 0

Loula, Hughes, Franca and Miranda (1987). Mixed Petrov-Galerkin

method for the Timoshenko beam. CMAME, 63:133-154

Franca, Hughes, Loula and Miranda (1988). A New family of stable

elements for nearly incompressible elasticity based on a mixed

Petrov-Galerkin method . Numer. Math. 53:123-141
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Dual mixed formulation for Darcy flow
Find [u, p] ∈ W × V such that

(Au,v) − (p,divv) = 0 ∀v ∈ W

−(divu, q) − (f, q) = 0 ∀q ∈ V

For V = L2(Ω)/R and W = {v ∈ H(div) : v · n = 0 on ∂Ω}

with associated norms:

‖p‖2 = (p, p) ∀p ∈ V,

‖u‖2
W = ‖u‖2

H(div) = (u,u) + (divu,divu) ∀u ∈ W

Stability is proved since div(W ) = V

Raviart & Thomas, 1977
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Stabilization in [H1(Ω)]2 × H1(Ω)

C0 Lagrangian formulation

U = {v ∈ [H1(Ω)]2,v · n = 0 on ∂Ω} ; Q = H1(Ω)/R.

CGLS : Find {u, p} ∈ U ×Q such that

(Au,v) − (divv, p) − (divu, q) + (f, q) (Galerkin)

−
1

2
(K (Au + ∇p) ,Av + ∇q)+(|A|(divu− f),divv) (GLS)

+(|K|rot(Au), rot(Av))= 0 ∀ [v, q] ∈ Ū × Q

Unconditional stability is proved

M.R. Correa and A.F. Loula, Unconditionally stable mixed finite

element methods for Darcy flow, CMAME, 197 (2008).
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Stability. Babuška’s lema
Given the stabilized bilinear form,

A ([u, p] , [v, q]) = (Au,v) − (divv, p) − (divu, q)

−
1

2
(K (λu + ∇p) ,Av + ∇q)

+(|A|(divu,divv)+(|K|rot(Au), rot(Av))

for any pair [u, p], we can always find v̄ = u and q̄ = −p such that

sup
[v,q]∈Ū×Q

|A([u, p] , [v, q])|

‖ [v, q] ‖
Ū×Q

≥
|A([u, p] , {v̄, q̄} |

‖ {v̄, q̄} ‖
Ū×Q

≥ α‖ [u, p] ‖
Ū×Q

with α > 0 and

‖ [u, p] ‖
Ū×Q

=
(

‖u‖2 + ‖∇u‖2 + ‖∇p‖2
)1/2
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Numerical analysis
Conforming approximations are [H1(Ω)]2 × H1(Ω) stable

Any C0 Lagrangian interpolation is stable

Error estimates:

(Optimal for equal order C0 Lagrangian approximations l = k):

‖p − ph‖ + h‖∇p −∇ph‖ ≤ Chk+1
(

|u|k+1 + |p|k+1

)

,

‖u − uh‖1 ≤ Chk
(

|u|k+1 + |p|k+1

)

,

‖divu − divuh‖ ≤ Chk
(

|u|k+1 + |p|k+1

)

.

Optimal for pressure in L2(Ω) and H1(Ω) norms

Optimal for velocity in [L2(Ω)]2 and [H1(Ω)]2 norms
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Darcy flow in heterogeneous media

Mixed formulation in Broken space formulation.
Find the hydraulic potential p : Ω → R and Darcy velocity

u : Ω → R
2 such that:

div u = f in each K ∈ Th

u = −K∇p in each K ∈ Th

with interface and boundary conditions

JpK|e := p1
n

1 + p2
n

2 = 0 on each edge e ∈ E0

h.

JuK|e := u
1 · n1 + u

2 · n2 = 0 on each edge e ∈ Eh.

u · n = 0 on each edge e ∈ E∂
h = Eh ∩ ∂Ω.
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Hybrid methods: Pian & Tong
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Hybridization

On a regular finite element mesh Th, on each element K we define

QK = {q ∈ L2(K) ∀K ∈ Th},

UK = {v ∈ L2(K) × L2(K),divv ∈ L2(K) ∀K ∈ Th},

And consider a local weak form of the equation Au + ∇p = 0:

(Au + ∇p,v)K =

∫

K

Au · vdΩ −

∫

K

pdivvdΩ +

∫

∂K
pv · nds = 0

in each element K
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Local problems
Given p = p̄ on ∂K, we can solve the local problem:
LP: For each K ∈ Th, find [u, p] ∈ UK × QK, such that

aK ([u, p] , [v, q]) = fK([v, q]) ∀ [v, q] ∈ UK × QK.

with

aK ([u, p] , [v, q]) = (Au,v)K − (p,divv)K − (divu, q)K,

fK([v, q]) = −(f, q)K − cK(p̄,v),

cK(p̄,v) =

∫

∂K
p̄v · nds,

FEM: Local Raviart-Thomas or BDM finite element on each K.
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Dual hybrid mixed formulation
Arnold & Brezzi (1985): Find [u, p] ∈ U × Q and λ ∈ M , such that

a ([u, p] , [v, q]) + c(λ,v) = f([v, q]), ∀ [v, q] ∈ U × Q,

c(µ,u) = 0 ∀µ ∈ M,

with M = {µ ∈ L2(e) ∀e ∈ E0
h}, U =

∏

K UK, Q =
∏

K QK,

a ([u, p] , [v, q]) =
∑

K

aK ([u, p] , [v, q]) ∀ [u, p] , [v, q] ∈ U × Q

c(µ,v) =
∑

K

cK(µ,v) =

∫

E0

µJvKds ∀ µ ∈ M, ∀v ∈ U

f([v, q]) =
∑

K

(f, q) −

∫

E∂

h

gv · nds ∀v ∈ U, ∀q ∈ Q
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Stabilized DHM formulation
SDHM: Find [u, p] ∈ U × Q and λ ∈ M such that

aδ ([u, p] , [v, q])+c(λ,v)+
∑

K

∫

∂K
β(p−λ)qds = fδ([v, q]) ∀ [v, q] ∈ U×Q

c(µ,u) +
∑

K

∫

∂K
β(λ − p)µds = 0 ∀ µ ∈ M

aδ ([uh, ph] , [vh, qh]) = a ([uh, ph] , [vh, qh])

+ δ1

∑

K

(|A|divu,divv)K + δ2

∑

K

(K (Au + ∇p) ,Av + ∇q)K

+ δ3

∑

K

(|K|rot(Au), rot(Av))K

fδ([v, q]) = f([v, q]) +
∑

K δ1(|A|f,divv)K
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Hybridizable mixed DG method
Solving first the multiplier equation we get

λ = {p} −
1

2β
JuK.

yielding the stabilized mixed discontinuous Galerkin formulation

SMDG: Find [u, p] such that

aδ ([u, p] , [v, q]) +

∫

E0

h

({p}JvK + JuK{q}) ds

+

∫

E0

h

β

2
JpK · JqKds −

∫

E0

h

1

2β
JuKJvKds = fδ([v, q]) ∀ [v, q] ∈ U × Q

Setting δi = 0, for i = 1, 2, 3, SMDG recovers the LDG-H (Local

Discontinuous Galerkin - Hybridizable formulation).
B. Cockburn and Coworkers, Math. Comp. 2010.
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Finite element approximations

SDHMh: Find [uh, ph] ∈ Um
h × Ql

h and λh ∈ Mn
h such that

aδ ([uh, ph] , [vh, qh]) +

∫

E0

h

β

2
JphK · JqhKds +

∫

E0

h

λhJvhKds

+

∫

E0

h

2β ({ph} − λh) {qh}ds = fδ([vh, qh]) ∀ [vh, qh] ∈ Um
h × Ql

h

∫

E0

h

2β ((λh − {ph}) + JuhK)µhds = 0 ∀ µh ∈ Mh.

Ql
h = {q ∈ Q : q|K ∈ P l(K) ∀K ∈ Th},

Um
h = {v ∈ U : v|K ∈ Pm(K) ×Pm(K) ∀K ∈ Th},

Mn
h = {µ ∈ M : µ|e ∈ Pn(e) ∀e ∈ E0}
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Hybridizable DG FEM
For n ≥ l and n ≥ m we can solve explicitly the finite element

equation for the multiplier λh, obtaining

λh = {ph} −
1

2β
JuhK,

and yielding the following HDG method

SMDGh : Find [uh, ph] ∈ Um
h × Ql

h such that ∀ [vh, qh] ∈ Uh × Qh

aδ ([uh, ph] , [vh, qh]) +

∫

E0

h

({ph}JvhK + JuhK{qh}) ds+

∫

E0

h

β

2
JphK · JqhKds −

∫

E0

h

1

2β
JuhKJvhKds = fδ([vh, qh])
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Convergence studies
Darcy flow in homogeneous media:
Given K = I , [u, p] in Ω = [−1, 1] × [−1, 1] and

f(x, y) = cos(πx) cos(πy) such that:

p =
1

2π2
cos πx cos πy; u =

1

2π





sin πx cos πy

cos πx sin πy





Equal order polynomial spaces for all fields: l = n = m

DHM (No stabilization) : δ1 = δ2 = δ3 = β = 0 (Unstable)

LDG − H(Penalty) : δ1 = δ2 = δ3 = 0; β = 1 (Not optimal)

SDHM : δ1 = 0.5; δ2 = −0.5; δ3 = 0.5; β = 0
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Convergence study

Homogeneous medium

Given K = I , [u, p] in Ω = [−1, 1] × [−1, 1] such that:

divu = cos(πx) cos(πy) in Ω

u = −∇p in Ω

u · n = 0 on ∂Ω

Exact solution:

p =
1

2π2
cos πx cos πy

u =
1

2π

[

sin πx cos πy

cos πx sin πy

]
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LDG-H ( l = 1)
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SDHM. h-convergence forl = 1
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LDG-H ( l = 2)
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SDHM. h-convergence forl = 2
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SDHM. h x l convergence
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SDHM. h x l convergence
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Heterogeneous Anisotropic Media

Domain: Ω = (−2, 2)2, Sub domain: ΩI = (−1, 1)2

Hydraulic Conductivity:

K =







1 0

0 1






x ∈ ΩI K = α







2 1

1 2






x ∈ Ω/ΩI

Exact Solution:

p =











sin(πx) sin(πy), x ∈ ΩI

2 sin(πx) sin(πy), x ∈ Ω/ΩI
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SDHM: Heterogeneous medium

Q2Q2-3
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Concluding remarks

On Dual Hybrid Mixed Methods

Adaptivity/Flexibility
h-refinement
Polynomial refinement
Irregular meshes

Local conservation

On Stabilized Dual Hybrid Methods

Additional flexibility
DHM (Dual Hybrid Mixed)
LDG-H (Local DG Hybridizable)

Unconditional stability
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