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Risers and Flexibles
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Z1g-Zag Design Concept

Estudo da Sensibilidade do Duto em Zig-Zag
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Porous Media Flow

Escoamento em Meios Porosos

Modelagem Matematica
Andlise Numérica
Simulgao Computacional
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Introduction

Miscible displacement in porous media:

¢% +u- Ve —div(DVe) —I—fc: g in Qx(0,7T),

D = D(u) = apI + Jul{yE(u) + o, E*(u)}

with the boundary and initial conditions
DVe-n=0 on 00x(0,7T)
c(x,0) = co(x) on

The velocity field u Is given by the Darcy flow model
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Outline

® |Introduction

# On finite element formulations for Darcy flow
s Discontinuous Galerkin Methods
s Dual mixed formulation
» Hybridization

# Stabilized formulations
s Stabilized dual mixed formulation
» Stabilized dual hybrid mixed formulation
» Hybridizable mixed DG method

#» Approximations
# Numerical results
# Concluding remarks
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Model problem - Darcy flow

Given the hydraulic conductivity tensor K, with inverse A = K1, and
a source term f : {2 — R, find the hydraulic potential p : {2 — R
and Darcy velocity u : 2 — R? such that:

Au=-Vp in
divaua=f in £
u-n=0 on 0.

Equivalently
—div(KVp)=f in Q

KVp-n=0 on 0.
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Why discontinuous formulations?

# Adaptivity (unstructured and irregular meshes)
# Domain decomposition

# Conservation

o

Stabilization
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On Discontinuous FE formulations

Edges, averages and jumps

Regular partition of €2 : 7, = {K} := union of all elements IC

All edges : &, = {e: eis an edge of K for all K € 7;,}
Interior edges : £ = {e € &, e is an interior edge}
Boundary edges : 8;? = &, N OS2,

Averages and jumps:
1
Scalar function : {¢} = §(g01 +¢?), [¢] = ¢'n' +¢*n* on ec &

1 2

1
Vector function : {v} = §(V1—|—V2), [v] = vin'+v?n? onec &’
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Darcy flow in heterogeneous media

Broken space formulation
Find the hydraulic potential p : {2 — R such that:

—div (KVp) = f ineach K €7,
with interface conditions:
[plle =0 oneachedge e € &;.

[KVp].=0 oneachedge ¢ € Ep.

and boundary condition:

KVp-n=0 oneachedge eesﬁzghmaﬂ.
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DGFEM - IP formulation

Find p € U such that

b(p,q) = 1(q) = Z/fqdﬂ vV gelU

k€T, R

U={qeL*Q) :q|l. € H*(x) Ve T},

b(p.q) = > / KVp - VqdQ+bs(p, q)

k€T, R

bo(p,q) = /50 (AlP{KVq-n} — {KVp-n}[q] + B[p]lq]) d

h

® )\ = —1 for SIP formulation: Douglas Arnold 1982

® )\ — 1 for NSIP formulation, \ = 0 for Neutral formulation

S
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Abstract Mixed Formulation

Au+ B*p=g¢g in 0
Bu=f in Q
Weak form: Find {u,p} € W x V such that
a(u,v) + b(V,p) R g(V) + b(u7 Q) o f(Q) =0 \V/{V,Q} cW xV

Babuska - Brezzi / Inf-sup conditions:

a(u,v)

sup > al|lu|lw Vv € Ky

vew [[Vilw

b(v,q)
sup
vew ||[VIlw

Ko={veW, bv,q) =0 VgeV}

> Bllgllvy YgeV
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GLS Stabilization

® Mixed Petrov-Galerkin method (Galerkin least-squares): Find
{u,p} e W x Vsuchthat v{v,q} e W xV

a(“? V) + b(V,p) R g(V) + b(“v Q) o f(Q)—I—

01(Au+ B*p — g, Av + B*q)p, + d2(Bu — f, Bv), =0

® Loula, Hughes, Franca and Miranda (1987). Mixed Petrov-Galerkin
method for the Timoshenko beam. CMAME, 63:133-154

® Franca, Hughes, Loula and Miranda (1988). A New family of stable
elements for nearly incompressible elasticity based on a mixed
Petrov-Galerkin method . Numer. Math. 53:123-141
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Dual mixed formulation for Darcy flow

Find [u,p] € W x V such that
(Au,v) — (p,divv) =0 VYveW
—(divu,q) — (f,q) =0 VgeV
ForV =L*Q)/Rand W = {v € H(div) : v-n=0on 9Q}
with associated norms:
Ipll* = (p,p) Yp €V,

lul|z, = Huﬂil(div) = (u,u) + (divu,divu) YVu e W
#® Stability is proved since div(W) =V
#® Raviart & Thomas, 1977
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Stabilization in [H(Q)]? x H'(Q)

CY Lagrangian formulation
U={velH Q)] v- n=00n00}; Q=H(Q)/R.
CGLS : Find {u,p} € U x Q such that

(Au,v) — (divv,p) — (divu, q) + (f,q) (Galerkin)
—% (K(Au+ Vp),Av + Vg)+(|A|(diva — f),divv) (GLS)

+(|K|rot(Au),rot(Av))=0 V [v,ql €U x O

#® Unconditional stability is proved

® M.R. Correa and A.F. Loula, Unconditionally stable mixed finite
element methods for Darcy flow, CMAME, 197 (2008).
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Stability. Babuska'’s lema

Given the stabilized bilinear form,

A(lu,pl,[v,q]) = (Au,v) — (divv, p) — (divu, g)
—% (K(Au+ Vp),Av + Vq)
+(|A|(divu, divv)+(|K|rot(Au), rot(Av))

for any pair [u, p|, we can always find v = u and § = —p such that

A(lw, pl, v gD o A, pl, v, g7 |

> R z el bl

sup

[v,qleUxQ | [v,q] Haxg UxQ

with o > 0 and

1/2
w0 = ([l + [ Vul? + [ Vp[?)"
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Numerical analysis

# Conforming approximations are [H'(Q)]? x H'(Q) stable

#® Any C? Lagrangian interpolation is stable

Error estimates:
(Optimal for equal order C° Lagrangian approximations [ = k):

|p — pull + h||Vp — Vpg|| < Chr* ! (’u’k—l—l + |p|k+1) ;

k
lu—ul|1 < Ch (’u’k—H + |P’k+1) :

|diva — divuy|| < ChF (]u!k_H + ’p’k—H) .

# Optimal for pressure in L?(Q2) and H!(Q) norms

# Optimal for velocity in [L?(Q)]? and [H'(€Q)]? norms
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Darcy flow in heterogeneous media

Mixed formulation in Broken space formulation.
Find the hydraulic potential p : {2 — R and Darcy velocity
u : Q — R? such that:

divu=f ineach I €7,

u=—KVp ineach K € 7,

with interface and boundary conditions
[[p]he = p'n! +p*n® =0 oneachedge e € 52.

1 2

[u]je ;== n'+u*-n°=0 oneachedge e€¢&),.

u-n =0 oneachedge eeé’;?:ghﬂaﬂ.
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Hybrid methods: Pian & Tong

Some references:

® P. Tong and T.H.H. Pian, A variational principle and the convergence of

a finite-element method based on assumed stress distribution, 1969, Int.

J. Solids Struct.Vol 5, 463-472.

® E.C.P. Lima, Finite elements for plate bending with assumed stress fields,
1972, MSc Thesis, COPPE/UFRJ .

® PA. Raviart and J.M. Thomas Primal hybrid finite element methods for

2nd order elliptic equations, 1977, Mathematics of Computation 31,
391-413.

® D.N. Arnold and F. Brezzi, Mixed and Nonconforming finite element

methods: implementation, post-processing and error estimates, 1985,
RAIRO MMAN.Vol 19, 7-32.
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Hybridization

On a regular finite element mesh 7;, on each element K we define
Qx = {q € L*(K) VK € Tp.},
U = {v € L*(K) x L*(K),divv € L*(K) VK € Tp,},

And consider a local weak form of the equation Au + Vp = 0:

(Au+Vp,V);C:/Au-vdﬂ—/pdivvdﬂ+/ pv -nds =0
KK KK oK

In each element C
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Local problems

Given p = p on 0K, we can solve the local problem:
LP: For each K € T, find [u, p] € Ux x Qx, such that

ax ([w,p], [v,q]) = f([v,d]) Vv, q] € Ux x Qk.
with
ax ([u,p],[v,q]) = (Au,v)c — (p,divv)c — (divu, g),
f(lv,al) = =(f, Ok — cx (D, v),

c(p,v) = / pv - nds,
oK

FEM: Local Raviart-Thomas or BDM finite element on each K.
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Dual hybrid mixed formulation

Arnold & Brezzi (1985): Find [u,p] € U x Q and A\ € M, such that

a([u,p],[v,q) +c\v)=f(lv,q), Y[v,q € U x Q,
c(p,u) =0Vu € M,

with M = {u € L*(e) Ve € £}, U = [[ Uk, Q = []x Qk,

a([u,p],[v.q)) =) ax([wpl,[v,q]) ¥ [up],[v,q €UxQ
IC

(1v) = Y el v) = [ ulvlds Ve M, Vv €U
K &

f(fv.a)) => (fr9) —/agv-nds Vv eU, VgeQ

K 5h




Stabilized DHM formulation

SDHM: Find [u,p] € U x Q and A € M such that

as ([u,pl, [v,q])+c(A, v +Z aKﬁ p—A)gds = fs([v,q]) V[v,ql € UXQ

+Z ﬁ)\ pluds =0V pe M

as ([un, pul; [Va, qn]) = a ([n, prl s [Vh, qnl)
+01 ) (JAldiva,divv)c + 02 Y (K (Au+ Vp),Av + V)

+ 05 Z (|K|rot(Au),rot(Av))

fo(lv,ql) = f(lv.q]) + 2 i 0 (JA[F, divv)ic




Hybridizable mixed DG method

Solving first the multiplier equation we get

A={p}—%ﬂuﬂ-

yielding the stabilized mixed discontinuous Galerkin formulation
SMDG: Find [u, p| such that

as ([, 7], [v,q]) + / (P} V] + [ul{q}) ds

En

5 1
go 2 go 26
h h

Setting 6; = 0, for i = 1, 2, 3, SMDG recovers the LDG-H (Local

Discontinuous Galerkin - Hybridizable formulation).
B. Cockburn and Coworkers, Math. Comp. 2010.
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Finite element approximations

SDHM,,: Find [uy, ps] € U™ x QY and A\, € M such that

os ([ bonsan) + [ Slonl - Tanlds + [ Malvalds

n n

- /50 28 ({pn} — M) {an}ds = f5([Vh.an]) V[vh,qn) € U x Qj,

h

/50 26 ((An — {pn}) + [un]) pnds = 0 ¥ py, € My,

h

Qh,={1€Q: qlxePK) VK € Tp},
U'"={velU: v|geP™K)xP"™K) VK eT},

M={peM: pul.ecPe) Veec &)




Hybridizable DG FEM

For n > [ and n > m we can solve explicitly the finite element
equation for the multiplier ), obtaining

A = {pn) — %[[uhﬂ,

and yielding the following HDG method

SMDG,, : Find [uy,pr] € U™ x Q' such thatV [vy,qs] € Up x Qp

as ([ns pr] , Vs an]) + / ({pn}[val + [un]{an}) ds+

En

/52 gﬂphﬂ - qn]ds — /52 %[[uh]] [vilds = f5([vh, qn))
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Convergence studies

Darcy flow in homogeneous media:
GvenK =1, [u,p]inQ=[-1,1] x [-1,1] and
f(xz,y) = cos(mz) cos(mwy) such that:

1 1 SIN T COS TTY
P =5 3 COSTTCOSTY; U= .
4 T | cosmxsin Ty

Equal order polynomial spaces for all fields: | =n =m

DHM (No stabilization) : §; = do = d3 = 6 = 0 (Unstable)
LDG — H(Penalty) : 61 = d2 = 03 = 0; 8 =1 (Not optimal)
SDHM : 6, = 0.5: 8y = —0.5: 05 =05 (=0
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Convergence study

Homogeneous medium

Given K =1, [u,p| In Q=[-1,1] x [—1, 1] such that:

Exact solution:

divu = cos(mwx) cos(wy)

u=—Vp

u-n=20

P=om

1

COS TTL COS TTY

SIN T COS Y

IN

IN
on

COS 7T SIN 7Y

(2
Q2
o)
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LDG-H (I = 1)

log(error)

|
N
ot
I|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|IIIIIIIII|

1
w

1
.OJ
Ot

X Hp — pLDH
—e— ||p—pi|

1 1.5
—log(h)

-0.5

log(error)

-1.5

—x— ||[Vp — Vprpl|
—— ||Vp — Vpy||

1 1.5
—log(h)
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SDHM. h-convergence forl = 1

log(error)
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LDG-H (I = 2)

log(error)

X Hp — pLDH
—e— ||p —pi|

1 1.5
—log(h)

log(error)

—x— ||[Vp — Vprpl|
—— ||Vp — Vpy||

1 1.5
—log(h)
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SDHM. h-convergence forl = 2

log(error)

I Y L B B BB
—— |lp—ponll °
—— |p—pi]

1 1.5
—log(h)

log(error)

||||||||||||||||||||||||
—— [|[Vp—Vppr| 3
—— |[Vp—Vps|| -
—o— [lu—upmu| 4

1 1.5
—log(h)
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SDHM. h x | convergence

log(error)
&

% Hp — pDH—hH
—e— |lp — ppu-i||

2 2.5 3 3.5 4
— log(neq)

log(error)

—— [|[Vp — Vppu_n||
—— ||Vp— Vppu_i|

2 25 3 35 4
— log(neq)
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SDHM. h x | convergence

log(error)

—— Hu — uDH_hH
—e— |[u—upn_||

2 2.5 3 3.5 4
— log(neq)

log(error)

— HVu — VuDH—hH
—— HVU_ — VU-DH—ZH

2 25 3 35 4
— log(neq)
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Heterogeneous Anisotropic Media

Domain: Q = (-2,2)%,

Hydraulic Conductivity:

K =

Exact Solution:

p =4

x €y

K=«

[ sin(rz) sin(my),

| 2sin(7z) sin(my),

x € g

:CEQ/Q]

Sub domain: Q; = (—1,1)?

.fEQ/Q]

AAAAA 20
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SDHM: Heterogeneous medium

log(error)

—— Hu — uhH

3 —— |[Vu—Vu,|| 3
- —o— [[Vp = Vpif| -

—— lu—uy| |
—— |[Vu—Vu,| |
—o— ||[Vp—Vpi| |

ENAMA 2011 — p. 39/



Concluding remarks

On Dual Hybrid Mixed Methods
o Adaptivity/Flexibility
s h-refinement

» Polynomial refinement
s lrregular meshes

® Local conservation
On Stabilized Dual Hybrid Methods

o Additional flexibility
o DHM (Dual Hybrid Mixed)
o LDG-H (Local DG Hybridizable)

# Unconditional stability
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Obrigado
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